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A systematic study is performed on time-dependent dynamic transport characteristics of a side-coupled double-
quantum-impurity system based on the hierarchical equations of motion. It is found that the transport current behaves
like a single quantum dot when the coupling strength is low during tunneling or Coulomb coupling. For the case of
only tunneling transition, the dynamic current oscillates due to the temporal coherence of the electron tunneling device.
The oscillation frequency of the transport current is related to the step voltage applied by the lead, while temperature 7',
electron—electron interaction U and the bandwidth W have little influence. The amplitude of the current oscillation exists
in positive correlation with W and negative correlation with U. With the increase in coupling #1, between impurities, the
ground state of the system changes from a Kondo singlet of one impurity to a spin singlet of two impurities. Moreover,
lowering the temperature could promote the Kondo effect to intensify the oscillation of the dynamic current. When only the
Coulomb transition is coupled, it is found that the two split-off Hubbard peaks move upward and have different interference
effects on the Kondo peak at the Fermi surface with the increase in Uy, from the dynamics point of view.

Keywords: quantum dots, tunneling transition, capacitive type

PACS: 73.63.Kv

1. Introduction

Quantum dots can form different quantum-impurity sys-
tems with different leads as a typical low-dimensional meso-
scopic system (metal lead, ferromagnetic lead, superconduct-
ing lead, etc.), which serves as a more detailed research tool
in the field of strong correlation. Since a double-quantum-
impurity system possesses a variety of geometrical config-
urations, its tunneling path is more than that of the single-
quantum-impurity system, and thus there are more abundant
physical properties belonging to double-quantum-impurity
systems. The Aharonov—Bohm oscillation, Fano resonance,
Kondo effect, quantum phase transition, thermoelectric effect

1-10] Research on transport properties

are a few of examples.!
of double-quantum-impurity systems not only provides a the-
oretical basis for the study of integrated circuits but also plays
a vital role in the study of quantum bit, quantum regulation,
and other aspects.[!!]

Although many studies have been made on the spatial
coherence of the electron wave function in quantum-impurity
systems, the temporal coherence of the same system remains
to be studied due to the difficulties involved in dealing with
the time phase coherence and time memory effect of the

s.[1213] There have been many studies on the trans-

electron
port properties of quantum-impurity systems. For example,
for a system having no interaction, the traditional Landauer—
Buttiker scattering matrix theory provides steady state current
through the leads.!'*!>) Wingreen et al. studied the time-

dependent transport current using the method of motion equa-
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tion for the first time and gave the analytical expression of
current using Keldysh Green’s function and Dyson’s equation.
Such oscillation behavior of time-dependent current has gath-
ered people’s attention.!!®!7] However, this method relies on
wide-band limit (WBL), and its shortcoming is that when elec-
tricity has very limited bandwidth or energy-dependent state
density, it cannot calculate the transport current of the sys-
tem quantitatively and accurately. Zhu er al. used the time-
domain decomposition method to directly calculate the time-
dependent transport current I(¢) in the numerical form by us-
ing Green’s function. However, this method has difficulty in
accurately solving the case of weak coupling between the de-
vice and the lead.'®! Maciejko ef al. theoretically provided
an exact analytical expression for the transport current under
nonequilibrium and nonlinear response conditions, whereas
this expression needs to be derived once again after the step
voltage applied to the leads is changed.!'”! From most studies
made on the dynamic transport current of quantum-impurity
systems, it can be seen that electron—electron (e—e) interaction
is either ignored or treated in the mean field.

Some studies have been conducted on quantum-impurity
systems despite having difficulty in calculation of time-
dependent transport current. For example, the density ma-
trix renormalization group method is extended to time-varying
to deal with time-dependent one-dimensional systems and
the transport problems of single impurity systems.?*22] The
time-dependent numerical renormalization group method was
used for studying the nonequilibrium dynamics of quantum-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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impurity systems, and it was found that the occupancy num-
ber would appear as Rabi oscillation when the time-dependent

23,24] How-

gate voltage was applied on the quantum-impurity.!
ever, the use of perturbation processing has not been able to
accurately describe the latest physical phenomena, and the
above work focuses on single-level resonant tunneling, which
does not aptly explain the interesting phenomenon of time-
dependent transport characteristics in the Kondo system.

In the present study, we investigate the nonequilib-
rium dynamics of quantum impurity systems based on the
hierarchical-equations-of-motion (HEOM) approach, taking
into account the environmental effects. The time-dependent
quantum transport problem is solved by using a series of equa-
tions of motion to calculate the time-dependent transport cur-
rent of the quantum-impurity systems with the help of a non-
perturbed quantum impurity model. These are all related to the
experiments on quantum dots and quantum wires, which are
of great significance for quantum computation in the above-
mentioned nanometer devices.

Recently, our group has carried out some research based
on this method. One is related to the tunneling coupling be-
tween quantum dots. We pointed out that the temperature in-
hibits the oscillation of dynamic current by inhibiting kondo
effect due to the temporal coherence of electrons for the sin-
gle quantum dot system. >3 For the parallel-coupled double-
quantum-dot system, the current oscillation is similar to that of
the single quantum dot, and different coupling strengths have
different forms of oscillation. The present research is based on
the perspective of dynamics.

The other aspect is regarding the Coulomb transition cou-
pling between the quantum dots. In Ref. [4], we pointed out
that different Coulomb coupling strengths between the side-
coupled double quantum dots can divide the singly occupied
(SO) state of quantum dot 1 into three quasi-particle substates
from the perspective of the spectral function. The spectral
functions show different characteristics in different kondo re-
gions. The effects of different coupling on different models
were separately studied. Based on the work of Ref. [4], in this
paper we further study the effects of the two coupling modes
on the side-coupling double-quantum-dot system.

The structure of this article is organized as follows. In
Section 2, the HEOM method is introduced and derived, and
the common form of the time-dependent quantum transport
current in a quantum-impurity system is given. In Section 3,
firstly we investigate the influences of the different step volt-
age V, tunneling transition coupling 1> temperature 7', e—e in-
teraction U, and bandwidth W on the transport current within
the side-coupled double-quantum-dot system. Secondly, we
study the influence of the Coulomb interaction coupling Uy,
on the transport current of the side-coupled double-quantum-
dot system in different Kondo regions. Section 4 provides the

summary of the work.

2. Model and Hamiltonian

Based on the HEOM, we developed a set of non-
perturbation methods for solving quantum impurities, 262!
which can not only solve the quantum impurity problem in
open systems, but also deal with the quantum dissipation prob-
lem in non-equilibrium.

As shown in Fig. 1, we study the side-coupled double-
quantum-dot model with particle-hole symmetry €4+ = & =
&1 = & = —U/2. QD1 and QD2 are identical, in which the
two sides of QD1 are connected to the left and right leads
respectively, and there may be tunneling transition coupling
t12 and Coulomb interaction coupling U;, between QD2 and
QD1. We take two quantum dots as research objects and de-
scribe their physical properties through the motion equation of
the density matrix operator. The leads are regarded as the envi-
ronment attached to the quantum dots, generally considered as
a non-interacting Fermion bath. The influence of the environ-
ment on the quantum dots is described by the correlation func-
tion. By constructing a set of non-perturbative equations of
motion about the reduced density matrix operator and the aux-
iliary density matrix operator, the dynamic transport current of
the system is solved in the HEOM linear space. Under the An-
derson impurity model, the total Hamiltonian of the quantum-
dot system, the leads and the interaction between them reads

H = Hs + Hp + Hipy. (D

The Hamiltonian of the multiple-quantum-dot system is
.U
Hs = Y €iclpdic + 5 Y nionis
ic ic

+7 ) (Gdjo +djodis), @
(i.j)o
where €, refers to the on-site energy of the electron with spin
o(o =1,]) in the quantum dot i (i = 1,2), d;, and G;5 corre-
spond to the creation and annihilation operators of electrons
with spin ¢ on quantum dot i, njc = &];&ig is the electron
number operator of quantum dot i, U is the Coulomb interac-
tion between the electrons of spin ¢ and & in the quantum dot,
Y refers to the coupling strength between quantum dots i and
J.
The Hamiltonian of the leads is

Hg= )

k,u,a=L.R

erady o dipa, 3)

where g, refers to the energy of electrons with the wave vec-
tor k at a leads, u is the orbital of the electron (either includ-
ing spin orbital o here, or including both spin ¢ and quantum
dot orbital i when involving quantum dot henceforth for ab-
breviation), d}; o and cikua are the corresponding creation and
annihilation operators.
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Fig. 1. The model for side-coupled double-quantum-impurity systems.

The Hamiltonian coupling of the quantum-dot system and
leads is

mt_Z[fu ( )aﬂ—i_&:lrfﬂ(t)]? (4)

where f; (1) = e eIy, o tljpadl;la

teraction operator satisfying Gaussian statistics, fqry, is the

e~ 1B is the random in-
transfer coupling matrix element. We describe the effect of
Fermion bath on the quantum-dot system through the hy-
brid function, and here we consider using the Lorentz form
Ag(®) = T ¥k thatiy o (0 — €ra) = AW?/[2(0 — pio)* +
W?2], where A is the effective coupling strength between quan-
tum dots and leads, W is the bandwidth of the leads, ug is
the chemical potential of lead ct.[>*%1 The quantum dots are
parameterized with the environment:

Z Coc;wm

The closed HEOM of the open system is

J

Coun(t) Zna,wm Tand 5)

r=1-n
s _\n—rp . 4n—1 ) )
1 Z ) Cj’pjl"'jr—IJrJrl"'Jn’ ©)
r=1--n
with
_~n+1 _ n+1 _\n+l yn+1 o
A./'pj1~~jnj - Hpjl J/+( ) Pji-juj%u O
. pn—1 — 0 n—1
Cj’pjlr"'jnr - Z [Caﬂvavpjlr“‘jnr
v
— ()" CouvPi L 4 ®)
OQUVIE jipejur =V | "

The auxiliary density operator with index j = (o, o, l,m)
refers to the transfer of electrons from the impurity state
This behav-
ior is associated with characteristic memory time ¥, .
{p;‘I‘,‘jn(t),(n:O,...,L
ator of order n, L denotes the truncation order; £, A, C repre-

(0o = —) or into the impurity state (o = +).
Here
)} denotes the auxiliary density oper-

sent superoperators, as defined in Ref. [27]; a9 and ad repre-
sent the creation and annihilation operators of electrons with
the electron orbital of i (0 = +/—). The correlation func-
tion Cgyy (t — T) =) fou () f4u(7))B follows the time transla-
tion symmetry and detailed balance relations.

Let us start from the initial equilibrium steady state of the
system:

o = p*=0. ©))

When the voltage is applied to the leads, the system is out
of balance and the current flowing from the left to the right
lead is I(¢). When the current reaches a steady state, we have
I(t) = I.(t) = —Ir(¢). The current value calculated in this pa-
per refers to the current passing through the left lead I (¢).
The electron occupancy number N(z) of the quantum dots is
expressed as N(t) = tr[a;;lam p(#)]. The current flowing into
the quantum dots through lead « is expressed as

Ia(t) = —e-L (Ng)p = e

dr <[N°"

. 10

5 @)t (10)
Here, H(?) is the Hamiltonian of the whole complex system in
the interaction representation; N, = Y i sz o ke 1s the parti-

cle number operator of the lead; (- - - ) is the statistical average

[Nev, Hin(1)]
and trp = trg trp is used, the dynamic transport current flowing

of the entire complex system. Since [Ny, H ()] =

into leads is expressed as

1) =i ) trs[pgy (1)ay — i Pay (1), an
u

where trg and trg represent the traces of quantum-dot system

and lead, respectively; pg, = (pau) is the first-order auxil-

iary density operator obtained by solving the HEOM.

As a numerical method, the HEOM has the following
characteristics. First of all, with the increase of truncation
order L, the calculation results of the corresponding physical
quantities gradually converge in the full energy domain. In our
calculations, if the error of the numerical results for each ele-
ment of the density matrix or spectral function matrix of L =N
and L = N + 1 is less than 5%, then we can consider the results
to be convergent, since this will obtain sufficiently accurate
values of the dynamic transport current. Secondly, the HEOM
has great advantages in solving quantum-dot problems with
high accuracy. In Ref. [>! the time-dependent dynamic cur-
rent of single-level resonant tunneling obtained by the HEOM
method is compared with the current obtained by the analytical
formula based on Keldysh Green’s function, non-equilibrium
Green’s function, time-dependent density matrix renormal-
ization group and time-dependent numerical renormalization
group, separately. It is found that the HEOM method can not
only describe the dynamic behavior of the single-level system
well, but also be superior to the latest time-based numerical
renormalization group method in numerical solution. This also
provides the premise for us to study the transport properties
in the Kondo region of the side-coupled double-quantum-dot
system.
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3. Results and discussion

There may be two forms of interaction between the two
quantum dots for the side-coupled double-quantum-impurity
system. One is the tunneling type, which is represented by
the transition coupling parameter ¢1, and is a necessary condi-
tion of the two-channel Kondo effect and the two-stage Kondo
effect.[31-341 The second is the capacitive type, which is de-
scribed by the Coulomb repulsion seen between the dots. It
is expressed by the Coulomb interaction constant Uj,. This
interaction is involved in single electron switches and other

(35,361 Since there appears to be no en-

transport phenomena.
ergy levels near the Fermi surface, the Kondo effect results
in a large transport current and also the oscillating behavior
of the current. The Hamiltonian of the side-coupled double-

quantum-dot system is
Hs = Y [giciydic + Unionic)
o,i=1,2

+1Y (85026 +35015)- (12)
o

The parameters are the same as mentioned above. For the tun-
neling type, v = t12. For the capacitive type, the Hamiltonian
is
Hs = Y [gicdiydic + Unionic)
o0,i=1,2
+ U Y (a{;016055000). (13)
o

Firstly, the capacitive coupling is ignored, and only the
tunneling transition coupling is dealt with. Since the Kondo
resonance assists the tunneling of electrons at low tempera-
tures to produce a large resonant transport current, a new type
of current oscillation appears.

The current transport characteristics of the side-coupled
double-quantum-impurity system during different step volt-
ages in the Kondo state are described in Fig. 2. The tunnel-
ing coupling between the two impurities as weak coupling
was set at 0.1 meV. It could be seen that the current rapidly
increases to its maximum value once the step voltage is ap-
plied, and further regular oscillations occur depending on the
form of the step voltage applied. For example, when the volt-
age Vi, = —Vg = 0.3 mV, the maximum value of current is
10000 pA, and three apparent oscillations occur before reach-
ing its stable value. When Vi, = —Vg = 0.1 mV, the maximum
value of current is 5000 pA, and only one obvious oscillation
occurs before reaching its stable value, and thus the amplitude
is significantly reduced. This happens due to the time coher-
ence corresponding to the step voltage as the electron tunnels
through the quantum impurities. The accumulation and dissi-
pation of the charges of the leads appearing on the left and
right produce oscillatory behavior when the step voltage is
changed suddenly. The larger the step voltage is, the faster

the accumulation and dissipation of the charge would be, and
the more obvious the oscillation behavior appears. In addition,
all of the current values reach their respective stable values at
30 ps, irrespective of the voltage pulse form, corresponding to
their respective steady-state current. This is because the longer
relaxation time gives the tunneling electron enough time to re-
spond to the bias change.

12
— V1 =0.10 mV
10 — V1L =0.15 mV
— VL =0.20 mV

— V1, =0.30 mV

20 25 30

00 LI’) 1I0 1I5
t (ps)
Fig. 2. The dynamic current of the side-coupled double-quantum-
impurity system at different step voltages. The parameters adopted
are t;p = 0.1 meV, kg7 = 0.015 meV, A = 0.2 meV, W =2 meV,
U=2meV,U;p =0, €1 =¢€ =& =6 =—1meV.

Figure 3 shows the oscillation form of the current in the
side-coupled double-quantum-impurity system at different 1,
and during large and small step voltages, respectively. It is
found that, no matter how large a step voltage is added, the os-
cillation behaviors of the current for t;, =0 and ;5 = 0.1 meV
are similar, whereas the amplitude of the current oscillation
decreases and reaches a stable value faster when the coupling
is weak. For example, when Vi, = —Vg = 0.3 mV, the cur-
rent of the system reaches a maximum value of 1.4 ps under
the weak coupling condition of ¢; = 0.1 meV and reaches the
steady-state current value of 20 ps. However, when 1, = 0, the
current reaches a maximum value of 1.8 ps, and there is still
an oscillation behavior of small amplitude at 30 ps. This is
because the ground state of the system maintains the Kondo
singlet of each impurity when the tunneling transition cou-
pling strength #1 is weak, and thus an oscillating behavior
appears similarly to that of a single quantum dot. However,
there will not only be an L-QD1-R for the current, but the
L-QD1-QD2-QD1-R is also added to the system compared
it to the single quantum dot, which would speed up the cur-
rent transport. As #o increases, the oscillation of the dynamic
current changes significantly. When we compare the images of
t12 =0.1 meV and #; = 0.2 meV under different step voltages,
we find that no matter how large the step voltage is, when the
system has weak coupling, the current would first reach a max-
imum value and then oscillate to a stable value, which is lower
than the maximum value. However, when ¢ = 0.2 meV is
in the strong coupling, the maximum value of the current that
appears first is the same as that of the steady-state value of
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the current that finally occurs after oscillation, or even slightly
lower than the steady-state value itself. This is due to the fact
that, when 71, is small, the direct first-order coupling (¢) is
much stronger than the induced second-order antiferromag-
netic spin coupling (J = 4¢> /U) present between the two im-
purities, in which the current oscillates like a single quantum
impurity. When #1; is large, the spin-spin coupling J domi-
nates, making the ground state of the system transform into
the spin singlet of the two impurities, and thus the transport
current shows different oscillatory behaviors.

14
t19o=0 meV, V,=0.3 mV

| ----t15=0.1 meV, V,=0.3 mV

12 t12=0.2 meV, VL, =0.3 mV

t1o=0 meV, V{,=0.1 mV
----t15=0.1 meV, V;,=0.1 mV
. ——t12=0.2 meV, VL, =0.1 mV

10 /-

I (10% pA)

0 5 10 15 20 25 30
t (ps)
Fig. 3. The dynamic current of the side-coupled double-quantum-
impurity system at different step voltages and different transition cou-
pling parameter tj. The parameters adopted are kg7 = 0.015 meV,
A=02meV,W=2meV, U =2 meV, Uj, =0, & =& =& =
& =—1meV.
In Fig. 4(a), we have shown a graph of current chang-
ing with time at different temperatures. According to the

formulal®”]

Tx = >

where A = 2A, the calculated Kondo temperature is approx-
imately kg7x ~ 0.122 meV. In the high-temperature region,
such as kT =~ 0.32 meV, only one maximum value appears in
the picture of the dynamic current, and the current reaches the
steady-state value soon after reaching this value. In the vicin-
ity of the Kondo temperature, the current oscillates like that of
in the high-temperature region. As the temperature begins to
drop further, the current starts to oscillate in a new form. For
example, at kg7 = 0.045 meV, slight oscillation occurs before
reaching the steady-state current. The lower the temperature
is, the larger the amplitude of the current oscillation is, and
the more obvious the oscillation behavior would be, such as
in the case of kg7 = 0.015 meV. The steady-state values of
current measured at 100 ps at different temperatures are given
in Fig. 4(b). It can be seen that in the dynamic transport of
the quantum-impurity system, the Kondo effect could be pro-
moted by lowering the temperature to promote the oscillation
of the dynamic current and to increase the steady-state current
value.

10000
(a) — kpT=0.015 meV
—— kT =0.045 meV
8000 F —— kT =0.065 meV
—— kpT=0.122 meV
——kgT=0.320 meV
Z 6000f
8 N
N N
4000
2000 |
0 . . . . .
0 5 10 15 20 25 30
t (ps)
5800 |
5600 |
5400 |
5200 f
fl/ 5000 |
~ 4800 |
4600 | \
4400 + \\
4200 I D
\ i L i i L
4000 75705 0.10 0.15 0.20 0.25 0.30 0.35

t (ps)
Fig. 4. (a) The dynamic current of the side-coupled double-quantum-
impurity system at different temperature 7. (b) The steady-state values
of current measured at 100 ps at different temperatures. The param-
eters adopted are Vi, = —Vg = 0.2 mV, #; = 0.1 meV, A = 0.2 meV,
W:2meV,U:ZmeV,U|2:O,szeuzsnzeuzfl meV.

Further, the effect of e—e interaction U on the current os-
cillation is studied. Figure 5 shows the results of the Kondo re-
gion T < Tk and the non-Kondo region T > Tk, respectively.
The comparison between the two figures shows that the am-
plitude of the current oscillation decreases with the increase of
U, regardless of whether the current is present in the Kondo
region or not, because the on-site e—e interaction induces the
localization of the carrier. Taking a closer look at the Kondo
region in Fig. 5(a), it can be seen that the amplitude of the cur-
rent oscillation decreases when U increases, but the frequency
remains almost constant. The mechanism can be understood
as follows. According to the analytical expression of the
Kondo temperature Tk, Tk increases with the decrease of U.
Since the temperature is fixed (kg7 = 0.015 meV), a smaller
U would result in a larger difference between 7 and Tx. Fig-
ure 4 indicates that the larger the difference is, the stronger
the current oscillation would be. Therefore, for smaller U, the
Kondo effect of the system would be enhanced, and the current
would have a larger amplitude and a higher value of steady-
state current. For example, the maximum amplitude of the os-
cillation increases from 6000 pA of U = 2.4 meV to 9000 pA
of U = 1.8 meV, and the steady-state current value increases
from 4000 pA of U = 2.4 meV to 6800 pA of U = 1.8 meV.

097305-5



Chin. Phys. B 31, 097305 (2022)

10000
(a) —U=1.8 meV
—— U=2.0 meV
8000} — U=2.2 meV
—— U=2.4 meV
2 6000 H
&
™ 4000
2000
O 1 1 1 1 1
0 5 10 15 20 25 30
t (ps)
10000
L (b) —U=1.8 meV
—— U=2.0 meV
8000 — U=2.2 meV
| —— U=2.4 meV
2 6000
e L
™ 4000
2000
0 . . . . .
0 5 10 15 20 25 30
t (ps)

Fig. 5. The dynamic current of the side-coupled double-quantum-
impurity system at different e—e interactions U. The parameters adopted
are tjp = 0.1 meV, Vi, = —Vg =02 mV, A =0.2 meV, W = 2 meV,
Upp =0, €4 =€ =& =& = —1 meV. (a) In the Kondo regime,
kgT = 0.015 meV. (b) Out of the Kondo regime, kg7 = 0.32 meV.

Towards the end of this section, we also elucidate the ef-
fect of the bandwidth W of the lead on the current oscillation,
which is difficult to treat using the nonequilibrium Green’s
function method under the wideband approximation. The
characteristics of the dynamic current corresponding to differ-
ent bandwidths are shown in Fig. 6. It can be seen that a larger
W leads to a relatively larger amplitude of current oscillation
and a relatively larger value of the steady-state current. This
phenomenon mainly occurs due to the increase in the band-
width, the accumulation, and consumption of the charge on
both sides of the lead increases, resulting in the effect of cur-
rent enhancement, that is, the bandwidth-enhanced lead capac-
itance contribution. In addition, we see that the frequency of
oscillation is almost independent of the bandwidth W. There-
fore, when studying the oscillation frequency behavior, we can
roughly think that the electrode bandwidth has little influence
on the current oscillation behavior.

It can be seen that for the side-coupled double-quantum-
impurity systems, the frequency of current oscillation is re-
lated to the applied voltage, but not to the temperature 7', e—e
interaction U and bandwidth W. It has been pointed out in
Ref. [38] that in a single-quantum-impurity system, the mag-
nitude of kondo oscillation frequency is equal to the magni-
tude of applied voltage. This conclusion is also confirmed by
the calculation of the side-coupled double-quantum-impurity

system. We find that the tunneling transition ¢, also has an
effect on the frequency of current oscillation: as the coupling
strength ¢, increases, the frequency also increases. This is be-
cause the system undergoes a continuous quantum phase tran-
sition from kondo singlet of the single quantum dot to spin
singlet of the double quantum dots.

8000

6000

4000

I (pA)

2000

0 1 1 1 1 1
0 5 10 15 20 25 30

t (ps)
Fig. 6. The dynamic current of the side-coupled double-quantum-
impurity system at different bandwidths. The parameters adopted are
t1p =0.1meV,V, = —Vg =0.2mV, kg7 = 0.015 meV, A = 0.2 meV,
U=2meV, U;, =0, 8|T:£|$:€2T:82$:_1 meV.

We further ignore the tunneling coupling and study only
the pure capacitive coupling.

As we can see from Fig. Al in Appendix A, when there is
no repulsive inter-dot Coulomb for QD1, there would be two
Hubbard bands symmetrically distributed on both sides of the
Fermi energy level, representing the singly occupied state be-
low the Fermi energy level (SO state) and the double occupied
state above the Fermi energy level (DO state), respectively.
When Uj; is applied to the system, the SO state and the DO
state splits into three quasi-particle states, SOg, SOy, SO, (the
energy levels are €1, €1 + U2, € +2Uj3), and DOy, DO, DO,
(the energy levels are € + U, & + U + U, € +2U1p +U),
respectively. With the increase in Uiy, the SOg and DOy sub-
states remain unchanged, while the SO; and DO; substates
deviate from their original position at a rate of 1, and SO, and
DO, substates deviate at a rate of 2. When combined with their
initial positions, the SO, and SO; substates pass linearly and
sequentially through the Fermi energy levels during this pro-
cess. We find that within the parameter region of 0 < U, < U,
there exists an interesting interference phenomenon, as shown
in the following figure.

The current steady-state values corresponding to different
Uy, in the side-coupled double-quantum-dot system are de-
scribed in Fig. 7. It can be seen that during 0 < U, < 0.2 meV,
which is in the Kondo-I (K-I) region, the steady-state current
value increases with the increase in Uj,. This is because the
SO, first reaches the Fermi level and hence has an interference
enhancement effect on the Kondo peak. When 0.2 meV <
Uyp < 1.2meV, that is, the system is in the Kondo—Fano (K-F)
region, the steady-state current presents an M-type with the in-
crease of Uj;. This is because in this region, with the increase
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in U}, the up-moving SO and SO; state levels have impacts
on the Kondo peak there. When 0.2 meV < U, < 0.5meV, the
SO, state first reaches the Fermi energy level and brings about
the interference enhancement phenomenon of the K-F effect,
which indicates that the steady-state current value increases
with the increase in Uj,. After that, the SO, state also reaches
the Fermi level and influences the Kondo peak together with
the SO, state. The strengthening effect of the SO, state and the
weakening effect of the SO, state would contradict each other,
that is, the linear shape of 0.5 meV < Uj; < 1.0 meV would
become V-shaped. As Uj; continues to increase, the energy
level of the SO, state at 1.0 meV < Uy, < 1.2 meV increases
away from the Fermi level, and the SO, state occupies a dom-
inant position, thus causing the interference suppression phe-
nomenon of the K—F effect. When 1.2 meV < U, <2.0meV,
that is, in the Kondo-II (K-II) region, the steady-state current
value decreases as U, increases. This is because the SO, state
of the Hubbard sub-peak of interference Kondo peak is ele-
vated and situated away from the Fermi level during this time,
and only the SO, state has an impact on the system. By com-
paring the K-I region with the K-II region, it can be seen that
only the SO, state and the SO state possess different interfer-
ence effects on the Kondo summit.

I (103 pA)

0 04 08 12 16 20
U12 (meV)

ol i

Fig. 7. The steady state value of current of side-coupled double-
quantum-impurity systems at different Coulomb coupling constant Uj,.
The parameters adopted are t1 =0, Vi, = =V = 0.3 mV, kgT =
0.015meV, A =02meV,W =2 meV, U =2 meV, g4 =€ =& =
& = —1 meV.

Figure 8 shows the dynamic current transport images of
the single quantum dot, K-I region, and the K-II region, re-
spectively. It is seen that the dynamic transport current image
within the K-I region (U2 = 0.1 meV) is roughly the same
as that of the linear shape in the single quantum dot, and the
dynamic transport current image in the K-II region is 1/3 the
value of the single quantum dot at large Uj, (Ujp = 2 meV).
This is because the coupling strength is weak, and the system
behaves like a single quantum dot in the K-I region. How-
ever, in the K-II region, when the Coulomb coupling strength
is very high, the SO, state is far away from the Fermi energy
level, and the SO; state would have a major influence on the

Kondo peak. The lines in this section are thus similar to those
in the K-I region but consist of only a third of the value.

15h x3 Uiz =0 meV

——U;2=0.1 meV
——U;3=2.0 meV

I (103 pA)

% 10 20 30 10 50

t (ps)
Fig. 8. The current of side-coupled double-quantum-impurity systems
at different Coulomb coupling constant Uj,. The parameters adopted
are t1p =0, L = —VrR =03 mV, kgT = 0.015 meV, A = 0.2 meV,
W =2meV,U =2 meV, Ep =& =& =86 = —1 meV.

4. Conclusion

In summary, we have studied time-dependent dy-
namic current transport properties of a side-coupled double-
quantum-impurity system based on the HEOM method under
different coupling conditions. The transport current would be-
have like a single quantum dot when the coupling strength is
low during both tunneling and capacitive coupling.

Only for the tunneling transition in the Kondo region, the
dynamic current oscillates due to the temporal coherence of
the electron tunneling device. The oscillation frequency of the
transport current is strongly dependent on the bias voltage ap-
plied by the lead and is insensitive to the change in values of
T, U and W. The amplitude of the current oscillation is in pos-
itive correlation with the electrode bandwidth W and in nega-
tive correlation with the e—e interaction U. With the increase
of the coupling U, between impurities, the ground state of the
system changes from a Kondo singlet of single impurity to a
spin singlet in the numerical calculation, such that the system
would experience three-parameter regions: the Kondo-I re-
gion, Kondo—Fano region and Kondo-II region with the change
of U1,. When the Uy, value is very small, the current in the K-I
region behaves like that in a single-quantum-impurity system,
and only the SO, states would have a very weak interference
enhancement effect on the Kondo peak. With the increase of
Uy, two sub-summits present below the Fermi energy level
are elevated and are passed through the Fermi level in turn.
They produce fano interference on the Kondo peak, forming
the K-F effect, which describes the phenomenon of interfer-
ence enhancement, interference competition, and interference
suppression. As the U}, value continues to increase, the Hub-
bard sub-peak, which interferes with the Kondo peak, contin-
ues to elevate, such that it lies far away from the Fermi level.
At this point, the transport current in the K-II region shows
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qualitative consistency with that in the K-I region, with a 1/3
quantitative relationship.

Our next work is to simultaneously change the tunneling
transition coupling ¢, and the Coulomb interaction parameter
Ui, to observe their effects on the dynamic transport current

of the side-coupled double-quantum-impurity system.

Appendix A: Convergence of the HEOM method

When the HEOM method was used to solve the Andersen
model of single impurity, in Ref. [29] we showed the spec-
tral function of impurities under different truncation orders,
and found that the results began to approach the accurate re-
sults when the truncation order L = 3. When L increases to
4, the spectral function already overlaps with the results of
L =35. It can be verified that the calculation of HEOM con-
verges rapidly with the increase of truncation order L and sat-
isfies the summation rule [ dwA(®w) = 1 in numerical accu-
racy. For the side-coupled double-quantum-impurity system,

it converges when the truncation order L = 3.

DO,y
eq+U > eq+U DO,
DO DOy

er| ] Uiz er|
SO,
€d >— €d SO,
SO SO,
L QD1 R L QD1 R

Fig. Al. Schematic diagram of Coulomb coupling configuration of
side-coupled double-quantum-impurity systems. 4!
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Fig. A2. Dynamic transport images of a side-coupled double-quantum-
impurity system with different truncation orders L. The parameters
adopted are t1p = 0.1 meV, Vi, = =Vr =03 mV, kg7 = 0.015 meV,
A=02meV,W =2meV,U =2 meV, Ujp =0, padé =3, g =€ =
& =& = —1 meV.

As can be seen from Fig. A2, the current value of L =3
is almost the same as that at L = 4 and L = 5, so the result
at L = 3 is accurate and is taken in this paper. An optimized
spectral decomposition scheme, padé spectral decomposition,

is adopted to consider all the information about the interaction

of the electrode on the quantum dots as completely as possible.
As can be seen from Fig. A3, the error range between padé =7
and padé =8 is less than 5%. The higher the padé number is,
the higher the corresponding calculation cost is, so we take
padé="7.

12

— padé=>5

I (103 pA)

0 1 1 1 1 1
0 5 10 15 20 25 30

t (ps)
Fig. A3. Dynamic transport images of a side-coupled double-quantum-
impurity system with the different values of padé. The parameters
adopted are t13 = 0.1 meV, Vi, = =V =03 mV, kg7 = 0.015 meV,
A=02meV,W =2meV,U =2 meV, Upp, =0, L=3, gy =& =
& =& = —1 meV.
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