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Effect of porous surface layer on wave propagation in
elastic cylinder immersed in fluid
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To study the damage to an elastic cylinder immersed in fluid, a model of an elastic cylinder wrapped with a porous
medium immersed in fluid is designed. This structure can both identify the properties of guided waves in a more practical
model and address the relationship between the cylinder damage degree and the surface and surrounding medium. The
principal motivation is to perform a detailed quantitative analysis of the longitudinal mode and flexural mode in an elastic
cylinder wrapped with a porous medium immersed in fluid. The frequency equations for the propagation of waves are
derived each for a pervious surface and an impervious surface by employing Biot theory. The influences of the various
parameters of the porous medium wrapping layer on the phase velocity and attenuation are discussed. The results show
that the influences of porosity on the dispersion curves of guided waves are much more significant than those of thickness,
whereas the phase velocity is independent of the static permeability. There is an apparent “mode switching” between the
two low-order modes. The characteristics of attenuation are in good agreement with the results from the dispersion curves.
This work can support future studies for optimizing the theory on detecting the damage to cylinder or pipeline.
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1. Introduction

There has been a broad interest in acoustic waves prop-

agating in cylindrical structure, such as cylinder, pipe, and

borehole due to its essential applications in various techni-

cal and engineering processes. The study of wave propaga-

tion of the cylindrical rods immersed in fluid is a topic of

great importance in engineering, geophysics, and medicine.

The guided wave propagations in fluid-loaded rods were stud-

ied, and the opposite effects of fluid loading on the velocity

of dilatational waves in thin plates and rods through experi-

ments were verified.[1–4] The guided waves in a transversely

isotropic cylinder immersed in fluid were analyzed.[5–7] Re-

cently, wave propagation in the sandwich cylinder has received

more and more attention. Dutrion and Simon examined the

property of acoustic scattering with device, an infinite rigid

cylinder with multilayer wrapping made of viscoelastic mate-

rial placed in fluid.[8] Akbarov et al.[9] and Li et al.[10] studied

the axisymmetric longitudinal fundamental wave propagation

(dispersion) in the bi-layered circular cylinder made of linear

viscoelastic materials and extended the classical wave prop-

agation theory in elastic cylinders. Talebitooti et al. deter-

mined the sound transmission loss of an infinitely long com-

posite cylinder, and inspected the effects of various material

cores on the sound insulation property of the doubly curved

shells.[11,12]

Previous researches clearly show that although many re-

searchers have investigated the acoustic propagation prop-
erties of various infinitely long sandwich structures includ-
ing the plate and cylinder, most of the theoretical researches
considered the clad structures consisting of an isotropic or
anisotropic core and an arbitrary number of single-phase wrap-
pings. As is well known, in the materials such as concrete
columns have internal damping present within their structure.
Besides, hydrogeological studies also indicate that the surface
material of the cylinder has a certain complexity, and the shal-
low surface of the material is highly porous. Hence, it is im-
practical to apply the single-phase medium directly to mod-
elling. Owing to the fact that the porous medium is taken
into account in both solid matrix and pore fluid, modelling
the porous medium as a surface wrapping layer of an elastic
cylinder can present more realistic, accurate, and reliable re-
sults. The research on acoustic propagation in the cylindrical
structures with the porous material sandwich is necessary and
meaningful. However, the acoustic propagation of a cylinder
wrapped with a porous material layer has not been thoroughly
investigated yet. For instance, as one of the few researches
in this field, a cylinder interlayered with porous materials and
excited by pressure fluctuation has been studied by Zhou et
al.,[13] which involves some disadvantages. In the present
study, the porous material is replaced by an equivalent fluid.
As another consequence, Gohari et al. considered neither the
diversity of the structure nor the effect of the porous param-
eters on the structural response.[14] As an extension and sup-
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plement, we model the porous material as a surface wrapping
layer of an infinitely long cylinder.

In this work, the wave propagation in the elastic cylinder
wrapped with a porous medium immersed in fluid is studied.
Frequency equations of flexural modes each for a pervious
surface and an impervious surface are obtained by employ-
ing Biot theory of wave propagation in fluid saturated porous
solid. The degenerate cases of the general frequency equa-
tions, where both the wavenumber k and circumferential num-
ber n are zero, are considered. The reliability of the results
can be validated by reducing the porosity or thickness of the
porous medium wrapping layer. By ignoring the pore fluid
effects, the purely elastic cylinder immersed in fluid is ob-
tained as a particular case. Finally, the influences of the porous
medium wrapping layer’s porosity, thickness, and static per-
meability on the phase velocity and attenuation of longitudinal
and flexural modes for pervious surface are discussed. The rest
of this paper is organized as follows. The geometric model,
boundary conditions and dispersion equations of the problem
are presented in Section 2. Numerical results are then dis-
cussed in Section 3 and conclusions are given in Section 4.

2. Basic equations and problem formulation
2.1. Geometric model

This section presents the mathematical formulations for
the guided waves propagating in the elastic cylinder wrapped
with a porous medium immersed in fluid. Theoretical model
and a cylindrical coordinate system are established and shown
in Fig. 1, where origin is at o and cylinder symmetrical axis is
z, the directions r and θ are in the plane of the cross section.
Assume that the outer radius is b along the radial direction,
a indicates the radius of the elastic cylinder, and the porous
medium’s thickness is h = b−a. Here, three sets of subscripts
are adopted to identify more parameter properties. The first
set of subscripts E, P, F, S, and L represent the elastic cylinder,
porous medium, fluid, skeleton material, and pore fluid mate-
rial that compose porous medium, respectively; the second set
of subscripts “l” and “t” denote longitudinal wave and trans-
verse wave, respectively; the third set of subscripts “f” and
“s” refer to fast longitudinal wave and slow longitudinal wave
in porous medium; cEl, cEt, and ρE represent the longitudinal
wave velocity, transverse wave velocity, and density of the in-
ternal elastic cylinder, respectively; cPlf, cPls, and cPt denote
the fast longitudinal, slow longitudinal, and shear wave veloc-
ity in porous medium; the parameters ρS and ρL denote the
density of the porous medium’s solid skeleton and pore fluid,
respectively, while cFl and ρF represent the longitudinal wave
velocity and density of the surrounding fluid.
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Fig. 1. (a) Side view and (b) plan view of elastic cylinder wrapped with
porous medium immersed in fluid.

2.2. Governing differential equations and wave solutions

A symmetrical geometric model (Fig. 1) is constructed to
derive the dispersion equation. The media in the model are
considered to be homogeneous and isotropic. In this subsec-
tion, we provide in detail the process used to derive the dis-
persion equations and cutoff frequency equations of flexural
modes each for a pervious and an impervious surface in an
elastic cylinder wrapped with a porous medium immersed in
fluid.

According to Biot’s theory,[15,16] in the presence of dissi-
pation b, the equations of motion of a macroscopically homo-
geneous, isotropic, fluid saturated porous medium are

N∇
2𝑢PS +∇ [(A+N)∇ ·𝑢PS +Q∇ ·𝑈PL]

=
∂ 2

∂ t2 (ρ11𝑢PS +ρ12𝑈PL)+b
∂

∂ t
(𝑢PS +𝑈PL) ,

∇(Q∇ ·𝑢PS +R∇ ·UPL)

=
∂ 2

∂ t2 (ρ12𝑢PS +ρ22𝑈PL)−b
∂

∂ t
(𝑢PS +𝑈PL) , (1)

where 𝑢PS =(𝑢rPS,𝑢θPS,𝑢zPS) and 𝑈PL =(𝑈rPL,𝑈θPL,𝑈zPL)

are the displacement of solid and the displacement of
pore fluid, respectively; A, N, Q, and R are all porous
constants,[17,18] specifically, A and N correspond to the fa-
miliar Lame constants of a purely elastic solid, and N also
represents the shear modulus of the solid, Q is a measure of
the coupling between the volume change of the solid and that
of the pore fluid, and R is the measure of the pressure which
must be exerted on the fluid to force a given volume of it into
the aggregate with the total volume remaining constant; pa-
rameters ρ11, ρ12, and ρ22 are the dynamic coefficients that
take into account the inertia effect of the moving fluid: ρ12

is a coupling coefficient which represents a measure of the
force which must be exerted on the pore fluid to prevent its
(average) motion when an acceleration is imparted to the solid
surrounding it.

A flexural mode in which all three components of the dis-
placement exist and depend on the angle θ . The resolution of
each of the displacements in Eq. (1) into a dilatational scalar
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potential and an equivoluminal vector potential:

𝑢PS = ∇ΦP +∇×𝐻P,

𝑈PL = ∇ΨP +∇×𝐺P. (2)

Eliminating ΨP, the resulting equation governing ΦP can be
derived as

a0∇
4
ΦP +b0ω

2
∇

2
ΦP + c0ω

4
ΦP = 0, (3)

where

P = A+N, a0 = PR−Q2,

b0 = Rρ11 +Pρ22−2Qρ12 +(ib/ω)(R+P+2Q) ,

c0 = ρ11ρ22−ρ
2
12 +(ib/ω)(ρ11 +ρ22 +2ρ12) ,

and they are non-negative.

In a porous medium, the solutions of Eq. (3) correspond
to the two dilatational waves, often referred to as the fast lon-
gitudinal wave and slow longitudinal wave, respectively. The
solution of Eq. (3) can be written as

ΦP = ΦP1 +ΦP2,(
∇2 + s2

Plfω
2
)

ΦP1 = 0,(
∇2 + s2

Plsω
2
)

ΦP2 = 0,
(4)

and the solution of Eq. (1) corresponds to the shear wave and
is given by (

∇
2 + s2

Ptω
2)𝐻P = 0, (5)

where

s2
Plf,s

2
Pls =

[
b0∓

(
b2

0−4a0c0
)1/2

]
/2a0,

s2
Pt = c0/[Nρ22 +N(ib/ω)].

The solutions correspond to the two longitudinal waves, the
wave corresponding to ΦP1 being the fast longitudinal wave,
propagating with a phase velocity s−1

Plf , that corresponds to ΦP2

being the slow longitudinal wave, whose phase velocity is s−1
Pls ,

and s−1
Pt is the phase velocity of the shear wave.
The fast longitudinal and slow longitudinal waves propa-

gating in the porous medium can be expressed as

ΦP1 = (DZn(kPlf1r)+EWn(kPlf1r))cos(nθ)

× exp[i(kz−ωt)],

ΦP2 = (D1Zn(kPls1r)+E1Wn(kPls1r))cos(nθ)

× exp[i(kz−ωt)], (6)

and the shear wave propagating in the porous medium (𝐻P =

(HPr,HPθ ,HPz)) is


HPr = (D2Zn+1(kPt1r)+E2Wn+1(kPt1r))sin(nθ)exp[i(kz−ωt)],
HPθ=− (D2Zn+1(kPt1r)+E2Wn+1(kPt1r))cos(nθ)exp[i(kz−ωt)],
HPz = (D4Zn(kPt1r)+E4Wn(kPt1r))sin(nθ)exp[i(kz−ωt)],

(7)

where D, E, D1, E1, D2, E2, D4, E4 are the undetermined co-
efficients; n is the circumferential number; i is complex unity
or i2 =−1; k is the wave number; ω is the circular frequency;

k2
Plf = s2

Plfω
2− k2; k2

Pls = s2
Plsω

2− k2; k2
Pt = s2

Ptω
2− k2;

kPlf1r =
√∣∣k2

Plfr
2
∣∣; kPls1r =

√∣∣k2
Plsr

2
∣∣; kPt1r =

√∣∣k2
Ptr

2
∣∣.

For brevity, Z denotes a J or I function, and W represents a
Y or K function according to Table 1,[19–21] which further re-
fines and improves the interval division in Ref. [21] and fully
reflects the role of porosity.

With regard to the fluid phase in a porous medium, the
equation consists of two parts, namely the longitudinal wave
potential ΨP and the shear wave potential, i.e.

ΨP = η1ΦP1 +η2ΦP2,

𝐺P = η3𝐻P, (8)

where 𝐺P = (GPr,GPθ ,GPz) ; η1, η2, and η3 are the participa-
tion coefficients of the fast longitudinal wave, slow longitudi-
nal wave, and shear wave, respectively.[22,23]

Table 1. Bessel functions used at different intervals of frequency ω .

Interval Functions used

k2
Plf, k2

Pls, k2
Pt > 0 Jn(kPlfr), Yn(kPlfr) Jn(kPlsr), Yn(kPlsr) Jn(kPtr), Yn(kPtr)

k2
Plf < 0, k2

Pls, k2
Pt > 0 In(kPlf1r), Kn(kPlf1r) Jn(kPlsr), Yn(kPlsr) Jn(kPtr), Yn(kPtr)

k2
Plf, k2

Pls < 0,k2
Pt > 0 In(kPlf1r), Kn(kPlf1r) In(kPls1r), Kn(kPls1r) Jn(kPtr), Yn(kPtr)

k2
Plf, k2

Pls, k2
Pt < 0 In(kPlf1r), Kn(kPlf1r) In(kPls1r), Kn(kPls1r) In(kPt1r), Kn(kPt1r)
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Similarly, the solutions of the flexural mode propagating
the elastic medium cylinder are given as follows:

φE(r) =CXn(kEl1r),
hEr =C1Xn+1(kEt1r),
hEθ =−C1Xn−1(kEt1r),
hEz =C3Xn(kEt1r),

(9)

where C, C1, C3 are the undetermined coefficients; k2
El =

ω2/c2
El− k2; k2

Et = ω2/c2
Et− k2; Xn denotes the Bessel func-

tion of the first kind of Jn, or the modified Bessel function In of
the arguments kEl1r =

√∣∣k2
Elr

2
∣∣ and kEt1r =

√∣∣k2
Etr

2
∣∣, depend-

ing on whether kEl and kEt are real or imaginary. If k2
El < 0 or

k2
Et < 0, then the Bessel function of the first kind Jn is replaced

by the modified Bessel function of the first kind In.
By substituting the expression of the displacement vec-

tor into the fluid pressure and radial displacement equation of
motion for an inviscid fluid, we can express the fluid pressure
as

PF = BλF(k2
Fl + k2)H(2)

n (kFl1r)cos(nθ)exp[i(kz−ωt)], (10)

where B is the undetermined coefficient; λF = ρFc2
Fl, and λF

is the Lame constant in the fluid; k2
Fl = ω2/c2

Fl− k2, kFl1r =√∣∣k2
Flr

2
∣∣; H(2)

n is the Hankel function of the second kind of or-

der n. If k2
Fl < 0, then the Hankel function of the second kind

is replaced by Kn, where Kn is the modified Bessel function
of the second kind; γFl is the parameter introduced to distin-
guish the recursion of different kinds of Bessel function: it is
1 when using the Hankel function of the second kind H(2)

n , and
−1 when using the modified Bessel function Kn.

2.3. Boundary conditions and frequency equations

For perfect contact between the porous cylindrical wrap-
ping and fluid, the normal stresses and radial displacements are
continuous. At inner boundary (r = a), [24–26] the boundary
conditions of flexural modes for an elastic cylinder wrapped
with a porous medium immersed in fluid are

σrrE = σrrPS +σrrPL, σrθE = σrθPS,

σrzE = σrzPS, 𝑢rE = 𝑢rPS,

uθE = uθPS, uzE = uzPS, urPS =UrPL, (11)

and the outer boundary (r = b) are

σrrPS +σrrPL +PF = 0, σrθPS = 0, σrzPS = 0,

(1−β )urPS +βUrPL =UrF,

PF−PPL =−T β (urPS−UrPL), (12)

where β is the porosity; uθE and uzE are the shearing dis-
placement of the elastic cylinder; PPL = −(σrrPL/β ) is the
fluid pressure in the pore space; T is a kind of surface flow
impedance,[27,28] which can be used to model permeability

discontinuity effects such as the mudcake and impairment
layers.[29,30] Two special limiting cases that will be consid-
ered are: (i) T = 0 (i.e. PF = PPL) corresponding to an open
pore situation with free flow of fluid in and out of pores, and
(ii) T = ∞ corresponding to a sealed pore situation. Since PF,
and PPL are finite, T = ∞ implies urPS = UrPL, and thus there
is no relative flow.

Substituting Eqs. (8)–(10) into the boundary condi-
tions (11) and (12) results in a system of twelve homogeneous
algebraic equations containing twelve constants B, C, C1, C3,
D, D1, D2, D4, E, E1, E2, and E4. For a non-trivial solution, the
determinant of the coefficients must vanish. Eliminating these
constants yields the frequency equation of flexural modes of
an elastic cylinder wrapped with a porous medium immersed
in fluid in the case of a pervious surface (T = 0) to be∣∣ai j

∣∣= 0, i, j = 1, . . . ,12, (13)

where the matrix elements ai j are given in Appendix A.
Similarly, the frequency equation in the case of an imper-

vious surface (T = ∞) is∣∣bi j
∣∣= 0, i, j = 1, . . . ,12, (14)

where the elements bi j are defined in Appendix B.

2.4. Cutoff frequencies

The frequencies obtained by equating the wavenumber to
zero are the cutoff frequencies. For wavenumber k = 0, i.e. by
considering zeroth azimuthal mode, the frequency equation of
a pervious surface Eq. (13) reduces to the product of two de-
terminants as

L1L2 = 0, (15)

where L1 and L2 are given in Appendix C. The equation L1 = 0
depends on the elastic cylinder’s physical parameters, porous
medium layer, and the surrounding fluid, while the equation
L2 = 0 does not depend on surrounding fluid parameters.[31]

The frequency equation of an impervious surface Eq. (14)
when k = 0 is reduced to the product of two determinants

L3L4 = 0, (16)

where L3 and L4 are given in Appendix C. The equation
L4 = 0 is independent of the nature of surface, i.e., pervious or
impervious.[20,32]

Equation (15) is satisfied, if either L1 or L2 is equal to
zero. The case of L1 = 0 corresponds to plane–strain vibra-
tions of an elastic cylinder wrapped with a porous medium
immersed in fluid for a pervious surface. Equation (16) is
satisfied when either L3 = 0, or L4 = 0. The case of L3 = 0
corresponds to the plane–strain vibrations for an impervious
surface. From Eqs. (15) and (16), it is clear that L2 and L4 are
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same. The case of L2 = 0 corresponds to longitudinal shear vi-
brations which involve only longitudinal displacement. Also,
since L2 = 0 holds true for a pervious surface and also for an
impervious surface, we find that the longitudinal shear vibra-
tions are independent of the nature of the surface. In Eqs. (15)
and (16), at the cutoff frequency, some modes are plane–strain
and others are longitudinal shear vibrations, and their phase
velocities and attenuations are also different.

3. Numerical results and discussion
The numerical analysis of the frequency equations is car-

ried out for elastic cylinder and elastic cylinder wrapped with
a porous medium immersed in fluid. As obviously defined in
Section 2, although various researches can be found through
the motion equation of the elastic cylinder immersed in fluid,
this study analyzes the acoustic behavior of an infinite length
elastic cylinder wrapped with a porous medium immersed in
fluid. Usually, the i-th mode belonging to the index n is de-
noted as (n, i). For each of n values, i.e., n = 0, 1, 2, . . . ,
equations (13) and (14) for an elastic cylinder wrapped with a
porous medium immersed in fluid, determine an infinite num-
ber of dispersion curves.

In this study, two kinds of basic independent modes of
wave propagations have been considered, namely, the lon-
gitudinal mode and flexural mode (n = 0 and n = 1). We
shall present the dispersion relation in terms of the frequency-
dependent phase velocity c(ω) =ω/Re(k) and attenuation co-
efficient α(ω) = 8.68Im(k). The phase velocity has been nor-
malized to the bar velocity cb =

√
Ea/ρ , where Ea is the ax-

ial Young’s modulus defined as Ea = (λ +2µ)−λ 2/(λ +µ).
Material properties of the elastic cylinder, porous medium
wrapping layer, and fluid are given in Table 2.[33,34] The sur-
rounding and pore fluids are water. The external cylinder ra-
dius b = 0.014 m.

Table 2. Material properties of saturated porous medium at porosity
β = 0.1.

Parameter Symbol Unit Value

Density ρE kg/m3 2700
Longitudinal velocity cEl m/s 5370
Shear velocity cEt m/s 3100
Pore curvature α∞ − 5.5
Static permeability κ0 m2 10−12

Viscous coefficient n Pa·s 0.001
Bulk modulus of fluid KPL GPa 2.19
Bulk modulus of solid skeleton KPb GPa 33.70
Shear modulus of solid skeleton N GPa 20.86
Bulk modulus of solid matrix KPS GPa 43.33

3.1. Model verification

To check the validity of the equations derived here, the
corresponding results are compared with those of an elastic
cylinder immersed in fluid by setting the porosity of porous

medium wrapping layer to be zero. By eliminating pore fluid
effects from frequency equation of pervious surface Eq. (13),
that is, setting β → 0, ρ12 → 0, ρ22 → 0, Q → 0, R → 0,
(A−Q2/R) → λ , and N → µ , the results of purely elastic
cylinder immersed in fluid are obtained as a special case. This
equation coincides with the frequency equation of Venkate-
san and Ponnusamy,[35,36] and it shows the exactness of our
results. The frequency equation of an impervious surface
Eq. (14) has no counterpart in purely elastic solid. The case
of n = 0 and β = 0 is particularly simple. The displacement
has only two components, which are independent of θ . When
the analysis is carried through, we obtain Eqs. (7) and (10) of
Nagy and Peter.[37] Material properties are listed in Table 2.
The comparison of the dispersion curves between the longi-
tudinal modes (n = 0) and flexural modes (n = 1) are plotted
in Fig. 2,[3,38] as normalized phase velocity, c/cb, against fre-
quency multiplied by cylinder radius b.

Figure 2(a) shows that the dispersion curves for an elastic
cylinder wrapped with a porous medium (β = 0) immersed in
water are not shown because almost all the parts fall on the
curves for an elastic cylinder immersed in water. Only areas
where they are different are shown. The bar velocity cb and
the normalized phase velocity c/cb, obtained from Eqs. (13)
and (14), exactly match the two limiting cases, validating the
equations here in the limits. The dispersion curve for an elas-
tic cylinder immersed in water matches precisely with the data
obtained by Dayal.[39]
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Fig. 2. Comparison between dispersion curves of an elastic cylinder im-
mersed in water and an elastic cylinder wrapped with a porous medium
immersed in water: (a) longitudinal modes and (b) the first group (n= 1)
of flexural modes.

Figure 2(b) shows the first fourteen dispersion curves
for the first group of flexural modes, i.e., corresponding to
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n = 1. Again, the curves for the elastic cylinder wrapped with
a porous medium immersed in water (β = 0) are indistinguish-
able from those of the elastic cylinder immersed in water. All
modes, (1, i), i≥ 3, upward appear to asymptotically approach
to the shear velocity (i.e., cEt/cb = 0.632) but the lowest mode
will approach to the Rayleigh velocity. These dispersion char-
acteristics are in good agreement with the solution of the dis-
placement potential function in the derivation of the dispersion
equation.

3.2. Dispersion curves

In this numerical example, the elastic cylinder is changed
from an isotropic cylinder in Fig. 2 into a cylinder wrapped
with a porous medium in Fig. 3, generating different modal
waves. According to Eqs. (13) and (14), the dispersion curves
of an elastic cylinder wrapped with a porous medium im-
mersed in water for pervious surface and impervious surface
are investigated numerically by considering that the porous
medium layer is finite, the thickness is h = 0.002 m, and the
porosity is β = 0.1, the material properties of the elastic cylin-
der, porous medium wrapping layer, and fluid are the same as
those in Fig. 2. The elastic cylinder core radius is a= 0.012 m.

The calculated dispersion curves of the longitudinal
modes and flexural modes of an elastic cylinder wrapped with
a porous medium immersed in water are presented as a func-
tion of f b in Fig. 3 each for a pervious and an impervious sur-
face. The phase velocity and trend are compared with those
of the elastic cylinder immersed in water model. The same
trends can be observed from both results. The phase velocity
of an elastic cylinder immersed in water is higher than that of
an elastic cylinder wrapped with a porous medium immersed
in water. Here, the presence of porous medium wrapping layer
reduces the phase velocity. The phase velocity of the higher-
order modes ((0, i) or (1, i), i ≥ 3) decreases rapidly with the
increase of frequency, especially at the frequencies near the
cutoff. For some modes, the dispersion curves of the two cases
essentially overlap each other.

Generally, the guided wave spectrum is only slightly per-
turbed by the porous medium wrapping layer. It is note-
worthy that in this figure, the most interesting effect is the
“switch over” from the 1st mode to the 2nd one around
f b ≈ 2 MHz·mm for longitudinal modes (n = 0) and from
the 2nd mode to the 3rd one around f b ≈ 1.5 MHz·mm for
flexural modes (n = 1). This anomalous behavior has been
previously observed in the leaky Lamb wave spectra of both
isotropic and anisotropic plates,[40,41] and can be also seen in
the leaky guided wave spectra of thin shells.[42,43] For plates,
the switching between the two lowest-order symmetric modes
occurs if the density of the fluid approaches to the density
of the solid. In our case, the density ratio is slightly lower,
(ρ11 + 2ρ12 +ρ22)/ρE ≈ 0.94, but a cylinder wrapped with a
porous medium is much more affected by fluid loading than a
plate of the same material.

From Fig. 3(a), it can be observed that except for the
modes L(0,1)P, all higher modes have a cutoff frequency, i.e.
they do not exist below the cutoff frequency. The lowest mode
(L(0,1)P) exhibits the expected behavior in that the normal-
ized velocity approaches to unity at low frequencies. The rea-
son for this is that the vibration asymptotically approaches to
a purely axial motion, and without a standard vibration com-
ponent. There is no coupling between the cylinder, porous
medium wrapping layer, and viscosity-free fluid, and the ef-
fect of the surface is maximal near the cutoff frequency. As the
frequency increases, the surface effect becomes pronounced
on some modes but does not affect others. The phase velocity
limit of the longitudinal guided wave is the same for a pervi-
ous surface and an impervious surface for an elastic cylinder
wrapped with a porous medium immersed in water, while the
cutoff frequency for a pervious surface is higher than that of an
impervious surface. The waves for an impervious surface tend
to approach to the Rayleigh wave limit more rapidly than when
the surface is pervious. The trend of curves demonstrates that
by enhancing the frequency to an infinite value, the phase ve-
locity limit of the present study is approached to the Rayleigh
wave’s phase velocity.
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Fig. 3. Calculated dispersion curves of elastic cylinder wrapped with a
porous medium immersed in water (β = 0.1): (a) longitudinal modes, and
(b) the first group (n = 1) of flexural modes.

Similar phenomenon is observed in the case of dispersion
curves of pervious surface and impervious surface shown in
Fig. 3(b). The calculated results exhibit the asymptotic behav-
ior both at low frequencies and at high frequencies as well as at
the cutoff frequencies of individual modes. Each mode exists
in a wide frequency range. There is more than one mode at any
frequency, and the characteristics of each mode are unique.
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All higher modes from F(1,3)P have a cutoff frequency, and
the phase velocities decrease with frequency, and slope down-
ward, approaching to the velocity cPt/cb = 0.586.

Comparing with Fig. 2(b), the porous medium wrapping
layer causes the flexural modes of the high-frequency do-
main to occur at the lower frequencies, i.e., the phase velocity
curves corresponding to the porous medium wrapping layer
shifts toward the low-frequency domain in Fig. 3(b). Besides,
the modes F(1,1)P and F(1,2)P have no cutoff frequencies,
and the low-frequency limit of the phase velocity for the mode
F(1,1)P is zero and the high-frequency limit of phase velocity
is the Rayleigh wave velocity of the porous medium wrapping
layer. Such a behavior is also exhibited by waves propagat-
ing in a free bar or an isotropic plate.[44] Similarity between
the two cases is not surprising since for very large radius the
effect of curvature on the wave propagation in a cylinder be-
comes minimal. The mode F(1,1)P is undamped as long as
its phase speed is less than that of sound in the water, which
corresponds to c/cb = 0.303 in Fig. 3(b). All higher ((1, i),
i ≥ 2) modes have speeds greater than 0.5cb, they suffer at-
tenuation for all frequencies. The wavenumbers for all modes
each for a pervious and an impervious surface, (1, i), i ≥ 2,
each have a small imaginary part giving rise to leakage of en-
ergy from the cylinder to the water. For the same reason, all
axisymmetric modes of Fig. 3(a) are also damped. The atten-
uation of longitudinal modes and flexural modes in the elastic
cylinder wrapped with a porous medium immersed in water is
discussed further below.

Calculating Eqs. (13)–(16) determines the phase veloc-
ities and cutoff frequencies for pervious surface and imper-
vious surface. Most of these velocities and frequencies are
similar, or even the same for pervious surface and imper-
vious surface of an elastic cylinder wrapped with a porous
medium immersed in water. The relatively low-frequency part
of the low-order guided wave modes is easily excited and re-
duces the complexity of signal processing. Therefore, it is
imperative to study the propagation characteristics of low-
order modes. The following research work focuses on the
low-order guided wave modes in an elastic cylinder wrapped
with a porous medium immersed in water for pervious surface,
namely, L(0, i)P, F(1, i)P, i≤ 8.

3.3. Phase velocity versus porosity of the porous medium
wrapping layer

As discussed in the acoustics of the seabed as a poroelas-
tic medium,[45] porosity is a crucial parameter that is defined
as the ratio of volume of the fluid constituent to the total vol-
ume. A concrete example is presented with the static perme-
ability κ0 = 10−12 m2, and the thickness of the porous medium
wrapping layer h = 0.002 m to investigate the influence of the
porosity on the dispersion curve. Porosity β = 0.1, 0.2, and
0.3 are considered, and the associated phase velocities are re-
ported in Table 3.

Table 3. Velocities of body sound waves in porous media with different
porosities.

Porosity
Fast longitudinal Slow longitudinal Shear

velocity (m/s) velocity (m/s) velocity (m/s)

0.1 4969.0 369.4 2871.2
0.2 4481.1 674.8 2579.4
0.3 3866.2 857.9 2200.6

The effect of the porosity of the porous medium wrap-
ping layer on the dispersion curves is presented and discussed
in Fig. 4. Generally, the positive effect of the porous mate-
rial is highlighted in the high-frequency domain, wherein the
wavelengths are short enough. Based on the results, this is-
sue is quickly confirmed. It is shown that the phase velocity
and its limit decrease in the high-frequency domain, no re-
markable changes can be seen at low frequencies by increas-
ing the porosity. This is because the wavelength of the sound
wave decreases with the increase of frequency, the influence
of porosity on the dispersion characteristics begins to appear
and increase, and the phase velocity limits gradually separate.
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Fig. 4. Calculated dispersion curves for the first eight modes in elastic cylin-
der wrapped with a porous medium immersed in water (h = 0.002 m): (a)
longitudinal modes and (b) the first group (n = 1) of flexural modes.

From Fig. 4(a), the porosity has no significant effect on
the trend change of the dispersion curves. When the porosity
increases from 0.2 to 0.3, the trend of the normalized phase
velocity is almost the same as that of β = 0.1. An exception
is L(0,6)P, an obvious decrease in the phase velocity when the
porosity rises from 0.1 to 0.3, while other axisymmetric lon-
gitudinal modes’ cutoff frequencies and phase velocities de-
crease slightly with the porosity increasing. The velocity of
the guided waves L(0, i)P, i≥ 2, approaches to that of the shear
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wave (2871 m/s, 2579 m/s, 2201 m/s) in the porous medium
wrapping layer, which corresponds to c/cb = 0.586, 0.526,
0.449 in Fig. 4(a), and the velocity of L(0,1)P tends toward
the corresponding Rayleigh velocity. In Fig. 4(b), the effect of
porosity on the F(1,1)P, F(1,2)P, and F(1,3)P modes are not
evident. The porosity significantly affects the phase velocities
of the modes F(1, i)P, i ≥ 3, in an elastic cylinder wrapped
with a porous medium immersed in fluid. As the porosity
increases, the cutoff frequency decreases, and the dispersion
curves of the F(1, i)P, i ≥ 3, slope downward, approaching to
the shear wave velocity in the porous medium with different
porosities.

In fact, there is a visible and direct effect between the
porosity of the porous medium wrapping layer and disper-
sion curves in the high-frequency domain (over 400 kHz·mm).
Therefore, the porosity in the medium surface layer of the elas-
tic cylinder immersed in fluid can be analyzed by the change
in the phase velocity, which provides a certain theoretical sup-
port for nondestructive testing. The porosity used in this study
may lead to a new aspect of the optimization of the theory of
cylinder or pipeline damage detection.

3.4. Phase velocity versus thickness of porous medium
wrapping layer

Figure 5 presents the influence of the thickness of the
porous medium wrapped layer on the elastic cylinder im-

mersed in fluid. As obviously defined in boundary condi-
tions and frequency equations, the dispersion characteristics
are changed by varying the thickness of the porous medium
wrapping layer, whereas the high-frequency limit to the phase
velocity remains constant.

As depicted in Figs. 5(a) and 5(b), the radii of the elas-
tic cylinder are 0.010 m, 0.012 m, and 0.013 m (Ratio of in-
ner radius to thickness, a/h = 2.5, a/h = 6, a/h = 13), as
the thickness of the porous medium wrapping layer increases,
their cutoff frequencies and phase velocities decrease grad-
ually. The dispersion characteristics of the porous medium
wrapping layer on the elastic cylinder immersed in fluid are
not sensitive to thickness in the high-frequency region over
8× 103 kHz ·mm. On the contrary, there is a direct ef-
fect between the thickness of the porous medium wrapping
layer and dispersion curve in the high-frequency domain over
20 kHz ·mm so that by varying the porous thickness, the
acoustic performance of a finite structure can be improved.
The increasing of the thickness may reduce the structure’s
stiffness and lead some acoustic waves to transfer through the
structure in the low-frequency domain. Hence, the presence
of the porous medium wrapping layer has a significant effect
on the phase velocity. The effect of the porous medium wrap-
ping layer cannot be ignored in the numerical simulation and
analysis.
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Fig. 5. Calculated dispersion curves for the first eight modes in elastic cylinder wrapped with a porous medium immersed in water (β = 0.1):
(a) and (c) longitudinal modes, (b) and (d) the first group (n = 1) of flexural modes.

Figures 5(c) and 5(d) show a new comparison between the

present results (red lines, a = 0.012 m, and h = 0.002 m) and

those of the elastic cylinder wrapped with a porous medium

for different radii. To achieve this end, the radius of the elastic

cylinder and thickness of the porous medium wrapping layer

are 0.006 m and 0.001 m, 0.012 m and 0.002 m, and 0.024 m

and 0.004 m (ratio of inner radius to thickness, a/h = 6). The

dispersion curves of the elastic cylinder wrapped with a porous

medium immersed in water are each presented as a function

of the frequency-thickness product f h in Figs. 5(c) and 5(d)
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for a pervious surface. As illustrated, under the same ratio of
inner radius to thickness (i.e. a/h = 6), when the horizontal
axis is expressed in terms of the frequency-thickness product,
the dispersion curves of the longitudinal modes with differ-
ent thickness are overlapped. The result is consistent with
those of cylinder and planar substrate-elastic medium wrap-
ping systems,[46–48] which imply that they are the special cases
in this study.

3.5. Phase velocity versus static permeability of the porous
medium wrapping layer

The permeability is an essential parameter of porous
media,[49] which reflects the ability of porous media to transfer
fluid. To determine the static permeability dependent proper-
ties of the guided waves for elastic cylinder wrapped with a
porous medium immersed in water, the dispersion character-
istics with static permeability κ0 of 10−11 m2, 10−12 m2, and
10−13 m2 are analyzed by setting the porosity β = 0.1. The in-
fluence of static permeability κ0 on the phase velocities can be
found from Fig. 6. It shows that the phase velocity is slightly
affected by the increase of static permeability.
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Fig. 6. Calculated dispersion curves for the first eight modes in elas-
tic cylinder wrapped with a porous medium immersed in water (β = 0.1,
h = 0.002 m): (a) longitudinal modes and (b) the first group (n = 1) of flex-
ural modes.

3.6. Attenuation curves

Porous medium is dissipative in nature, and thus, the
wavenumber k is complex. The generated waves obey a
diffusion type process and therefore become attenuated. In

Ref. [40], the attenuation coefficient is plotted as a function of
the normalized frequency f b. However, the attenuation coeffi-
cient is also an independent function of radius (or frequency).
Therefore, we plot the normalized attenuation, i.e., the leaky
attenuation over a length equal to the outer radius of the cylin-
der (α(ω) · b): it depends only on the f b product. Figure 7
shows the corresponding attenuation curve in the elastic cylin-
der wrapped with a porous medium immersed in water.
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Fig. 7. Attenuation curves for the first eight modes in elastic cylinder
wrapped with a porous medium immersed in water (β = 0.1, h = 0.002 m):
(a) longitudinal modes and (b) the first group (n = 1) of flexural modes.

From Fig. 7(a), L(0,1)P and L(0,2)P are the two
branches produced by the above-mentioned anomalous topol-
ogy (“mode switching”). The normalized attenuation of
L(0,1)P is proportional to the cube of the normalized fre-
quency, i.e., αb ∝ ( f b)3, at low frequencies, and this mode
approaches to the 2nd true mode of the free rod at high fre-
quencies and the attenuation is much higher. The L(0,2)P is
the high-attenuation mode and decreases for higher values of
frequency, the first rapidly then almost proportionally to the
square of the normalized frequency, i.e., αb ∝ ( f b)2. On
the other hand, the L(0,3)P, L(0,4)P, L(0,5)P, L(0,7)P, and
L(0,8)P modes are undamped near their cutoff frequencies.
The attenuation of the mode L(0,6)P is so small that it can-
not be shown on a scale used in Fig. 7(a). The normalized
attenuations of the first six higher-order modes are shown in
Fig. 7(b). The attenuation of the mode F(1,6)P is very small
in this frequency range and is omitted to reduce the confu-
sion. Figures 7(a) and 7(b) indicate that the attenuation for
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the flexural mode is relatively small as compared with that for
the longitudinal one. Near the cutoff frequency, the reasons
behind the different phenomena are explained below.

The frequency equation (15) (k = 0) can explain why
there is such a big difference in the corresponding attenua-
tion at the cutoff frequency, i.e., when their phase velocity is
infinitely high and there is no energy propagation along the
cylinder. For k = 0, equation (15) is the frequency equa-
tion of plane–strain and longitudinal shear vibrations. For
Eq. (15), at the cutoff frequency, those modes which are pure
plane–strain vibrations produce only transverse vibrations,
therefore, they are not attenuated by leakage into the fluid.
The L(0,3)P, L(0,4)P, L(0,5)P, L(0,6)P, L(0,7)P, L(0,8)P,
F(1,4)P, F(1,5)P, F(1,7)P, and F(1,8)P modes belong to this
attenuation family. The other modes which are pure longitudi-
nal shear vibrations produce only normal vibrations therefore
they are very strongly attenuated by leakage into the fluid at
the cutoff frequency. The L(0,2)P and F(1,3)P modes belong
to this attenuation family.
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Fig. 8. Attenuation curves for the first eight modes in elastic cylinder
wrapped with a porous medium immersed in water (h = 0.002 m, κ0 =
10−12 m2): (a) longitudinal modes and (b) the first group (n = 1) of flex-
ural modes.

Finally, the effect of the porosity of the porous medium
wrapping layer on the attenuation curve is presented. Fig-
ures 8(a) and 8(b) show the attenuation curves of the elastic
cylinder wrapped with a porous medium immersed in water
with different porosities. As investigated by Schaap, the atten-
uation increases as a result of the added radiation damping.[50]

In Fig. 8, the radiation damping effect increases with poros-
ity increasing (the water in the porous medium increases with
the porosity increasing). At very low frequencies (below
600 kHz·mm), this effect of the porosity is relatively small,
whereas it increases distinguishably at higher frequencies than
the values at low frequencies. A comparison of the attenuation
between the longitudinal mode and flexural mode presented
here shows that the attenuation is directly correlated with the
porosity of the porous medium wrapping layer, and the atten-
uation increases with porosity increasing. This indicates that,
in practice, a cylinder or pipeline damage can be indirectly
reflected by the value of porosity. Again, there is excellent
agreement between the dispersion characteristics and the at-
tenuation behaviors.

4. Conclusions
In this work, the effect of the porous surface layer on the

acoustic performance of an elastic cylinder immersed in fluid
is investigated. A new model for an elastic cylinder wrapped
with a porous medium immersed in fluid is presented to as-
certain the effects of the porous medium wrapping layer’s
porosity, thickness, and static permeability on the dispersion
equation, cutoff frequency, and dispersion characteristics. The
studies of longitudinal and flexural modes propagating in an
elastic cylinder wrapped with a porous medium immersed in
fluid for a pervious and an impervious can lead to the follow-
ing conclusions.

(i) The frequency equations of longitudinal shear vibra-
tions of an elastic cylinder wrapped with a porous medium
immersed in fluid are independent of the surface of the porous
medium wrapping layer with pervious surface and impervious
surface, and the presence of fluid around the cylinder.

(ii) The phase velocity of an elastic cylinder is higher than
that of an elastic cylinder wrapped with a porous medium im-
mersed in water, and the phase velocity and cutoff frequency
for a pervious surface are higher than those for an impervious
surface. The results are compared with those for an elastic
cylinder immersed in water (β = 0) and validated.

(iii) There is a “mode switching” between the two low-
order modes around f b≈ 2 MHz·mm and f b≈ 1.5 MHz·mm
for the longitudinal modes and also for the flexural modes, re-
spectively, when the elastic cylinder is surrounded by a porous
medium wrapping layer of the same material.

(iv) The phase velocity and attenuation are directly cor-
related with the porosity of the porous medium wrapping
layer, and increase with porosity augment. Comparing with
the effect of porosity, the increase of thickness of the porous
medium wrapping layer has no significant effect on the phase
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velocity of a pervious surface.
(v) The porous porosity is considered as the parameter

that reflects the wave propagation in regions where wavelength
is short enough (in this study, at the high-frequency domain

over 400 kHz·mm). It is demonstrated that the value of poros-
ity can indirectly reflect a degree of damage to cylinder or
pipeline, and provide a new perspective for nondestructive
testing.

Appendix A: Expression of dispersion eqnarray
The matrix elements ai j in the case of a pervious surface are as follows:

m11 =−(n/r2)H2
n(kFl1r2)+ γFlkFl1H2

n+1(kFl1r2), m12 = 0, m13 = 0, m14 = 0,

m15 = (n/r2)Zn(kPlf1r2)− γPlfkPlf1(1−β +βη1)Zn+1(kPlf1r2), m17 = ik(1−β +βη3)Zn+1(kPt1r2),

m16 = (1−β +βη2)[(n/r2)Zn(kPls1r2)− γPlskPls1Zn+1(kPls1r2)], m18 = (n/r2)(1−β +βη3)Zn(kPt1r2),

m19 = (n/r2)Wn(kPlf1r2)− γPlfkPlf1(1−β +βη1)Wn+1(kPlf1r2), m1,11 = ik(1−β +βη3)Wn+1(kPt1r2),

m1,10 = (1−β +βη2)[(n/r2)Wn(kPls1r2)− γPlskPls1Wn+1(kPls1r2)], m1,12 = (n/r2)(1−β +βη3)Wn(kPt1r2),

m21 = λFr2
2(k

2
Fl1 + k2)H2

n (kFl1r2), m22 = 0, m23 = 0, m24 = 0,

m25 = N{[−((A+η1Q)/N)(k2
Plf1 + k2)r2

2 +2n(n−1)−2r2
2k2

Plf1]Zn(kPlf1r2)+2r2γPlfkPlf1Zn+1(kPlf1r2)}

− r2
2(k

2
Plf1 + k2)(Q+η1R)Zn(kPlf1r2), m27 = ikN[2r2

2γPtkPt1Zn(kPt1r2)−2r2(n+1)Zn+1(kPt1r2)],

m26 = N{[−((A+η1Q)/N)(k2
Pls1 + k2)r2

2 +2n(n−1)−2r2
2k2

Pls1]Zn(kPls1r2)+2r2kPls1γPlsZn+1(kPls1r2)}

− r2
2(k

2
Pls1 + k2)(Q+η1R)Zn(kPls1r2), m28 = N[2n(n−1)Zn(kPt1r2)−2r2nγPtkPt1Zn+1(kPt1r2)],

m29 = N
{
[−((A+η1Q)/N)(k2

Plf1 + k2)r2
2 +2n(n−1)−2r2

2k2
Plf1]Wn(kPlf1r2)+2r2γPlfkPlf1Wn+1(kPlf1r2)

}
− r2

2(k
2
Plf1 + k2)(Q+η1R)Wn(kPlf1r2), m2,11 = ikN[2r2

2γPtkPt1Wn(kPt1r2)−2r2(n+1)Wn+1(kPt1r2)],

m2,10 = N
{
[−((A+η1Q)/N)(k2

Pls1 + k2)r2
2 +2n(n−1)−2r2

2k2
Pls1]Wn(kPls1r2)+2r2kPls1γPlsWn+1(kPls1r2)

}
− r2

2(k
2
Pls1 + k2)(Q+η1R)Wn(kPls1r2), m2,12 = N[2n(n−1)Wn(kPt1r2)−2r2nγPtkPt1Wn+1(kPt1r2)],

m31 = 0, m32 = 0, m33 = 0, m34 = 0, m35 =−N[2n(n−1)Zn(kPlf1r2)−2nr2γPlfkPlf1Zn+1(kPlf1r2)],

m36 =−N[2n(n−1)Zn(kPls1r2)−2nr2γPlskPls1Zn+1(kPls1r2)],

m37 =−ikN[2r2(n+1)Zn+1(kPt1r2)− r2
2γPtkPt1Zn(kPt1r2)],

m38 =−N{[2n(n−1)− r2
2k2

Pt1]Zn(kPt1r2)+2r2γPtkPt1Zn+1(kPt1r2)},

m39 =−N[2n(n−1)Wn(kPlf1r2)−2nr2γPlfkPlf1Wn+1(kPlf1r2)],

m3,10 =−N[2n(n−1)Wn(kPls1r2)−2nr2γPlskPls1Wn+1(kPls1r2)],

m3,11 =−ikN[2r2(n+1)Wn+1(kPt1r2)− r2
2γPtkPt1Wn(kPt1r2)],

m3,12 =−N{[2n(n−1)− r2
2k2

Pt1]Wn(kPt1r2)+2r2γPtkPt1Wn+1(kPt1r2)},

m41 = 0, m42 = 0, m43 = 0, m44 = 0, m45 = ikN[2nr2Zn(kPlf1r2)−2r2
2γPlfkPlf1Zn+1(kPlf1r2)],

m46 = ikN[2nr2Zn(kPls1r2)−2r2
2γPlskPls1Zn+1(kPls1r2)], m48 = ikNnr2Zn(kPt1r2),

m47 = iN[i(nr2γPtkPt1Zn(kPt1r2)+ r2
2(k

2− k2
Pt1)Zn+1(kPt1r2)],

m49 = ikN[2nr2Wn(kPlf1r2)−2r2
2γPlfkPlf1Wn+1(kPlf1r2)],

m4,10 = ikN[2nr2Wn(kPls1r2)−2r2
2γPlskPls1Wn+1(kPls1r2)],

m4,11 = iN[i(nr2γPtkPt1Wn(kPt1r2)+ r2
2(k

2− k2
Pt1)Wn+1(kPt1r2)], m4,12 = ikNnr2Wn(kPt1r2),

m51 = λFr2
2β (k2

Fl1 + k2)H2
n(kFl1r2), m52 = 0, m53 = 0, m54 = 0, m57 = 0, m58 = 0,

m55 =−r2
2(k

2
Plf1 + k2)(Q+η1R)Zn(kPlf1r2), m56 =−r2

2(k
2
Pls1 + k2)(Q+η2R)Zn(kPls1r2),

m59 =−r2
2(k

2
Plf1 + k2)(Q+η1R)Wn(kPlf1r2), m5,10 =−r2

2(k
2
Pls1 + k2)(Q+η2R)Wn(kPls1r2),

m5,11 = 0, m5,12 = 0, m61 = 0, m62 =−[(n/r1)Xn(kEl1r1)− γElkEl1Xn+1(kEl1r1)],

m63 =−ikXn+1(kEt1r1), m64 =−(n/r1)Xn(kEt1r1), m65 = (n/r1)Zn(kPlf1r1)− γPlfkPlf1Zn+1(kPlf1r1),

m66 = (n/r1)Zn(kPls1r1)− γPlskPls1Zn+1(kPls1r1), m67 = ikZn+1(kPt1r1), m68 = (n/r1)Zn(kPt1r1),
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m69 = (n/r1)Wn(kPlf1r1)− γPlfkPlf1Wn+1(kPlf1r1), m6,10 = (n/r1)Wn(kPls1r1)− γPlskPls1Wn+1(kPls1r1),

m6,11 = ikWn+1(kPt1r1), m6,12 = (n/r1)Wn(kPt1r1), m71 = 0, m72 =−ikXn(kEl1r1),

m73 = γEtkEt1Xn(kEt1r1), m74 = 0, m75 = ikZn(kPlf1r1), m76 = ikZn(kPls1r1),

m77 =−γPtkPt1Zn(kPt1r1), m78 = 0 , m79 = ikWn(kPlf1r1), m7,10 = ikWn(kPls1r1),

m7,11 =−γPtkPt1Wn(kPt1r1), m7,12 = 0,m81 = 0, m82 = (n/r1)Xn(kEl1r1), m83 =−ikXn+1(kEt1r1),

m84 = (n/r1)Xn(kEt1r1)− γEtkEt1Xn+1(kEt1r1), m85 =−(n/r1)Zn(kPlf1r1), m86 =−(n/r1)Zn(kPls1r1),

m87 = ikZn+1(kPt1r1), m88 =−(n/r1)Zn(kPt1r1)+ γPtkPt1Zn+1(kPt1r1), m89 =−(n/r1)Wn(kPlf1r1),

m8,10 =−(n/r1)Wn(kPls1r1), m8,11 = ikWn+1(kPt1r1), m8,12 =−(n/r1)Wn(kPt1r1)+ γPtkPt1Wn+1(kPt1r1),

m91 = 0, m92 =−µE{[2n(n−1)+(k2− k2
Et1)r

2
1]Xn(kEl1r1)+2r1γElkEl1Xn+1(kEl1r1)},

m95 = N{[−((A+η1Q)/N)(k2
Plf1 + k2)r2

1 +2n(n−1)−2r2
1k2

Plf1]Zn(kPlf1r1)+2r1γPlfkPlf1Zn+1(kPlf1r1)}

− r2
1(k

2
Plf1 + k2)(Q+η1R)Zn(kPlf1r1), m93 =−iµEk[2r2

1γEtkEt1Xn(kEt1r1)−2(n+1)r1Xn+1(kEt1r1)],

m96 = N{[−((A+η1Q)/N)(k2
Pls1 + k2)r2

1 +2n(n−1)−2r2
1k2

Pls1]Zn(kPls1r1)+2r1kPls1γPlsZn+1(kPls1r1)}

− r2
1(k

2
Pls1 + k2)(Q+η1R)Zn(kPls1r1), m94 =−µE[2n(n−1)Xn(kEt1r1)−2nr1γEtkEt1Xn+1(kEt1r1)],

m99 = N{[−((A+η1Q)/N)(k2
Plf1 + k2)r2

1 +2n(n−1)−2r2
1k2

Plf1]Wn(kPlf1r1)+2r1γPlfkPlf1Wn+1(kPlf1r1)}

− r2
1(k

2
Plf1 + k2)(Q+η1R)Wn(kPlf1r1), m97 = ikN[2r2

1γPtkPt1Zn(kPt1r1)−2r1(n+1)Zn+1(kPt1r1)],

m9,10 = N{[−((A+η1Q)/N)(k2
Pls1 + k2)r2

1 +2n(n−1)−2r2
1k2

Pls1]Wn(kPls1r1)+2r1kPls1γPlsWn+1(kPls1r1)}

− r2
1(k

2
Pls1 + k2)(Q+η1R)Wn(kPls1r1), m98 = N[2n(n−1)Zn(kPt1r1)−2r1nγPtkPt1Zn+1(kPt1r1)],

m9,11 = ikN[2r2
1γPtkPt1Wn(kPt1r1)−2r1(n+1)Wn+1(kPt1r1)],

m9,12 = N[2n(n−1)Wn(kPt1r1)−2r1nγPtkPt1Wn+1(kPt1r1)],

m10,1 = 0, m10,2 = µE[2n(n−1)Xn(kEl1r1)−2nr1γElkEl1Xn+1(kEl1r1)],

m10,3 = ikµE[2(n+1)r1Xn+1(kEt1r1)− r2
1γEtkEt1Xn(kEt1r1)],

m10,4 = µE{[2n(n−1)− r2
1k2

Et1]Xn(kEt1r1)+2r1γEtkEt1Xn+1(kEt1r1)},

m10,5 =−N[2n(n−1)Zn(kPlf1r1)−2nr1γPlfkPlf1Zn+1(kPlf1r1)],

m10,6 =−N[2n(n−1)Zn(kPls1r1)−2nr1γPlskPls1Zn+1(kPls1r1)],

m10,7 =−ikN[2r1(n+1)Zn+1(kPt1r1)− r2
1γPtkPt1Zn(kPt1r1)],

m10,8 =−N{[2n(n−1)− r2
1k2

Pt1]Zn(kPt1r1)+2r1γPtkPt1Zn+1(kPt1r1)},

m10,9 =−N[2n(n−1)Wn(kPlf1r1)−2nr1γPlfkPlf1Wn+1(kPlf1r1)],

m10,10 =−N[2n(n−1)Wn(kPls1r1)−2nr1γPlskPls1Wn+1(kPls1r1)],

m10,11 =−ikN[2r1(n+1)Wn+1(kPt1r1)− r2
1γPtkPt1Wn(kPt1r1)],

m10,12 =−N{[2n(n−1)− r2
1k2

Pt1]Wn(kPt1r1)+2r1γPtkPt1Wn+1(kPt1r1)},

m11,1 = 0, m11,2 =−ikµE[2nr1Xn(kEl1r1)−2r2
1γElkEl1Xn+1(kEl1r1)],

m11,3 = µE[nr1γEtkEt1Xn(kEt1r1)+ r2
1(k

2− k2
Et1)Xn+1(kEt1r1)],

m11,4 =−iknr1µEXn(kEt1r1), m11,8 = ikNnr1Zn(kPt1r1),

m11,5 = ikN[2nr1Zn(kPlf1r1)−2r2
1γPlfkPlf1Zn+1(kPlf1r1)],

m11,6 = ikN[2nr1Zn(kPls1r1)−2r2
1γPlskPls1Zn+1(kPls1r1)],

m11,7 = iN[i(nr1γPtkPt1Zn(kPt1r1)+ r2
1(k

2− k2
Pt1)Zn+1(kPt1r1)],

m11,9 = ikN[2nr1Wn(kPlf1r1)−2r2
1γPlfkPlf1Wn+1(kPlf1r1)],

m11,10 = ikN[2nr1Wn(kPls1r1)−2r2
1γPlskPls1Wn+1(kPls1r1)],

m11,11 = iN[i(nr1γPtkPt1Wn(kPt1r1)+ r2
1(k

2− k2
Pt1)Wn+1(kPt1r1)],

m12,1 = 0, m12,2 = 0, m12,3 = 0, m12,4 = 0, m11,12 = ikNnr1Wn(kPt1r1),
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m12,5 = (1−η1)[(n/r1)Zn(kPlf1r1)− γPlfkPlf1Zn+1(kPlf1r1)], m12,7 = ik(1−η3)Zn+1(kPt1r1),

m12,6 = (1−η2)[(n/r1)Zn(kPls1r1)− γPlskPls1Zn+1(kPls1r1)], m12,8 = (1−η3)(n/r1)Zn(kPt1r1),

m12,9 = (1−η1)[(n/r1)Wn(kPlf1r1)− γPlfkPlf1Wn+1(kPlf1r1)], m12,11 = ik(1−η3)Wn+1(kPt1r1),

m12,10 = (1−η2)[(n/r1)Wn(kPls1r1)− γPlskPls1Wn+1(kPls1r1)], m12,12 = (1−η3)(n/r1)Wn(kPt1r1).

Appendix B: Expression of dispersion eqnarray
When the surface of the porous medium wrapping layer is impervious surface, the matrix elements bi j are as follows:

bi j = ai j, i = 1,2,3,4,6, . . . ,12, j = 1, . . . ,12,

m51 = 0, m52 = 0, m53 = 0, m54 = 0,

m55 = (1−η1)[(n/r2)Zn(kPlf1r2)− γPlfkPlf1Zn+1(kPlf1r2)], m57 = ik(1−η3)Zn+1(kPt1r2),

m56 = (1−η2)[(n/r2)Zn(kPls1r2)− γPlskPls1Zn+1(kPls1r2)], m58 = (n/r2)(1−η3)Zn(kPt1r2),

m59 = (1−η1)[(n/r2)Wn(kPlf1r2)− γPlfkPlf1Wn+1(kPlf1r2)], m5,11 = ik(1−η3)Wn+1(kPt1r2),

m5,10 = (1−η2)[(n/r2)Wn(kPls1r2)− γPlskPls1Wn+1(kPls1r2)], m5,12 = (n/r2)(1−η3)Wn(kPt1r2).

Appendix C: Expression of cutoff frequency eqnarray
The elements ai j appearing in L1 and L2 are defined in Appendix A and are evaluated for k = 0. The matrix elements of L1

and L2 are as follows:

L1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 0 0 a15 a16 a18 a19 a1,10 a1,12
a21 0 0 a25 a26 a28 a29 a2,10 a2,12

0 0 0 a35 a36 a38 a39 a3,10 a3,12

a51 0 0 a55 a56 0 a59 a5,10 0
0 a62 a64 a65 a66 a68 a69 a6,10 a6,12

0 a82 a84 a85 a86 a88 a89 a8,10 a8,12

0 a92 a94 a95 a96 a98 a99 a9,10 a9,12

0 a10,2 a10,4 a10,5 a10,6 a10,8 a10,9 a10,10 a10,12

0 0 0 a12,5 a12,6 a12,8 a12,9 a12,10 a12,12

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, L2 =

∣∣∣∣∣∣
0 a47 a4,11

a73 a77 a7,11

a11,3 a11,7 a11,11

∣∣∣∣∣∣ .

The elements bi j of L3 and L4 are defined in Appendix B and are evaluated for k = 0. The matrix elements of L3 and L4 are
as follows:

L3 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b11 0 0 b15 b16 b18 b19 b1,10 b1,12

b21 0 0 b25 b26 b28 b29 b2,10 b2,12

0 0 0 b35 b36 b38 b39 b3,10 b3,12

0 0 0 b55 b56 b58 b59 b5,10 b5,12

0 b62 b64 b65 b66 b68 b69 b6,10 b6,12

0 b82 b84 b85 b86 b88 b89 b8,10 b8,12

0 b92 b94 b95 b96 b98 b99 b9,10 b9,12

0 b10,2 b10,4 b10,5 b10,6 b10,8 b10,9 b10,10 b10,12

0 0 0 b12,5 b12,6 b12,8 b12,9 b12,10 b12,12

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, L4 =

∣∣∣∣∣∣
0 b47 b4,11

b73 b77 b7,11

b11,3 b11,7 b11,11

∣∣∣∣∣∣ .
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