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We investigate the properties of the excess charge (electron, hole) introduced into a two-strand biomolecule. We
consider the possibility that the stable soliton excitation can be formed due to interaction of excess charge with the phonon
subsystem. The influence of overlap of the molecular orbitals between adjacent structure elements of the macromolecular
chain on the soliton properties is discussed. Special attention is paid to the influence of the overlapping of the molecular
orbitals between structure elements placed on the different chains. Using the literature values of the basic energy parameters
of the two-chain biomolecular structures, possible types of soliton solutions are discussed.
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1. Introduction

Stable charge transfer through biomolecules over large
distances (which can be comparable to the length of the macro-
molecular chain itself) has attracted a great deal of attention
from researchers in various fields of natural sciences for a
long time. This process is important for many biological phe-
nomena, such as photochemical reactions, photosynthesis, and
metabolism of living cells.!!®! In the DNA case, charge mi-
gration is directly related to damage of DNA and error replica-
tion, as well as to sensing of DNA damages by living cells and
process of their repairing.[>!%! As we know, DNA damage can
reduce fidelity in replication of the DNA molecule and conse-
quently, it can be the source of genomic mutations.!!:121 All
we have mentioned is a strong motivation for research in this
field of biophysical science. Another impetus for studies of the
charge migration in biomolecules is the possibility of their ap-
plications in nanotechnology and molecular electronics.!!3! It
seems that biomolecules (including DNA) can provide further
miniaturization of microelectronic devices. Although numer-
ous studies of the charge properties and the transport through
biomolecules have been carried out so far, we still do not un-
derstand this phenomenon at a satisfactory level.[14-26]

From the viewpoint of quantum mechanics, migration of
a charged particle through biomolecules takes place via elec-
tron transitions among the states that are close to the chemi-
cal potential of the system. In the case of DNA, such states
are composed of the  and 7* bonds (i.e., the p, orbitals of
the carbon—carbon double bonds in the nucleotide bases). The
overlapping of these bonds allows the charge to migrate from
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one base to the neighboring one, which results in the charge
migration along the macromolecule. *’]

The degree of overlap of intermolecular bonds among the
neighboring structure elements can be significantly influenced
by their dynamics, which is induced by the thermal influence
of the biomolecule environment. In addition, the dynamics of
the structural elements of a regular (crystal, molecular crys-
tal, etc.) structure may cause another interesting phenomenon:
the polaron effect. Due to the charge—phonon interaction,
the charge can be self-trapped and the polaron effect appears.
What kind of polaron can be formed depends on the proper-

e.?8-301 It is generally accepted

ties of the structure as a whol
that due to the electron self-trapping in biomolecules, the adi-
abatic polaron appears.3!38 Such quasiparticles can propa-
gate over large distances in soliton form with minimal energy
loss and without pulse distortion. Although there are some
doubts about the possibility of soliton formation in polypep-

31 such models continue to be the the-

tide molecular chains, !
oretical basis for studying these phenomena in biomolecu-
lar structures. In addition, some experimental results related
to biomolecules appear to support a soliton picture of long-
distance charge migration.!!”#%) This is the reason why the
soliton models in the problem of long-distance charge migra-
tion deserve special attention.

We have emphasized the importance of two physical pa-
rameters, which significantly affect the properties of charge
carriers in biomolecules, as well as the possible formation
of solitons: the overlap of the molecular orbitals (MOs) and
the strength of the charge—phonon interaction. To construct a
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satisfactory theoretical model for describing the properties of
charge carriers in biomolecules, several important facts related
to these parameters should be kept in mind. Let us start with
the strength of the charge—phonon interaction. Unfortunately,
the mechanism of charge—phonon interaction in biomolecules
is still poorly known. A brief but concise description of this
problem in the case of DNA can be found in Ref. [10]. We
will mention here only that there are no strong arguments
that would definitely determine the strength of this interac-
tion. Depending on the considered investigations its value ex-
plores the whole regime from the weak to the strong coupling

[1041] Tn addition, the strength of charge—phonon inter-

limits.
action can be masked by some other effects, for example, by
the effects appearing due to the inherent DNA disorder. In
complex biomolecules consisting of two or more molecular
chains, MO overlap is possible between adjacent structure el-
ements located on the same molecular chain, but also between
neighboring structure elements located on different molecular
chains. The MO overlap magnitudes usually are calculated us-
ing numerical models, which are often based on some adopted
assumptions. Therefore, the literature values may differ sig-
nificantly, depending on the source referenced.

n—2 n—1 n n+1l n+4+2

Fig. 1. Upper: schematic structure of the double helix DNA macro-
molecule. The AT (CG) are pairs of nucleobases placed on the opposite
strands, connected by the hydrogen bonds. The backbone of the DNA
strand consists of alternating phosphate and sugar groups. Lower: sim-
plified structure of two-strand DNA-like macromolecule. Nucleotide
bases (together with a corresponding phosphate-sugar molecular group)
are presented by spheres, regularly distributed along the strands.

To clarify which values of overlap of MOs for
biomolecules consisting of two macromolecular chains corre-
spond to soliton states, we consider the single excess charge
injected into a two-strand macromolecular structure in the
framework of the adiabatic polaron (soliton) theory. Here, we
suppose that soliton appears due to the charge—phonon interac-
tion. We assume that the structure is homogeneous (all struc-
ture elements from which the system is built are identical). It
is taken into account that the overlap of the MOs can occur
between the two adjacent structure elements (nucleotides) be-
longing to the same strand, as well as between those belonging
to different strands, as is schematically presented in Fig. 1. We
consider the influence of such an MO overlap on the energetic

stability of eventually formed soliton states, as well as on their
inertial properties and soliton velocity.

2. The model

To set up the theoretical framework of our investigation,
we consider an extra charge (excitation in general) in a struc-
ture consisting of the two coupled identical macromolecu-
lar chains, each composed of N > 1 identical structural ele-
ments (molecular groups). The physics of charge migration
in such structures is usually described in the framework of
the common tight-binding model, modified to take into ac-
count the overlaps of MOs between neighboring structure el-
ements. Besides particle subsystem, our theoretical model in-
cludes phonon subsystem and the charge—phonon coupling:

I:I:Hexc +th +I:Iim~ (D

The overlap of electronic m-orbitals among the neighboring
nucleotide groups lead to delocalization of the charged par-
ticle from a particular structure element and its migration to
neighboring ones. Such delocalization can take place along
the same strand (intra-strand migration), or between two struc-
ture elements belonging to different strands (inter-strand mi-
gration). Excitation Hamiltonian describing the extra charge
can be expressed as

Hee = &Y% jdnj—J Y ab  (dnp1j+an1)
n ny

+L Z&ZJ (Gns13—j +an—13-;) - 2)
n,j

Here n labels the lattice sites along the strands (it takes the
values from —N /2 to N/2) and the index j enumerates a par-
ticular strand (j = 1,2). Consequently, the position of each
structure element in the system is determined by two “coor-
dinates” (n, j). Operators &Z’ i (dy,;) correspond to the charge
creation (annihilation) on the position (n, j). The & is the en-
ergy of charge excitation on the corresponding (n, j) molecule
and J is intra-strand transfer integral (TI) (resonant energy of
the charge transfer between the neighboring structure elements
belonging to the same strand, which is determined by the
MO overlap of two neighboring molecules placed on the same
strand). Finally, L; and L, are inter-strand TIs of the charge
transfer between the neighboring structure elements belonging
to different strands (see schematic picture on Fig. 1). L; is the
transversal inter-strand TI, determined by the MO overlap of
two nearest neighboring molecules ((n, j) <> (n,3 — j)) and the
L, is the diagonal inter-strand TI, determined by the MO over-
lap of two first neighboring molecules ((n, j) <> (n+1,3 — j)).
In the case of Peierls dielectrics, it is commonly adopted that
L; < 0, but in some substances, this parameter may be of the
opposite sign or it may alternate along a strand! Here, we
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adopt that L; (L) can be either positive or negative, and has
an identical value in the whole structure. Since the distance
between structure elements located at (n, j) and (n£1,3 — j)
is larger than the distance between structure elements (n, j)
and (n,3 — j), it is reasonable to assume that |L,| < |L;|. Al-
though it is usually considered to be |L; 2| < |J|, in our anal-
ysis we allow that |L; »| can be taken from the whole interval
(O, ‘J|)'[10,48]

In the case of the phonon subsystem, we have assumed
that the mechanical oscillations of both strands are mutually
independent. This can be justified by the fact that the interac-
tion energies of adjacent two structure elements from differ-
ent molecular strands are significantly less than the interaction
energies of two adjacent structure elements belonging to the
same strand. The Hamiltonian describing the phonon subsys-
tem is

Ay = Zhwq13; by (3)
q,]

where i’l/ j (l;% ;) correspond to the phonon creation (annihi-
lation) operator of the g-th phonon mode (g is phonon wave
vector) of the j-th strand. Finally, only local charge—phonon
coupling was considered. We suppose that particle interacts
with mechanical oscillations from the strand where it is lo-
cated, only. In that case, charge—phonon interaction can be
presented as

.1 e
A= —= ¥ Fe 0] (byj+5,,). @

VN o —4,J

In addition, we suppose that the injected charge interacts with
acoustic phonon modes only. Such an interaction is deter-
mined through the charge—phonon coupling parameter F,. In
the case of the interaction with acoustic phonon modes, it has
the form F, = 2ix+/h/2Mw,sin(qR,), where Ry is the dis-
tance between two adjacent structure elements of the same
strand, @, = wysin(gRy/2) is phonon frequency, and @y =
ZW . The parameter Y is the strength of charge—phonon
interaction, x is the stiffness of the chain, and M is the mass of
the molecular group at the chain site n. Finally, we adopt lin-
ear dispersion law for phonons: @, = c|g|, where ¢ = wyRo/2
is the speed of sound.

To discuss the properties of the extra charge in the
double—chain molecular structure, we suppose that it forms
soliton-like large polaron excitation. According to the gen-
eral theory of the polarons, its nature depends on the values of
the basic energy parameters of the system: intra-strand TI (J),
so-called polaron binding energy Ey, = ﬁzq % = [%)23 and
characteristic phonon energy fay. >3 In the case of the large
polarons we have

27> Ep > hay. )

Here, the adiabatic condition (2J > fiay) provides that the
fluctuations of exciton and macromolecular subsystems are
uncorrelated.3% As a consequence, the mean values of the
products of the exciton and phonon operators may be fac-
torized, and theoretical treatment can be carried out within
the semi-classical approximation. 303642431 Physically, this
means that the deformation of the lattice formed due to the
interaction of exciton with the phonon subsystem is slow com-
pared to the exciton subsystem and it can not follow the par-
ticle motion (lattice deformation forms a “frozen” structure).
Strong coupling condition Ey, > hay provides that the po-
tential well that appears due to the lattice distortion is deep
enough to prevent the destruction of the formed polaron state
(it provides the polaron stability). On the other hand, this
coupling should be weak enough and the polaron can span a
large number of lattice sites. Consequently, continuum ap-
proximation is applicable. Such a condition is satisfied in the
case when 2J > E;,.[3936441 In those cases, the variational ap-
proaches (like Pekar’s variational ansatz) are promised tools
for the investigation of such systems, [36:42:43.43.46]

As it was mentioned, the serious problem for
biomolecules is the fact that the values of their basic energy
parameters are generally poorly known. Let us, therefore,
start with those for which there is consensus about their val-
ues. Typical values of the phonon energy in biomolecules
range from a few tens of meV (a-helix macromolecules),
up to 120 meV in polyacene molecule, and 200 meV in the
double-strand polyacene. Here, we adopt that the phonon en-
ergy of the DNA is about 7 meV.[*”] This value corresponds
to the phonon frequency @y = 103 s~ 1.

The values of the transfer integrals usually are estimated
from ab initio calculations. There are quite different literature
data of these parameters, depending on the model for their cal-
culations. For conjugated polymers, a typical value of TI is
about 2.5 eV, while for alpha-helix this parameter is estimated
to be an order of a few eV. In the case of DNA, estimated
values of the intra-strand and inter-strand TIs range from a
few tens of meV 3! to several hundreds of meV,2049-53] de-
pending on the applied model. For our purposes, in the case
of intra-strand TI, we will refer to the value J = 0.3 eV
(0.48 - 10~ J) which corresponds to the upper estimation of
this parameter in DNA. The values of the inter-strand TIs will
be varied, from small values (compared with J), up to the val-
ues of the order of J.

An additional serious problem is the poor knowledge
of the strength of the electron—phonon interaction: depend-
ing on the literature data, the estimations of this parameter
range from those corresponding to a weak electron—phonon
interaction, up to those indicating a strong interaction of the
charge with mechanical oscillations of the structure. 9 Here,

we use the values ¥ = 0.6 eV/A (x ~ 0.96 x 10~° J/m)“47]
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and M =5.1x107% kg,[33] which leads to the estimation of
Ep~0.46¢eV.

According to the adopting data, it seems that the crite-
ria Eq. (5) is (less or more) satisfied for many biomolecules,
including DNA. To study the dynamics of our system,
we use a time—dependent extension of Pekar’s variational

[36,42,43,45,46]

ansatz, that allows the simple factorization charge

and phonon variables:
Z Wi, (

Here, v, ;(t) is the wave function of the charged particle

)e @ B(1))- (6)

at the node (n,j). Consequently, |y, ;(t)|* represents the

probability of finding an extra charge in the vicinity of node
Finally, |B(t)) = I, ; ’ﬁq,j(t» is
a multi-mode phonon coherent state (| Bg,j(1)) is the eigen-

(n,j), at the moment ¢.

function of the phonon annihilation operator: by ;|B,.;(t)) =

By (t) |Bq.j(1))). Due to the conservation of the probability

for the quasi-particle, exciton amplitudes are normalized as
Yy =1. )
n,j

The functions v, ;(r) and S, ;(z) are treated as dynamical

variables. From the condition of the minimum of the func-
tional H = (y|H |y), we find the equations of the motion
for the amplitudes y, ;(r) and B, ;(7): ihau’;’=-f = 8‘?;;‘_ and
n,j
ih% = aﬁH (21 Here, the functional H is
q.j
2
= gOZW’”]' +Zhwq|ﬁq/|
—JZ Vi Wn+1,j+llfn71,j +LIZW;,]'W",3*1'
n,j n,j
+L22Vf:f,j (V13— + Wno13—))
n,j
1 .
+—= Y Ee oy i (Bys+B,,) - ®)
\/Nn%’j 4,

Consequently, for the charge amplitudes we have the set of
equations:

in g/ = EOII/n,jf-](lI/nJrl,j‘i’ll/nfl,j)

+LiYu3—j+1n (Wn+l,37j + anl..’:fj)
1 B .
R D (Bt Bl O

while for phonon amplitudes we have

%P1 _ payp, ;4 g D oy

(10)

Now, we pass to the continuum limit (v, (1) — y;j(x,1),
nRy —x, Y, — [ Ro ). The set of Eq. (9) attains the form of
two coupled partial differential equations:

821//j(x7t)

. al[f()@l)
in— a2

5 = (Eo—2)y;(x1) —JR;

297y (x,1)

+ 2Ry 92 + (L +2Ly) Y3 (x,1)
g LE W0 (Bus) B2, 0)

1)
while for the phonon amplitudes we have

9By (t) _ Fog [t dx
1hT = 1o,y ;(t) + \F » Rf

In the obtained system of Egs. (11) and (12) we have coupled

e 4y (x, 1) 2. (12)

charge and phonon amplitudes. In the following, we elimi-
nated the phonon variables from Eq. (11). Since we inves-
tigate the charge propagation in the form of a stable “wave
pulse” (soliton-like form), we assume that charge probability
density depends on time and space coordinate through the co-
ordinate & = x —vt: |y;(x,1)|* = |y;(&)[%, where v is soli-
ton velocity. In that case, Eq. (12) becomes an ordinary dif-
ferential equation of the first order, and it can be easily in-
tegrated. The general solution of this equation has the form
By.i(t) = ;je’i“"f’ + ﬁ;‘;h(t) Here, the first term is the ho-
mogeneous solution that corresponds to the incoherent part of
lattice displacement coming from free lattice modes, and it can
be disregarded in adiabatic treatment.!3®! Because we search
for a stable stationary polaron solution, the main contribution
to polaron formation comes from the particular solution (i.e.,
from the second term). The particular solution to Eq. (12) is

1 Fy;o1 dx
\fh(o 17—

h(r) =

q,] 7qu‘ll/j(x t)|

After the substitution of B;f}h(t) into Eq. (11), we find the
system of the two coupled nonlinear Schrodinger equations
(NSE) for polaron amplitudes v (x,#) and y»(x,7):

2’y
LrR2 J
+ 2 0 axz

+ (L1 +2L2) ya— j — Gly; Py,

Loy ,0% 1//]
lh? _JRO a

13)

where G =

soliton Velocuy, normalized on the speed of sound. Physically
irrelevant term (Ey — 2J) y;(x,z) is absorbed by the transfor-

mation yj(x,1) —e” #(E0=27)1 Vi(x,1).

3. Finding for soliton solutions

Systems of equations similar to Eq. (13) have appeared
and have been studied in various problems, especially in non-
linear optics and biophysics. 340 The explicit solutions
of this system have not been fully examined until now, but
its properties may be examined by different approximate ap-
proaches. In that sense, the average profile approximation can
be very useful 34371 because it allows analytic calculations
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whose accuracy has been demonstrated by comparison with
the numerical analysis. The main idea of such an approach
is the assumption that the solutions of the coupled system of
NSE are not substantially different from those of the uncou-
pled ones. As a consequence, we will search the stationary

solutions of Egs. (13) in the form

vi,r) =A;- el 20 g (x —yr). (14)

Here A; are real amplitudes of the soliton propagating along
the j-th molecular chain, k and 2 are wave vector and the fre-
quency of the soliton carrier wave. The real function @ (x — vt)
is the envelope of the charged particle wave function we will
look for in the form of a wave pulse. Consequently, initial con-
ditions for envelope function in “moving” coordinate frame
(defined by the coordinate &) are

Jtim 0(&) = tim ) o, (150
lim0(&) =, Jim dﬁf) —0.  (sb)

As DNA-like macromolecules consist of two identical
molecular strands, we assume that the soliton wave has an
identical form on both strands. This means that the envelope
function ¢ (&) does not depend on the molecular strand along
which the soliton is extended. Normalization condition for
charge function in continuum approximation becomes

W BTy
:ZA?- e e (&) =1.

—oo R()

If we additionally require that the envelope of the charge wave
function be normalized, the normalization condition becomes

[ agere -

Thus, Egs. (13)-(16) represent the mathematical frame-

YAi=1. (16)
J

work of our study. In what follows, we will analyze these
equations and find under what conditions soliton solutions can
occur. We find non-trivial solutions to Eq. (13) by substitut-
ing Eq. (14) in Eq. (13) and then we separate the real and the
imaginary parts of the obtained equation. From the imaginary
part we obtain the set of algebraic equations for amplitudes A

and Aj:

Ay (hv—2kR3J) + Az - 2kRGLy =0,
Ay -2kRGL: + A, (v — 2kR3J) =0, (17)

which has a non-trivial solution when the determinant of the
system is equal to 0. Under this condition, we find that the
wave vector of the carrier wave is
_ fic _ myeC
TOR(ITL) " n
o(JFL2)

“u, (18)

2 _
2(JFLy)RE

where mpc = is exciton effective mass for

I:FL /J
two-chain structure (m* = W)' Here, the upper and lower
signs correspond to the symmetric (A
ric (A =

lutions correspond to hybrid soliton, symmetric and antisym-

= Ay) and antisymmet-
—Aj) solutions of Eq. (17), respectively. These so-
metric ones. The real part of the above-mentioned complex
equation defines the differential equation for soliton envelope

¢(S):
9ze (&) —a9(§)+79 (&) =0, (19)
where y = W(;Lz) and o = k? — %. Under the ini-

tial conditions (15a) and (15b) and for

>0, y>0, (20

this equation has the pulse-like soliton solution

o
cosh(v/ag)’

Here ¢g is the soliton amplitude, determined by the ratio of
the o and . The parameter o defines the width of the soliton
pulse. Characteristic soliton parameters for the hybrid soliton

$(&) = ¢ =20/y. @1

solution can be expressed by the basic energy parameters of
the system in the form

G y G?
2 2
=, o= —- =,
% 16(J T L) 7% 64R3(J F Ly)?
hzcz 2 G2
- - + (L +2L).
WU eFLy) T Lt

It is interesting to note that my., ¢o, and « (which is con-
nected with the pulse width) are not affected by the transfer
integral Ly, but in addition to the dependence on J, these soli-
ton parameters depend on L. This result indicates a possible
large impact of the MO diagonal overlap L,, especially if it is
comparable to the intra-chain overlap J.

As it is mentioned above, the system parameter space in
the framework of the adopted model is determined by the set
of parameters (hiay,Ey,J,L1,Ly).
ton self-trapping in 1D and quasi 1D crystal structures, it is

In the theory of the exci-

very comfortable to describe the system in terms of the so-
called adiabatic parameter B = 2J /iy, and the coupling con-
stant S = Ey, /hay.3%3336:391 The first parameter determines
the character of the lattice deformation engaged in the polaron
formation (when B > 1, the adiabatic limit is reached). The
interrelation of these two parameters determines the polaron
spatial size and the degree of quasi-particle dressing: in the
strong coupling limit §/B > 1 we have adiabatic small po-
laron, while in weak adiabatic limit S/B < 1 we have adiabatic
large polaron (soliton).
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The parameters S and B are quite sufficient to describe
self-trapping states in pure 1D structures. However, to treat
structures that have a larger number of dimensions (or the
structures that are composed of several 1D strands that inter-
act with each other), it is necessary to introduce additional pa-
rameters which will take into account additional interactions
among the strands. For our purpose, we define two additional
parameters p; = L;/J and p, = L/J. Further, we describe
the state of the extra charged particle in a double-chain struc-
ture by the set of parameters (S,B, p1,p2). In addition, the
soliton velocity should be added to the parameters that deter-
mine the state of the system. This parameter is “external”, in
the sense that it does not depend on the physical properties
of the macromolecule itself, but is determined by the envi-
ronment (an external electromagnetic field or the phonon sub-
system that is in thermal equilibrium with the environment in
which the macromolecule is placed, for example). Character-
istic soliton parameters expressed by (S, B, p1, p») are

, S 1 1 u 11
W= T TEp YT R TR
2511 1
Y_E‘F%'l_uz'1$p2’
S 1 1 1

28 Ry 1—? 15p)
u

P18 1 1 B (91 +2p2)
8B 1Fp, 8B (1—u2)? 1xp, 2 ‘P1Tep2
(22)

glo

for symmetric (upper sign) and the antisymmetric (lower sign)
soliton solution.

4. Quasiparticle energy spectra

Let us now examine the energetic stability of the soliton
solutions. For this purpose, we must find the ground state en-
ergy of charge soliton for both obtained solutions and compare
them with the energy of the quasi-free charge excitation, i.e.,
the energy defined by the functional H from Eq. (8), but in the
absence of the charge—phonon coupling (energy spectra of lin-
ear charge excitations). In the case that the ground state energy
of solitons is less than the ground state energy of quasi-free
charge excitation, we can consider that soliton states are more
favorable and they fulfill the conditions for their formation.

4.1. Energy spectra of linear excitations

Firstly, let us find the energy of quasi-free charge states.
By setting F;, = 0, taking the wave functions of the quasi-free
particle in the form

Vi (1) = Aj - hE W rrikaRy

and put them into Eq. (9), we can obtain the system of the
linear equations for amplitudes A; and A, as follows:

(€9 (k) — £+ 271 cos(kRo)) - A,
— (Ly 4+ 2Ly cos(kRp)) ‘Az_; =0, (23)

which have a non-trivial solution under the condition that the
determinant of the system is equal to zero. From this condi-
tion, we can find the energy spectra for quasi-free charge ex-
citations. The energy of the quasi-free particle, normalized by
the energy i@y, in (S, B) parameter space becomes

a,s

£%°(k) = h% — Beos(kRo) F B (% +p cos(kRo)) . (24)

As presented in Fig. 2, the energy spectrum of quasi-free
charge splits into two bands separated by the energy gap.

goxe
r X =1 T / I~
F — }: 1 F -—’\' :IL-
I i| k=0n S| k=0% Q
[ Zr ESS
& 1 t& ! J
hwo | hwo |
i B gsxc T i 72 T
I B -1 2" ]
2 q
/ + B
- — =1 - —— -
_ k=0" ~ k=0 7]
p1, p2>0 p2>0, p2<0

Fig. 2. Schematic presentation of the energy bands of the quasi-free charge,
for p1 > 0, pp > 0 (left pane), and for p; > 0, p» < 0 (right pane).

o T
0.8 | 1 0.8p R
0.4t 1 0.4} . ’«'

5a§5s “‘ ,"
0 ; 0 X
IR i\ b1 E<E, D1

—0.4r . ' —0.4r1

0.8} 1 -08}

—1.0 0 1.0 —1.0 0 1.0

Fig. 3. The area in the (p;,py) parameter space where the antisym-
metric states of the free extra-charge are more favorable than the sym-
metric states (left pane) and the area where the symmetric states of
the free extra-charge are more favorable than the antisymmetric states
(right pane). One should keep in mind that |L,| < |L;], or equivalently,
[p2 < |p1l-
The sign — in Eq. (24) corresponds to the antisymmetric solu-
tion (denoted by a), while the sign + corresponds to the sym-
metric solution (denoted by s). As a consequence, the particle
states of linear excitations have the hybrid character: Their

states are fully delocalized, and the probability density of the
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The width of
the energy gap is determined by the L;, while the widths of

charge is equally distributed on both strands.
the energy zones are determined by B and the L,. Because
|L| < J, the bottoms of the charge energy band for both states
are determined by k = 0:

- g
5;?:%—3(1:!:%:&:172) (25)

which of these two states is more energy efficient depends on
the ratio of the transfer integrals L; and L. For example, the
antisymmetric state is more favorable if p; +2py > 0 is ful-
filled. This situation in (p, pp) parametric space is presented
in Fig. 3.

4.2. Energy spectra of soliton

In order to find the soliton energy, we start from the func-
tional Eq. (8) in the continuum approximation:

@-2)F [ v
"ROZ/ { faa;lzlj}

+ (L1+2L2)Z/R—{l//;l//3,j}
o [ {5}
SE YA

1+ u? dx, 4
Ey-——= —|yil". 2
- b(l_uz)zg/&)w] 26)

= (y|A.|y) =

After substituting Eq. (14) into Eq. (26) and using relations
among o, Y and (bg (relations in Egs. (A1) and (A2), from Ap-
pendix A), we express Eq. (26) in terms of soliton amplitudes
Ajl

4
H = 50—2J+JR(2)k2+§¢3J
4
+ L1+2L2—L2R%k2—§ SLZ -ZAjAg,,j
J

2 1-3u?
-3 2Ey ﬁ -;A‘}. 27)
The integrals that appear in Eq. (26) are calculated in Ap-
pendix B. Finally, by substituting the values of A for the sym-
metric and the antisymmetric soliton solutions we obtain the
expressions for corresponding soliton energies. In terms of
S and B parameters, soliton energy normalized on the energy

hy attains the form

& p1
—fB(l il )
7 F 5 Fp2)+

T |
8B 1F p2

csol
Ss,a -

$2 1-542 1

S s 2
24B(1—u? 1¥p, (28)

As usual, the upper sign corresponds to the symmetric solu-
tion, while the lower one corresponds to the antisymmetric
solution. The corresponding ground state energies of soliton
solutions are defined by u = 0.

5. Analysis of the obtained results

By the analysis of soliton energy, we determine the areas
in the (p1, p2) parametric space, which correspond to a partic-
ular type of the obtained soliton solutions. After that, we ana-
lyze the inertial properties of the obtained soliton solutions, as
well as their widths. The analysis of the soliton width allows
us to set up an additional criteria on the applicability of the
continuum approximation, applied here.

5.1. Energy stability of soliton solutions in parametric
space
The obtained relations in Eq. (28) enable us to analyze the
energy stability of soliton solutions. By comparing the ground
state energy of hybrid soliton solution determined by Eq. (28)
with the energy of quasi-free charge Eq. (25), one can see that

E(u=0) < &Y

is satisfied for all of the values of parameters p; and p;
(Ip1ls|p2] < 1). Consequently, soliton states are more stable
(i.e., more favorable) than the states of the quasi-free exciton
in the whole (p1, p») parameter space.

Let us now compare £ (u = 0) and £°'(u = 0) from
Eq. (28). The antisymmetric state is more favorable than the
symmetric one in the case of £°!(u = 0) < £°'(u = 0), i.e.,

52 j2) )
p1>—2pr+ ( . (29)
1282 \1- 2

The solution of the inequality (29) in the parametric space

(p1,p2) is shown in Fig. 4.

The boundary curves separating the two regions in the
(p1,p2) parametric space, the region of parameters in which
the antisymmetric soliton states are more favorable than the
symmetric ones (“AS” region) and the region in which sym-
metric soliton states are more favorable than antisymmetric
ones (“S” region), are shown in Fig. 4. Each boundary curve
consists of several branches, enumerated by the same num-
ber, that corresponds to the particular curve. As we can see,
the position and the size of the both regions depend on the
values of the p;, po but also on the ratio S/B. In general,
the area pj, p» > 0 belongs to “AS” region, while the area
p1, p2 < 0 belongs to “S” region. In the areas p; >0, p» <0
and p; <0, pp > 0 there exist both “AS” and “S” regions. For
large values of the ratio S/B there exists additional “AS” re-
gion, for pp ~ —1 and “S” region for p; ~ 1. Although some

010506-7



Chin. Phys. B 32, 010506 (2023)

estimates indicate that the values of L; and L, can be of the or-
der of J,11%%] it is often considered that only values for which
|p12| < 1 have a clear physical meaning. Thus, special atten-
tion should be paid to this area of the (p;, p») parameter space.
Here, boundary curves practically correspond to straight lines

SZ
P1:—<2—1232>P2

as it is presented in the insert picture on the right pane of Fig. 4.

0.4 E/ 0.4

0 P2
—0.4T@s/B=0.1
BlS/B=0.5
S/B=0.9
—0.8 s/
—1.0 0 1.0

Fig. 4. The boundary curves that separate two regions in the (pi,p2)
parameter space that correspond to two types of soliton solutions: sym-
metric and antisymmetric ones. The regions where the antisymmetric
soliton states are energetically more favorable than the symmetric soli-
ton states are presented by the shaded area on the right pane. Here, the
coefficient k attains the value k¥ = 1.93.
5.2. Soliton width and the applicability of the continuum
approximation

We have already mentioned that soliton solutions of
Eq. (13) can be obtained for the “subsonic” soliton case:

0<u®><1. (30)

This requirement is the consequence of the condition y > 0
from Eq. (20) and it is the characteristic restriction for soliton
solutions of the Davydov type. One should have in mind that
the adiabatic polaron approach used here results in the appli-
cation of a continuous approximation. A somewhat more pre-
cise limitation on the usage of the continuum approximation
can be obtained taking into consideration of the fact that the
larger velocity of the soliton pulse corresponds to a narrower
soliton and vice versa [see, e.g., relations for v/a in Eq. (22)].
Namely, in order to apply the continuum approximation, the
width of the soliton must be large enough. This imposes an
additional condition on the soliton velocity, whose properties
can be studied here using the presented model.

If we define the width of the soliton as A = & — &;, where
0(&12) = ¢o/D (the D is the parameter that defines what we
consider under the “width of the soliton”: for D =2 we con-
sider the half-width of the pulse, for example) our condition
becomes

Z >N (31)

Here A/Ry is the number of nodes of the structure, covered
by the soliton pulse, and the N¢ is the minimal number of the
covered nodes for which continuum approximation is allowed.
Although the amplitude ¢ is interpreted as the distribution of
the probability of finding an charged particle along the molec-
ular chain and it can in principle be narrower than the distance
between adjacent nodes of macromolecules, previous theoreti-
cal studies indicate that Nc > 1.[20.211 Therefore, our next task
is to estimate the width of the soliton pulse. Using Egs. (21)
and (22) one can find that the number of nodes covered by the

soliton pulse (A /Ry) is
RA —4.In (D+ VD — 1) : ?(1 —(1Fp) (32
0

for the symmetric/antisymmetric soliton solutions. It is easy to
see that, for all types of solutions, the soliton width decreases
by the increasing soliton speed. In addition, it is interesting
to remark that the width of the soliton is affected by p, (or
equivalently, by L) directly, but it depends on p; indirectly,
through the solution type (symmetric or antisymmetric solu-
tion). In the case of the symmetric soliton, the negative val-
ues of the parameter p, can significantly increase its width,
when p, ~ —1. However, increasing p; can yield quite nar-
row antisymmetric soliton pulse (for p; ~ 1)! Similarly, the
extending of the antisymmetric soliton to a large number of
macromolecule nodes is possible for positive values of p;, but
when p; reaches the values close to p; ~ —1 we have narrow
symmetric soliton pulse.

Although it does not represent a condition with a strict
physical meaning (due to the dependence on D and Nc
which are not physical parameters, but a matter of our agree-
ment), obtained expression (32) together with the requirement
Eq. (31) can be used to estimate the upper limit of the soliton
velocity umax. It corresponds to the minimal width of the soli-
ton pulse, and consequently, determines the applicability of
the continuum approximation in the presented model. From
Egs. (31) and (32) we have

2 S 1 1
u 51_@'3'@’ (33)
where 0 = Nicln(D+ V/D? —1). The obtained relation Eq. (33)
can be used to set an additional condition for the soliton veloc-
ity, in addition to the condition (30). Since the square of the
soliton velocity u? is a positive quantity, we have the upper
limit of 1/4 as follows:

s <2 (1), (34)
which sets up the condition on N¢ (depending on the used
value of D) that should be satisfied in continuum approxima-
tion.

Let us now estimate the limit values for the number of

nodes N covered, within the framework of the model we have
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applied here. It should first be noted that in the case of the
symmetric soliton solution, the minimal value of the param-
eter pp corresponds to the maximal value of the 1 — py, i.e.,
to the maximal values of N¢ and the soliton velocity #. From
Fig. 4 we see that in the case of the symmetric solutions the
minimal value of the parameter p; is about — 1, while the max-
imal value is p» =~ 0.5 (for the case of p; = —1). Using the val-
ues of the basic energy parameters, characteristic for the DNA
macromolecule, we find that the value of the N¢ ranges to the
interval [4, 12] (for D = 2). Similar result can be obtained for
antisymmetric soliton solutions. According to this, continuum
approximation is applicable for a relatively small number of
the covered nodes. Finally, the solutions of inequality (33) are
shown in Fig. 5, for the symmetric soliton solutions (left pane)
and for the antisymmetric solutions (right pane). For a given
value of the parameter p», all velocities below the curve de-
fined by a certain value of the parameter § correspond to those
velocities that satisfy the inequality (33).

1.0 1.0

0.8

0.8

0.6

0.4

0.4

0.2 0.2

Fig. 5. The boundary values of the soliton velocity, in dependence on

p2 and 8. The boundary velocity is defined by u> = 1 — % . % . hr]ﬁ

for symmetric (—), and for the antisymmetric (+) soliton solutions. For
a given value of the parameter &, all values of the pairs u> and ps that
are below the boundary curve satisfy inequality (33).

We notice that small values of the parameter J (i.e., those
values of the parameter & corresponding to a soliton pulse that
cowers a large number of nodes of macromolecules) corre-
spond to slow solitons. This result is completely in accordance
with the properties of Davydov solitons in macromolecular
chains. However, as can be seen from Fig. 5, slow solitons
are possible only at sufficiently large values of the parameter
P2, i.e., for a sufficiently large overlap of molecular orbitals of
diagonally placed opposite nucleic bases.

5.3. Inertial properties of the soliton

To determine the “inertial” properties of the solitons, it
is useful to examine the soliton energy in the so-called “non-
relativistic” limes (u < 1). For that purpose, let us modify
relations (28) for the soliton energy as follows:

i & P 2
s,a {ha)() + ) +p2 24B17

1 2 1
~ (142 .
+SB( 3 >1:FP2 )

Here we can define the “soliton mass” as

2 1
s = (1+3S2> 1Fp)

«_ h__ hay 1
where m = UK~ 4l B

on the strength of the coupling of the extra-charge with the

(35)
The dependence of the soliton mass

phonon subsystem S and the adiabatic parameter B, for all
types of soliton solution, is similar to that predicted by the

e.[23%1 However, the inertial prop-

models of the Davydov typ
erties of the hybrid solitons also explicitly depend on L, (the
dependence on L; is implicit)! This dependence is of such a
nature that in certain circumstances effective mass of the soli-
ton can increase significantly, and the soliton becomes a wave
impulse with high inertia! For the symmetric soliton, this sit-
uation meets for p; > 0 (where p; < 0) and for p, < 0 (where

p1 > 0) in the case of antisymmetric soliton solution.

6. Conclusion

The presented analysis is based on the assumption that
the injected extra-charge into two-strand biomolecule, due to
its interaction with mechanical oscillations of the structure, is
self-trapped and forms an adiabatic polaron state. Such a po-
laron could (under the presence of an external electrical field,
for example) propagate through a macromolecule in the soli-
ton form, maintaining its shape and energy for a long time.
Due to the existence of inter-chain transfer integrals (transver-
sal L; and diagonal L;), the amplitudes of the obtained hy-
brid soliton solutions are distributed on both chains at the
same time. We find the hybrid soliton solutions of two types:
symmetric and antisymmetric ones, which of obtained soliton
solutions is energetically more favorable depends on the val-
ues of the basic energy parameters of the considered structure:
characteristic phonon energy 7@y, polaron binding energy Ey,
intra-strand TI J, and inter-strand TI (L; and L;).

Although the soliton picture presented here does not pro-
vide the possibility of investigating the process of the inter-
strand charge migration, it predicts hybrid soliton solutions,
which means that the charge can belong to both molecular
strands at the same time. This possibility is clear from a physi-
cal point of view for sufficiently large values of the ratios L; /J
and L,/J. According to calculations in Ref. [48], the ratios
Li/J and L, /J for DNA macromolecule are not so small (they
range from 0.1 up to 1, depending on the type of nucleotide).
As a consequence, the inter-strand migration of charges cannot
be neglected. In addition, our analysis indicates that this mi-
gration is possible even for small values of the ratios L, /J and
L /J: asymmetric for L; > 0 and L, > 0, as well as the sym-
metric for L; < 0 and L, < 0! In other words, the formation
of both types of hybrid solitons is possible, regardless of the
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possible large difference between the values of the inter-strand
and intra-strand transfer integrals.

Analysis of the soliton width and its effective mass shows
that they depend on the basic energy parameters %@y, Ep, and
J (i.e., on S and B), in a way that is typical for the soliton solu-
tions of Davydov type. In addition, according to the presented
model, these soliton parameters explicitly depend on L, but
on L; they depend implicitly! Additional analysis of the mu-
tual influence of the soliton velocity and its width shows that
narrower solitons can propagate by a higher velocity, but the
intensity of this velocity decreases with increasing L,! Con-
sequently, the diagonal inter-strand TI L, plays an interest-
ing role in the model, explicitly influencing numerous soliton
parameters, while L; influences mainly on the charge energy
spectra (i.e., on the width of the energy gap that separates the
zones of the hybrid soliton state). However, one should have in
mind that the values of these parameters can depend on many
factors: ambient temperature, relative position of structural el-
ements or their spatial orientation, for example.

For hybrid soliton solutions, the probability of finding an
charged particle in a biomolecule consisting of two molecular
chains is equal to both chains. Therefore, any change in the
structure of biomolecules (such as cleavage of biomolecule
or a significant increase in the distance between its chains)
can significantly change the properties of induced solitons.
For example, in regions of DNA that have a significant num-
ber of thymine-adenine nucleotide pairs, thermal fluctuations
can locally break weak hydrogen bonds. In this way, tran-
sient breathing bubbles can be formed locally, which will sig-
nificantly influence to the charge propagation in this area of
biomolecule.

The presented model also does not take into account some
other effects that appear in real biomolecules such as nonlinear
H-bond dynamics, the helical geometry, or the influence of the
back-bone which exists in the DNA case, for example. Never-
theless, it provides a clear picture of the self-trapping process
of the injected extra-charge in double strand macromolecular
structure, and the basic properties of the eventually formed
soliton excitation. To improve this picture, in the next stages,
it is possible to include the nonlinear interaction between two
adjacent structure elements belonging to the different strands.
Also, one of the future tasks should be the investigation of the
influence of the thermal bath on the soliton solutions for the
injected extra charge.

Appendix A: Two very useful relations for soliton
amplitude ¢,

In Eq. (21) we have relation d)g = 20t/ connecting the
soliton amplitude with the ratio of the parameters o and 7.
Using the normalization condition for the envelope function,

it is possible to express the soliton amplitude ¢y either through

a or y. Starting from normalization condition for the enve-
lope function [©° dx 2(€) = 1 and substituting ¢(&) from
Eq. (21), one can obtaln

9% [ — 05 [t _dz_
Ro /- cosh? (vag&) —e cosh?z

_Ro\/a.

where z = \/a&. Thus, we express the envelope amplitude ¢
through the parameter o:
Vo

95 = =5 Ro.

5 (AD)

Note that [77 dx

the above expresswn we can eliminate the parameter ¢ and

= 2. Using the relation ¢¢ = 2/, from

express the soliton amplitude by the parameter y:

0 = 1R3.

g (A2)

Appendix B: Important integrals appearing in
our calculations

To obtain Eq. (27), we must first calculate the following

integrals:
e de B +°°d§
n= [ F0e. = 2 ()95 ().
+oo +
=[S0, n= [ 00

Let us start with the integral /;. According to the normaliza-
tion condition for ¢ (&) Eq. (16), we have

I :/+mﬁ¢2(§) =1

—« Ry

The integral I, can be transformed as follows:
Fedd [ de
L= —0—
=[x lodE)
L[ g {4 @
2R0 dé 2Ry

Here we have used the initial conditions for the envelope func-

400

—oo

tion in Egs. (15a) and (15a). The integral I3 can be calculated
using the explicit form of the envelope function ¢ (&) Eq. (21).
It is not difficult to find

= d 4 ¢ 2
132/700 Ief{¢4(§)}:3\/%)R 32%-

Note that [* COS}?X

2
Using ‘P% = d% {d)g—g} - (%) and the boundary condi-

tion for the envelope function in Eqs. (15a) and (15b), the in-
2
tegral I; can be transformed as follows: [~ oo 48 {¢g—é‘§} =

= %. Finally, let us find the integral /4.

oo RO
2
— [t % ( ) . The obtained integral [’ % ( d 5) can

be evaluated using the connection among the ¢¢ and ¢. Mul-
tiplying Eq. (19) by ¢, integrating the obtained expression
over the coordinate &, and using the boundary conditions (15a)
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and (15b), we find ¢§2 = ap? — %/¢4. Now, we find that

2 4
Foo A& (@) =ah—Ih=a- 2 %Y This means that

—o Ry dl:j 3 \/ERO
e dg 2 ¢y 4 9;

L= - —_z —q=—-

= [ 0@ =5 o TR
In terms of the (S,B) parameters, the integrals /3 and I; are
Izi. 1,1 and L :_i.i 1 . 1
3= 6B 1-2 TFps 4 1282 R} (1-2) " (1Fp)%"
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