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Majorana zero modes induced by skyrmion lattice
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One-dimensional s-wave superconductor with spin-orbit coupling is a platform for the realization of Majorana zero
modes. The spin-exchange with the magnetic skyrmion lattice can induce spin-orbit coupling in a s-wave superconductor
system and the effects are different from the constant spin—orbit coupling. The strength of the effective spin—orbit coupling
as well as the rich topoloigcal phase diagram are directly connected to the radius of the skyrmion lattice R. We obtain the
rich topological phase diagram of this system with different skyrmion lattice radii by numerically evaluating the spectrum
of the system under the periodic boundary condition, and we also find the Majorana zero modes under the open boundary

condition to verify the bulk—edge correspondence.
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1. Introduction

Majorana fermions are localized edge modes in mod-
ern condensed matter physics, rather than a hypothetical ba-
sic particle, which is a real solution of the Dirac equation,
in high energy physics.!"?] More precisely, in second quan-
tized formulation, the creation and annihilation operators for
Majorana fermions coincide with each other, and they are
non-abelian anyons.>* In recent years, more and more re-
search are focused on the realization of Majorana zero modes
as they have a wide variety of potential applications, such
as fault tolerent quantum computation, quantum information
and communication.5~'°! Majorana zero modes have been ob-
served in both 1D and 2D s-wave superconductor systems with
strong spin—orbit interaction or cold atomic systems. One of
the mostly studied model supporting Majorana zero modes
was proposed by Kitaev, which has brought physicists to in-
tuitively understand these attractive modes.

Skyrmion lattice is a great topic in both condensed matter

(H=17) Egpecially in Bose—

physics and cold atomic physics.
Einstein condensates (BECs), skyrmion is a topological soli-
ton. There are a lot of kinds of skyrmions in BECs and a lot of
theoretical and numerical results are obtained. In another per-
spective, skyrmion is a spin (or psuedo-spin, magnetic) con-
figuration, with which the spin exchange would lead to some
topological non-trivial phases. There are also some experi-
mental progress in observing and manipulating skyrmions in

condensed matter physics.[!8]
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Though there are lots of theoretical results about
the constant spin—orbit coupling s-wave superconductor

(19221 there is little work about the spin-exchange ef-

system,
fect between s-wave superconductor and skyrmions, which ef-
fectively induces non-constant spin—orbit coupling and leads
to a rich topological phase diagram. Experimentally, achiev-
ing the topological superconductor through proximity effect
decouples the realization of spin—orbit coupling and s-wave
superconductor, and it takes the advantage of the fact that there
are lots of spin configurations, including skyrmions, which
have been achieved in cold atomic physics. The only step to
go is to implement the spin-exchange effect between these two
systems. Compared with the Raman assisted hopping, which
induces the constant spin—orbit coupling, this spin-exchange
effect is accompanied by a more fruitful phenomenon. In con-
trast to directly realizing the non-constant spin—orbit coupling
in an s-wave superconductor by a more complicated setup, the
effect of this spin exchange is more practical and can serve as
another important platform of realization of topological super-
conductor. Our work makes a foundation of this possibility
and gives a good intuition about this novel spin-exchange ef-
fect.

Our paper is organized as follows. In Section 2, we
present the lattice model describing the s-wave superconduc-
tor in proximity to magnetic skyrmions which effectively in-
troduces a Rashba spin—orbit interaction. Also, we analyze
the symmetry of the system, and obtain the formulation of

topological invariants in the framework of AZ 10-fold clas-
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sification. In Section 3, we show the numerical results, in-
cluding topological phase diagrams, spectrum structures, and
density distribution of Majorana zero modes (MZMs). Finally,

we give a conclusion.

2. The model and calculation

We start with a one-dimensional s-wave superconductor
system in proximity to magnetic skyrmions, which is equiv-
alent to a Rashba spin—orbit coupling superconductor. It is
described by the following Hamiltonian:

H = Z (_ xx! _u(sx,x’)c;,acx’,a +AZ( Cx¢+H C. )
xx o X
+J Z Sx'CLao'aﬁCx,B‘i‘ Z Bxclao-((xlchﬁ? ey

x,a,B x,0,3

where cy o annihilates an electron at lattice site x with spin
a, and o = (61,6 60)) is the vector of spin Pauli matri-
ces. We consider spatial spin configuration S, with radius R,
as depicted in Fig. 1 (R = 6), and exchange coupling between
skyrmions and electron spins J, hopping amplitude —,s = —¢
between nearest-neighbor sites only. A is the s-wave pairing

amplitude, By is the magnitude of transverse magnetic field.

Fig. 1. The schematic diagram of spatial structure of the system de-
scribed by Eq. (1). The upper chain is the system we consider, and the
lower chain represents an spin configuration. Both of them are along x
direction. There are spin exchange couplings with amplitude J between
two chains. There is also an transverse magnetic field along x direction.

We also assume that the radius of skyrmion is commen-
surate with the length of system. The spin configuration of

skyrmion S, is
Sy = S(cos 6,,0,sin 6;),
—R
an?min<|xR ,1). )

In the following calculations, we set the hopping amplitude be-

tween nearest neighbor to be the unit of energy, i.e., t = 1. To
illustrate that such an exchange coupling can induce a Rashba
spin—orbit interaction, we make a local unitary transformation

U, that rotates the local spin S, of skyrmion to the x direction:
U780, =5(1,0,0), (3)

where the representation of transformation could be

.0, £x 8, )

0. —
¥ exp( 2|x><Sx|

= exp (—iezxc(z)> . @)

It is an unitary operator. The spinful annihilation operators of
fermions of lattice x under this transformation are (dy,dy,),
satisfying

(extsexy) = Unldat ). ©)
The Hamiltonian in rotating frame is given by

H = Z (_Ex

— 18, )d d,(,+AZ iR XﬁHc)

xx' o

+ Y. (Brcos B +JS)d] ,0L4dy g
x,0,P

+ Y Besin6ud] 40 d, g, ©)
x,a,p

where T,y = txx/U)j'Ux/. Parameter JS denotes the product of
the spin exchange amplitude and the spin of skyrmion. By
Eq. (4), we could go a step further in the hopping terms in
Eq. (6). By defining the angle difference between nearest
neighbors as d0, = 6,/ /2 —
of T,

0,/2, we could get a formulation

B cos(d6,) —sin(d6y)
Tow =ty <sin(d9x) cos(d6,) ) . "

So far, we have shown that an s-wave superconductor in
proximity to magnetic skyrmions is equivalent to a Rahsba
spin—orbit coupling s-wave superconductor system. The spin—
orbit coupling strength is negatively correlated with skyrmion
radius. The spin exchange coupling would induce an effective
transverse magnetic field. Later, we will show the numerical
results of the topological transition induced by such a spin—
orbit coupling.

As the transverse magnetic field and skyrmions both
would break the time reversal symmetry, the system belongs
to class D according to AZ ten fold way topological classifica-
tion. The topological phases are characterized by Z, topologi-
cal invariants.[>’]

As we assume that the radius of skymion is commensu-
rate to the lattice constant, we can make a Fourier transforma-
tion to represent Eq. (1) in Brillioun zone. The unit cell of
the system contains 2R sites. The Hamiltonian in the Brillioun
zone reads

Hi = Y (—t—p)cier+A Z(c,}c*_k | +He)
k

+J Z S, Ckao'oc[ickﬂ"‘ZBxcka éﬁckﬁ, 8)
k.o,

where ¢, = CORkt, C2RK l)~ The first subscript de-

(ClkTa Clkls« -+
notes the sublattice site. The matrix form of the hopping can

be written as
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0 0 0
0 0 0 ¢
I =
exp(—ik) 0 00
0 exp(—ik) 0 0

~

exp(ik) 0
0 exp(ik)
©))
0 0
0 0

(4Rx4R)

We can introduce Nambu basis as & = (¢, ic® ®12Rcik)T, in which 6 is y component of pauli matrix, I is the unit

matrix with rank R. The corresponding BdG Hamiltonian in this basis of the superconductor system in Brillioun zone reads

1
Hp = =& i, hy =
k ) KkCk k < A(Gz®12R)

3. Topological invariants and phase diagram

We could obtain the topological phase diagram by eval-
uating the topological invariant for each phase. In this 1D
class superconductor system, the topological properties of
each phase is characterized by winding number W defined by
Chern—Simons (CS) integral CS[A] as**!

W = exp(2miCS[A]), 11)

and it is quantized to be 1. From the particle hole symmetry
of the system, we could obtain the relation between the Berry

connections defined by negative and positive energy bands:
AT (k) = (u" (k)| Q" (k) = AT (—k), (12)

in which the band indices 1 and 1’ are over negative energy
bands. Thus, the 1D CS integral can be written as

T T
Cs[A] = / dKTIA_ = / dKTr[A_ +A,]
- 0

—l — IJ,I4R + (JSX : 0-> Q@ bhr+ B0y @ hr

A(C)'Z ®12R) ) (10)
t7k+,uI4R+ (.ISx G) ® hr+Bx0oy @ hp .

b3 b3 )
- / ki g / ATIUTRU],  (13)
0 0

where the band index a takes over all energy bands. In the last
equality, we set the matrix elements as Uf(k) = u¢(k). The
topological non-trivial phase is accompanied with a negative
winding number.

The topological phases and corresponding topological in-
variants of the system described by Eq. (1) are depicted in
Fig. 2(a), and we set the parameters as B, = 0.5 and A = 0.3.

Figures 2(al), 2(a2), and 2(a3) present the result with the
radii of skyrmion lattice being R =7, R=09, and R = 12, re-
spectively. The vertical axis represents the parameter u, and
the horizontal axis denotes the parameter JS. The blue lines in
these figures are topological phase boundaries. We also mark
the region with winding number W = —1, i.e., the topologi-
cal non-trivial regions. We could see that with the increasing
radius, the phase diagram would be more complicated.

(a1) 2:0 (a2)2.0 — (a3) 20— —
1.6 1.6 1.6 = ——
W=—1
1.2 1.2 1.2 J
3 3 3
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Fig. 2. (a) The topological phase diagram of the system. Blue lines are phase boundaries, and the red lines are for 4 = 1. Topological non-trivial
regions with winding number W = —1 are marked in each figure. (b) The lowest 30 positive eigenvalues for each JS with fixed u = 1, i.e., the
red lines in the corresponding upper panels. The eigenvalues would touch zero in the crossing points of red lines and blue lines in (a).
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We also examine the structure of spectra with fixed t =1,
i.e., the red lines in Fig. 2(a). The numerical results are shown
in Fig. 2(b). There are only 30 smallest positive eigenvalues
shown for each JS. The dotted line in the bottom of each figure
is E = 0. We could observe that there would be a gap reopen-
ing process accompanied with the topological phase transition,
which is consistent with the property of Hermitian topological
phase transition.

There is also physical interpretation of the winding

25.26] We evaluate the spectral gap of the system un-

number.|
der open boundary conditions, and depict it in Fig. 3(a). The
results are consistent with the topological phase diagram ob-

tained before, and in the region where the spectral gap closes,

there would be Majorana zero modes and the system is in the
topological non-trivial phase. We also achieve the density dis-
tribution of these zero modes as shown in Fig. 3(b). Figures
3(bl), 3(b2), and 3(b3) present the results with parameters
(L=1,J85=0.6), (u=1,JS=04),and (L=1,J5=0.5),
respectively. These parameters are located in the topological
non-trivial region. The topological zero modes are sharply lo-
calized at the boundary of the system. The oscillation pattern
of these zero modes near the boundary is consistent with the
theoretical result obtained in Ref. [27]. This bulk—edge corre-
spondence is a strong evidence of the topological property of

the system.
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Fig. 3. (a) The spectral gap amplitude in parameter space. The result

z/L z/L

is consistent with Fig. 2(a). (b) The density distribution of Majorana zero

modes. They are localized at the boundary and have oscillation patterns near the boundary.

These results can give some illuminations about the
achievement of topological superconductor in cold atomic sys-
tems. Also, the strength of induced spin—orbit coupling can be
changed by varying the radius of the skyrmion, which is dif-
ferent from the current method of manipulating.

4. Conclusion

We have evaluated the spectrum of the one-dimensional
s-wave superconductivity in poximity to a skyrmion lattice,
whose radius is commensurate with the lattice constant. The
spin—orbit coupling induced by this proximity effect is dif-
ferent from a constant one and lead to a rich topological
phase diagram. We also examine the topological invariant of
each phase, the corresponding edge states, i.e., Majorana zero
mode, and obtain the bulk edge correspondence. These re-
sults could give experimental physicists a new method of ma-
nipulating spin—orbit coupling in the realization of topological
non-trivial systems.
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