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Models based on a parabolic equation (PE) can accurately predict sound propagation problems in range-dependent
ocean waveguides. Consequently, this method has developed rapidly in recent years. Compared with normal mode theory,
PE focuses on numerical calculation, which is difficult to use in the mode domain analysis of sound propagation, such as the
calculation of mode phase velocity and group velocity. To broaden the capability of PE models in analyzing the underwater
sound field, a wave mode calculation method based on PE is proposed in this study. Step-split Padé PE recursive matrix
equations are combined to obtain a propagation matrix. Then, the eigenvalue decomposition technique is applied to the
matrix to extract sound mode eigenvalues and eigenfunctions. Numerical experiments on some typical waveguides are
performed to test the accuracy and flexibility of the new method. Discussions on different orders of Padé approximant
demonstrate angle limitations in PE and the missing root problem is also discussed to prove the advantage of the new
method. The PE mode method can be expanded in the future to solve smooth wave modes in ocean waveguides, including
fluctuating boundaries and sound speed profiles.

Keywords: parabolic equation, propagation matrix, eigenvalue decomposition

PACS: 43.30.–k, 43.30.Bp DOI: 10.1088/1674-1056/ac6940

1. Introduction
Underwater acoustic propagation modeling is a signifi-

cant research project in underwater acoustics. It provides a
theoretical basis and technical reference for underwater acous-
tic equipment and exhibits considerable practical significance
for improving the detection performance of sonar. The key
to underwater acoustic propagation modeling is to change
a physical problem into a mathematical problem, including
wave equations and boundary conditions. In accordance with
the different approximate solutions for a wave equation, nu-
merous sound propagation models have been consecutively
presented, considerably promoting the capability of sound
field calculation and analysis. Existing underwater sound
propagation methods include the normal mode (NM),[1–6]

parabolic equation (PE)[7–9] ray theory,[10] and fast field[11–13]

methods. Mixed models of various methods have also been
derived, such as ray–NM, NM–PE, and ray–NM–PE.

Compared with most sound propagation theories, the PE
method exhibits the advantages of fast and flexible comput-
ing, and it can effectively solve the sound propagation problem
in range-dependent environments. Many outstanding achieve-
ments in PE have been reported in recent years. An additional
and important physical propagation mechanism that can be in-
vestigated in elastic PE models[14–21] is the propagation of in-
terface waves, namely, Scholte, Rayleigh, and Stoneley waves.
Breakthroughs have been achieved in 3D PE models,[22–30]

disregarding the assumption of cylindrical symmetry and en-

abling these models to solve a wider class of ocean acoustic
problems due to developments in PE theory and computer effi-
ciency. Effort has also been exerted to applying the PE method
to various realistic problems, such as forecasting reverbera-
tions. As a numerical method, however, PE experiences dif-
ficulty in effectively analyzing the physical performance and
interference structure of a sound propagation problem in the
wave mode domain, limiting the further development of this
method. In normal mode theory, the sound field is regarded
as a sum of a certain number of orthogonal modes. The en-
ergy and phase of the sound field under each mode propagate
in accordance with the group velocity and phase velocity of
the mode. The received sound field is the boarding form of
all arriving modes. It has a simple physical meaning and is
intuitive. Therefore, an alternative method to address this lim-
itation is to establish the relationship between the PE method
and normal mode theory.

To expand the application of PE effectively in sound field
analysis, the wave mode computing method based on PE is
proposed in the current study. By using this new method, wave
mode eigenvalue and eigenfunction can be calculated via the
split-step PE model.[7] The numerical results of the sound field
in shallow-water, deep-water, and multilayer-bottom waveg-
uides verify the validity and accuracy of the new method.
Meanwhile, the angle limitation of Padé approximation is ver-
ified in the wave mode domain by using the PE mode method
(PM) and the problem of missing root in NM is also solved by
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PM.

2. PM
The split-step Padé PE model developed by Collins

(RAM-PE)[7,8] divides the range-dependent ocean environ-
ment into a series of locally range-independent regions. In
each of these regions, the wave equation is transformed into a
PE solution that can be expressed as

u(r+∆r) =
L

∏
l=1

1+alX
1+blX

u(r), (1)

where

X = k−2
0

(
ρ

α

∂

∂ z

(
1
ρ

∂α

∂ z

)
+ k2− k2

0

)
,

k = ω/c is the medium wavenumber, ω is the angular fre-
quency, c is the sound speed, k0 = ω/c0 is the reference
wavenumber, L is the order of the Padé approximant, ∆r is
the step length in the range direction, al and bl are the Padé
coefficients, and quantity u is related to sound pressure p by
u = pexp(−ik0r)/α , while α =

√
ρc is a factor that assures

energy conservation at each marching step (ρ is the medium
density).

The sound field in each step can be expressed in the form
of a multi-step matrix equation, as follows:

RlUl = SlUl−1, (l = 1,2, . . . ,L) , (2)

where L is the order of the Padé approximant, matrix Ul

(l = 1,2, . . . ,L) is the discrete form of u in step l, Rl and Sl

are N×N reversible tridiagonal matrices, and N is the depth
number of grid points. The chase method can achieve faster
calculation speed in actual matrix operation.

From the perspective of mathematical form, the transfor-
mation between the same dimensions of column vectors can
be realized by multiplying the same dimension square matrix,
which can be regarded as the simplest form of vector transfor-
mation. Inspired by the aforementioned mathematical ideas,
the column vectors obtained by the discrete depth operators at
different ranges in the PE model can also be calculated via sin-
gle equal dimension reversible square matrix multiplication.
The square matrix that connects two sound field vectors can
be called the propagation matrix.

The recurrence formula for the sound field with the prop-
agation matrix method [31] is expressed as

U (r+∆r) = MU (r) , (3)

where M is the propagation matrix for calculating the sound
field at different distances, and it contains the information
of the marine environment parameters at the propagation dis-
tance. Matrix U is the discrete form of u.

By comparing Eqs. (2) and (3), the expression of the prop-
agation matrix can be written as

M =
(
R−1

L SL
)
(· · ·)

(
R−1

l Sl
)
(· · ·)

(
R−1

1 S1
)
, (4)

where Rl , l = 1,2, . . . ,L and Sl , l = 1,2, . . . ,L are quasi-
symmetric and reversible matrices, and the corresponding
ocean environment parameters of the two matrices are the
same parameters. Therefore, the propagation matrix M is also
quasi-symmetric, i.e.,

M ∼= MT. (5)

By applying the matrix eigenvalue decomposition
method, the reversible matrix M can be decomposed into the
following expressions:

M = ΦΓ Φ
−1, (6)

Φ = [φ1,φ2,φ3, . . . ,φN ] , (7)

Γ = diag(λ1,λ2,λ3, . . . ,λN) , (8)

where the column vector φn (n = 1,2, . . . ,N) is the eigenvec-
tor that corresponds to the eigenvalue λn (n = 1,2, . . . ,N) of
propagation matrix M. The eigenvalues and eigenvectors of
the propagation matrix satisfy the following relationship:

Mφn = λnφn. (9)

The propagation matrix is a quasi-symmetric square matrix,
and different eigenvectors of the symmetric matrix are orthog-
onal to one another. Thus, the eigenvector group {φn}, (n =

1,2, . . . ,N) is known as a complete set of quasi-orthogonal
bases. That is, the inner product between the eigenvectors sat-
isfies

[φm,φn]∼= 0, (m 6= n,m,n = 1,2,3, . . . ,N) . (10)

Equations (9) and (10) demonstrate that the effects of the prop-
agation matrix on the sound field can be expressed as the su-
perposition of the independent effects of the propagation ma-
trix on the orthogonal components of the sound field.

For the range-independent sound propagation problem,
the propagation matrix remains unchanged during the recur-
sive calculation of each horizontal step. Thus, the calculation
formula for the underwater sound field can be expressed as

U (m∆r) = Mm−1U (∆r) . (11)

The propagation matrix can be written as the multiplication
form of eigenvalues and eigenvectors, and the initial sound
field U (∆r) can also be expressed as a combination of dif-
ferent eigenvectors. Equation (11) can be written as

U (m∆r) =
N

∑
τ=1

aτ λ
m−1
τ φτ , (12)

aτ =
[U (∆r) ,φτ ]

[φτ ,φτ ]
, (τ = 1,2, . . . ,N) , (13)
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where [φ ,ϕ] represents the inner product of two vectors φ and
ϕ .

Equation (12) is the core formula for mode decomposi-
tion theory of the parabolic equation model, which is consis-
tent with NM. The modes of the parabolic equation model can
be considered the result of the uniform sampling of NM in
the depth direction. The expression of underwater sound pres-
sure can be obtained by the relation between quantity u and
sound pressure p, that is,

P(m∆r,n∆z) =
N

∑
τ=1

aτ φτ (n)
λ m−1

τ e ik0m∆r
√

m∆r
, (14)

where ∆z is the step length in the depth direction.
Compared with the classic parabolic equation model,

propagation decomposition theory of sound field assumes that
the different eigenvectors of the propagation matrix satisfy or-
thogonality and make approximations in two aspects. Firstly,
the approximate orthogonal decomposition of the propagation
matrix is adopted. When different eigenvectors are orthogonal
to one another, no energy exchange occurs among the propaga-
tion mode components, which are all independent propagation
modes. In fact, the modes are not completely consistent be-
cause the propagation matrix cannot be strictly symmetric in
ocean sound waveguides. Then, a redistribution of energy oc-
curs when different modes propagate to a long distance, and
the role of this phenomenon is disregarded in the new the-
ory. Secondly, the approximate orthogonal decomposition of
the initial sound field is adopted. In the process of represent-
ing the initial sound field as a linear combination of different
eigenvectors, the different eigenvectors are assumed to be or-
thogonal and the influences of each component on the coeffi-
cients are not considered. This approximation disregards the
influence of the correlation between modes in the sound field,
and it exerts an evident influence on the results of the near-
range sound field. However, the influence on the sound field
decreases rapidly with an increase in propagation range.

In accordance with the uniqueness of the sound propaga-
tion modes, the new PE mode theory can be used to calculate
the wave mode eigenvalues and eigenfunctions. On the basis
of normal mode theory, sound pressure can be written as

P(m∆r,n∆z)

=
i

ρ (zs)
√

8πm∆r
e−iπ/4

∞

∑
l=1

Zl (zs)Zl (n∆z)
e iklm∆r
√

kl
. (15)

By combining Eqs. (14) and (15), the expressions of the
mode eigenvalue kl and eigenfunction Zl are

Zl (n∆z) =
φl (1)φl (n)
|φl (1)|

√
∆z

, (l = 1,2, . . . ,N) , (16)

λl = e i(kl−k0)∆r, (l = 1,2, . . . ,N) . (17)

Then, the PE model establishes a relationship with nor-
mal mode theory.

3. Numerical examples

To verify the validity of PM, this section presents a simu-
lation analysis of the sound propagation problem in some rep-
resentative waveguides, namely, shallow-water, deep-water,
and multilayer waveguides.

In next numerical experiment, the normal modes and in-
coherent transmission loss (TL) lines are calculated by using
the NM program KRAKENC[32] and PM. Meanwhile, the co-
herent TL results are obtained by using PE, NM, and PM. In
PM, the setting methods of L (the order of the Padé approxi-
mant), ∆r (the step length in the range direction), and ∆z (the
step length in the depth direction) are consistent with those of
the RAM-PE method.

3.1. Shallow-water waveguide

In Fig. 1, a 100 Hz source is located at z = 50 m, with
c1 = 1500 m/s and ρ1 = 1 g/cm3 in the water column. An
ocean with a depth of 200 m is overlying a fluid sediment
in which c2 = 1700 m/s, ρ2 = 1.5 g/cm3, and attenuation is
0.5 dB/λ . In the experiment, the thickness of the artificial ab-
sorption layer is 200 m with L = 6, ∆r = 5, and ∆z = 1.

200

r

0

zs50

600

Artificial absorption layer

1500 m/s

1500 m/s

Freq=100 Hz
ρ1=1 g/cm3

α1=0 dB/λ

1700 m/s
ρ2=1.5 g/cm3

α2=0.5 dB/λ

1700 m/s

z (m)

Fig. 1. Shallow-water waveguide.
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Fig. 2. Eigenfunctions in the shallow-water waveguide.
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Figure 2 shows the eigenfunctions of modes 1, 5, and 9
calculated by using the NM (the blue dotted line) and PM (the
red solid line) solutions. The solid blue line represents the
result of NM, while the red dotted line indicates the result of
PM. The subsequent experiments are labeled in the same man-
ner. The mode eigenfunction lines are consistent with one an-
other. The normal mode eigenvalue results of NM and PM
from modes 1–9 are provided in Table 1. The eigenvalues ob-
tained using PM exhibit good agreement with the results of
NM. With an increase in the order of mode, the eigenvalue er-
ror between the two methods becomes larger due to the phase
error of the PE method. In the experiment, the real and imag-
inary parts of the eigenvalues of PM are larger than those of
NM, indicating that the major PM modes from modes 1–9 ex-
hibit faster phase speed and energy loss. Figure 3 shows the
2D TL results calculated using NM, PM, and RAM-PE. The
overall fields are highly similar, and thus, the accuracy of the
three methods should be compared further. Figure 4 shows the
TL lines calculated using NM, PM, and RAM-PE. The coher-

ent TL lines are highly similar, particularly between PM and
RAM-PE. The difference in mode phase speed between NM
and PM causes the range expansion of the coherent TL. The
PM and RAM-PE TL lines are stretched in the range direction
in the shallow-water waveguide. The incoherent TL line of
PM is slightly (within 1 dB) smaller than that of NM within
2 km due to the larger imaginary part of mode eigenvalues.
This result is in good agreement with NM in the long range.

Table 1. Eigenvalues in the shallow-water waveguide.

Modes NM PM

1 0.41860554+0.00000064i 0.41860636+0.00000064i

2 0.41778365+0.00000254i 0.41778695+0.00000254i

3 0.41640916+0.00000562i 0.41641655+0.00000564i

4 0.41447514+0.00000981i 0.41448817+0.00000986i

5 0.41197208+0.00001503i 0.41199211+0.00001514i

6 0.40888786+0.00002126i 0.40891608+0.00002148i

7 0.40520817+0.00002862i 0.40524526+0.00002898i

8 0.40091631+0.00003737i 0.40096239+0.00003793i

9 0.39599365+0.00004820i 0.39604808+0.00004899i
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Fig. 3. TL field in the shallow-water waveguide. (a) NM; (b) PM; (c) RAM-PE.
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Fig. 4. TL lines in the shallow-water waveguide.

3.2. Deep-sea waveguide

The deep-water waveguide adopts the Munk profile, a
typical sound speed profile that can exhibit many features of
deep water sound propagation. In the experiment, a 50 Hz
source is located at z = 50 m. The detailed environment pa-

rameters are presented in Fig. 5. The thickness of the artificial
absorption layer in PE is 1000 m with L = 6, ∆r = 10, and
∆z = 5.

r

zs

1500 m/s

Freq=50 Hz
ρ1=1 g/cm3

α1=0 dB/λ

z (m)

5000

0
50

6000

Artificial absorption layer

1300

1549 m/s

1600 m/s

1600 m/s

1552 m/s

ρ2=1.8 g/cm3

α2=0.8 dB/λ

Fig. 5. Deep-water waveguide.

The normal mode eigenvalues and eigenfunctions calcu-
lated by using NM and PM are provided in Table 2 and Fig. 6,
where NM uses the blue dotted line and PM adopts the red
solid line. The eigenfunctions of the two methods exhibit min-
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imal difference, including higher-order modes.
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Fig. 6. Eigenfunctions in the deep-water waveguide.

In contrast with the shallow-water waveguide, the real
part of the primary eigenvalues of PM is larger than that of
NM, and the phase error of PE leads to a slower propagation
speed, as demonstrated by the coherent TL results in Fig. 7.
Meanwhile, the order of modes reaches up to several hundreds
in the deep-water waveguide, causing a larger TL error in NM
and PM. Figure 8 illustrates that the 2D TL results of PM and
RAM-PE are consistent with each other and exhibit evident
energy difference with NM in the first shadow zone.

Table 2. Eigenvalues in the deep-water waveguide.

Modes NM PM

1 0.20937052+0.00000000i 0.20937052+0.00000000i

11 0.20809929+0.00000000i 0.20809867+0.00000000i

21 0.20690787+0.00000000i 0.20690587+0.00000000i

31 0.20578450+0.00000000i 0.20578055+0.00000000i

41 0.20471825+0.00000000i 0.20471192+0.00000000i

51 0.20369831+0.00000000i 0.20368922+0.00000000i

61 0.20270596+0.00000021i 0.20269353+0.00000023i

71 0.20158601+0.00000451i 0.20156507+0.00000474i

81 0.20018943+0.00000751i 0.20015554+0.00000801i

Freq=500 Hz, zs=50 m, zr=100 m
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Fig. 7. TL lines in the deep-water waveguide.
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Fig. 8. TL field in the deep-water waveguide. (a) NM; (b) PM; (c) RAM-PE.

3.3. Multilayer-bottom waveguide

Compared with the two preceding numerical examples,

the multilayer waveguide shown in Fig. 9 is a more complex

environment. A 50 m seafloor sediment is set above a semi-

infinite seabed with a positive gradient sound speed profile. In

the waveguide, a negative gradient sound speed profile is set

in the water layer. The depth of the 200 Hz source is 50 m.

The density and sound absorption coefficient of the different

layers are presented in the figure. The thickness of the artifi-

cial absorption layer in PE is 200 m with L = 6, ∆r = 2, and

∆z = 1.

r

zs
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ρ1=1 g/cm3

α1=0 dB/λ

ρ2=1.5 g/cm3

α2=0.2 dB/λ
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Fig. 9. Multilayer-bottom waveguide.
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Fig. 10. Eigenfunctions in the multilayer-bottom waveguide.

In higher-order modes, the eigenfunction amplitude of
PM (the red solid line) is slightly smaller than the result of
NM (the blue dotted line), as shown in Fig. 10. The eigenval-
ues calculated using NM and PM also exhibit a complex differ-
ence in Table 3. The real part of the PM eigenvalues is larger

than that of the NM eigenvalues in higher-order modes. The
diverse mode differences between NM and PM cause a more
evident error of the TL results calculated using NM and PM
than the shallow-water and deep-water waveguides. The influ-
ence can be clearly observed in the 2D TL results presented
in Fig. 11, but it can be demonstrated using the TL lines from
Fig. 12. In multilayer-bottom waveguides, the validity of NM
and PM must be verified in future work.

Table 3. Eigenvalues in the multilayer-bottom waveguide.

Modes NM PM

1 0.83613163+0.00000736i 0.83613209+0.00000738i
5 0.83140731+0.00001090i 0.83141109+0.00001093i
9 0.82364899+0.00002877i 0.82366784+0.00002905i

13 0.81113762+0.00006653i 0.81115105+0.00006700i
17 0.79339546+0.00072733i 0.79333254+0.00083719i
21 0.77740926+0.00080278i 0.77719207+0.00077842i
25 0.75953782+0.00142185i 0.75904429+0.00140575i
29 0.73754543+0.00130722i 0.73667785+0.00130667i
33 0.71103972+0.00128715i 0.70957824+0.00129373i

Freq=200 Hz, zs=50 m (Normal mode) Freq=200 Hz, zs=50 m (PE mode) Freq=200 Hz, zs=50 m (PE)
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Fig. 11. TL field in the multilayer-bottom waveguide. (a) NM; (b) PM; (c) RAM-PE.
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Fig. 12. TL lines in the multilayer-bottom waveguide.

3.4. Discussion

As demonstrated in the previous numerical examples, PE
is an effective method for calculating normal mode. The type
of sound source in most underwater sound propagation models
is omnidirectional, including NM. Through the proposed PM,
the normal mode stimulated by certain directional sources can

be solved. When the acceptable phase error of PE is set to
0.0002, the angle limitations of Padé approximation are ap-
proximately 45◦ [Padé(2)] and 90◦ [Padé(8)]. A ±45◦ direc-
tion source in the main propagation direction is considered
in the following example. To reduce the number of normal
modes, two 10 Hz sources are located at z = 1000 m and
z = 3000 m in the deep-water waveguide shown in Fig. 5.
The thickness of the artificial absorption layer in PE is 1000 m
with ∆r = 20, and ∆z = 10. The real and imaginary parts of all
mode eigenvalues calculated using NM and PM in Padé(8) and
Padé(2) are shown in Figs. 13(a) and 13(b). A conclusion can
be drawn that the eigenvalues obtained using PM in Padé(2)
have a considerably larger imaginary part than the results ob-
tained under the two other conditions when the order is above
50. That is, the order of modes above 50 can be disregarded.
The grazing angle of mode 50 is approximately 49◦, which is
consistent with the angle limitation of Padé(2). The TL results
in Figs. 14(a) and 14(b) can also verify the validity of the angle
limitations quantitatively.
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Fig. 14. TL field calculated using PM. (a) Padé(8) N = 63; (b) Padé(2)
N = 63; (c) Padé(8) N = 50.

PM can get N modes based on the matrix eigenvalue de-
composition method. If the real part of eigenvalues calculated
by NM is greater than the real part of k2 (k2 = ω/cmax, cmax

is the maximum sound speed on the seabed) and less than the
real part of k1 (k1 = ω/cmin, cmin is minimum sound speed

of sea water), it can be called as waveguide normal mode in
accordance with NM.

When using NM to calculate the wave mode eigenval-
ues, it is possible to miss its roots. However, the PM method
can solve this problem. Some numerical experiments are car-
ried out by using the shallow-water waveguide in Fig. 1. The
source frequency is 25 Hz and the depth of sea water adds
from 50 m to 200 m with a 5 m interval. Figure 15 shows
the number of waveguide normal modes at different seawater
depths calculated by using NM and PM. NM has the problem
of missing root when the depths of seawater are 120 m, 185 m
and 200 m, but by using PM can obtain right results. The nor-
mal mode eigenvalues at the depth of 120 m, 185 m and 200 m
are calculated by using NM and PM, which are provided in Ta-
ble 4. The results prove the advantage of PM.
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1

0
50 100 150 200

Depth (m)

M
o
d
e
s

NM
PM

Fig. 15. Number of waveguide normal modes at different seawater
depths are calculated by using NM and PM.

Table 4. Eigenvalues at different seawater depths.

(Depth) modes NM PM
(200 m) 1 0.10382393+0.00000729i 0.10382925+0.00000726i
(200 m) 2 0.10105077+0.00002796i 0.10107505+0.00002790i
(200 m) 3 0.09628070+0.00007298i
(185 m) 1 0.10369315+0.00000890i 0.10369010+0.00000897i
(185 m) 2 0.10050000+0.00003435i 0.10048980+0.00003475i
(185 m) 3 0.09491867+0.00010370i
(120 m) 1 0.10258222+0.00002578i 0.10260306+0.00002556i
(120 m) 2 0.09584307+0.00012139i

4. Conclusion and perspectives
The split-step Padé PE model provides a method for cal-

culating wave modes that expands the application of PE mod-
els. Numerical experiments on three typical ocean waveg-
uides test the effectiveness and accuracy of PM, although
some small errors exist. Compared with the shallow-water and
deep-water waveguides, the complex bottom of the multilayer-
bottom waveguide causes a larger difference between NM
and PM. Increased attention is necessary to determine which
method is more accurate. Meanwhile, the angle limitation of
Padé approximation is verified by the results of different or-
ders of Padé coefficient in PM and the problem of missing
root is also solved by PM. In the future, an elastic PM will be
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proposed and a smooth wave mode method based on PM will
be presented for fluctuating ocean waveguides.
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