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We study the effect of linearly polarized light on the band structure and longitudinal conductivity in ABC-stacked
trilayer graphene. The linearly polarized light can induce a pair of additional points in ABC-stacked trilayer graphene,
where conduct and valence bands touch. The locations of these points are determined by the amplitude of the light.
Furthermore, the layer pseudospin polarization can be controlled by the light. When the Fermi energy locates at Dirac
points, i.e.，Ef = 0, the longitudinal conductivity shows resonance phenomena when the light is present. Away from the
Dirac points, the longitudinal conductivity is unchanged as varying Ef for weak light field at larger Fermi energy, and the
amplitude of longitudinal conductivity can be controlled by tuning the light field amplitude. Moreover, the effect of linearly
polarized light on resonance phenomena in k-cubic Rashba–Dresselhaus system under the irradiating of linearly polarized
light is discussed.

Keywords: graphene, light, Floquet
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1. Introduction

In recent years, trilayer graphene (TLG) has attracted a
great deal of attention in condensed matter physics experimen-
tally and theoretically due to the rise of graphene. In TLG, the
stacking of three layers can be either ABA (Bernal-type)[1–4]

and ABC (rhombohedral-type).[5–8] They have distinct elec-
tronic properties that are of interest both for fundamental sci-
ence and for technological applications. The conduction and
valence bands of ABC-stacked TLG have a approximately cu-
bic dispersion and touch at the charge neutrality point.[6] En-
gineering of the band structure and understanding the corre-
sponding transport properties of ABC-stacked TLG are critical
to realize their applications. ABC-stacked TLG’s chiral band
structure results in three Landau level orbits with zero kinetic
energy.[9] An electric field perpendicular to TLG has been
shown to open a band gap in TLG.[10,11] In ABC-stacked TLG
aligned with boron nitride, the electronic structure of flat bands
can be induced by moiré sublattice and electric field.[12] The
distinctive band structures can give rise to different transport
properties. By using high-magnetic fields, Kumar et al.[13]

have observed compelling evidence of the integer quantum
Hall effect in TLG. In the presence of a perpendicular mag-
netic field, the ground state of ABC-stacked trilayer graphene
is a uniform quantum Hall state where the electrons occupy the
lowest unoccupied Landau level orbital index.[14] By tuning
the interplay between the electric field and intrinsic spin cou-
pling, a quantum spin Hall state or a quantum valley Hall state
can occur in ABC-stacked TLG.[15] When ABC-stacked TLG

is aligned with a hexagonal boron nitride substrate, quantum-
Hall-like physics can be simulated by tuning a perpendicular
electric field.[16] Chen et al.[17] have confirmed that the ABC-
stacked TLG exhibits a large anomalous Hall signal at zero
magnetic field in experiment. However, in previous research
of transports properties in ABC-stacked TLG, the longitudinal
conductivity has rarely been taken into account.

On the other hand, Floquet engineering[18–22] has
emerged as a powerful method for the realization of novel
quantum systems with exotic properties. A graphene lattice
system subjected to circular driving has been studied the-
oretically in a variety of frameworks. A circularly polar-
ized light can open a gap in the Dirac cone, which is pre-
dicted to lead to a dc Hall current[23] in graphene in the ab-
sence of a uniform magnetic field, and has been reported in
experiment.[23] Lifshitz transitions,[24] a Floquet isolator,[25]

and valley polarization[26] have been investigated in bilayer
graphene using circularly polarized light. In twisted bilayer
graphene, the circularly polarized light can be used to control
the modulation of interlayer hopping.[27,28] An off-resonant
circularly polarized light drives chirally stacked TLG into a
Floquet Chern insulator.[8] Band flattening effects and band
gap openings have been found in twisted TLG due to the pres-
ence of the circularly polarized light.[29] However, the linearly
polarized light has rarely been taken into account in previous
considerations of irradiating of light.

The study of longitudinal conductivity is one of most in-
teresting field in transport in Dirac materials. It can lead to
understanding of the mechanisms that contribute to the anoma-
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lous Hall effect.[30,31] When graphene illuminated with circu-
larly polarized light, longitudinal conductivity can be a real-
istic observable to detect light-induced Floquet band gaps.[32]

Optical longitudinal conductivity can also be used to probe the
topological phase transition.[33] Therefore, graphene is an im-
portant platform to find topological states for both scientific
explorations and potential technological applications.

Given these background, we have studied the effects of
linearly polarized light on ABC-stacked TLG. We have inves-
tigated the changes of band structure, layer pseudospin polar-
ization, and longitudinal conductivity in ABC-stacked TLG
when the light is present.

This paper is organized as follows. We firstly present the
model Hamiltonian of TLG including the linearly polarized
light, and analyze band structures in Section 2. Based on these
results, we further obtain the evolution of layer pseudospin
polarization in Section 3. The longitudinal conductivity is dis-
cussed in Section 4. In Section 5, we discuss the resonance
phenomena in k-cubic Rashba–Dresselhaus system under the
irradiating of linearly polarized light. Finally, we give a brief
conclusion in Section 6.

2. Model Hamiltonian and energy spectrum
We begin the effective Hamiltonian of ABC-stacked TLG

as follows:[5–8]

H = g3 p3[cos(3θp)σx + sin(3θp)σy], (1)

where g3 = v3
F/γ2

1 , vF is the Fermi velocity in graphene, γ1 is
the interlayer hopping energy; cosθp = η px/p, sinθp = py/p,
η = ±1 labels valleys K and K

′
; px,y are components of the

momentum measured relative to the K/K
′

point. The Pauli
matrices σx,y act on the low-energy layer pseudospin degree
of freedom, and σ± = σx± iσy.

When the system is subjected to an external time-
dependent periodic perturbation in the form of light, the time-
dependent vector potential is expressed as

𝐴(t) = A0[sin(ωt),sin(ωt +φ0)], (2)

where A0 is the field amplitude, ω is the angular frequency of
the irradiation, and φ0 is the phase.

Previous works[18,34] proposed that light can dress the
band structures of the system in high frequency regime, and
the system can be described by static Hamiltonian. Based on
the Floquet theory,[19–22] the static time independent Hamilto-
nian in high frequency limit is written as

Heff = H0 +
1

h̄ω
[H−1,H1] , (3)

with

Hn =
1
T

∫ T

0
dt eniωtH(t), (4)

where T = 2π/ω is the time period of the light. The Hamilto-
nian H(t) is obtained by including the light induced vector po-
tential into Hamiltonian (1) by 𝑝→ 𝑝+e𝐴(t)/h̄, where e < 0
is the electron charge. For linearly polarized light (φ0 = 0), we
obtain H(t) in ABC-stacked TLG as

H(t) = h0 +hxσx +hyσx, (5)

h0 = H−3ηg3κ
2(pyσx− pxσy), (6)

hx = ηg3κ[3(p2
x− p2

y−2px py)sin(ωt)

−2κ
2 sin3(ωt)+2κ py cos(2ωt)], (7)

hy = −g3κ[3(p2
y− p2

x−2px py)sin(ωt)

−2κ
2 sin3(ωt)+2κ px cos(2ωt)], (8)

where κ = eA0/h̄. For ABC-stacked TLG irradiated by lin-
early polarized light, the straightforward calculations show
that H0 = h0 for n= 0, and the term [H−1,H1] vanishes (see ap-
pendix A for details of calculations). Hence, the Hamiltonian
irradiated by linearly polarized light can be simplified to

Heff = g3[(p3 cos(3θp)−3ηκ
2 py)σx

+(p3 sin(3θp)+3κ
2 px)σy]. (9)

The corresponding eigenvalues and eigenvectors are

E± =±g3 p
√
[p2 +3κ2 cos(2φ)]2 +9κ4 sin2(2φ), (10)

|u±𝑝〉= [1,±i e−iχ ]T/
√

2, (11)

where tanφ = py/px, and tan χ = η [3κ2 sinφ −
p2 cos(3φ)]/[3κ2 cosφ + p2 sin(3φ)]. It should be noted that
the energy dispersions do not depend on the frequency of light,
and they are valley degenerate and anisotropic for κ 6= 0. On
the other hand, the conduction and valence bands touch at
(p,φ) = (

√
3κ, π

2 ) and (p,φ) = (
√

3κ, 3π

2 ) when the negative
energy band is fully occupied and the positive one is empty.
Figure 1 show the energy dispersions as functions of p in units
of g3 for (a) κ = 0 and (b) κ = 0.2 at φ = π/2. It can be found
that the linearly polarized light induces a pair of additional
points away from p = 0, where conduct and valence bands
touch.
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Fig. 1. Energy dispersions as functions of p in units of g3 for (a) κ = 0
and (b) κ = 0.2 at φ = π/2. The solid red and dotted blue curves are
corresponding to E+ and E− respectively.
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3. Layer pseudospin polarization
In this section, we investigate the effects of linearly polar-

ized light on average layer pseudospin polarization. Based on
Eq. (11), we can evaluate different components of the average
layer pseudospin polarization as

sx± = ±〈u±𝑝|sx|u±𝑝〉=±
p2 cos(3φ)−3κ2 sinφ√

p4 +6p2κ2 cos(2φ)+9κ4

= g3 p
p2 cos(3φ)−3κ2 sinφ

E±
, (12)

sy± = ±〈u±𝑝|sy|u±𝑝〉=±
p2 sin(3φ)+3κ2 cosφ√

p4 +6p2κ2 cos(2φ)+9κ4

= g3 p
p2 sin(3φ)+3κ2 cosφ

E±
, (13)

where sx,y = h̄σx,y/2, and ± denote conduct and valence
bands, respectively. When the light field is absent, sx± =

±cos(3φ) and sy± =±sin(3φ). At Ef = 0, Figs. 2(a) and 2(b)
show that the average layer pseudospin polarization exhibits
a peak at the location of additional points due to the present
of the light field . In Fig. 3, we plot the layer pseudospin po-
larization sx+ [(a), (c)] and sy+ [(b), (d)] as functions of φ for
p = 0.2 [(a), (b)] and p = 0.6 [(c), (d)] at different κ for η = 1,
respectively. When the irradiation of light is included, the av-
erage layer pseudospin polarization is significantly changed.
Therefore, the irradiating of a light field on TLG can affect the
transport properties of the system. Our results can provide a
way to modify the transport properties of Dirac materials, and
we will discuss the effects of linearly polarized light on the
longitudinal conductivity in the next section.
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Fig. 3. Layer pseudospin polarization sx+ [(a), (c)] and sy+ [(b), (d)] as
function of φ at different κ for p = 0.2 [(a), (b)] and p = 0.6 [(c), (d)], re-
spectively. The red dashed, black dotted, and blue solid curves correspond to
κ = 0, κ = 0.1, and κ = 0.2 for η = 1, respectively.

4. Longitudinal conductivity

In this section, we investigate the longitudinal conduc-
tivity of ABC-stacked TLG under the irradiating of linearly
polarized light. Based on Green’s function theory,[35–38] the
longitudinal conductivity σii can be expressed as

σii = −
eh̄
2

∫ dε

2π
∂ε f (ε)

×
∫ d2𝑝

(2π h̄)2 Tr
[
vi(𝑝)GR

0 (ε,𝑝)vi(𝑝)(GA
0 (ε,𝑝)

−GR
0 (ε,𝑝))− vi(𝑝)(GA

0 (ε,𝑝)

−GR
0 (ε,𝑝))vi(𝑝)GA

0 (ε,𝑝)
]
, (14)

where f (ε) is the Fermi distribution;

vx,y = (1/h̄)(∂Heff/∂ px,y)

is the velocity operator, and

GR,A
0 (ε,𝑝) = [ε−Heff(𝑝)± i0+]−1 (15)

is the retarded (advanced) Green’s function in the clean limit.
In this paper, we consider the intrinsic contribution when the
relaxation rate vanishes. Plugging Eq. (15) into Eq. (14), we
can obtain

σii = −
e2h̄
2

∫ dε

2π
∂ε f (ε)

∫ d2𝑝

(2π h̄)2 ∑
n
〈un𝑝|v̂x(𝑝)|um𝑝〉〈um𝑝|v̂x(𝑝)|un𝑝〉

×
[

1
ε− εm + i0+

− 1
ε− εm− i0+

][
1

ε− εn− i0+
− 1

ε− εn + i0+

]
, (16)

where εn is the eigenfunction of the effective Hamiltonian Heff(𝑝), and |un〉 is the corresponding eigenvalue. Base on the relation,
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1
ε−εm±i0+ = P 1

ε−εm
∓ iπδ (ε− εm), the longitudinal conductivity can be written as

σii = −π h̄e2
∫

dε∂ε f (ε)
∫ d2𝑝

(2π h̄)2 ∑
n
〈un𝑝|v̂x(𝑝)|um𝑝〉〈um𝑝|v̂x(𝑝)|un𝑝〉δ (ε− εn)δ (ε− εm). (17)

In the low-temperature regime, using the relation[39]

−d f0(ε)/dε ≈ δ (EF− ε), we obtain

σii = π h̄e2
∫ d2𝑝

(2π h̄)2 ∑
n
〈un𝑝|v̂x(𝑝)|un𝑝〉2δ (EF− εn). (18)

At Ef = 0, i.e., the negative energy band is fully occu-
pied and the positive one is empty at zero temperature, we
obtain σxx =

3
4

e2

h̄ when the linearly polarized light is absent.
When the light field is included, σxx is determined by square
of layer pseudospin polarization (see Eq. (18)). Figures 2(c)
and 2(d) show that the resonance peaks occur in curves square
of layer pseudospin polarization. Therefore, σxx shows a res-
onance phenomena. In Fig. 4, we plot the σxx as a function of
Fermi energy Ef in units of σ0 = e2/h̄ under the irradiating of
linearly polarized light. When Ef sweeps away from the Dirac
points, the σxx increases with Ef. We have considered a weak
light field based on Floquet theory, and the κ is small. There-
fore, σxx is unchanged for varying Ef at larger Fermi energy.
Moreover, the amplitude of σxx can be controlled by κ .

0.2 0.4 0.6 0.8 1.0
0.60

0.65

0.70

0.75

0.80

κ=0

Ef/g3

σ
x
x
/
σ
0

κ=0.05

κ=0.1

Fig. 4. Characteristics of σxx (in units of σ0 = e2/h̄) as a function of
Ef. The red dotted, blue solid, and black dashed curves correspond to
κ = 0, κ = 0.1, and κ = 0.2, respectively.

5. Resonance phenomena in the k-cubic
Rashba–Dresselhaus system under irradiat-
ing of linearly polarized light
Electronic structures of ABC-stacked trilayer graphene

exhibit a k-cubic dispersion relation, and show resonance phe-
nomena when the linearly polarized light is present. Another
interesting way to include the k-cubic term is considering
spin orbit coupling. In this section, we consider the k-cubic
Rashba–Dresselhaus system under the irradiating of linearly
polarized light. For the k-cubic Rashba–Dresselhaus system,
the Hamiltonian[40,41] is given by

ĤSO
0 =

h̄2k2

2m
+

iα
2
(k3
−τ+− k3

+τ−)

− β

2
(k2
−k+τ++ k2

+k−τ−), (19)

where m is effective mass, and k± = kx± iky with kx,y being
momentums along the x and y axes respectively; τ± = τx± iτy

with Pauli matrices τx,y acting on spin degree of freedom; α

and β denote the cubic Rashba and Dresselhaus spin orbit
strengths, respectively. Based on Eq. (4), the effective Hamil-
tonian under the irradiating of linearly polarized light is (see
appendix B for details of calculations)

ĤSO
eff = ĤSO

0 −ακ
2(kxτx + kyτy)

−βκ
2[(2kx + ky)τx +(kx +2ky)τy]. (20)

The mentioned effective Hamiltonian can always be expressed
in terms of the Pauli matrices as

ĤSO
0 = d0𝐼+dxτx +dyτy, (21)

where d0 = h̄2k2

2m , and 𝐼 is the rank-2 unit matrix; dx =

α(3k2
xky − k3

y − κ2kx)− β (k2kx + 2κ2kx + κ2ky), and dx =

α(k3
x − 3kxk2

y − κ2ky)− β (k2ky + κ2kx + 2κ2ky). The corre-
sponding eigenvalues and eigenvectors are

ESO
n = d0 +(−1)n

√
d2

x +d2
y , (22)

|n〉 = e(−1)n i γ

2

[
sin
(

γ

2
+π

n−1
2

)
e i γ

2

−cos
(

γ

2
+π

n−1
2

)
e−i γ

2

]T

, (23)

where n = 1,2 denote the spin down (up) band, superscript
T denotes the transpose of the matrix, and tanγ = dy/dx.
Moreover, the average spin polarization can be obtained as
sso

x,n = ndx/(ESO
n − d0) and sso

y,n = ndy/(ESO
n − d0). Further-

more, based on Eq. (18), the longitudinal conductivity is re-
lated to asso

x,n
2
+ bsso

x sso
y,n + bsso

y,n
2 with 𝑘-depended parameters

a,b,c.
When the cubic Dresselhaus spin orbit is absent (β = 0),

the system is similar with ABC-stacked trilayer graphene ex-
cept the kinetic energy term k2/2m. However, the kinetic
energy term does not change the eigenvectors of the system.
Therefore, the average spin polarization of the case is same as
that in ABC-stacked trilayer graphene, and a pair of additional
points occurs in the system [see Fig. 5(a)].

When the cubic Rashba spin orbit is absent (α = 0), based
on Eq. (22), the energy difference ∆ = ESO

2 −ESO
1 is zero only

when 𝑘 = 0 [see Fig. 5(a)]. Therefore, there is no additional
point for the system, and the resonance phenomena will be
absent. These are different from that in ABC-stacked trilayer
graphene.
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Fig. 5. (a) ∆ = ESO
2 −ESO

1 as functions of k at γ = π/4 with different α

and β . (b) ∆ as functions of k at γ = π/4 and β = 0.4α with different κ .

When both the cubic Rashba and Dresselhaus spin orbit
are included (α 6= 0,β 6= 0), Fig. 5(a) shows ∆ = ESO

2 −ESO
1

as functions of k at γ = π/4 with different α and β . The lo-
cations of additional points can be controlled by tuning the
strength of spin orbit coupling. ∆ as functions of k at γ = π/4
and β = 0.4α with different κ are plotted in Fig. 5(b). Tun-
ing the amplitude of the linearly polarized light can change
the locations of additional points in the system. Therefore, the
k-cubic Rashba–Dresselhaus system also exhibits resonance
phenomena, which occur in ABC-stacked trilayer graphene.
However, in the k-cubic Rashba–Dresselhaus system, the res-
onance phenomena can be controlled by the interplay between
cubic Rashba, Dresselhaus spin orbits and linearly polarized
light.

6. Conclusions
We have shown that the linearly polarized light can induce

the change of the band structure and longitudinal conductivity
in ABC-stacked trilayer graphene. Most remarkably, the band
structure of ABC-stacked trilayer graphene exhibits a pair of
additional points, where conduct and valence bands touch.
The points are responsible for the resonance phenomena of
the longitudinal conductivity. The amplitude of linearly polar-
ized light can be used to tune the locations of the additional
points. Furthermore, the layer pseudospin polarization is sen-
sitive to the light. At the larger Fermi energy, the longitudinal
conductivity is unchanged for varying Ef, and the amplitude
of σxx can be controlled by changing κ . We present the results
of resonance phenomena in the k-cubic Rashba–Dresselhaus

system under irradiating of linearly polarized light. Our re-
sults provide a way to control transport properties of Dirac
materials.

Appendix A: Floquet Hamiltonian
Based on Eq. (4), when the linearly polarized light is in-

cluded, we can obtain

H±1 =
1
T

∫ T

0
dt e±iωt [Hx

1σx +Hy
1σx], (A1)

Hx
1 =

3ηg3

4
κ[2i(p2

x− p2
y−2px py)sin(ωt)

− iκ2 sin3(ωt)+2κ py cos(2ωt)], (A2)

Hy
1 =−3g3

4
κ[2i(p2

y− p2
x−2px py)sin(ωt)

− iκ2 sin3(ωt)+2κ px cos(2ωt)], (A3)

H1 =−H−1, (A4)

where we have used the relations

1
T

∫ T

0
dt e±iωt sin(ωt) =± i

2
, (A5)

1
T

∫ T

0
dt e±iωt sin3(ωt) =±3i

8
, (A6)

1
T

∫ T

0
dt e±iωt cos(2ωt) = 0. (A7)

Then, we obtain

[Ĥ1, Ĥ−1] = 0. (A8)

Appendix B: Floquet Hamiltonian of the k-cubic
Rashba–Dresselhaus system

When the linearly polarized light 𝐴(t) =

A0[sin(ωt),sin(ωt)] is included, the cubic Rashba–
Dresselhaus spin orbit coupled Hamiltonian is

ĤSO
0 (t) = ĤRSO

0 −ακ
2(kxτx + kyτy)

−βκ
2[(2kx + ky)τx +(kx +2ky)τy]

+ (HRSO
x +HDSO

x )τx +(HRSO
y +HDSO

y )τy, (B1)

where

HRSO
x = α[3(k2

y − k2
x −2kxky)κ sin(ωt)

−2κ
3 sin3(ωt)+3κ

2kx cos(2ωt)], (B2)

HRSO
y = α[3(k2

x − k2
y −2kxky)κ sin(ωt)

−2κ
3 sin3(ωt)+3κ

2ky cos(2ωt)], (B3)

HDSO
x = β [(3k2

x + k2
y +2kxky)κ sin(ωt)

+2κ
3 sin3(ωt)− (2kx + ky)κ

2kx cos(2ωt)], (B4)

HDSO
y = β [(3k2

y + k2
x +2kxky)κ sin(ωt)

+2κ
3 sin3(ωt)− (kx +2ky)κ

2kx cos(2ωt)]. (B5)

Based on Eqs. (4) and (A5)–(A7), we obtain

[ĤSO
1 , ĤSO

−1 ] = 0. (B6)
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Then the Floquet hamiltonian of topological insulator with
hexagonal warping is

ĤSO
eff = ĤSO

0 −ακ
2(kxτx + kyτy)

−βκ
2[(2kx + ky)τx +(kx +2ky)τy]. (B7)
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