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We employ the Dirac cone model to explore the high Chern number (C) phases that are realized in the magnetic-doped
topological insulator (TI) multilayer structures by Zhao et al. [Nature 588 419 (2020)]. The Chern number is calculated
by capturing the evolution of the phase boundaries with the parameters, then the Chern number phase diagrams of the TI
multilayer structures are obtained. The high-C behavior is attributed to the band inversion of the renormalized Dirac cones,
along with which the spin polarization at the Γ point will get increased. Moreover, another two TI multilayer structures as
well as the TI superlattice structures are studied.
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1. Introduction
The quantum anomalous Hall (QAH) insulator, or called

the Chern insulator, has aroused the ongoing interests in con-
densed matter physics, where the dissipationless chiral cur-
rents can flow in a zero magnetic field.[1–3] It was first ob-
served in magnetic topological insulator (TI) thin films[4] that
are formed by an intricate interplay between the ferromag-
netism due to the magnetic-doping and the intrinsic spin–orbit
coupling.[5] The magnetic-doping breaks the time-reversal
symmetry (TRS) in the system and can open a small Dirac
mass gap in the topological surface states.[6] In these systems,
the unavoidable inhomogeneity of the magnetic-doping would
lead to the complex magnetic orders.[7,8] As a consequence,
the QAH effect can only be observed at extremely low tem-
perature, which is about several tens of milikelvin, one to
two orders of magnitude below the Curie temperature of the
magnetic dopants.[4,8–12] When the crystalline structure and
magnetic order are self-organized into a well-ordered topolog-
ical superlattice, the QAH insulator can be observed at much
higher temperature.[13,14]

Besides the C = 1 Chern insulator phase, a recent ex-
perimental work by Zhao et al. demonstrated the existence
of the high Chern number C > 1 phase in the TI multi-
layer structures.[15] The authors explained the high-C behav-
ior through the interface Dirac state mechanism, where a
nontrivial interface state appears at the interface between the
magnetic-doped and undoped TI layers and when such a state
is occupied, it will contribute e2

2h to the total Hall conductance
σxy. In our previous work,[16] we instead attributed the in-
verted bands in the high-C phase to the two-dimensional (2D)

subbands, which may not appear at the interface but split by
the thickness confinement of the total stacking layers. In both
theoretical analyses,[15,16] the bulk 𝑘 ·𝑝 model of the three-
dimensional (3D) TIs[17,18] was used to describe the TI mul-
tilayer structures, and the plane-wave expansion method was
adopted to satisfy the open boundary condition at both ends.
The plane-wave expansion method can correctly describe the
top and bottom surface states, so it works well for the TI thin
film.[18–20] For the TI multilayers, they were fabricated by the
MBE method in the experiment and thus the linear Dirac cones
should appear on each surface of the TI layers. However, this
fact may not be effectively captured by the plane-wave expan-
sion method, as the electronic states were found to even pene-
trate into the deep TI layer interior.[15,16]

On the other hand, as the bulk states of the TIs are gapped,
a highly simplified Dirac cone model was initially proposed to
explain the QAH behavior in the magnetic TI thin film.[5] The
model was later developed to describe the magnetic-doped TI
and ordinary insulator multilayers that can host the 3D Weyl
semimetal (WSM) phase.[21,22] In the Dirac cone model, only
the Dirac cone degrees of freedom on each TI surface were re-
tained, with the intralayer and interlayer Dirac cone hoppings
being included; while the bulk electronic dynamics were com-
pletely ignored. This was demonstrated to be valid by compar-
ing the model parameters with the DFT band calculations.[23]

Furthermore, the Dirac cone model was used to explore the
dependence of the QAH behavior on the film thickness, the
magnetic configuration as well as the stacking sequences of
the TI layers.[23]

Motivated by these progresses, here we try to investigate
the high-C behavior in the magnetic-doped TI multilayer struc-
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tures from the point of view of the Dirac cone model. We focus
on the Chern number phase diagram, where the Chern number
is calculated by capturing the evolution of the phase bound-
aries with the parameters.[16,19] For comparison, we also con-
sider another two TI multilayer structures as well as the 3D
TI superlattice structures. Our main findings are as follows:
(i) Within the Dirac cone model, the high-C behavior is at-
tributed to the band inversion of the renormalized Dirac cones
that is driven by the exchange splitting, along with which the
spin polarization at the Γ point gets increased. In the highest-
C phase, the occupied states are fully down-spin polarized at
the Γ point. (ii) To explain the observation that the Chern
number decreases with the decreasing middle magnetic-doped
layer thickness,[15] we assume that the related intralayer Dirac
cone hopping changes from negative to positive. Based on this
assumption, it is interesting to find that at certain magnetic-
doping, the Chern number can also get increased when the
layer thickness decreases. (iii) For another two TI multi-
layer structures, the band inversion cannot be achieved for all
negative-mass Dirac cones even when the magnetic exchange
splittings are very strong. (iv) For the 3D TI superlattice struc-
tures, besides the high-C phases, the WSM phases can appear
and span broad parameter regions. Our work can provide more
insights on the high-C behavior realized in the TI multilayer
structures, which may pave the way for the future topological
electronic devices.

2. Model and method
The experimental configuration of the TI multilayers[15]

is plotted in Fig. 1. It stacks along the z direction and includes
the alternating magnetic-doped and undoped TI layers, with
the layer number in the plot being N1 = 3 and N2 = 2, re-
spectively, so the undoped TI layer is sandwiched between the
doped TI layers.

We use the Dirac cone model to describe the dynamics
of the TI multilayer structures. In the model, the linear Dirac
cones are assumed to be present on both the top and bottom
surfaces of the magnetic-doped TI layer as well as the undoped
TI layer. The Hamiltonian is written as (h̄ = 1)[21–23]

H(𝑘) = ∑
i

[
(−1)iv(−kxσy + kyσx)+miσz

]
c†
𝑘ic𝑘i

+ ∑
i∈odd, j

(∆Sδi, j−1 +∆Dδi+1, j +∆Dδi−1, j)c
†
𝑘ic𝑘 j. (1)

Here c𝑘i (c
†
𝑘i) annihilates (creates) a surface Dirac cone with

the wavevector 𝑘 = (kx,ky) and the surface index i. For i, we
use the odd/even number to represent the top/bottom surface
of each layer, respectively; v is the velocity of the Dirac cone,
σ denotes the Pauli matrice that acts on the spin space, ∆S is
the intralayer Dirac cone hopping, and ∆D the interlayer Dirac
cone hopping across the van der Waals gap. When the mass

term mi is absent, the system owns the TRS as 𝒯 H(−𝑘)𝒯 −1 =

H(𝑘), with the time-reversal operator 𝒯 = iσyK and K being
the complex conjugate operator. The mass term mi of each
Dirac cone that is induced by the exchange interactions with
the nearest local magnetic moments can break the TRS of the
system,

mi = ∑
α

Jiα Mα , (2)

where α is the layer index. We assume that the magnetization
is along the z direction, so that Mα = 1 in the magnetic-doped
layer, and Mα = 0 in the undoped layer. As shown in Fig. 1,
each surface Dirac cone has one nearby magnetic-doped TI
layer, which may be the same layer with the exchange split-
ting Jiα = JS or the adjacent layer with the exchange splitting
Jiα = JD. The Dirac cones localized on different surfaces can
be coupled by the Dirac cone hoppings and exchange splittings
and thus get renormalized. Note that the hoppings beyond the
nearest-neighbor Dirac cones are neglected because they are
minor[23] and will not change the main conclusions in this pa-
per. In our calculations, we take −∆S = 1 as the unit of energy
and set the parameter δ = JD/JS.

2

z

Doped TI

Doped TI

Undoped TI

Undoped TI

Doped TI

Mα
∆S

∆D

JS

JD
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3

4

ñ
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Fig. 1. Schematics of the TI multilayer structure, including the alter-
nating magnetic-doped (N1 = 3) and undoped (N2 = 2) TI layers. The
magnetization in the magnetic-doped TI layer is along the z direction
and the interlayer distance is denoted by d. The Dirac cone hoppings
∆S and ∆D, and the exchange splittings JS and JD are indicated by the
arrows. Without hoppings and exchange splittings, the Dirac cones are
localized on the top and the bottom surface of each TI layer.

To calculate the Chern number in the TI multilayer struc-
tures, we follow the previous works[16,19] and try to judge
the Chern number by exactly capturing the evolution of the
phase boundaries with the parameters, as the Chern number
change is closely connected to the gap closings. To help the
Chern number judgment, two limiting cases need to be consid-
ered: (i) JS = 0 of no magnetic-doping case, where the TRS is
preserved and the Chern number must be vanishing, with the
renormalized Dirac cones always appearing in pairs with op-
posite masses; (ii) ∆D = 0 of the limiting isolated-layer case,
where the mass of each renormalized Dirac cone Mi can be
calculated analytically and then the Chern number is obtained.
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As the Dirac cones on all surfaces own the positive chirality
χi = 1 and each Dirac cone can contribute a component Ci to
the Chern number, we have

C = ∑
i

Ci, with Ci =
1
2

sgn(Mi). (3)

Compared with the common Chern number calculations by
using Kubo’s formula[1] or Fukui’s algorithm,[24] where the
exact diagonalization is needed to obtain the eigenenergy and
eigenstate for each wavevector in the Brillouin zone (BZ), the
above method requires much less computational resources and
time, and is expected to be extended to the antiferromagnetic
configuration as well as other topological systems.

3. Magnetic-doped TI thin film
First we consider the magnetic-doped TI thin film. Within

the Dirac cone model, a pair of Dirac cones with the same
chirality are localized on the top and bottom TI surfaces and
there exist the intralayer hoppings between the two Dirac
cones. In the four-orbit basis

(
|1 ↑⟩ |1 ↓⟩ |2 ↑⟩ |2 ↓⟩

)T, where
1/2 denotes the top/bottom surface state and ↑ / ↓ the up-
spin/downspin state, respectively, the Hamiltonian is[5]

H(𝑘) =


JS −ivk− ∆S 0

ivk+ −JS 0 ∆S
∆S 0 JS ivk−
0 ∆S −ivk+ −JS

 , (4)

where k± = kx ± iky.
To see the Dirac cone renormalization, we use the unitary

matrix[5,25]

U =
1√
2


1 0 1 0
0 1 0 −1
1 0 −1 0
0 −1 0 −1

 . (5)

Then the Hamiltonian is transformed as

HT(𝑘) =UH(𝑘)U−1

=


JS −|∆S| −ivk− 0 0

ivk+ −JS + |∆S| 0 0
0 0 JS + |∆S| ivk−
0 0 −ivk+ −JS −|∆S|

 , (6)

which becomes block diagonalized. It shows that the chirality
of the renormalized Dirac cones in the upper/lower block re-
mains the same as in Eq. (4), but the Dirac cone mass in the
upper/lower block will get reduced/increased by the intralayer
Dirac cone hopping. Then, the Chern number of the system is
obtained as

C =
1
2

sgn
(
JS −|∆S|

)
+

1
2

sgn
(
JS + |∆S|

)
. (7)

We can see that (i) when JS < |∆S|, the Dirac cone mass is neg-
ative in the upper block and positive in the lower block, and

thus the Chern number C = 0; (ii) when JS > |∆S|, the Dirac
cone mass in the upper block becomes positive, thus the band
inversion occurs and C = 1. Thus in a magnetic-doped TI thin
film, the nontrivial C = 1 phase can be observed only when
the magnetic-doping reaches a certain ratio, which is consis-
tent with the experimental observations in the Cr-doped or V-
doped (Bi,Sb)2Te3 thin film.[4,9–12] Note that the Dirac cone
model cannot support the high-C phase in the TI thin film,
which, though predicted in theory,[16,19,26] but to our knowl-
edge, has not yet been reported in experiment.
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Fig. 2. The energy bands ε ∼ vkx when setting ky = 0, and the wave-
function distributions at the Γ point on each Dirac cone in the magnetic-
doped TI thin film. We choose JS = 0.4 in (a) and (b), and JS = 1.6 in
(c) and (d). In the wavefunction distributions, the blue and orange bars
denote the upspin and downspin contributions, respectively, and the bar
heights are proportional to the weights of the distributions. For clarity,
the neighboring distributions are shifted vertically by 0.8.

In Fig. 2, we plot the energy bands and the wavefunction
distributions at the Γ point in the C = 0 and C = 1 phases. For
the Hamiltonian including only the linear k terms, the normal
and inverted bands are identical [Figs. 2(a) and 2(c)], so there
is no signature of the band inversions in the band structures. If
the second order k term (∝ k2) is included, the band inversion
can be found as an additional energy extremum at the nonzero
wave vector, whereas a single extremum at the Γ point remains
in the normal band.[5] On the other hand, the band inversions
can be manifested in the wavefunction distributions at the Γ

point. In the C = 0 phase, the orbital contributions to the first
valence band (VB) are 1√

2
(−|1 ↑⟩− |2 ↑⟩), and those to the

first conduction band (CB) are 1√
2
(−|1 ↓⟩+ |2 ↓⟩) [Fig. 2(b)],

while in the C = 1 phase, the contributions to the first VB and
first CB are interchanged [Fig. 2(d)], meaning that all VBs at
the Γ point are down-spin polarized.

4. TI multilayer structures
Next, for the TI multilayer structures, the Chern number

phase diagrams are plotted in the parametric space (JS,∆D)

in Fig. 3, with the layer number N2 increasing from 1 to 5 in
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(a)–(e) and N1 = N2 + 1. Experimentally, tuning the parame-
ters JS and ∆D is quite feasible, as the exchange splitting JS is
expected to increase with the magnetic-doping or to increase
with the decreasing temperature, and the interlayer hopping
∆D is expected to increase when the van der Waals gap is nar-
rowed by the external pressure.[23,27] In the phase diagrams,
the contour scale represents the magnitude of log10∆ , where
∆ is the energy gap of the lowest bands and the bright blue
lines denote that the gap is closed.

Figure 3 shows that the Chern number C can increase
from zero up to its highest value C = N1 +N2. When JS = 0
of no magnetic-doping case, the Chern number always van-
ishes due to the presence of the TRS. On the other hand, when
∆D = 0 of the isolated-layer case, similar to Eq. (7), the Chern
number of the TI multilayer structures is obtained as

C =
N1

2

[
sgn
(
JS −|∆S|

)
+ sgn

(
JS + |∆S|

)]
+

N2

2

[
sgn
(
JD −|∆S|

)
+ sgn

(
JD + |∆S|

)]
. (8)

We can see that when the exchange splitting JS increases, the
negative mass JS − |∆S| of the Dirac cone in the magnetic-
doped TI layer becomes positive at the critical point JS =

|∆S|, which is N1-fold degenerate; whereas the negative mass
JD −|∆S| of the Dirac cone in the magnetic-undoped TI layer

becomes positive at the critical point JD = |∆S|, which is N2-
fold degenerate. Thus, the Chern number evolutions with JS

are as follows: (i) When JS < |∆S|, the Chern number vanishes
C = 0. (ii) When |∆S| < JS < |∆S|/δ , C = N1. (iii) When
JS > |∆S|/δ , the Chern number increases to its highest value
C = N1+N2, where the band inversions occur for all negative-
mass Dirac cones.

When the interlayer hopping ∆D is nonvanishing, the
Dirac cones in different TI layers will get coupled and fur-
ther renormalized, which thus breaks the Dirac cone degen-
eracy. The renormalized Dirac cones may not be localized
in one TI layer, but extended to all layers [see Figs. 4(a) and
4(b)]. As a result, with the increasing JS, the band inversion
occurs successively for the renormalized Dirac cones. Each
time a phase boundary is crossed, the band inversion occurs
for one negative-mass Dirac cone and the Chern number will
be changed by one. When ∆D increases, we can see that all
phase boundaries originating from JS = |∆S|/δ move to larger
JS. On the other hand, for the phase boundaries from JS = |∆S|,
only one will move to JS = 0, meaning that the region spanned
by the C = 0 phase is shrinking so that a minor magnetic dop-
ing can drive the transition from the C = 0 phase to C = 1,
while the remaining N1 −1 ones all move to larger JS.

0 1 2
0

1

2

3

4

(0,0)

(1,0.33)

(2,0.67)

(3,1)

δ-1
0

1

2

3

4

(4,0.8)

(2,0.4)

(5,1)

(0,0) (3,0.6)

(1,0.2)

´    ´

0

1

2

3

4

(5,
0.4
5)(4,

0.3
6)(3,

0.2
7)(2,

0.1
8)

(11,1)

-3

0

(0,0) (6,0.55)

(1,0.09)

(8,0.73)
(7,0.64)

(9,0.82)

(10,0.91)
0

1

2

3

4

(7,0.78)
(6,0.67)

(5,0.56)
(4,
0.4
4)

(8,0.89)

(2,
0.2
2)

(9,1)

(0,0)

(3,
0.3
3)

(1,0.11)

0

1

2

3

4

(6,0.86)

(5,0.71)
(4,0.57)

(2,
0.2
9)

(7,1)

(0,0)

(3,
0.4
3)

(1,0.14)

(a) (b) (c) (d) (e)

JS

0 1 2δ-1

JS

0 1 2δ-1

JS

0 1 2δ-1

JS

0 1 2δ-1

JS

∆
D

∆
D

∆
D

∆
D

∆
D

1og10∆
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the bright blue lines denote that the gap is closed. We choose the parameter δ = 0.6, the layer number N2 = 1–5 in (a)–(e) and N1 = N2 +1.

In the phase diagrams, if the magnetic-doping is small,

the value of the critical point JS = |∆S|/δ at ∆D = 0 will be-

come larger. However, if the magnetic-ordered septuple layer

is formed, such as in MnBi2Te4,[28] where the exchange split-

ting is greatly strengthened, δ will be expected to be close to

1 and thus the critical point will be close to JS = |∆S|. In the

experiment,[15] the thicknesses of the magnetic-doped and un-

doped layers are taken as d = 3 nm and d = 4 nm, respectively.

The different TI layer thicknesses and properties can lead to

the unequal ∆S in the different layers, which will not change

the basic physics and the structure of the phase diagrams (see

Appendix A).

Next, we study the wavefunction distribution and the spin

polarization in the TI multilayer structures. The spin polariza-

tion η𝑘 is defined as

η𝑘 =
∑n∈occ

(
|ψn,↓(𝑘)|2 −|ψn,↑(𝑘)|2

)
∑n∈occ

(
|ψn,↓(𝑘)|2 + |ψn,↑(𝑘)|2

) , (9)

where ψn,↑/↓ is the upspin/downspin component of the wave-
function with the band index n, and n is to be summed over all
occupied states.

Because the band inversion is accompanied by the change
of the orbital contribution at the Γ point from upspin to down-
spin, ηΓ is directly related to the Chern number,

ηΓ =
C

N1 +N2
. (10)

The above relation can also be demonstrated by the numeri-
cal results in Fig. 3. For example, in Figs. 4(a) and 4(b), with
the parameters chosen as the points labeled by the crosses in
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Fig. 3(b), we plot the wavefunction distributions of all VBs
at the Γ point on each Dirac cone. For the Chern number
phase changing from C = 1 to C = 2, we observe that besides
some band movements, the orbital contribution to the first VB
changes from upspin to downspin, and thus the spin polariza-
tion ηΓ will increase by 1

N1+N2
. At the highest Chern number

phase of C = N1 +N2, the spin polarization can reach its satu-
ration value, ηΓ = 1.

We also investigate the spin polarization at nonzero wave
vectors. In Fig. 4(c), when setting ky = 0, η is plotted as a

function of vkx, where the different lines correspond to JS in-

creasing from 0.12 to 3.6. We can see that, although η𝑘 may

increase with |kx| around the Γ point, it decreases when |kx|
is large enough. On the other hand, η𝑘 always increases with

JS. Thus, at the asymptotically strong Zeeman splitting, the

system may be driven into the ferromagnetic Chern insula-

tor phase.[29] In the experiment, the spin polarization can be

detected by the spin-polarized angle-resolved photoemission

spectroscopy.[30]
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Fig. 4. (a) and (b) The wavefunction distributions of all VBs at the Γ point on each Dirac cone in the TI multilayer structures. The blue and orange
bars denote the upspin and downspin contributions, respectively, and the bar heights are proportional to the weights of the distributions. For clarity, the
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Chern number is labeled on the right. We choose N2 = 2 and N1 = N2 +1, ∆D = 1, JS = 0.84 in (a), JS = 1.08 in (b), and ky = 0 in (c).

The recent experiment that implemented on the TI multi-
layers [(Bi,Sb)2−xCrxTe3−(Bi,Sb)2Te3]N2−(Bi,Sb)2−xCrxTe3

reported the observations of the high-C phase with C = N2

when the magnetic-doping ratio is x = 0.24.[15] According to
the above analysis, this suggests that at such a ratio, the band
inversion only occurs in N2 negative-mass Dirac cones. When
∆D = 0, all these Dirac cones are localized in the magnetic-
doped TI layers. In Ref. [15], the authors also reported that,
for the TI multilayers N1 = 3 and N2 = 2, the Chern number
can change from C = 2 to C = 1 when the middle magnetic-
doped layer thickness was tuned to decrease from d = 4 nm
to zero. They suggested that when the magnetic-doped layer
thickness decreases, a pair of nontrivial interface states will
disappear, so the Chern number is reduced by one. Here in
the Dirac cone model, our observation could be instead ex-

plained by assuming that the intralayer hopping within the
middle magnetic-doped TI layer ∆Sm will change from nega-
tive to positive when the layer thickness decreases. This means
that when the layer is thick enough, the Dirac cones attract
each other so that ∆Sm is negative. When the layer thickness
decreases and becomes smaller, the Dirac cones become less
attractive and even repel each other when a critical thickness is
broken through, so ∆Sm becomes positive. In our calculations,
the chosen model parameters ∆S =−1 and ∆D > 0 are consis-
tent with the above assumptions. Moreover, in Ref. [23], by
comparing the model parameters with the DFT band calcula-
tions, the authors obtained the opposite ∆S and ∆D, which also
supports our assumptions.

To see the effect of ∆Sm on the Chern number modulation,
in Fig. 5, the phase diagrams of the TI multilayer structures are
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plotted in the parameter space (JS,∆Sm), with ∆D = 0.5 in (a)
and ∆D = 1.5 in (b). We can see that in Fig. 5(a), there is
no C = 2 to C = 1 phase transition along the vertical direc-
tion. However, in Fig. 5(b), the C = 2 to C = 1 phase transi-
tion can be captured along the left solid arrow, which agrees
with the experiment.[15] More interestingly, in Fig. 5(b), when
the magnetic-doping increases and the exchange splitting lies
within the range 1.51 < JS < 1.84, there can exist the C = 2
to C = 3 phase transition, e.g., along the right dashed arrow.
Therefore, as long as the layer thickness is not vanishing and
the Dirac cones are still present on the surfaces, the Chern
number may get increased. The conclusion is quite different
from the interface Dirac state mechanism, but also roots in the
band inversion of the Dirac cone.
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Fig. 5. Phase diagrams of the TI multilayer structures in the parameter
space of (JS,∆Sm), with the Chern number C being labeled. The con-
tour scale represents the magnitude of log10 ∆ , where ∆ is the energy
gap of the lowest bands. The bright blue lines denote that the gap is
closed. We choose the parameter δ = 0.6, the layer number N2 = 2,
N1 = N2 +1, and ∆D = 0.5 in (a) and ∆D = 1.5 in (b).

5. Other TI multilayer structures
To make comparisons, we study another two TI multi-

layer structures, with the Chern number phase diagrams plot-
ted in Fig. 6. In Fig. 6(a), we choose the layer numbers N1 = 2
and N2 = 3 so that the magnetic-doped TI layers are sand-
wiched between the undoped ones. In Fig. 6(b), we choose
N1 = N2 = 2 and the number of the magnetic-doped TI layer
is equivalent to the undoped layer.
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Fig. 6. Phase diagrams of two alternative TI multilayer structures in
the parameter space of (JS,∆D), with the Chern number C and the spin
polarization η at the Γ point being labeled as (C,η). The contour scale
represents the magnitude of log10∆ , where ∆ is the energy gap of the
lowest bands and the bright blue lines denote that the gap is closed. We
choose the parameter δ = 0.6, the layer numbers N1 = 2, N2 = N1 + 1
in (a) and N1 = N2 = 2 in (b).

In the isolated layer case of ∆D = 0, for the topmost
undoped TI layer, the masses of the two renormalized Dirac
cones are calculated as

Mo
t,± = 1

2 JD ± 1
2

√
J2

D +4∆ 2
S . (11)

Clearly, Mo
t,± is always positive/negative and there is no sign

change. Therefore, the contributions of the two Dirac cones
to the Chern number are always zero. The cases are the same
for the bottommost undoped TI layer if any. This means that
the Chern number is contributed by the magnetic-doped TI
layers as well as the sandwiched undoped TI layers, but not
the topmost or bottommost undoped TI layer. This conclusion
also holds when ∆D is nonvanishing. Therefore, as shown in
Figs. 6(a) and 6(b), the highest Chern number can only reach
C = 2N1 −1.

For the spin polarization η at the Γ point, the results are
shown in Fig. 6. We can see that the relation in Eq. (10) of
the spin polarization to the Chern number still holds. Compar-
ing Figs. 6(a) and 6(b) with Fig. 3(a), we find that, although
the nontrivial Chern number phases span the similar regions,
the spin polarizations are quite different. As analyzed above,
even when the Chern number takes its highest value, the spin
polarization at the Γ point cannot be saturated in the two TI
multilayer structures.

We note that in Fig. 6, the gaps are well opened in the
Chern insulator phases. Because the Fermi energy needs to be
tuned in the gap, the large gap favors the experimental obser-
vations. This conclusion is quite different from our previous
work,[16] where the gaps of the Chern insulator phases were
found to be too small to hinder the experimental observations.

6. TI superlattice structure
In addition, we study the TI superlattice structure un-

der the periodic boundary conditions in the z direction. Note
that in a unit cell, the topmost and bottommost Dirac cones
may have two nearby magnetic-doped TI layers. As more
and more magnetic-ordered TIs have been successfully fab-
ricated in experiments,[28,31–33] the TI superlattice considered
here may also be realized in the future.

The phase diagrams for the TI superlattice are plotted in
Figs. 7(a) and 7(b), where the unit cell includes the same TI
layer number as in Figs. 3(a) and 3(b), respectively. The bright
blue regions denote that the energy gaps are closed so that the
system lies in the gapless WSM phase. Figures 7(a) and 7(b)
show that the WSM phases can span large parameter regions
and separate the distinct Chern insulator phases. This is con-
sistent with the previous studies,[21,23] while it is quite differ-
ent from the TI multilayer structures, where no WSM phase
exists in Fig. 3. This is explained such that the wave vector kz

needs to take a specific value to close the gap so that the WSM
phase can be accommodated in the TI superlattice,[21,22] but kz
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cannot be modulated in the TI multilayer structures. We find
that the wave vector kz for the gap can also be used to distin-
guish the Chern insulator and WSM phases. In the former, kz

takes the fixed value 0 or π

(N1+N2)d
that situates in the BZ cen-

ter or boundary; while in the latter, kz gradually changes from
0 to π

(N1+N2)d
. Note that in the superlattice structure, due to the

enlarged unit cell, the BZ in the z direction has been folded
into [− π

(N1+N2)d
, π

(N1+N2)d
].
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Fig. 7. Phase diagrams of the TI superlattice structures in the param-
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gap. In (a) and (b), the Chern number C is labeled and the contour scale
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When JS = 0 of no magnetic-doping case, the masses of
the 2(N1+N2) renormalized Dirac cones can be calculated an-
alytically as

Ms
± =±

√
∆ 2

S +∆ 2
D +2∆S∆Dcos

(
kzd +

2πα

N1 +N2

)
, (12)

with the layer index α = 1,2, . . . ,N1+N2. The above equation
shows that the masses always appear in pairs. One can check
that the gap can get closed only when Ms

N1+N2,± vanish, with
the conditions of kz = 0 and ∆D = |∆S|, as shown in Fig. 7.

On the other hand, when ∆D = 0 of isolated-layer case,
the masses of the two renormalized Dirac cones on the top-
most magnetic-doped TI layer in a unit cell are obtained as

Ms
t,± = JS +

1
2

JD ± 1
2

√
J2

D +4∆ 2
S , (13)

which are the same as the bottommost layer in a unit cell. One
can infer from Eq. (13) that the mass Ms

t,− changes from neg-

ative to positive at the critical point JS = |∆S|√
1+δ

and is twofold
degenerate. The other critical points at ∆D = 0 are the same
as those in TI multilayer structures, suggesting that the Chern
number behaviors are similar.

7. Discussion and conclusion
In summary, we have studied the Chern number phase di-

agrams in the TI multilayer structures using the Dirac cone
model, where the Chern number is effectively calculated by
capturing the evolutions of the phase boundaries with the pa-
rameters. We find that the magnetic doping can drive the band
inversion of the Dirac cones and thus induce the high-C phase
transitions. In the highest Chern number phase, the occupied
states are down-spin polarized at the Γ point.

Compared with the previous theoretical works that used
the plane wave expansion method on the 𝑘 · 𝑝 model,[15,16]

our results show the following differences: (i) The inverted
bands are related to the renormalized Dirac cones. (ii) The
Chern number may get increased even when the thickness of
the middle magnetic-doped TI layer decreases. (iii) The gaps
are well opened in the Chern insulator phase in another two TI
multilayer structures. The differences are attributed to the fact
that the surface states of each TI layer in the multilayer struc-
tures are well captured by the Dirac cone model, but may not
be correctly described by the plane-wave expansion method.
We hope that these conclusions, especially (ii) and (iii), would
be demonstrated in the future TI multilayer experiments.

Besides the magnetic-doped TI multilayers, the magnetic-
ordered ones, as well as the factors that cannot be included in
the DFT calculations, such as disorder and magnetic field, can
also be described by the Dirac cone model. We expect the
Dirac cone model to be widely used to explain more emergent
phenomena in the TI multilayer structures, such as the axion
insulator.[34,35]

Appendix A: Unequal intralayer Dirac cone hop-
pings

Here we discuss the effect of the unequal intralayer Dirac
cone hoppings on the phase diagrams. We use ∆S1/2 to rep-
resent the intralayer Dirac cone hopping in the magnetic-
doped/updoped TI layer.

When ∆D = 0, the Chern number in Eq. (8) becomes

C =
N1

2

[
sgn
(
JS −|∆S1|

)
+ sgn

(
JS + |∆S1|

)]
+

N2

2

[
sgn
(
JD −|∆S2|

)
+ sgn

(
JD + |∆S2|

)]
. (A1)

The above Chern number expression shows that the critical
points are located at JS = |∆S1| and JS = |∆S2|/δ , as shown
in Fig. A1(a). More importantly, the structure of the phase
diagram in Fig. A1(a) is similar to Fig. 3(b). When setting
∆D = 0.9, in Fig. A1(b) we plot the phase diagram in the para-
metric space (JS, |∆S2|). We observe that as |∆S2| increases,
the left three phase boundaries show minor changes, while the
right two phase boundaries will move to higher JS. Thus for
the unequal ∆S1 and ∆S2, the qualitative results of the phase
diagram remain unchanged.
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