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The shadow and observation appearance of black hole surrounded by
the dust field in Rastall theory
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In the context of Rastall gravity, the shadow and observation intensity casted by the new Kiselev-like black hole with
dust field have been numerically investigated. In this system, the Rastall parameter and surrounding dust field structure
parameter have considerable consequences on the geometric structure of spacetime. Considering the photon trajectories
near the black hole, we investigate the variation of the radii of photon sphere, event horizon and black hole shadow under
the different related parameters. Furthermore, taking into account two different spherically symmetric accretion models
as the only background light source, we also studied the observed luminosity and intensity of black holes. For the both
spherical accretions background, the results show that the decrease or increase of the observed luminosity depends on the
value range of relevant parameters, and the promotion effect is far less obvious than the attenuation effect on the observed
intensity. One can find that the inner shadow region and outer bright region of the black hole wrapped by infalling accretion
are significantly darker than those of the static model, which is closely related to the Doppler effect. In addition, the size of
the shadow and the position of the photon sphere are always the same in the two accretion models, which means that the
black hole shadow depend only on the geometry of spacetime, while the observation luminosity is affected by the form of
accretion material and the related spacetime structure.
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1. Introduction
One hundred years ago, Einstein proposed the general rel-

ativity describing the gravity successfully. The existence of
black holes and gravitational waves, as the two most impor-
tant predictions in general relativity, has always attracted close
attention of scientists. In 2015, the gravitational wave event
(GW150914) generated by the merger of two black holes was
detected by the Laser Interferometer Gravitational Wave Ob-
servatory (LIGO).[1–3] It is not only provides the first direct
evidence for the existence of black holes, but also encourages
people to uncover the mysterious veil of black holes. As an-
other important milestone in the history of black holes, the
image of the supermassive black hole in M87* convincingly
confirms that the black hole exists in our universe. This ultra-
high angular resolution image comes from the international
collaboration of Event Horizon Telescope (EHT).[4–7] From
the image of the black hole, one can find that an asymmet-
ric bright ring embedded in the dark background, in which,
the bright ring is the photon ring, and the dark area inside the
bright ring is called the shadow of black hole.

The strong gravity of black hole deflects light to form the
shadow of the black hole, also known as the gravitational lens-

ing effect. In 1966, Synge was the first to theoretically calcu-
late the shadow of Schwarzschild black hole and the condition
under which photons could escape to infinity was also given.[8]

After that, the radius of photon ring for Schwarzschild black
hole is r = 5.2M (M is the mass of black hole) was proposed
in Ref. [9]. While for a rotating spherically symmetric black
hole, i.e., the Kerr black hole, the shape of shadow is decided
by the rotating parameter, and the D-shape shadow can be ob-
tained when the location of observer is fixed to the equatorial
plane.[10,11] More research on black shadow can be seen in
Refs. [12–40], the size and shape of the shadow for a rotating
or non rotating black hole, and constraining black hole param-
eters with shadow have been studied in the general relativity
and other modified gravitational backgrounds.

In our real universe, the black holes are surrounded by
a large number of high energy radiative materials, which
play an indispensable role in the observation of black hole
shadow.[41] In 1979, the numerical simulation image of
Schwarzschild black hole with the thin disk accretion was
given by Luminet.[9] Taking into account the simplified model
of accretion materials, that is, the black holes are obscured
by the optically and thin spherically symmetric accretion,
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Narayan et al. pointed out the size of the observed shadow
depends on the spacetime geometry and is not affected by the
surrounding accretion.[42] While in Ref. [43], the shadow of
a black hole is related to the geometrically thick accretion
disks. Moreover, it can be found that the observation inten-
sity of black hole shadow is significantly different in static and
infalling accretion models.[44,45] Using the optically and geo-
metrically thin disk accretion model, Gralla et al. found that
the rings outside the black hole shadow can be divided into
direct rings, photon rings and lensing rings.[46] And, the po-
sition and observation intensity of these rings are both closely
related to the relevant parameters of spacetime and the posi-
tion of thin disk accretion. So far, some research results of
black hole shadow surrounded by the different accretion mod-
els have been obtained.[47–63]

As described in the studies,[64,65] Rastall proposed a pos-
sible modification of the general theory of relativity in 1972.
According to the Rastall gravity theory, the covariant deriva-
tive of the energy momentum tensor is no longer zero in curved
spacetime, whereby avoids the problem that the covariant con-
servation relation of the energy–momentum tensor is only ver-
ified in the Minkowaski flat or weak field regime of gravity.
Based on the background of Rastall theory, Heydarzade et al.
obtained a new class of the Kiselev-like black hole solutions
surrounded by perfect fluid, and they found that the corre-
sponding effective complete fluid has different characteristics
in different parameter ranges.[66] It means that Rastall param-
eter and surrounding field structure parameter can effectively
describe the geometric structure of the spacetime. The phys-
ical characteristics of this class black hole models have also
been studied, such as the thermodynamic behavior, quasinor-
mal modes, and black hole shadow.[67–72] In Ref. [73], con-
sidering the black holes surrounded by perfect fluid radiation
field in the Rastall theory, Guo et al. studied the shadow and
observed luminosity of black hole. Nevertheless, the geomet-
ric effects of the Rastall parameters do not appear for the black
hole surrounded by the radiation field.[66] In view of this, we
focus primarily in this paper on the shadow and observed ap-
pearance of black hole surrounded by the dust field, where the
Rastall geometric parameters exist. Due to the existence of
Rastall geometric parameters, it can greatly change the causal
structure of spacetime compared with the general theory of rel-
ativity. In particular, we want to study whether the change of
the relevant parameters (the Rastall parameter and surround-
ing dust field structure parameter) will cause the change of
shadow and photon sphere radius of black hole, or what kind
of changes will be cause. In addition, we consider the emis-
sion form of the accretion material around the black hole is
spherical symmetry, whereby to further study the influence of
relevant parameters on the observed luminosity and appear-

ance of black hole shadow, in these two accretion models.
The remainder of this paper is organized as follows. In

Section 2, the black hole surrounded by the perfect fluid dust
field in Rastall theory is briefly introduced, and the photon or-
bit and effective potential of the black hole are discussed. In
Section 3, we show the shadow and photon sphere of the black
hole in different spherical accretions, and the corresponding
observed luminosity is also shown. We summarize results and
discussions in the last section.

2. The black hole surrounded by dust field in
Rastall theory and light deflection
Based on the hypothesis proposed by Rastall,[64,65] one

can consider the Rastall field for a spacetime with Ricci scalar
R and an energy momentum source Tµν , which leads to the
modification of the Einstein’s field equations as

Gµν = κ
(
Tµν −λδµν R

)
, (1)

where κ is the Rastall gravitational coupling constant and λ is
the Rastall parameter, respectively. Note that the standard the-
ory of general relativity can be traced back from Eq. (1) in the
limit of λ → 0. Then, the solution of a general spherical sym-
metric black hole surrounded by perfect fluid in Rastall theory
could take the form[66]

ds2 =−Nf(r)dt2 +
dr2

Nf(r)
+ r2 dΩ

2
f , (2)

with

Nf(r) = 1− 2M
r

− Nf

rσ
,

σ =
−6κλ (ωf +1)+3ωf +1

1−3κλ (ωf +1)
, (3)

in which dΩ 2
f = dθ

2 + sin2(θ)dϕ2. In the spacetime of
Eq. (4), M is the mass of the black hole, and Nf is the intensity
parameter of perfect fluid matter around black hole, respec-
tively. For λ → 0, it could recover the solution proposed by
Kiselev in the framework of general relativity.[74] Then, we
can get energy density ρf(r) of surrounding fluid[66] as

ρf(r) =− 3Nf𝒲f

κr
3(ωf+1)−12κλ(ωf+1)

1−3κλ(ωf+1)

, (4)

where 𝒲f is a geometric constant depending on the Rastall ge-
ometric parameters κ and λ , as well as the state parameter of
surrounding fluid ωf, that is

𝒲f =
(1−4κλ )(κλ (ωf +1)−ωf)

(1−3κλ (ωf +1))2 . (5)

To preserve the weak energy conditionρ f (r) ≥ 0, 𝒲f and Nf

should follow the condition

Nf𝒲f ≤ 0. (6)
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Hence, the sign of parameter Nf is associated with each choice
of the parameters κλ . By considering the black hole sur-
rounded by a dust field in Rastall gravity, i.e., ωf = 0, the
metric function is given by[66,74,75]

Nd(r) = 1− 2M
r

− Nd

r
1−6κλ

1−3κλ

. (7)

In Eq. (7), the Rastall correction term is not expressed as the
mass term, which also brings new characteristics to the black
hole due to the existence of Rastall parameters κλ . Thus, the
geometric parameters κλ of the Rastall theory can play an im-
portant role in leading to distinct solutions relative to general
relativity. It is worth mentioning that the value of Nd follows
the condition 0 < Nd for the case of 0 ≤ κλ < 1/4, while for
κλ < 0∪κλ > 1/4 it needs 0 > Nd. As we mentioned earlier,
it is required that the weak energy condition represented by
relation (6) is satisfied. Interestingly, there is an effective sur-
rounding fluid accompanied by an effective equation of state
parameters ωeff for the case 1/6 < κλ < 1/3, which explains
the accelerating expansion of the universe in the Rastall theory
of gravity, but the case violates the strong energy condition.
In addition, the value of effective equation of state parame-
ter ωeff may help to explain the deceleration expansion and
even contraction of the universe when κλ values in the rang
1/6 > κλ or 1/3 < κλ , which is conform to the strong energy
condition.[66]

Since the wavelength of the actual light source is smaller
than the size of the black hole, we can discuss the problem of
black hole shadow in the scope of geometrical optics. That is,
it is necessary to understand the motion behavior of photons
in the spacetime near black holes. With the help of Euler–
Lagrange equation, the motion equation of photon moving
along geodesic can be expressed as

d
dξ

(
∂ℐ
∂ ẋµ

)
=

∂ℐ
∂xµ

. (8)

In the above equation, ξ is the affine parameter, ẋµ is the four-
velocity of the light ray and ℐ is Lagrangian, respectively. In
addition, we also can get

ℐ =
1
2

gµν ẋµ ẋν

=
1
2

[
−Nd(r)ṫ2 +

ṙ2

Nd(r)
+ r2 (

θ̇
2 + sin2

θϕ̇
2)] . (9)

In the spherically symmetric space-time of Eq. (2), one can
find that the metric coefficients do not depend explicitly on
the time t and azimuthal angle ϕ . Hence, there are two con-
served quantities, i.e., energy E and angular momentum L,
which can be derived from the geodesic equations of the space-
time Eq. (2). In addition, we are most interested in the light

ray that moves on the equatorial plane, which means θ = π/2
or θ̇ = 0.[56] Therefore, we can obtain

E = ṫNd(r), ϕ̇ =± 1
r2 . (10)

Substituting the above equations into Eq. (9), one can derive
that

ṫ =
1

bcNd(r)
, (11)

ṙ2 = E − L2

r2 Nd(r). (12)

Here, we take a new affine parameter ξ → ξ/|L|. It is worth
mentioning that the impact parameter bc = L/E (the ratio of
angular momentum to energy) is introduced, whereby we can
succinctly describe the trajectory behavior of light. Using
Eqs. (10) and (11), we can get the other form of Eq. (12), that
is

ṙ2 +Veff =
1
b2

c
, (13)

Veff =
1
r2 Nd(r). (14)

Here, Veff is the effective potential of black hole, which is an
important physical quantity to judge the deflection behavior of
light around a black hole. Note that the critical one separating
captured and uncaptured photons is given by the solution of
the system ṙ2 = 0 and ∂r ṙ2 = 0, which means

Veff =
1
b2

c
, V ′

eff = 0. (15)

Naturally, the position of the photon ring can be obtained by
Eq. (15), and the radius of the photon sphere rp and impact
parameter bp satisfy

r2
p = b2

pNd(r), 2b2
pNd(r)2 = r3N′

d(r). (16)

Supported by Eq. (16), we can obtain the radius rp, and im-
pact parameter bp of photon sphere under the different value
of the geometric parameters κλ and state parameter Nd of the
Rastall theory. For the different value of the parameters κλ

where the values of Nd is fixed, the numerical results of radius
rp and impact parameter bp of the photon sphere, as well as the
event horizon re are listed in the Tables 1 and 2. For the case
of parameters κλ is fixed and the value of Nd is variable, they
are shown in Tables 3 and 4.

When Nd is a fixed positive value, one can see that the val-
ues of the radius rp and impact parameter bp of photon sphere
increases with the increase of κλ , as well as the event horizon
re. But in the case of Nd is a fixed negative value, the three
physical quantities rp, bp and re are all smaller and smaller
when the value of parameters κλ is increase. For the case of
κλ is fixed, rp, bp and re are also show an increasing trend with
the positive growth of Nd, while decrease with the negative
growth of Nd. That is, the black hole spacetime will expand
with the increase of geometric parameters κλ when the state
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parameter Nd is positive, and the state parameter Nd is nega-
tive has the opposite effect. It is worth noting that the change
trend of relevant physical quantities is very weak when Nd is

negative. We plot the effective potential Veff corresponding to
the impact parameter bc with the given value of geometric pa-
rameters κλ and state parameter Nd, as depicted in Fig. 1.

Table 1. The radius rp, impact parameter bp of the photon sphere and the event horizon re for different geometric parameters κλ when
Nd = 0.05, in which, we take M = 1.

κλ = 0.01 κλ = 1/12 κλ = 0.1 κλ = 1/8 κλ = 0.2 κλ = 2/9 κλ = 0.24

re 2.05112 2.06366 2.06827 2.07754 2.15857 2.25403 2.5616

rp 3.07685 3.09718 3.10446 3.11872 3.21631 3.2668 3.31602

bp 5.23065 5.38563 5.4075 5.45394 5.98805 6.8956 12.6483

Table 2. The radius rp, impact parameter bp of the photon sphere and the event horizon re for different geometric parameters κλ when
Nd =−0.05, in which, we take M = 1.

κλ = 0.35 κλ = 0.4 κλ = 0.5 κλ = 0.6 κλ = 0.75 κλ = 0.8 κλ = 1

re 1.99982 1.99922 1.99369 1.98936 1.98545 1.98456 1.98208

rp 2.99996 2.99969 2.99441 2.98883 2.98322 2.98189 2.97811

bp 5.19614 5.19597 5.19132 5.18511 5.17802 5.17623 5.17092

Table 3. The radius rp, impact parameter bp of the photon sphere and the event horizon re for different state parameter Nd when κλ = 1/5, in
which, we take M = 1.

Nd = 0.01 Nd = 0.02 Nd = 0.05 Nd = 0.08 Nd = 0.1 Nd = 0.12 Nd = 0.18

re 2.0289 2.05909 2.15857 2.2744 2.36331 2.46419 2.87955

rp 3.03975 3.08113 3.21631 3.37143 3.48872 3.61983 4.13523

bp 5.33522 5.48298 5.98805 6.61334 7.12217 7.73197 10.6659

Table 4. The radius rp, impact parameter bp of the photon sphere and the event horizon re for different state parameter Nd when κλ = 1/2, in
which, we take M = 1.

Nd =−0.01 Nd =−0.02 Nd =−0.05 Nd =−0.08 Nd =−0.1 Nd =−0.12 Nd =−0.18

re 1.99875 1.99749 1.99369 1.98985 1.98726 1.98465 1.97669

rp 2.99889 2.99777 2.99441 2.99103 2.98876 2.98648 2.97959

bp 5.19519 5.19422 5.19132 5.1884 5.18645 5.18449 5.17856

In Fig. 1, we take κλ = 0.2 and Nd = 0.05 as an example.
It shows the interior of the event horizon of black hole, namely,
(r < rb), and there is no effective potential Veff. However, the
effective potential increases from the horizon and reaches its
maximum at the position of photon sphere, and after that, there
is a decreasing trend. Therefore, there are several different
situations when a light ray moves in the radially inward di-
rection. As the special case of bc = bp, the light ray is in a
critical state of being captured and escaping, and it will rotate
around the black hole infinitely many times due to the angu-
lar velocity is not zero. This is corresponding to the region
2 (red lines) in Fig. 1. If the light ray motion at the region 1
(bc > bp) in Fig. 1, the light will encounter the potential barrier
and then be reflected back in the outward direction, that is, the
photons in this region do not fall into the black hole and can
reach the observer at infinity. When the light ray motion at re-
gion 3 (bc < bp) in Fig. 1, which leads to the light ray through
the event horizon and go straight into the black hole and the
observer will not capture the light in this region. In order to
explore the change of effective potential Veff when the relevant
parameters change, the effective potential Veff of black hole
under the different value of κλ and Nd is shown in Fig. 2.

From Fig. 2(a), one can find that the peak value of the ef-

fective potential Veff increases with the decrease of κλ when
the value of Nd is fixed (Nd > 0), and changes obviously. While
the negative Nd (Nd < 0) has the opposite effect, i.e., the peak
value of the effective potential Veff increases with the increase
of κλ , but the degree of change is so weak that it can hardly
be distinguished, as shown in Fig. 2(b). In Figs. 2(c) and 2(d),
the value of κλ is fixed. The peak value of the effective poten-
tial Veff also decreases with the positive increase of Nd and the
trend of change is also obvious. However, the peak value of
the effective potential Veff increases with the negative growth
of Nd when κλ is fixed, but the trend of change is very weak.

Photon sphere

Region 3

Region 2

Region 1

Event horizon

0 2 4 6 8 10 12 14
r

0

0.01

0.02

0.03

0.04

V
e
ff

κλ/. ↪  Nd/.

Fig. 1. The profiles of the effective potential Veff as a function of impact
parameter bc, in which κλ = 0.2 and Nd = 0.05. Here, we take M = 1.
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Fig. 2. The profiles of the effective potential Veff as a function of impact parameter bc for the different value of κλ and Nd. (a) and (b) The
value of κλ is various and the value of Nd is fixed (Nd = 0.05 and Nd =−0.05). (c) and (d) The value of Nd is various and the value of κλ is
fixed (κλ = 0.2 and κλ = 0.5). Here, we take M = 1.

(a) κλ=0.2, Nd=0.01 (b) κλ=0.2, Nd= 0.1 (c) κλ=0.2, Nd=0.15

(d) κλ=1/9, Nd=0.05 (e) κλ=2/9, Nd=0.05 (f) κλ=0.5, Nd=- 0.05

Fig. 3. The trajectory of the light ray for the different value of κλ and Nd in the polar coordinates (r,ϕ), in which, the region of black hole is
shown as a solid disk and the position of photon sphere as a dashed red line.

With the help of Eqs. (10) and (11), we can get the con-
crete expression of photon motion equation, which is

dr
dϕ

=±r2

√√√√ 1
b2 − 1

r2

[
1− 2M

r
− Nd

r
1−6κλ

1−3κλ

]
. (17)

Here, we introduce a parameter u = 1/r, and Eq. (17) can be

rewritten as

ℛ(u,b)≡ du
dϕ

=

√√√√ 1
b2 −u2

[
1−2Mu−Nd

(
1
u

)− 1−6κλ

1−3κλ

]
. (18)

Using the ray-tracing code,[42] we can plot the trajectory of the
light ray for the different state parameters κλ and Nd, which
are shown in Fig. 3.
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In the case of bc > bp (green lines), the trajectory of the
light ray deflects, i.e., the light ray move toward the black hole
from infinity approaching one closest point and then move
away from the black hole back to infinity. In the case of
bc < bp (black lines), one can find that all the light ray falls
into the black hole and cannot return to the observer’s po-
sition. In particular, bc = bp, which corresponds to the area
of red dotted line, the light ray just revolve around the black
hole, neither entering nor escaping from it, i.e., the position of
photon sphere. The key problem is to find the turning point
where the light deflects owing to the light changing its radial
direction, and the turning point corresponds to the minimally
positive real root of Eq. (18). In Fig. 3, we can see that the
trajectory and deflection of light near the black hole change
with the different value of geometric parameters κλ and state
parameter Nd in the spacetime Eq. (2). In other words, the
light density that can be obtained by observers at infinity is
different, which will naturally lead to the different observation
appearance of black holes.

3. The shadows and photon spheres in different
spherical accretions scenarios
With the previous preparations, we intend to further in-

vestigate the observed property and intensity of black hole
shadow in the spacetime Eq. (2). In this section, we consider
that thin spherical accretion is covered on a gravitating object,
and two different models are given, i.e., the static spherical
accretion and infalling spherical accretion.

3.1. The static spherical accretion

For the static spherical accretion model, it is considered
that the accretion material is in a resting state, and the radiation
of the material is isotropic. Hence, the intensity of radiation
Iobs (erg · s−1 · cm−2 · str−1 ·Hz−1) with the observed photon
frequency νobs for the distant observer (ro → ∞) can be taken
as[76,77]

Iobs(νobs) =
∫

γ

g3 j(νe)dlprop, (19)

with

g = νo/νe. (20)

Here, g, νe and νo are the redshift factor, emitter photon fre-
quency and observed photon frequency, respectively. In the
rest frame of the emitter, j(νe) is the emissivity per unit vol-
ume, and dlprop is the infinitesimal proper length which is dif-
ferential as measured in the frame comoving with the matter.
In the spacetime Eq. (2), the redshift factor is

g = Nd(r)1/2. (21)

Considering a simple model that the radiation of light is
monochromatic with a fixed frequency νf, we can get

j (νe) ∝
δ (νe −νf)

r2 , (22)

dlprop =

√
1

Nd(r)
dr2 + r2 dϕ

2. (23)

Note that Eq. (22) takes the radial profile as 1
/

r2 , and δ is the
delta function. Then, we can rewrite Eq. (23) as

dlprop =

√
1

Nd(r)
+ r2

(
dϕ

dr

)2

dr. (24)

On the basis of Eq. (17), the specific intensity Iobs(νobs)

observed by a distance observer is

Iobs(νobs) =
∫

γ

Nd(r)3/2

r2

√
1

Nd(r)
+ r2

(
dϕ

dr

)2

dr. (25)

From Eq. (25), one can find that the observed luminosity of
black hole shadow largely depends on the state parameters of
the spacetime Eq. (2), as well as the impact parameter bc. It
is worth mentioning that the intensity is circularly symmet-
ric with the impact parameter bc of the radius, which satis-
fies b2 = x2 + y2. Therefore, turn our attention to research
the change of intensity Iobs(νobs) with the impact parameter bc

when κλ and Nd are taken as different values. In Fig. 4, we
show the specific intensity Iobs(νobs) as a function of impact
parameter bc for the different parameters κλ and Nd.
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Fig. 4. Profiles of the specific intensity Ibos seen by a distant observer for
the static spherical accretion. (a) The value of Nd is various and κλ is fixed
(κλ = 0.2 and κλ = 0.5). (b) The value of κλ is various and Nd is fixed
(Nd = 0.05 and Nd =−0.05). Here, we take M = 1.
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Fig. 6. Profiles of the specific intensity Iobs seen by a distant observer for a static spherical accretion under the different relevant parameters (κλ and Nd).

Obviously, although the parameters κλ and Nd are taken
as different values, the observed intensity Iobs(νobs) always
reaches the peak at the position of bc = bp. Since the light
ray revolves around the black hole many times and collects an
arbitrarily large intensity, the intensity increases sharply and
reaches the peak value. For the case of bc > bp, the intensity
of observer is mainly contributed by the refracted light, so that
the intensity decreases with the increase of bc. If the value of
bc is large enough, the refracted light tends to disappear, which

thus leads to the vanishing of observed intensity. Due to the
intensity originating from the accretion is absorbed mostly by
the black hole in the case of bc < bp, the observers rarely cap-
ture intensity. However, there is a part of the radiation escaped
from the black hole. Hence, the specific intensity does not
disappear completely with a small finite value.

Furthermore, the different parameters of κλ and Nd will
cause the observer to obtain different observation intensities
Iobs(νobs). When the parameters κλ are given, the observation
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intensity will decrease with the positive growth of parameter
Nd, and the degree of weakening is very obvious. While the
observation intensity will increase with the negative growth of
parameter Nd, but its growth degree is very small, which leads
that we can not clearly distinguish the dotted line in Fig. 4(a).
When the parameter Nd is fixed as a positive value, the increase
of parameter κλ will also significantly weaken the observation
intensity. In the case of Nd taken as a negative value, the in-
crease of parameter κλ promotes the observation intensity, but
the increase degree is so small that the dotted lines is shown
almost superposed in Fig. 4(b). In order to make our result
more visible, we show the shadow images and the correspond-
ing intensities as seen by a distant observer for the different
values of parameters κλ and Nd, and shown in Figs. 5 and 6.

From the top row of Fig. 5, one can see that for a given
value of parameters κλ (κλ = 0.2), the shadow size increases
with the larger value of Nd, but the observed intensity de-
creases. In the bottom row of Fig. 5, the parameters κλ = 0.5
and Nd show a negative growth trend, and not only the change
of the observed intensity is very weak, but also the radius of
the shadow has small change. As shown in the top row of
Fig. 6, the observed intensity has been weaken with the pos-
itive increase of parameters κλ , but the shadow radius of the
black hole shows the opposite trend. In the bottom row of
Fig. 6, the change of both shadow radius and observed inten-
sity are weak with the change of κλ , where the parameter Nd

is fixed as a negative value. And the impact of change of κλ is
almost nil. Hence, the state parameters κλ and Nd play an im-
portant role for the observed intensity, and the change of those
values will directly affect the observed intensity of the distant
observer.

3.2. The infalling spherical accretion

In this section, we start with a more realistic model, i.e.,
the optically thin accretion moves towards the black hole, due
to the most accretion matters in the universe should not be
static. Here, the optically thin accretion is considered to be
infalling matters, which is a real accretion flow process. For
simplicity, we also take the radiation power and emission coef-
ficient, as measured in the rest frame of the infalling accretion.
Along the way, the velocity of the infalling accretion will af-
fect the redshift factor of accretion. And the redshift factor of
infalling accretion can be expressed as[47]

gi =
kα uα

obs

kβ uβ
e
, (26)

where kµ = ẋµ is the four-velocity of the photon. In addition,
uµ

e is the four-velocity of the accreting matter emitting the ra-
diation, and uµ

obs = (1,0,0,0) is the four-velocity of the distant
observer. We assume that the accretion matter in radial is free

and falls with the four-velocity, which in the spherically sym-
metric case of spacetime Eq. (2) reduces to

ut
e =

1
Nd(r)

, ur
e =−

√
1−Nd(r), uθ

e = uφ
e = 0. (27)

For the photons, the four-velocity was found in Eqs. (10)–(12).
With the constant of kt = 1/bc and kγ kγ = 0, we can get kγ as

kγ

kt
=± 1

Nd(r)

√
Nd(r)

(
1

Nd(r)
− b2

c

r2

)
, (28)

where the sign + (−) indicates that the photon approaches
(goes) away from the black hole. The redshift factor in
Eq. (26) is given by

gi =
1

ut
e + kγ/keur

e
. (29)

Then, the proper length dlprop can be written as

dlprop = kγ uγ
e dξ =

kt

gi |kr|
dr, (30)

in which, ξ is the affine parameter along the photon path γ , and
λ has to be evaluated along the path of the photon. Integrating
the intensity over all the observed frequencies, we obtain the
observed flux, that is

If(obs)(νobs) ∝

∫
γi

g3
i kt

r2 |kr|
dr. (31)
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Fig. 7. Profiles of the specific intensity Iobs seen by a distant observer
for the infalling spherical accretion. (a) The value of Nd is various and
κλ is fixed (κλ = 0.2 and κλ = 0.5). (b) The value of κλ is various
and Nd is fixed (Nd = 0.05 and Nd =−0.05). Here, we take M = 1.

Now, we still take different value of geometric parameters
κλ and state parameters Nd for investigating the shadow of
the black hole with an infalling accretion, as shown in Fig. 7.
From Fig. 7, the peak value of luminosity is much lower than
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that of static accretion model, which is the most significant
difference for both the static and infalling accretion models.
Moreover, there is a sharp rise before the luminosity reach-
ing its peak for the infalling spherical accretion models, i.e.,
the change rate of intensity of the infalling accretion is greater
than that of static accretion. It shows that the absorption rate of
photons by black holes is higher than the static case. When the
value of parameters κλ increase and Nd is fixed as a positive
value (or κλ is fixed and Nd is positive growth), the peak val-
ues of luminosity showed an obvious downward trend. While

for the parameter Nd is negative value and parameters κλ in-
crease (or κλ is fixed and Nd is negative growth), the peak val-
ues of luminosity will increases but the change is very small.

In addition, the corresponding two dimensional images of
the intensity are drawn in Figs. 8 and 9. Comparing with the
static case, the central region for the infalling case is darker,
and the light intensity that the observer can obtain is much
smaller. This is caused by the Doppler effect here. However,
the radius of the shadow and the position of the photon sphere
are consistent under the different accretion (the static and
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infalling spherical accretion), which means that the different
accretion model affect the observable intensity of shadows but
does not affect the geometry structure of spacetime.

4. Discussion and conclusion
In the scenario of Rastall gravity theory, the shadow and

observation appearance of black hole immersed in dust field
have been studied in detail. It is shown that the radius of event
horizon re, photon sphere re, and critical impact parameter bp

of the black hole have interesting characteristics depending on
the different ranges of the parameters in Rastall theory. Specif-
ically, these three related physical quantities all show a signif-
icant increase as the increase of Rastall geometric parameters
κλ , where the field structure parameter Nd is given, as well as
the case of Nd increases where the value of κλ is fixed. But
if the parameters κλ increase and Nd is a fixed negative value,
or the parameters κλ are fixed and Nd is negative growth, both
the physical quantities re, rp and bp will show weak decreasing
trend. Naturally, the increase of κλ (Nd is fixed as a positive
value) or the positive growth of Nd (κλ is fixed) will signifi-
cantly reduce the peak value of effective potential. While the
parameter Nd is negative (or is negative growth), it has a posi-
tive effect on the effective potential.

When the values of Rastall geometric parameters κλ and
state parameter Nd change, it can be found that not only the
shadow radius of the black hole changes, but also the deflec-
tion degree of light ray near the black hole changes. Therefore,
the light density that can be obtained by an observer at infinity
is different, which will naturally lead to the different obser-
vation appearance and intensity of the black hole shadow. In
order to intuitively reflect the change of shadow observation
characteristics caused by the change of relevant parameters
(κλ and Nd), we calculate the specific intensity observed by
an infinite observer, and also give the profile image of black
hole shadow in different relevant parameters. In system (7),
we consider that the accretion radiation is the only background
light source, and mainly take two accretion models, i.e., the
static and infalling spherical accretions, which are optically
and geometrically thin.

For the case of static spherically accretions, the inner re-
gion of the black hole shadow is not completely dark, and the
peak of observed intensity is always near the position of the
photon sphere. One can find that the peak of observed inten-
sity is attenuated with the increase of parameters κλ in the
case of parameter Nd is fixed as a positive value, while is en-
hancement with the increase of parameters κλ in the case of
parameter Nd is fixed as a negative value. When parameter κλ

is taken as a fixed value, the peak value of observation inten-
sity will decrease with the positive growth of parameter Nd,
but increase with the negative growth of Nd. For the case of
infalling spherical accretion, the change trend of observation

intensity caused by the change of relevant parameters is simi-
lar to that of static model, but the change degree is greater than
that of static model. Meanwhile, both the inner region and
the outer observable bright region of the black hole shadow
are obviously darker than the static accretion model. And the
peak value of the observed intensity is about two orders of
magnitude lower than that of the static model. Doppler effect
is the reason for the significant difference of observation in-
tensity between these two different accretion modes. For dif-
ferent spherical accretions background, the weakening of ob-
servation intensity caused with the variation with parameters
(κλ and Nd) is very obvious, but the degree of enhancement is
very weak. As shown in Fig. 4 for the static model (Fig. 7 for
the infalling model), the dotted lines almost coincide and the
change of peak value is very weak, which can also be reflected
from the bottom row of Figs. 5 and 6 (Figs. 8 and 9 for the
infalling model). The increase extent of observation intensity
is very weak and can even be ignored. Moreover, the size and
position of black hole shadow do not change in the both case
of accretion models. It is implied that the black hole shadow
is caused by spacetime geometry, which is determined by the
geometric parameters κλ and state parameter Nd in the back-
ground of Rastall gravity theory. Put forward, it could be a
feasible method to explore the structural parameters of space-
time from the observation of black hole shadow.
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