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Rogue waves of a (3+1)-dimensional BKP equation
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We investigate certain rogue waves of a (3+1)-dimensional BKP equation via the Kadomtsev–Petviashili hierarchy
reduction method. We obtain semi-rational solutions in the determinant form, which contain two special interactions: (i)
one lump develops from a kink soliton and then fuses into the other kink one; (ii) a line rogue wave arises from the segment
between two kink solitons and then disappears quickly. We find that such a lump or line rogue wave only survives in a short
time and localizes in both space and time, which performs like a rogue wave. Furthermore, the higher-order semi-rational
solutions describing the interaction between two lumps (one line rogue wave) and three kink solitons are presented.
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1. Introduction
Since nonlinear waves have extensive applications, such

as the evolution of optical pulse and water wave packet, re-
searches of the nonlinear waves have been attractive in the op-
tical fibers, fluids, and plasmas.[1–3] The physical systems re-
lating to those nonlinear waves have been described via those
nonlinear evolution equations (NLEEs) such as the nonlin-
ear Schrödinger equation, the three-wave resonant interaction
system, the Kadomtsev–Petviashvili (KP) equation, the long-
wave-short-wave resonant interaction system, the Ito equation,
and the Fokas–Lenells equation.[4–7] The NLEEs play a crit-
ical part in explaining and handling problems in the fields of
experiment and engineering.[8–10] Among these models, stud-
ies of the high dimensional NLEEs are concentrated to inves-
tigate the rich nonlinear waves interactions.[11–15]

In this paper, we will investigate a (3+ 1)-dimensional
BKP equation,[16–20]

uty−uxxxy−3(uxuy)x +3uxz = 0, (1)

where u is an analytic function of the scaled spatial coordinates
x, y, z and temporal coordinate t, with the subscripts denot-
ing the partial differential derivatives. Equation (1) has been
proposed as an opposite procedure on applying the linear su-
perposition principle.[16] By using the multiple exp-function
algorithm, the multiple wave solutions of Eq. (1) have been
presented.[17] Rational lump solutions of Eq. (1) have been
obtained via the symbolic computation.[18] The lump and line-
rogue wave have been derived via the KP hierarchy reduc-
tion method.[19] Certain hybrid solutions and breather solu-
tions have been constructed.[20]

Recently, some semi-rational solutions with certain pa-
rameter constraints which reveal special resonant interaction
[The resonant interaction describing a special interaction be-
tween the N-th order rational solutions and N + 1 solitons,
which occurs that the phase of the lump (line rogue wave)
varies to infinite suddenly when such lump (line rogue wave)
interacts with a soliton (based on the semi-rational solu-
tions obtained by the Hirota method)] between the lump (line
rogue wave) and soliton have been investigated via the KP
hierarchy reduction[21,22] and bilinear method for the KP I
equation,[23,24] the Fokas system,[25] the Davey–Stewartson
(DS) I equation,[26] and some other models.[27] The resonant
interaction describes the pattern in which a lump arises from
one soliton and then merges with the other soliton. What is
more, such the lump (line rogue wave) is localized in both
space and time, which performs like a rogue wave in the higher
dimensional space.

Motivated by the above interesting interaction, in this pa-
per, we will pay our attention to investigating such resonant
interaction by constructing semi-rational solutions of Eq. (1)
which have not been reported before, to our knowledge. In
Section 2, via the KP hierarchy reduction, we will derive the
semi-rational solutions in determinant form of Eq. (1). Reso-
nant interactions between one lump (line rogue wave) and two
solitons, and between the higher-order lump and three solitons
will be discussed in Section 3. Our conclusions will be pre-
sented in Section 4.

2. Semi-rational solutions of Eq. (1)
In this section, we will construct the semi-rational so-

lutions which generate the resonant interactions between the
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lump (line rogue wave) and the solitons (actually the kinks)
via the KP hierarchy reduction method. The basic idea of such
a reduction is to make the bilinear form of the studied equation
as a reduction of the KP hierarchy under certain constraints.
Then we begin with the bilinear equation of Eq. (1),[19,20](

3DxDz−D3
xDy +DyDt

)
f · f = 0, (2)

with the transformation

u = 2(ln f )x, (3)

where f is a real function of x, y, z, and t, D is the Hirota
bilinear operator defined as Ref. [28].

On the other hand, the second KP hierarchy identity is[29](
3Dx1Dx4 −D3

x1
Dx2 −2Dx2Dx3

)
τ · τ = 0, (4)

where τ is a function of the variables x j ( j = 1,2,3,4). The
N-th order semi-rational solutions for KP hierarchy (4) are de-
fined as the following N +1 determinant:

τ = det16 j,k6N+1
(
m jk
)
, (5)

with

m jk = δ jk +
∫

φ jψk dx1, φ j = A j eζ j , ψk = Bk eϑk ,

A j =
N+1−l

∑
l=0

c jl∂
N+1− j−l
p , Bk =

N+1−m

∑
m=0

dkm∂
N+1−k−m
p ,

ζ j = px1 + p2x2 + p3x3 + p4x4 +ζ j0,

ϑk = qx1−q2x2 +q3x3−q4x4 +ϑk0,

δ jk is the Kronecker delta notation, c jl , dkm, p, q, ζ j0, and ϑk0

are complex constants.
It can be seen that by using the following assumption:

f = τ, x = x1, y = ix2, t =−1
2

x3, z = ix4, (6)

KP hierarchy (4) can be reduced to bilinear form (2), namely,
we can derive soutions of Eq. (1) from solutions (5). Then
with setting q = p∗, ϑ ∗k0 = ζ ∗k0, and dkm = c∗km, we can rewrite
m jk as follows:

m jk = δ jk + eξ+ξ ∗+ξ j0+ξ ∗k0

N+1−l

∑
l=0

c jl(∂p +ξ
′)N+1− j−l

×
N+1−m

∑
m=0

c∗km(∂
′
p +ξ

′∗)N+1−k−m 1
p+ p∗

, (7)

with ξ = px− i p2y− 2p3t − i p4z, ξ ′ = x− 2i py− 6p2t −
4i p3z. The above solutions combine the rational and the expo-
nential functions, namely, they are the semi-rational solutions
in nature. Moreover, it is worth noting the following:

(I) The above semi-rational solutions will be reduced to
rational solutions if the constant δ jk is removed, which are
exactly those solutions reported in Ref. [19] of Eq. (1). We
conclude that the order of operator ∂p (or ∂p∗ ) determines the
order of rational solutions and the order of the determinant de-
termines the number of solitons. More subtle discussions will
be seen in Section 3. In addition, to obtain the interaction be-
tween the rational lump or rogue wave and solitons, we need
at least two solitons. Thus, the fundamental solutions defined
above should be second-order determinants.

(II) Dynamics of the rational solutions contain entirely
different two cases (a stable propagating lump and a line rogue
wave), consequently, the above semi-rational will lead to two
interaction patterns, i.e., the interaction between the lump and
the solitons, and between the line rogue wave and the solitons.

3. Interaction between the lump (line rogue
wave) and solitons

3.1. The first order lump and rogue wave

By setting N = 1 in solutions (6), we derive

m11 = 1+
eξ+ξ ∗+ζ10+ζ ∗10

p+ p∗

[
ηη
∗+

1
(p+ p∗)2

]
,

m22 = 1+
eξ+ξ ∗+ζ20+ζ ∗20

p+ p∗
,

m12 =
eξ+ξ ∗+ζ10+ζ ∗20

p+ p∗
η , m21 =

eξ+ξ ∗+ζ20+ζ ∗10

p+ p∗
η
∗,

f = 1+
eξ+ξ ∗+ζ10+ζ ∗10

p+ p∗
(R+ eζ20+ζ ∗20−ζ10−ζ ∗10)

+
e2(ξ+ξ ∗)+ζ20+ζ ∗20+ζ10+ζ ∗10

(p+ p∗)4 , (8)

with R = ηη∗+ 1/(p+ p∗)2, η = ξ ′− 1/p+ p∗, and c10 =

c20 = 1, c11 = 0. It can be seen that ζ j0 is always accompa-
nied by ζ ∗j0, which means that the imaginary part of ζ j0 can be
removed, thus we will take ζ j0 as real constants hereafter.

Separating the rational and exponential functions, we
rewrite the fundamental semi-rational solutions of Eq. (1) as

u = 2
e2(ξR+ζ10)

[
η2

R +η2
I + e2(ζ20−ζ10)−2ηR/(p+ p∗)

]
+

2e2(2ξR+ζ10+ζ20)

(p+ p∗)3

1+
e2(ξR+ζ10)

p+ p∗
[
η2

R +η2
I + e2(ζ20−ζ10)

]
+

e2(2ξR+ζ10+ζ20)

(p+ p∗)4

, (9)

ηR =−x−2by+6(a2−b2)t−4b(3a2−b2)z− 1
2a

, (10)

ηI = 2ay+12abt +4a(a2−3b2)z, p = a+ ib, (11)
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with the subscripts R and I denoting the real and imaginary
parts of constants. We derive that properties of the two soli-
tons are determined by e2(ξR+ζ10) and e2(ξR+ζ20) respectively,
while the properties of the rational solutions are determined by
η2

R +η2
I .

Based on the above solutions, we can obtain the asymp-
totic of u as

lim
ξR+ξ ∗R→−∞

u = 0, lim
ξR+ξ ∗R→+∞

u = 4(p+ p∗). (12)

The result shows the soliton with two different asymptotic
planes, which implies the above soliton is a kink one. Besides,
for studying the interaction, we will take ζ10 > ζ20 (also in
the following discussions), which makes the rational function
η2

R + η2
I hold the prominent effect in the intermediate time.

Since ηR and ηI bear different variables, then with the dif-
ferent choices of parameters and planes, we will derive two
different kinds of nonlinear waves: (i) when a2−3b2 6= 0, the
rational solutions generate a lump that develops along the tra-
jectory of ηR = 0 and ηI = 0; (ii) when a2− 3b2 = 0 and on
the x–z plane, ηI is just a constant, thus the rational solutions
generate a line wave (along the line trajectory ηR = 0). Then
combining with the kink solitons, we will discuss the interac-
tions between the lump and kink solitons, and between the line
rogue wave and kink solitons on the x–z plane.

In Fig. 1, we present the interaction between one lump
and two kink solitons on the x–y plane. The semi-rational solu-
tions generate a novel nonlinear wave structure which shows:
(i) as the two kink solitons own the same wavenumber, they
are nearly parallel with each other; (ii) the lump only exists in
a short time and emerges from one kink soliton and disappears
into the other one later. It should pay attention that during the
interaction, such lump localizes not only in space (the nature
of the lump) but also in time, which behaves like a rogue wave.

Similar structure has also been revealed in Refs. [23,26] for the
KP and DSI equations (that lump is called a lump-type rogue
wave). In addition, as the lump will disappear finally instead
of passes through the kink soliton, such interaction is quite
different from that interaction pattern reported in Ref. [20].
Interactions of the lump and kink solitons on the y–z plane are
similar to those on the x–y plane, so we will omit those analy-
ses.

When we choose a2−3b2 = 0 on the x–z plane, ηI can be
seen as a constant, then solutions (9) will generate the inter-
action between line rogue wave and kink solitons. As shown
in Figs. 2, we find that (i) the two kink solitons propagate sta-
bly; (ii) the line rogue wave rises up at a certain time, reaches
higher amplitude at t = 0, and then disappears soon; (iii) es-
pecially, the line rogue wave only exists in a segment between
the two kink solitons, which implies that the line rogue wave is
also localized in space. Such line rogue wave is different from
that proposed in Ref. [21] (which extends to infinity in space)
for DSI equation. To discuss such interaction more clearly, in
Fig. 3 we present some details such as the density plot of in-
teraction at t = 0 and the trajectories at different positions in
Fig. 2(c). We compare the evolution of the interaction at differ-
ent times at a fixed position at x =−5. A localized wave with
a sharp shape rises between the two kink solitons (as shown in
the real line in Fig. 3(b)) and vanishes after a short time.

In general, in this paper, we obtain two novel kinds of
interactions: between the lump and two kink solitons and be-
tween the rogue wave and two kink solitons. Evolutions of the
lump and the line rogue wave are both confined in time and
to space (the segment between two kink solitons), which per-
form like a rogue wave. Thus, we show two kinds of potential
rogue wave for Eq. (1) via the semi-rational solutions, which
are different from that in Refs. [19,20].

(a) t=-5 (b) t=-1 (c) t=0

(d) t=1 (e) t=5

u

x
y

u

x
y

u

x
y

u

x
y

u

x
y

Fig. 1. Interaction between a lump and two kink solitons via solutions (9) with z = 0, a = 1, b = 1, ζ10 = 2π , ζ20 =−2π .
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Fig. 2. Interaction between a line rogue wave and two kink solitons via solutions (9) with y = 0, a = 1, b =−1/
√

3, ζ10 = 2π , ζ20 =−2π .
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Fig. 3. (a) The density plot of interaction at t = 0, (b) trajectories at different
positions in Fig. 2(a). The parameters are the same as those in Fig. 2.

3.2. Higher-order lump and rogue wave

With N = 2 in solutions (7), we can derive the second-
order semi-rational solutions of Eq. (1):

u = 2(ln f )x, f =

∣∣∣∣∣∣
m11 m12 m13
m21 m22 m23
m31 m32 m33

∣∣∣∣∣∣ , (13)

where m jk are given by solutions (7). The same as the above
analyses, those solutions will generate interactions between
three solitons and higher-order rational solutions, including (I)
between three kink solitons and the line rogue wave on the
x–z plane with constraint a2 − 3b2 = 0, as shown in Fig. 5;
(II) between three kink solitons and two lumps in other cases,
as shown in Fig. 4. The three kink solitons are of the same
wavenumber (a+ ib), thus they are all nearly parallel. In ad-
dition to the different kinds of rational solutions, the distance
between the two kink solitons will also remarkably affect such
wave interactions, which can be adjusted via the phase shifts
constants ζ j0. Thus, in what follows, we will discuss the inter-
actions between the lumps (line rogue waves) and three kink
solitons graphicly.

We present the interactions between two lumps and three
kink solitons on the x–y plane as an example. With differ-

ent choices of ζ j0, there are two kinds of interaction. The
one is, by setting ζ10 > ζ20 > ζ30, we see that two lumps
arise from the leftmost (in the x-axis direction) kink soliton,
go through the middle one, and fuse into the rightmost kink
soliton, as shown in Figs. 4(a)–4(d); The other is, while setting
ζ10 > ζ30 > ζ20, as shown in Figs. 4(e)–4(h), we see only one
lump arises from the leftmost kink soliton, with its shape vary-
ing when it goes through the middle kink soliton. And later, it
shows a two-lumps outline (which means that there is another
lump arising from the middle kink soliton). Subsequently, the
two lumps fuse into the rightmost kink soliton.

In the same way, with different choices of ζ j0, we will
present two interactions between line rogue wave and three
kink solitons by setting a2 − 3b2 = 0 on the x–z plane in
Fig. 5. With ζ10 > ζ20 > ζ30, it can be seen that one line rogue
wave rises up in the segment between the leftmost and right-
most kink solitons, crosses the middle one, and arranges on
a line nearly; and soon it reaches higher amplitude at t = 0,
in the meantime, these two segments of the rogue wave con-
nect together; and then the two segments retreat back with
amplitudes decreased, and finally disappear. While by set-
ting ζ10 > ζ30 > ζ20, the rogue wave behaves almost the same
as the former case except for that one segment of the rogue
wave increases its amplitude after retreating back, as shown
in Fig. 5(g). Thus, the dynamics of these two interactions be-
tween the rogue wave and kinks are nearly the same, different
from those in Fig. 4. Besides, it is noteworthy that the second-
order rational solutions do not generate two-line rogue waves
(arranging on two lines) or a second-order rogue wave (with
three wave arms). Hence, in this paper, we call such localized
line rogue waves as one rogue wave, distinctly different from
those reported in Refs. [23,26].
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Fig. 4. Interactions between two lumps and three kinks via solutions (13) with a = 1, b = 0. (a)–(d) ζ10 = 6, ζ20 = 0. and ζ30 =−6; (e)–(h): ζ10 = 6π ,
ζ20 =−6π , and ζ30 = 0.
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Fig. 5. Interactions between one rogue wave and three kinks via solutions (13) with y = 1, a = 1, b = −1/
√

3, and (a)–(d): ζ10 = 5, ζ20 = 0 and
ζ30 =−5; (e)–(h): ζ10 = 4π , ζ20 =−4π , and ζ30 = 0.

4. Conclusions

In this paper, we investigated certain rogue waves of the
(3+ 1)-dimensional BKP equation. Via the KP hierarchy re-
duction, semi-rational solutions in the determinant form of
Eq. (1) have been constructed, which generate two novel non-
linear wave behaviors: (i) the interaction between one lump
and two kink solitons with the lump developing from one kink
soliton and then fusing into the other one; (ii) the interaction
between one line rogue wave and two kink solitons on the x–z
plane with the line rogue wave growing from and then decay-
ing into the constant background between the segment of the
two solitons. We have found that evolutions of the lump and
line rogue wave are localized both in time and space, which
means that such lump and line rogue wave play as a rogue
wave. In addition, we have also discussed the second-order
semi-rational solutions graphicly, which describe two types
of interactions between two lumps (one line rogue wave) and

three kink solitons.
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