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Finding crucial vertices is a key problem for improving the reliability and ensuring the effective operation of networks,
solved by approaches based on multiple attribute decision that suffer from ignoring the correlation among each attribute or
the heterogeneity between attribute and structure. To overcome these problems, a novel vertex centrality approach, called
VCIJG, is proposed based on joint nonnegative matrix factorization and graph embedding. The potential attributes with
linearly independent and the structure information are captured automatically in light of nonnegative matrix factorization
for factorizing the weighted adjacent matrix and the structure matrix, which is generated by graph embedding. And the
smoothness strategy is applied to eliminate the heterogeneity between attributes and structure by joint nonnegative matrix
factorization. Then VCIJG integrates the above steps to formulate an overall objective function, and obtain the ultimately
potential attributes fused the structure information of network through optimizing the objective function. Finally, the
attributes are combined with neighborhood rules to evaluate vertex’s importance. Through comparative analyses with
experiments on nine real-world networks, we demonstrate that the proposed approach outperforms nine state-of-the-art
algorithms for identification of vital vertices with respect to correlation, monotonicity and accuracy of top-10 vertices
ranking.
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1. Introduction

Complex systems from nature and society is modeled and
represented by network composed of vertices, that denote en-
tities, and edges, that correspond to the interactions between
entity pairs, such as brain networks,!!! message networks, !>
human lives, and social systems. [51 Scale-free characteristic
of network demonstrates that the impact of different vertices
on the function and structure may vary greatly and a few im-
portant vertices will affect the cascading effect!®”! and propa-
gation effect!®! of the network. Where the term “important ver-
tices” means that certain vertices have a greater impact on the
network structure and function to a greater extent than other
vertices. Therefore, a key problem with important theoretical
and practical significance is that of evaluation of vertex impor-
tance.

Many experts have made great efforts to evaluate the cru-
cial vertices from different angles and presented many cen-
trality algorithms. From the perspective of topological struc-
ture of network, they can generally be divided into two cat-
egories in general, which are based on local or global struc-
ture to determine vertex’s significance. Indicators based on lo-
cal topology, for example, degree centrality (DC)[*! takes the
number of edges connected to neighboring vertices as a metric.
Deng et al.'"%! proposed a method based on the inverse-square
law, named I, which defined intensity of vertex by the sum
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of mutual attraction between each vertex and other vertices.
Zareie et al.''l incorporated the notions of Shannon entropy
and Jensen—Shannon Divergence to determine vertex central-
ity. Extend cluster coefficient ranking measure (ECRM)!!?]
is an improved cluster rank approach combining local cluster-
ing coefficient and similarity of connections between neigh-
boring vertices. Node local centrality (NLC)['3! employs net-
work embedding method and network neighborhood topology
information to obtain the spreading capability of vertex.

The algorithms based on global structure tend to have rel-
atively higher computational complexity than those based on
local topology. For example, betweenness centrality (BC)!'4]
and closeness centrality (CC)!!! are based on the global path.
K-shell (KS)['®! adopts the topological location of vertices and
closeness to the graph core to sort them. In view of the short-
comings of KS, hierarchical K-shell (HKS)!!7! introduces the
pred, succ, and sibl sets to standardize the vertex’s topologi-
cal position and estimates propagation capacity of vertex via
its position and neighbors. Deng et al.!'8! proposed a novel
method which takes into account the propagation characteris-
tics of itself and all vertices. Besides, they provided a quanti-
tative model (GIN) to measure the global importance of each
vertex. Ullah et al.!°! have presented a global structure model
(GSM) for influential vertices identification, which not only
considers self-propagation characteristics, but also emphasizes
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vertex’s global influence in the network. In addition, the algo-
rithms GLS and MCCD on the basis of the global and local
structure of the network were proposed by Sheng et al.!*°! and
Zhang et al.l>!]

When using vertex centrality indicators to predict which
vertices are among the top influencers or super communica-
tors, comparative analyses have demonstrated that no single
centrality algorithm is consistent in performance across real-
istic case studies. At the core of the algorithms to solve this
problem is the assessment of important vertices with combin-
ing different attributes of vertex. Usually, multiple attributes
describing a vertex characteristics are represented by a vector
data. That is, for the vertices v; (i = 1,2,...,n) in network,
U; = (uj1,up,...,u;s) means that the vertex v; can be char-
acterized by vector data with five attributes (for instance, the
degree of vertex, the Laplacian energy of vertex, the central lo-
cation of vertex, the propagation characteristics of vertex, the
diversity of neighbors). When k attributes are used to charac-
terize the vertex, the vector data U; is k-dimensional, and the
matrix U € R’fk is the attribute of the network.

For integrating more attributes of the vertex, many algo-
rithms incorporate multiple attribute decision making into the
criterion to evaluate the importance of vertices, however, there
are some unsolved problems. For example, indexes with dif-
ferent attributes are subjectively adopted as vertex attributes in
the algorithm, which render it difficult to fully characterize the
network and ignore the selected attributes whether linearly re-
lated. In the next place, the attributes of vertex and structure of
the network are heterogeneous. Directly integration attribute
and structure cannot effectively deal with the heterogeneity,
which hinders the full utilization of them. In addition, for the
increasingly large network data, how to more effectively rep-
resent attributes and structure information of network are also
one of the issues we need to consider.

To overcome these problems, a new vertex centrality ap-
proach via joint nonnegative matrix factorization and graph
embedding is proposed, referred to as VCJG centrality. VCIG
is mainly composed of two major components: joint non-
negative matrix factorization obtains the attributes of vertex
which fuse structure information, and the importance of ver-
tices are evaluated applied attrubute and neighborhood rules.
For automatically obtaining potential attributes, nonnegative
matrix factorization (NMF)??! is employed to decompose the
weighted adjacency matrix. To capture the structure informa-
tion of network, the global and local topology structure ma-
trix generated by graph embedding are jointly decomposed via
NME. And we apply the smoothness strategy to integrate at-
tributes, local and global structure information for overcoming
the heterogeneity of them. Next, VCJG integrates the above
steps to formulate an overall objective function, and generates
an attribute matrix fused the structure information of network

through optimizing the objective function. The above opera-
tion can ensure that each attribute obtained is linearly indepen-
dent. Then we integrate the vertex attribute with neighborhood
rules to evaluate vertex’s importance finally. To verify the ef-
fectiveness of the VCJG criterion, four traditional algorithms
and five state-of-the-art centrality approaches are used as mea-
sures for comparison. And through extensive experiments on
nine real-world networks, the results assert the proposed ap-
proach is superior to contrastive algorithms.

The rest paper is structured as follows. Section 2 briefly
reviews the related works. In Section 3, a new centrality algo-
rithm is proposed. We analyze the complexity of the proposed
algorithm in Section 4. After that, we describe the real-world
network datasets and experimental results in Section 5. Fi-
nally, Section 6 is the conclusion.

2. Related works

Let G ={V(G),E(G)} be an undirected and unweighted
network, with vertex set V(G) = {vi,v2,...,v,} and edge set
E(G) ={e1,e2,...,em}, where |V(G)| =n and |E(G)| = m.
The adjacency matrix of G, denoted by A(G) = A, isthe n x n
matrix whose (i, j)-entry is 1 if vertices v; and v; are adjacent
in G and 0 otherwise. Let d; be the degree of vertex v;, and
D(G) = D the degree diagonal matrix with diagonal entries
dy,dy,...,d,. The set of all neighbors of v; is denoted by Nj;,
where |N;| = d;. The length of shortest path between vertices
v; and v; is represented as dist;;. The maximum value of dist;;
in network G is called the diameter of G, which is represented
by Dist(G) = Dist.

2.1. Presented approaches

In order to assess the impact of vertex more compre-
hensively, many scholars have designed centrality algorithms
based on multi-attribute decision making. Du et al.!*3! con-
sidered several different approaches as the multiple attributes
and employed TOPSIS to aggregate the multiple attributes for
measuring the vertex’s importance. Yang et al.!**! proposed
a centrality method that apples VIKOR to integrate multiple
centrality criteria from different angles and obtain comprehen-
sive and reasonable ranking results. Yan et al.>>! comprehen-
sively considered the multiple attributes of vertex and adopted
the entropy weight method to get the corresponding weight of
each criterion for overcoming the influence of subjective fac-
tors.

The above algorithms have been devoted to measure the
importance of vertices from multiple attributes. However,
these attributes are generated by multiple vertex centrality al-
gorithms, resulting in correlations between them. For exam-
ple, in view of the idea of the multi-attribute decision making,
Yang et al.”?) regard DC, BC, and CC as vertex’s attributes,
which have correlation because both BC and CC are based on
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global structure. In this paper, we will consider using the NMF
algorithm to extract vertex attributes that are uncorrelated of
each other.

2.2. Network embedding

It is not easy to take advantage of the structural infor-
mation of the network (graph) because it is discrete by itself.
As an example, individuals (vertex) cannot be added to each
other, nor can an individual be subtracted from the relation-
ship between individuals (edge). Quite a few researchers have
begun to explore a kind of low-dimensional and dense vector
representation method to represent high-dimensional network,
namely network embedding.

Node2vec!?’! learns continuous attribute representations
for vertices in networks, which is an algorithmic framework.
It has a flexible concept of a vertex’s network neighborhood
and a biased random walk procedure, which can effectively
explore diverse neighborhoods. Therefore, the mapping of
vertices to a low-dimensional attribute space can be obtained
to preserve the network neighborhood of vertices as much as
possible.

2.3. Preliminaries

Lemma 11281 A walk of length [ in G, from vertex v; to
v}, is a finite sequence of vertices of G,

Vi =UQ, UL,y Uy, .., U] =V,

such that u,_ and u, are adjacent for 1 < x <[, where u, rep-
resents the (x+ 1)-th vertex in the walk. The number of walks
of length [, from v; to v;, is the entry in position (i, j) of the
matrix A’.

2.3.1. NMF algorithm

The ubiquity of high-dimensional data not only leads to
an exponential amount of computation which makes it diffi-
cult to ensure real-time processing, but also makes it difficult
to mine the intrinsic structure and relevance of the data. Di-
mensionality Reduction is a data processing method that mines
the essential law of data and discovers the internal relation-
ship. Dimensionality reduction is divided into attribute selec-
tion and attribute extraction. Attribute selection is a subset of
attributes that is extracted directly from the original data, and
attribute extraction is a series of mathematical transformations
that synthesize new attributes in place of the original data set.
In this paper, non-negative matrix factorization (NMF) is used
to extract attributes from the original network.

NMF is a method in matrix factorization algorithms that
represents a matrix as the multiplication of simple and low-
rank matrices. Since network can be expresses as adjacency
(laplacian, signless laplacian) matrix, then a clear advantage
for matrix decomposition in graph theory lies in the allowance

of understanding the fundamental properties of graph and do-
ing straight forward calculation.

Given a nonnegative matrix T € R’!*", nonnegative ma-
trix factorization (NMF) aims to find two nonnegative matri-
ces B € R™* and F € R¥*" such that the product of them can
approximate the matrix 7T, i.e.,

m n

min T;; — (BF);]*.
380 L LT~ (BF:]
Where k is the rank of the matrix, usually (m+n)k < mn.*"]
Usually, we can understand that the column vector of the
original matrix T is the weighted sum of all column vectors of
the matrix B, and the weight coefficient is the element of the
corresponding column vector of the matrix F, as shown in the
following equation.
. . 3x3
For example Support non-negative matrixs T € R,
Bc Rixz, and F € Rﬁ” satisfy F ~ BF, i.e.,

1t h3 bi1 b1z

fir fiz fiz
I ty 3| = | by by | X [f21 PN
131 133 133 b31 b3 ;

where

I biifi1 +biafa

b | = |bafi1 +bnfu

131 b31fi1 +b32fo1
Therefore, it is called matrix B as the base matrix and matrix
F as the attribute matrix.

3. Measuring the vertex centrality

VCIJG is mainly composed of two major components:
joint nonnegative matrix factorization obtains the attribute
with linearly independent and fusing structure information,
and the vertex’s importance are evaluated with attribute and
neighborhood rules. In this section, they are described in de-
tail.

3.1. Constructing objective function

The joint matrix factorization in VCJG involves three pro-
cedures, where nonnegative matrix factorization is adopted to
generate the attribute of networks, the topological informa-
tion is obtained by joint decomposing the topological matrix,
the smoothness procedure connects the attribute and topology
information of network. Therefore, the objective function of
VCIG is composed of the costs of three programs.

The adjacent matrix A of the network characterizes
whether there is interaction between the vertices, but it is not
enough to fully describe the strength of it. Then, the weighted
adjacent matrix W (Ref. [30]) of the network is defined as fol-
lows:

‘>, if v; and v; are adjacent,
' (D

0, otherwise.
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Obviously it is a symmetric nonnegative matrix. The most
widely used strategy for obtaining network attributes is matrix
factorization, we intuitively choose to use NMF, i.e.,

n n

Bz%],i?zo;j;[w’j — (BF);]%, )
where the B is the basis matrix and F is the attribute matrix
corresponding to matrix B, and k is the number of attributes.
As can be seen from Section 2, Subsection 2.2.1, the k of fac-
tor matrix decomposed by NMF satisfies (m+n)k < mn. In
this algorithm, the number of rows and columns of the origi-
nal matrix W is n, then we have (n+n)k < n?> = k < n/2.

The preceding equation can be solved by minimizing the
squared error, that is, the /; norm between two matrices,
pomin_ [[W—BF|?. 3)
As is well known that social networks contain two dif-
ferent dimensions, where the structural dimension describes
the interaction and composition dimension indicates vertex
attributes. Therefore, only through Eq. (3) to obtain the at-
tributes of the network is not enough to characterize the net-
work. Considering that the topological structure is generally
divided into global and local structures, we can obtain the
topology information of the network through joint nonnegative
matrix factorization. The adjacency matrix can only character-
ize the 1-order structure. Then for global structure, according
to Lemma 1 we define the global topology matrix T'g via the
matrix A! as follows:

thel—lAl
Tg=""——, @)
Z o1

where Dist is the diameter of G and parameter 6 € [0.1,1]
controls the relative weight of walks. (T'g);; is the weighted
average of the number of walk from vertex v; to v;. For local
structure, since node2vec maps vertices to low-dimensional at-
tribute spaces and maintains the network neighborhood of ver-
tices as much as possible, we apply it to get the local structure
matrix T'l of G.

Here, we also use the same strategy by joint decompos-
ing T'g and T'l under the same basis matrix B to obtain the
structure information of the network. The function is written
as

i Tg—BSg|*+|Tl—BSI| 5

oo, im0 ITa—BSell"+ | 1%, )
where the matrices Sg and SI are local and global topology
information, respectively. The attributes and structure of the
network are heterogeneous, so the strategy we adopted is to

smooth the attribute matrix F using the topology information
Sg and S, i.e.,

min  aSI'SI—F'F|+ (1 - ) Sg"Sg — F'F|, (6)

where o € [0,1] is a parameter.

Considering that the decomposition process mentioned
above is independent, we apply joint strategy to construct the
objective function. By combining Egs. (3), (5), (6), the objec-
tive function of VCIG is formulated as

min f = min||W— BF||> + | Tg — BSg||* + | Tl — BSI|?
+o||SITSI— FTF| + (1 — a)||Sg"Sg — FTF|,
st. B>0,F>0,5>0,Sg >0, (7)

where parameter ¢ controls the direction in which the attribute
is smoothed to the topology structure.

3.2. Optimal solution

From Eq. (7), we can obtain the multiplicative update so-
lutions of the matrices B € R”ﬁk, Sl e ka”, Sg € leﬁ”, and
F ¢ RR*" by

T T T
B—Bo WFT+TISIT+Tgng ’
B(FF' + SISl 4+ SgSg")
BTl +2aF"F
Sl = Sle lT+aTSl,
(2aS1'S1+B'B)SI

B'Tg+2(1 - )F'FSg

[2(1 - a)Sg"Sg +BTB|Sg’

B"W +2aFSI'SI+2(1 — a)FSg"Sg
(B'B+2F'F)F ’

Sg = 8Sgo

F=F0©

®)

where symbol ® is Hadamard product.®!1 It is worth noting
that the matrices B, SI, Sg, and F need to be updated at the
same time. According to the nature of NMF, the matrix F is a
row non-singular matrix. Next, we give the proof of Eq. (8).
Proof Before that, we first give the relationship be-
tween the Euclidan norm and the trace of the matrix A, i.e.,
| AP = Tr(ATA).
air aip

For example Given a matrix A =
azy axn

} € R?*2_then
its Euclidan norm is
2 2 2 2\1/2
|All = (a1, + a1, +a3; +a3,) 2.

2 2
ayy +ay;
appay) +axna

ajayp +axan
2 2
appt+ay

T 2 2 2 2 2
Tr(A" A) = aj +ay +ap; +ay = | Al

For ATA = } , we have

Return the above function f, removing irrelevant items,
equation (7) is reformulated as
min f = min||BF||>+ ||BSI||*> + | BSg|*
+||FTF|* + «||SI"SI||?
+(1—)||Sg"Sg||> — 2[Tr(W'BF)
+ Tr(TI"BSI) + Tr(Tg"BSg)
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+aTr(SI'SIFTF) 4 (1 — a) Tr(Sg"SgFF)],

st. B>0,F>0,81>0,S¢g>0. )
The alternative iteration based strategy is adopted to solve the
above formula, where one variable is updated by fixing the
others. We first solve the update rule of the matrix B. The

matrices F, SI, Sg are fixed, and irrelevant items are removed.
The equation (9) can be rewritten as

min |BF||* + (| BSI||* + [|BSg > — 2[Tr(W'BF)
+ Tr(T1"BSI) + Tr(Tg"BSg)]. (10)

We use lagrangian multiplier method to deal with the nonneg-
ative constraint of matrix B. Let be & = [¢;;], the lagrange £
of Eq. (10) is

L= ||BF|?+ | BSI||* + ||BSg|*> — 2[Tr(W'BF) + Tr(TI"BSI)
+ Tr(Tg"BSg)] + Tr(PB).

The partial derivative of matrix B is derived as follows:

9L _ I(IIBF|?) n a(|BSt]*) n J(|BSg|*)
0B 0B 0B 0B
_ 29[Tr(W'BF) + Tr(TI"BSI) + Tr(Tg"BSg)]
0B
d[Tr(PB)]
+——5

Respectively, according to the formulas

[Tr(X7X)] d(XA)T

Next, according to the formula

ITi(AXB) _ ATBT, olTr(AX)] =AT,
X X
we have
J[Te(W'BF)] .
——p "
I[Te(TU"BSI)] .+
g = TISI",
d[Ti(Tg"BSg)] .. o 1
— o &%
J[Tr(®PB)]
——=F = &7
Finally,
oL T T T
=B = 2BFF' +2BSISI' +2BSgSg

—2WF' —2TISI" — 2TgSg" + &".

By setting dL£/dB = 0, we obtain the updating rule for ma-
trix B as follows in light of the Karush—Kuhn—Tucker (KKT)
condition ¢;;(B);; =0, i.e.,

(2BFF" +2BSISI" + 2BSgSg" — 2WF"
—2TISI" —2TgSg" + &"),;(B);; =0,
(BFF' +BSISI" + BSgSg");(B);;
= (WFT +TISI" + TgSg");;(B);;,
B;[WF" +TISI" + TgSg");;

X’ X [B(FFT +SISI" + SgSg")];;
we have By fixing the matrices B, F, and Sg, the update rule of the
J(|BF||*)  O[Tr(F"B'BF)] matrix SI can be calculated. Let (X);; be the lagrange multi-
JoB N JoB plier for the constraints (SI);;, the lagrange £ is
_ OJ[Tr((BF)'BF)] _ d(BF)"
- JBFT 0B L = oTr(SI'SISI"SI) + | BSI|* — 2 Tr(T1"BSI)
= 2BF x FT = 2BFF". —2a Tr(SI'SIFTF) + Tr(ASI).
Similarly, According to the formulas
J(|1BSI|]*) T d[Tr(X> [Tr(XTAX
o =2BSISIT, ITe(XT)] _ jyr  Tr(X AX)] _ T
(9 B 5 =2 % AX+A'X,
BSg
% =2BSgSg". the partial derivative of S is formulated as follow:
|
N Toy)\2 T
d[Tr(SI" SISI" S1)] _ d[Tr(SI"S1)) " d(S1'SI) — 2SITSI x 281 = 4SITSISI,
oSl a(SI"sI) sl
J(||BSI||>) O[Tr(SI'BTBSI)]  9[Tr(SIT(B™B)SI)] - ToT -
= = = (B'B)SI+ (B ' B) SI=2B BSI
asi 78I st (BB)SL+(B'E) ’
J[Tr(T1*BSI)] T
————— =BT
asl L
J(Tr(SI'SIF'F)]  o[Te(SITSIF'F)|  o(SI'SI) sy OTASD]
JSL o A(sItsI) st ’ ost 7
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finally

oL
351 = 40SITSISI+2BTBSI — 2B Tl — 40FTFSI+ \".

By setting the derivative of £(SI) with respect to SI as 0 and

the KKT condition, we obtain the rule to update matrix S/ as
o Slij [BTTl + ZOZFTFSl]ij
Y [2asITSL+B™B)SI;;

(12)
Analogously, the updating rule for matrix Sg is as follows via
fixing B, F, Sl

Sgin = Sgi;[B"Tg+2(1 — a)F'FSgl;;
Y201 - a)Sg"Sg+B"B)Sgl;;

13)

By fixing the matrices B, SI, and Sg, the updating rule for ma-
trix F is formulated as

Fij[B"W+2aSI'SIF +2(1 — a)Sg"SgF);;

F' ;=
Y [(B"BF +2F"FF);;

(14)

The above derivative formulas can be found in Ref. [32].

3.3. Evaluation of vertex essentiality

The previous parts mainly describes the construction of
the objective function and the process of finding the optimal
solution. By randomly giving the initial value of the matrices

and iterating in light of the iterative formulas, we can get the
attribute matrix F that each attribute is linearly independent.
However, our ultimate aim is to identify the most influential
vertices in the network. The local structure considered in the
objective function is the 2nd neighborhood of the vertex on
the one hand, on the other hand, the application of neighbor-
hood rules can improve the accuracy of determining the most
influential vertices. Therefore, we apply the first-order neigh-
borhood to evaluate vertex’s importance. Finally, the VCJG
centrality is defined, as shown in Definition 1.

Definition 1 (VCJG centrality)

The matrix F € R’f" be the solution of Eq. (7), which
is expressed the attributes of the network and each other is
linearly independent. The VCJG (vertex centrality based on
Joint nonnegative matrix factorization and graph embedding)
centrality score of vertex v; is defined as

k

fovi)=Y Fu, (15)
p=1

VCIG(v;) = (1+f(vi)) Y, f(vj), (16)

VjEN,'

where k is the number of attribute (usually k < n/2). The pro-
cedure of VCIG is illustrated in Algorithm 1.

Algorithm 1 The VCJG centrality algorithm

Input:
G = {V,E}: Real network;
0: Parameter;
o: Parameter;
k: Number of attributes;
Output:

A ranking list about vertices’ importance;

Part I: Acquire the matrix U

1: Initializing matrices Bo, Fo, Sly, and Sg, with random sampling;

2: Calculate the error of R;
3:LetRye =Ryt =1;
4: while Rye > R do

W

Fixing F,, SI;, and Sg,, update matrix B, according to Eq. (8);
Fixing B;, F; and Sg,, update matrix S| according to Eq. (8);

Fixing B;, Sg, and SI;, update matrix F;,| according to Eq. (8);

6:
7:  Fixing B;, F, and Sl;, update matrix Sg,, | according to Eq. (8);
8
9

: t=t+1;
10:  Let Rye = R;
11: Calculate new error R;
12: end while
Part 2: Acquire the VCJG score

13: Get the set N; of vertex v;’s neighbors;

14: fori=1to |V| do

15:  Calculate f(v;) of vertex v; using Eq. (15);

16:  for j=1to |N;| do
17: sum(v;) < sum(v;) + f(v;);
18:  end for

19:  VCIG(v;) < (14 f(vi))sum(v;);

20: end for

21: Sort the vertices descending based on the VCJG value to get the a ranking list;

22: return the ranking list.
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4. Algorithm analysis

The time complexity of VCJG centrality calculation is
mainly composed of two parts, namely joint matrix factoriza-
tion and vertex influence calculation. We need to spend O(n)
for obtaining the matrix W. The time complexity for matrix
Tg is O(log(n)), which is calculated via matrix fast power
algorithm. The time complexity for the graph embedding is
O(n?). The running time for joint factorization is O(n’kr),
where r is the number of iterations and k is the number of at-
tributes. Then the time complexity of the first part is O(n’kr).
Time O(n x Dist) is required to calculate the influence of ver-
tex, which is the second part. Finally, the time complexity of
VCIG is O(n*kr).

5. Experimental analysis

In this section, simulation strategy and the results of eval-
uation measures are described in detail. To assess the proposed
approach, we compare its performance with four traditional al-
gorithms and five state-of-the-art methods including:

e degree centrality (DC);

e betweenness centrality (BC);

e closeness centrality (CC);

e k-shell (KS);

e the centrality based on the inverse-square law (I);

e hierarchical k-shell centrality (HKS);

e global and local structure centrality (GLS);

e global importance of vertices centrality (GIN) where

parameters a and b are set to 1;
o the centrality based on global structure model (GSM).
These algorithms evaluate the influence of vertex from
DC algorithm takes the local
topology attribute. BC and CC methods think about the global
topology attribute. KS and HKS indexes consider the center

different attribute of vertex.

location of the vertex. I algorithm considers the diversity of
neighbors. GLS take into account both local and global topo-
logical attribute. GIN and GSM algorithms adopt the propaga-
tion characteristics. To illustrate the performance of INMF, we
use the four traditional methods and the five recent methods as
baseline methods to build vertex centrality.

5.1. Utilized datasets

Nine different real-world networks, details about which
can be found in Table 1, are used to validate the performance
of the aforementioned algorithm. There are include karate club
network (Karate),>3 the network of selling political books
about the presidential election (Polbooks),?* Jazz musicians
network (Jazz),!®! usair network (USAir),*% co-authorship
network of scientists (Netscience),?”! Email network of the
University Rovira i Virgili (Email), 8] protein—protein inter-
action network (Yeast).?®) The user network of the hamster-
ster.com website (Hamster)!*%! and the network of the online
social networking platform (Facebook).*! The statistics char-
acteristics of these datasets are summarized in Table 1, where
B is the infection rate threshold and f is the optimal infection
rate value.

Table 1. Statistical characteristics of all datasets.

Network 14 |E| Average degree Maximum degree Assortativity B B
Karate 34 78 4.588 17 -0.4756 0.129 0.13
Polbooks 105 411 8.400 25 -0.0436 0.084 0.13
Jazz 198 2742 27.967 100 0.0202 0.026 0.026
USAir 332 2126 12.81 139 -0.2079 0.023 0.045
Netscience 379 914 4.823 34 -0.0817 0.125 0.16
Email 1133 5451 9.622 71 0.0782 0.054 0.1
Yeast 2375 23386 9.8467 118 0.4539 0.029 0.07
Hamster 2426 16631 13.711 273 0.0474 0.024 0.04
Facebook 3892 17239 8.859 126 0.5605 0.0375 0.1

5.2. Experiments for the parameters

Recall that VCJG involves three parameters: parameter k
denotes the number of potential attributes, parameter 6 deter-
mines the weight of the /-order global topology, and parame-
ter @ governs the direction in which the vertex attributes are
smoothed to the topological structure. All possible values of
each parameter are considered and ranking lists under these
combinations are calculated. The Kendall coefficient 7 is used
to evaluate the correlation between the ranking and the rank-
ing generated by the SIR model, and finally the value of each

parameter is determined.

Table 2. The value of parameter k over all networks.

Network \4 |E] k
Karate 34 78 16
Polbooks 105 411 34
Jazz 198 2742 2
USAir 332 2126 1
Netscience 379 914 160
Email 1133 5451 356
Yeast 2375 23386 277
Hamster 2426 16631 459
Facebook 3892 17239 61

The number of attributes of the network is usually less
than the number of vertex. Thus for simplicity, the sorted lists
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under different k value are obtained via adjusting 6 = 0.5 and
o = 0.5, where k € {1,n/2}. The k value is selected cor-
responding to the optimal Kendall coefficient 7. Table 2 is
demonstrate the final selected value of k on all networks. Next,
we investigate how parameter o and 0 influence the perfor-
mance of the proposed algorithm. By fixing k, the parameter
« and 0 increase from 0 and 0.1 to 1 with the gap 0.1, respec-

tively. The variation in the accuracy of VCJG as parameter o
and 6 increase for four dataset is shown in Fig. 1. As can be
observed in the picture, the highest values of T can be obtained
for 6 = 0.8 and @ = 0 over the Karate dataset, for @ = 0.5 and
o = 0.1 over the Polblogs dataset, for 0 = 0.8 and a = 0.3
over the Email dataset, and for 0 = 0.8 and o = 0.2 over the
Yeast dataset.

Polbooks

Fig. 1. Effect of variation of parameters 6 and o on the accuracy of the proposed method based on Kendall’s T correlation coefficient over the

four dataset.

In conclusion, as 8 = 0.8, VCJG reaches a good balance
between the [-order global topology. In the wake of parame-
ter o increases from O to 1, the accuracy of VCJG increases
from low to high, and then gradually decreases. The reason is
that when « is small, the attributes of vertex are excessively
smoothed to global topology. When « is large, the attributes
are dominated by local topology, thereby resulting in an unde-
sirable performance. Based on the above results, the extraction
of attributes and topology reaches a good balance for 6 = 0.8
and a = 0.2. Thus, these values are considered for the param-
eters O and o for remaining experiments.

5.3. Correlation

In order to evaluate the lists ranked by all the centrality
indicators, the list ranked by the real diffusion process of the
vertices requires obtaining. The standard susceptible-infected-
recovered (SIR) model'*?! is adopted to simulate the spreading
process on networks and record the diffusion efficiency for ev-
ery vertex. Every vertex pertains to one of the susceptible state
(S), the infected state (I) or the recovered state (R) in the SIR
model. Initially, one vertex is set to infected state and other

vertices are susceptible vertices. At each step, each infected
vertex can infect its susceptible neighbors with probability 3,
and then can be deleted with probability y. This dynamic pro-
cess will repeat until there is no infected vertices.

In this paper, the SIR process is repeated 1000 times for
each vertex to increase ranking accuracy and the average value
of the vertex’s spreading capability is considered as it is im-
portance. The infection probability 3 is set near the infection
rate threshold and y = 2. The infection rate range of each
network is shown in the abscissa of Fig. 2.

For measure the performance of the centrality algorithms,
the Kendall’s coefficient 7431 is employ to evaluate the corre-
lation between ranking list and the one generated by the SIR
model. The Kendall’s correlation coefficient 7 is defined as

N (Zc _Zd)
©0.5z(z— 1)’

where T € [—1,+1]. z. and z4q denote the number of concor-
dant and discordant pairs respectively. The higher the value
of 7, the more accurate the ranking generated by the centrality
measure.
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Fig. 2. The influence of the change of infection rate on the accuracy of different methods in eight datasets.

The Kendall’s coefficient 7 in eight real-world networks
has been investigated. The calculations, to evaluate the effect
of infection probability 3, are shown in Fig. 2. The value of
B in this figure is indicated by dash-dot lines. In Polbooks,
Jazz, Netscience, Email, Yeast and Facebook datasets, as the
value of f3 increases, especially as it exceeds Py, the T of the
proposed method is more highly, and outperforms the other
measures. In Karate dataset, after the infection rate threshold,
the VCJG’s 7 shows a downward trend. Although it is lower
than the GIN algorithm at § = 0.16, it surpassed it afterwards.
In Hamster dataset, after B = 0.05, the 7 of VCIG is higher
than that of the compared algorithms except HKS. It can be
seen that VCJG has different level of “difficulty” in finding
influential vertices on different networks. However in most
networks, VCJG still shows better performance than current
state-of-the-art algorithms.

5.4. Monotonicity

In addition to the above experiments, we also evaluate the
monotonicity (M)**! of ranking for each centrality method.
The M of the indexing method refers to the ability of uniquely

identifying vertex from the network. The range of M lies be-
tween [0, 1] where 0 means all vertices in the network have the
same rank and 1 means unique rank assign to each vertex in
the network. Monotonicity is defined as follows:

_ LrerNe X (Nr — 1)>2

M(R) = (1 Nx(N—1)

where R is the ranking table generated by a centrality measure,
N is the number of levels in sequence R, N, is the number of
vertices with rank r in the ranking table R.

Table 3 describes the ranking monotonicity of all meth-
ods on nine real datasets. It can be seen that monotonicity of
VCJG method is lower than most other indexing methods in
Jazz dataset. On the other hand, the monotonicity of the pro-
posed methods is the same as HKS, I, GIN, and GSM methods
in Email dataset. In the other datasets, the monotonic value
of the proposed method is better than all the contrasted algo-
The results show that the VCIG
method has greater ability to really distinguish the vertices

rithms, and is close to 1.

than in the other methods.
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Table 3. The M value of different methods in nine networks.

Network MDC) M@BC) M(CC) MEKS) MMHKS) MJd M(@GIN) M(@GLS) M(GSM) M (CIG)
Karate 0.7079 0.7754 0.8993 0.4958 0.9542 0.9542 0.9542 0.9612 0.9507 0.9999
Polbooks 0.8252 0.9974 0.9847 0.4949 0.9996 0.9996 0.9996 0.9999 0.9996 0.9999
Jazz 0.9659 0.9885 0.9878 0.7944 0.9993 0.9993 0.9993 0.9995 0.9993 0.9560
USAir 0.8586 0.6970 0.9892 0.8114 0.9951 0.9951 0.9951 0.9951 0.9951 0.9999
Netscience ~ 0.7642 0.3389 0.9928 0.6421 0.9949 0.9951 0.9954 0.9950 0.9949 0.9999
Email 0.8875 0.9400 0.9988 0.8089 0.9999 0.9999 0.9999 0.9992 0.9999 0.9999
Yeast 0.7210 0.7012 0.9964 0.6643 0.9990 0.9992 0.9992 0.9964 0.9992 0.9999
Hamster 0.8980 0.7123 0.9847 0.8714 0.9857 0.9857 0.9857 0.9858 0.9857 0.9999
Facebook 0.8487 0.8853 0.9996 0.7823 0.9997 0.9998 0.9998 0.9973 0.9998 0.9999

5.5. Accuracy of top-10 vertices ranking

High-ranking vertices in the ranking list are more impor-
tant than low-ranking vertices, so we require evaluating the ac-
curacy of different methods for identifying high-ranking ver-
tices. Different centrality measures give different lists of the
top-10 vertices, depending on how information in the network
is considered. The number of same vertices for different mea-
sures can show the superiority of different approaches. In the
experiment, the top-10 vertex ids are listed to compare the dif-
ferences in the top-10 vertex results obtained by different mea-
sures. And the propagation based on the SIR model to show
the superior infection ability of the vertices obtained by the
centrality algorithms.

We select indicators from the contrasted algorithms that
are less different from the proposed method in the correlation
and monotonic experiments for further comparison, such as
HKS, GLS and GSM centrality. The top-10 vertices in four

datasets are identified and the results are listed in Table 4. A
vertex in red color indicates that it not exists in the top-10
lists obtained by the SIR model. For the Polbooks and Email
datasets, the distinctness in the number of different vertices
between four metrics and the SIR model is relatively small.
The distinctness is relatively large in the Jazz dataset because
only the top-10 vertices found by VCJG are the same as those
generated by SIR. In USAir dataset, the vertices selected by
each algorithm are amount to the same those generated by SIR.
Therefore, we evaluate the performance of the algorithm from
the perspective of vertex arrangement order. The vertices in
blue color mean that the order of them are different from the
top-10 generated by SIR. For HKS and GSM criteria, there
are four vertices in a different order than SIR, while GLS and
VCIJG methods only have two vertices and the vertices order
of VCJG are lower than that of GLS.

Table 4. Vertices ranked by different centrality methods in four datasets.

Rank Polbooks Jazz

HKS GLS GSM VCIG SIR HKS GLS GSM VCIG SIR
1 85 9 9 9 9 100 100 100 100 8
2 9 13 13 13 13 8 4 8 8 100
3 74 85 31 85 85 4 8 4 4 4
4 73 4 73 73 31 131 131 131 131 131
5 13 73 4 31 67 80 80 80 194 194
6 31 74 10 67 73 129 129 129 80 69
7 67 67 85 74 4 5 5 5 53 80
8 4 31 67 4 74 194 194 32 69 53
9 76 12 12 75 12 69 85 84 129 162
10 75 48 41 12 10 53 32 85 162 129

Rank USAir Email

HKS GLS GSM VCIG SIR HKS GLS GSM VvCaJG SIR
1 123 123 123 123 123 105 105 105 105 105
2 57 57 57 57 57 16 16 333 16 42
3 201 201 201 201 201 42 333 42 42 333
4 207 258 207 207 207 196 42 23 333 23
5 258 207 258 258 258 333 23 76 196 41
6 276 276 276 193 193 23 41 233 3 196
7 117 25 117 276 276 3 196 41 23 3
8 193 117 25 117 25 204 233 52 49 16
9 25 193 193 25 117 41 76 3 41 21
10 302 302 302 302 302 49 21 378 56 76
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Fig. 3. Number of infected vertices for different initial vertices (top-10 vertices) obtained by the ten methods in four networks.

In order to further evaluate whether the vertices obtained
by the proposed algorithm have superior infection ability, the
SIR model is applied to measure the infection ability of top-10
selected initial vertices. The top-10 vertices obtained by dif-
ferent approaches are used as the initial infected vertices, and
the remaining vertices are defined as susceptible vertices. We
set the recovery rate in SIR as 0 in order to more easily and
accurately count the number of infected vertices. The number
of infected vertices F'(¢) at particular moment ¢ is selected as
the infection ability of the initial infected vertices. A higher
F () indicates that the infection ability of the initial vertices is
stronger and that the initial vertices are more importance.

In the experiment, the infection probability of the SIR
model on each network is given in column eight of Table 1.
Each experiment was carried out independently, and repeated
1000 times under the condition of a specific infection rate. The
results are the average of 100 experiments, as shown in Fig. 3.
Among the four networks, the F(¢) of VCIG has little differ-
ence with the comparison algorithms in the early stage, but it
was higher than other algorithms it keeps up with the growth
of time. What we want to point out is that although the list
of top 10 vertices obtained by HKS, GLS, and GSM methods
in the four networks are slightly different from that for VCIG,
the VCJG has a stronger ability for evaluating vertices than the

comparison algorithms.

6. Conclusion

In this paper, based on joint nonnegative matrix factor-
ization and graph embedding, we proposed the VCJG central-
ity to find pivotal vertices in complex networks. It overcomes
the shortcomings of existing centrality measures that they can-
not completely guarantee completely unrelated among multi-
ple attributes and ignore the heterogeneity between network
attributes and structure. This method has good stability and
accuracy in different complex networks.

However, VCJG centrality still has some inevitable prob-
lems. For instance, there is no better strategy to determine
the value of parameter k. And the proposed approach has
high time complexity and cannot be applied to large-scale net-
works. How to increase the speed of VCJG without sacrificing
accuracy is a key issue. In future research, we will continue to

improve.
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