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Topological superfluid state is different from the normal superfluid one due to the excitation energy gap on the
boundary. How to obtain the topological superfluid state by using spin—orbit coupling to control the s-waves paired
mass-imbalanced Fermi gas is a recent novel topic. In this paper, we study the topological superfluid phase diagram of
two-dimensional mass-imbalanced Fermi gas with Rashba spin—orbit coupling at zero temperature. We find that due to
the competition among mass imbalance, pairing interaction and spin—orbit coupling, there is a double-well structure in the
thermodynamic potential, which affects the properties of the ground state of the system. We comprehensively give the
phase diagrams of the system on the plane of spin—orbit coupling and chemical potential, and the phase diagrams on the
plane of the reduced mass ratio and two-body binding energy. This study not only points out the stable region of topolog-
ical superfluid state of mass-imbalanced Fermi gas, but also provides a detailed theoretical basis for better observation of

topological superfluid state in experiments.

Keywords: topological superfluid, mass-imbalanced, spin—orbit coupling, Fermi gas
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1. Introduction

Topological superfluids provide a new quantum phase
of matter and attract extensive interest in many physical
systems, ! and the spin—orbit coupling (SOC) is a key ingre-
dient for the observation of topological superfluid states.[?!
The ultracold Fermi gas is highly controllable and is an
ideal platform to observe the topological superfluid state
experimentally. 331
a wide Feshbach resonance, the SOC enhances the effect

of the system interaction on the Fermi pairing. Thus, the

For the non-polarized Fermi gas near

crossover behavior also appears in the Bardeen—Cooper—
Schreiffer (BCS) side.!%”! In addition, it is proposed that the
topological superfluid phase can be stabilized in spin polarized

8-12] T the absence

Fermi gas if there is the influence of SOC.!
of SOC, the polarized Fermi gas can display the phase sepa-
ration near the wide Feshbach resonance due to the competi-
tion between the imbalance of the number of particles and the

o [13-15

pairing interactio I In the presence of SOC, the phase

separation of the polarized Fermi gas has richer structures, in
which the topological nontrivial superfluid states exist.!%-1%16]
For example, two types of topological superfluid with two or
four gapless points may be stable in the SOC polarized Fermi
gas. 510161

Most investigation of ultracold Fermi gas with SOC fo-
cus on the mass-balanced cases.!!”-?8! Differently, the two-
species (mass-imbalanced) Fermi—Fermi degenerate mixture
would show more special properties, >~ It is found that Fes-
hbach resonance can occur in the °Li—**K mixture,?! and

fCorresponding author. E-mail: liuchaofei @jxust.edu.cn
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this result plays an indispensable role in exploring the multi-
body physics of strongly interacting regions and opens up a
way for people to study mixed Fermi materials. Recently, the
mixture of '®'Dy—*'K offers an ideal platform with mass im-
balance and strong interaction,>?! and it can effectively in-
hibit the elastic loss near the resonance. Undoubtedly, if the
SOC is applied to the Fermi mixtures with different masses,
the combined interactions will induce some special proper-
ties in the superfluid phase diagram, the phase separation re-
gion and quantum phase transitions between various superfluid
states.[>33] A systematical exploration of the topological su-
perfluid phase in the SOC Fermi mixtures will improve the
current understanding of the controllability of ultracold-gas
platform.

It is a hot topic to find out the existence regions of differ-
ent quantum phases in ultracold Fermi gases. Mass-balanced
Fermi gas with SOC has shown rich phase structures, such
as conventional superfluid states, topological superfluid states

[10-

and various phase separations.!'*-1?1 Meanwhile, it is found

that the mass-imbalanced effect has a great influence on its

933 Furthermore, the thermodynamic poten-

10-12]

phase diagram.!
tial is usually used to judge various quantum phases.!
These studies enrich our understanding of various quantum
phases. But there is rarely direct illumination about how the
combined interaction of SOC and imbalanced mass affects
the thermodynamic potential and the corresponding phase dia-
grams. Undoubtedly, for the mass-imbalanced ultracold Fermi
gases, it will provide a deeper understanding to find out the

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

090305-1


http://dx.doi.org/10.1088/1674-1056/ac6860
liuchaofei@jxust.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 31, 090305 (2022)

influence of SOC on the thermodynamic potential and the ex-
istence regions of various corresponding quantum phases.

In this paper, we study the topological superfluid phase
transition of 2D mass-imbalanced Fermi gas with SOC. We
use BCS-type mean-field theory to investigate the effect of
SOC on the ground state phase diagram. Due to the pres-
ence of sub-stable or unstable solutions of the gap equa-
tion, we directly minimize the thermodynamic potential.[*~!?]
We find that there is only one topologically nontrivial su-
perfluid state, which is always protected by an excitation
gap away from its phase boundary. This is in agreement
with previous calculations.3>1?] Clearly, it is not possible
to have a spin—orbit field to interconvert different kinds of
atoms, and it is not possible to create spin—orbit coupled mass-
imbalanced systems with a mixture of two substances. But
the mass-imbalanced systems can be loaded on the single two-
component Fermi gas into the spin-dependent optical lattice,
making the components have different effective masses. >3]

This paper is organized as follows: In Section 2, we
present the model of a 2D two-component Fermi gas with SOC
of unequal masses. We introduce the mean-field theory and
obtain the Hamiltonian of the system. In Section 3, we firstly
obtain the thermodynamic potential of the Fermi gas by nu-
merical calculations. And then we detailedly analyze the min-
imum of the thermodynamic potential and indicate the condi-
tions for the existence of each type of superfluid state. We also
show the phase diagram of the system and analyze the effect
of each factor on the ground state. Finally, we compare our
results with others. Section 4 is our conclusion.

2. Model

We consider a 2D two-component Fermi gas with unequal
masses and the Rashba SOC. The Hamiltonian of the system
contains three terms, i.e., the kinetic energy term, the SOC
term and the interaction term. The total Hamiltonian of the
system can be written as

H = Hy+ Hsoc + Hint, (D

where H is the kinetic energy term, Hgoc is the SOC term,
and Hjy, is the fermion interaction term of the s-wave. They
are expressed as

_ il
Hy=Y a, 55[(,5“1{,57
ks
Hsoc = %/a;ga (kxoy — kyOx) ar s, )
k

Hin =~ X, apqaly ap ap s,

ékﬁ‘ o (ky — lkx)

o (k,+ik
M, = (y(‘)"l ) %X
A 0

where az‘ s (ars) is the fermion creation (annihilation) opera-
tor for momentum k and spin 6 = {7,]}, and & 5 = & 5 — U5
is kinetic energy. For simplicity, we set the Planck constant
h = 1. ug is the chemical potential, and o > 0 is the strength
of SOC. o, and oy are the Pauli matrices. g is the s-wave in-
teraction, which is renormalized and can be expressed as the
standard relation in two dimensions: 4!

1 1
R D ——— 3)
8 k 28k,+ +Ep

where Ey, > 0 is the binding energy of the two-body bound
state of the two-dimensional SOC system. We can adjust it
through Feshbach resonance. When it increases from zero,
the system transitions from BCS to Bose—Einstein condensate
(BEC). E+ = (Sk,T + 8k7¢>/2, m4 = Zmei/(mL imﬁ, my is
twice the reduced mass of the Fermi gas of spin 1" and spin |,
if m_ — oo, it represents m4 = m,.

We use the mean-field approximation to treat the interac-
tion term. In this paper, we neglect the Fulde—Ferrell-Larkin—
Ovchinnikov (FFLO) phase, in which the centroid momentum
is not . This is motivated by the fact that the FFLO phase is
stable only in a narrow parameter region, and hard to be ob-

(10,1142

served in experiments. | The order-parameter of Fermi

superfluid pairing is defined as
A=A =gy (a_y ary). 4)
k

In this way, the Hamiltonian of the interaction term becomes

2
A A
Hy=A Gy +a_g ary —g . (@)

By introducing the Nambu spin base

. . T
Yk = (ak,Tvaktivalkﬁ?aLk,i) ’

the Hamiltonian of the system is written as

1 t A
Hpg = 5 ; (ll/kMkllfk + Zék) 2 (6)
where
0 A
—A 0 @
_é—kﬁ (04 (ky + lkx)
o (ky — iky) —& k)
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Finally, the Hamiltonian (6) is diagonalized to

1 Al?
H= ZEk,sa]j’Sak,s + E Z ((ék - Ek,s) - u’ 3

k,s kys=+

with

Es = \/5,3+ +(82) +1AP + (ak)? + 250,

where s = & represents the two excitation energy spectra of
quasi-particles, and

Bo=1/(62.) (8. +14P) + &2, (k)

We define the chemical potential y; = (,u¢ +u L) /2, the dif-
ference of chemical potential u_ =h = uy —p and &, =

& — Us. The dispersion relation shows that because of the
limited superfluid pairing energy gap and SOC strength, there
is only a gapless point in the excitation energy spectrum at
k = 0, which satisfies h./2 = \/A2 + u?. When the chemical
potential imbalance increases from O to A, the energy gap of
the excitation spectrum will decrease to O firstly, and then in-
crease. The system will also change from a normal superfluid
state to a topological superfluid state.

According to the partition function Z = tr (e_ﬁH ) =
e P2 the thermodynamic potential can be obtained. In this
paper, we only consider the cases at zero temperature, and the
zero-temperature thermodynamic potential is written as

1
Q = —Elntr(efﬁH) |70
Eci+E_\ |AP
= ék‘+—”> -, )
k,s;:t< ' 2 g

where 3 = 1/kgT and kg is Boltzmann’s constants. For the
sake of simplicity, we will perform the dimensionless process-
ing on thermodynamic potential (9)

S  Epy B
q_kF7 lJ‘_EF’ _EF7 q,+ — EF ? q9,— EF ?
Eb 2 ~ 2 1 ]’l
& = — = — _ = —_ = _— = 1
b EF 3 éq,-&- q H, &q, cq ) 3 EF

We take the Fermi energy EF as the energy unit in our nu-
merical calculations. In general, the chemical potential differ-
ence A is adjustable and can be of the same order as the Fermi
energy.['®-12] So, we set the difference of chemical potential
h = Eg for convenience. The corresponding momentum unit is
defined as k and i = Ep = k% /2m ., and ¢ = m, /m_ is the re-
duced mass ratio. It is noteworthy that because of my/m| > 0,
c=my/m_ = (my—my)/(my+m;), wecanget —1 <c <1,
and the processed thermodynamic potential becomes

Q/Eg
1 (= (5, _ E;++E,_ A?

- = By 2 ] dg. (10
27:/0 q(q H 2 T arag )t 10

3. Results and discussion
3.1. Thermodynamic potential of the system

In Fig. 1, we show the variation of the thermodynamic
potential with the superfluid order-parameter in the system for
various SOC strengths, chemical potentials and reduced mass
ratios. The competition between mass imbalance, pair inter-
action and SOC can lead to the double-well structure of ther-
modynamic potential in some parameter regions. This phe-
nomenon means that two interstitial phases will appear in the
phase diagrams, which can be distinguished by quantum phase
transitions. The change of superfluid-pairing order-parameter
corresponds to the first-order quantum phase transition. It is
well-known that the traditional superfluid state satisfies the
condition of A /2 < /A2 + 21912161 but the topological su-
perfluid state satisfies the condition of h./2 > /A2 + u2. The
ground state of the system jumps from one minimum to an-
other in the double-well structure of the thermodynamic po-
tential. It represents the system’s transition from the normal
superfluid state to the topological superfluid state via the first-
order phase change.

In Fig. 1(a), we firstly indicate the thermodynamic poten-
tial when the superfluid order-parameters change. Note that
we only adjust the SOC strength o and fix all other parame-
ters, and the values are ¢ = 0.1 and E},/Er = 0.5. The thermo-
dynamic potential of the system is the double-well structure
at oo = 0.1. In fact, for o¢ < 0.25, the thermodynamic poten-
tial has a double-well structure with the minimum value near
zero. For o > 0.25, the thermodynamic potential will start
to change from the double-well structure to a single-well one,
and the minimum value is far from 0. The first-order phase
transition almost occurs at & ~ (.25, where the two minimum
values of the double-well structure will be equal, and the po-
sition of the minimum starts away from 0, as shown by the
red dotted line in Fig. 1(a). For o = 0.5, the thermodynamic
potential will completely evolve into the single-well structure.
When the SOC strength continues to increase, we find that
the position of minimum value of the thermodynamic poten-
tial will increase, i.e., shift to the right. This indicates that the
superfluid order-parameter A of the ground state of the system
will increase with the increase of SOC.

In the above results, we randomly choose some param-
eters which can represent the general principle of thermody-
namic potential. If we change these parameters, the properties
of the thermodynamic potential will follow the above general
principle. Certainly, the critical point will change.

In Fig. 1(b), we continue to examine the thermodynamic
potential by adjusting the chemical potential . When u =
—0.3, the thermodynamic potential is a monotonically increas-
ing function, and the minimum value appears near A = 0.
When the chemical potential increases to tt = 0.1, the thermo-
dynamic potential almost becomes the double-well structure.

090305-3
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In fact, we find that the critical value appears at u ~ 0.22,
where the two minimum values of the double-well structure
will be equal. For u > 0.22, the double-well structure will
continue to evolve into a single-well one. The minimum value

= a=0.1 a:07
of —a=03 —»—a=0.9
a=0.5 -o a=0.25

0 0.2

0.4 0.6 0.8
A/Ep

1.0 1.2

will firstly appear at the right well before the double-well
structure disappears. In this study, we mainly focus on the po-
sition of the minimum value. For i = 0.5, the thermodynamic
potential has become the single-well structure.

0.050

0.025
=
S
c

<q
—0.025

—0.050

Q/Eyp

0 02 04 06 0.8 1.0 1.2 1.4
A/Ep

Fig. 1. The thermodynamic potential as a function of the superfluid order-parameters under various SOC strengths, chemical potentials and
reduced mass ratios. The arrow points to the position where the minimum value of each thermodynamic potential appears. (a) The affection
of SOC strength. Other parameters are fixed at y/Ep = 0.2, ¢ = 0.1 and E,/Er = 0.5. The critical value appears at om /kg = 0.25. (b)
The affection of chemical potential. Other parameters are fixed at am. /kp = 0.2, ¢ = 0.1 and E,/Er = 0.5. The critical value appears at
u/Ep =0.22. (c) The affection of reduced mass ratio. Other parameters are fixed at am. /kgp = 0.2, u/Ep = 0.2 and Ey,/Er = 0.5. The critical
value appears at ¢ = 0.14. (d) The affection of binding energy. Other parameters are fixed at om /kg = 0.2, ft/Ep = 0.2 and ¢ = 0.1. The
critical value appears at E}, /Er = 0.54. We choose the Fermi energy EF as the energy unit, and set the difference of chemical potential 2 = EF.

The corresponding momentum unit is defined as kg, and Er = k% /2m.

In Fig. 1(c), we change the reduced mass ratio to examine
the thermodynamic potential. When ¢ = —0.5, the thermody-
namic potential is a monotonically increasing function. When
the reduced mass ratio increases, the thermodynamic potential
will tend to form the double-well structure firstly. For ¢ = 0.1,
the double well is obvious. Similarly, a critical value appears
at ¢ ~ 0.14 and the two minimum values of the double-well
structure will be equal. For ¢ > 0.14, the location of the min-
imum value will appear at the right well. After that, the left
well will be raised and will eventually evolve into a single-
well structure. For ¢ = 0.4, the thermodynamic potential has
become the single-well structure.

In Fig. 1(d), we change the two-body bound energy to
check the thermodynamic potential. When Ey, = 0.2, the ther-
modynamic potential is a monotonically increasing function.
When the two-body bound energy increases, the thermody-
namic potential will tend to the double-well structure. For
Ey, = 0.4, the thermodynamic potential has become the double-
well structure. The critical value appears at E}, = 0.54 and the
two minimum values will be equal. For Ey, > 0.54, the location
of the minimum value of potential well will move away from
0 and appear at the right well. For Ey, = 1, the thermodynamic

potential will become the single-well structure.

In the two-dimensional case, some superfluid states and
topological superfluid states would be unobservable experi-
mentally because of the affection of the thermal fluctuations
and quantum fluctuations at a finite temperature. Here, we de-
fine the unobservable parts as NSF (A < 1073,\/A2 4+ pu2 >
h/2,u > —0.5) and NTSF (A < 1073,1/A24+-u? < h/2). In
essence, the unobservable parts should be normal superfluid
and topological superfluid.

We now study the relationship between the superfluid
order-parameter and the reduced mass ratio c¢. In Fig. 2(a),
when o = 0 and c is less than a certain critical value, the
superfluid order-parameter will disappear. When « is very
small, the superfluid order-parameter is hard to be obtained
numerically. The main reason comes from the calculation ac-
curacy. The superfluid order-parameter will move away from
0, as shown by the solid line of & = 0.2, @ = 0.4, and @ = 0.6
in Fig. 2(al). In fact, as long as the SOC strength is not 0, the
superfluid order-parameter should not be 0.18] Here, the black
curve indeed shows that the results are not O in Fig. 1(a) [see
the arrow at A = 0]. In addition, we also find that the order-
parameters of the four solid lines of ® =0, « =0.2, ® = 0.4
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and oo = 0.6 have an obvious jump behavior, which is induced
by the shift of the minimum thermodynamic potential from the
left well to the right one. The jumping behavior would com-
pletely disappear when « > 0.8, and the solid line transfers to
be the continuous growth.

The jumping behavior in Fig. 2(al) is completely related
to the structure of the thermodynamic potential in Fig. 1. For
example, we have pointed out that the jump behavior disap-

1.6

—e—a:O. (al)

—0.03}
—0.04¢
0 0.2 04 06 08 1.0 1.2
A/Ep

pears when o = 0.8. In fact, the thermodynamic potential
would become the single-well structure when o = 0.8. As the
strength of SOC increases, the position of the minimum value
of the double well will gradually closer and evolve into the
single well eventually. The magnitude of the order-parameter
jump represents the distance that the minimum value of the

double well is equal, as shown in Fig. 2(a2).

1.6

—a—F,=0.2 Ep,=0.8
By =04 E—19 (D
—-FE,=06 —=F,=1.2
1.2 A
3
0.8
<
0.4
—1.0 -0.5 0 0.5 1.0
my/m_
0.050
——F,=0.2 E,=0.8 (b2)
+§b:86 E,=1.0
0.025f1 T
)
~ 0
—0.025} 1
70.050L
0O 02 04 06 08 1.0 1.2

A/ Ep

Fig. 2. The relationship between the superfluid pairing order-parameter A and the reduced mass ratio ¢ = m4. /m_. (al) SOC strength changes.
Other parameters are fixed at yt/Ep = 0.2, and E,/Er = 0.5. (a2) Critical cases under different SOC strength. (bl) The binding energy
changes. Other parameters are fixed at u/Ep = 0.2, and am /kg = 0.1. (b2) Critical cases under different binding energy. We choose the
Fermi energy Ef as the energy unit, and set the difference of chemical potential # = Ep. The corresponding momentum unit is defined as kg,

and Ep = k&/2m..

In Fig. 2(b1), we further examine the superfluid order-
parameter by adjusting the binding energy Ey,. Note that other
parameters are set to be u/Ep = 0.2 and oo = 0.1. Due to the
presence of SOC, the superfluid order-parameter is close to 0,
but not 0 in Fig. 2(b1). Meanwhile, we find that the pairing en-
ergy gap will decrease as the reducing of the E},. At the same
time, the unobservable portion (A /Er = 0) will increase, and
the position of the order-parameter jump will shift to the right
and the jump amplitude will decrease. We can compare the
results of E, = 0.6, E, = 0.8, E, = 1.0 and E, = 1.2. When
reducing Ep, we only obtain the transition between the nor-
mal superfluid state (. /2 > /A2 + u?) and the unobservable
topological superfluid state (A /Er = 0). We cannot get other
states.

However, when Ey, = 0.4, the observable topological su-
perfluid state would occur. Similarly, when Ep, = 0.2, the jump
behavior disappears. At this time, the ground state of the
system is topological-superfluid, and the observable topolog-
ical superfluid area would also increase significantly. In the
NSF (NTSF) area, we find o« — 0, and the superfluid order-

parameter decays exponentially. If we increase the value of

to the transition area between the topological superfluid state
and the normal superfluid one, the superfluid order-parameter
will increase rapidly.

Similar to Fig. 2(a2), we describe the trend of change be-
tween the two minimum values of the double well in the crit-
ical cases of different binding energy in Fig. 2(b2). We find
that the binding energy is contrary to SOC, and the greater the
binding energy, the farther away the two minimum values are.
In Fig. 2(bl), there is a continuous curve, corresponding to
only one minimum value in Fig. 2(b2), when Ey, = 0.2. In the
rest of the case there is a jump behavior in Fig. 2(b1), so there
are two minimums in Fig. 2(b2), and the distance between the
two minimum values represents the corresponding jump am-
plitude.

3.2. Ground state phase diagram of the system

In the above discussion, we point out that the system has
lots of local minimum. Thus, there is phase separation in the
case of the fixed number of particles. For convenience, we fix
the chemical potential to avoid the phase separation. In the
VAC region, the superfluid order-parameter A is zero in this

090305-5
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case. Since u < —0.5, the chemical potentials yy and u of
the two components are both less than 0 in the system. There-
fore, there is no normal state in the phase diagram, and the
corresponding state is replaced by the vacuum state.!!?!

Now we give a phase diagram with a—u, where the re-
duced mass ratio is fixed but not 0, and the difference of
chemical potential & is also fixed. The red solid curve in
Fig. 3 represents the first-order phase transition. Usually, there
are two topological superfluid states in the three-dimensional
system!®!1] and the two-dimensional NIST SOC system.!1°!
Here, our results are special, and there is only one topological
superfluid state in the two-dimensional Rashba SOC system.

0.6 - I
0.4Ff : :
&3 11
0.2 oo':
i ekttt
= *
S S
T 0.2 SES S SheRs ¢
. X 0 00
3FERS0 8008
—0.4 TPER ST
_0.6,
VAC
—0.8} ) ) ; g i
0 0.2 0.4 0.6 0.8 1.0 1.2

amy /ky

Fig. 3. The phase diagram on the a—u plane. The binding energy
of the two bodies is set as Ey/Er = 0.5 and the reduced mass ratio is
¢ =0.1. The red ‘x’ represents the NTSF state, the blue ‘o’ repre-
sents the TSF state, the black .’ represents the SF state, and the blank
area represents the VAC state. The red solid curve represents the first-
order quantum phase transition. The four dashed lines I-IV indicate
the one-dimensional phase diagram of the superfluid order-parameter A
changing with the strength of SOC a. The detailed results are shown in
Fig. 4. We choose the Fermi energy Ef as the energy unit, and set the
difference of chemical potential 2 = Eg. The corresponding momentum
unit is defined as kg, and Ep = k]% /2m.

Under the condition of local density approximation, in
Fig. 3, the phase passing by the vertical line from top to bottom
is the phase transition process of the system from the center to
the edge of the well. The phases passing by the horizontal
line from left to right represent the phase transition process of
the system as the SOC « strength increases. And the paired
state still exists under the limit of strong polarization, which
is similar to the two-dimensional Rashba SOC system.!!>!8]
In Fig. 3, we can also find that the normal superfluid state oc-
cupies most of the whole phase diagram, mainly in the upper
left region. The topological superfluid state exists in the re-
gion where the chemical potential and SOC strength are small.
If the chemical potential and SOC strength are small enough,
the topological superfluid cannot be observed. If the chemical
potential and SOC are not very strong, the topological super-
fluid state will have a stable interval in the middle of the phase
diagram, which provides the possibility for experimental ob-
servation of this quantum phase.

Figures 4(a), 4(b), 4(c), and 4(d) show the phase diagrams
of the variation of the ground state order-parameters pointed

by the dashed lines I, II, III and IV in Fig. 3. In Fig. 4(a), all
of the system are the normal superfluid state. In Fig. 4(b), we
choose the chemical potential of u/Er = 0.25. When SOC
increases, the order-parameter of the ground state of the sys-
tem exhibits a jump behavior. The red solid circle stands for
the position of the first-order phase transition, and the two
sides of the phase transition are two different states. At this
time, the topological superfluid state cannot be observed. In
Fig. 4(c), when the chemical potential is u/Er = 0.1, the ob-
servable topological superfluid state occurs in the system. And
the region of the unobservable topological superfluid becomes
larger. With the decrease of the chemical potential, the jump
behavior of the order-parameter disappears and becomes the
continuous curves. At this time, the phase boundary is sep-
arated by the secondary phase transition in Fig. 4(d). These
results in fact consistent with the potential well structure we
mentioned in Fig. 1.
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Fig. 4. The phase diagrams of the superfluid order parameter chang-
ing with the strength of SOC. (a) u/Er = 0.55, (b) 1/Er = 0.25, (c)
u/Ep =0.1, and (d) u/Er = —0.35. The binding energy E,/Er = 0.5,
the reduced mass ratio ¢ = 0.1, and the red dots approximately indicate
the position of the first-order phase transition.

We further show the phase diagrams of the system on o—
1 with various reduced mass ratio ¢ and binding energy Ey,.
In Fig. 5, when the binding energy is E,/Er = 0.5, the system
displays the BCS side at this time. We can adjust the reduced
mass ratio to obtain its influence on the ground state phase
diagram of the system.

Note that the region of the reduced mass ratio ¢ is —1 <
¢ < 1. We would like to obtain the phase diagrams of the sys-
tem under the extreme conditions, and we set ¢ = —0.99 in
Fig. 5(a) and ¢ = 0.99 in Fig. 5(d), respectively. We find that
there is a stable interval under the two extreme cases for the
topological superfluid. When the reduced mass ratio is small
enough, the NSF phase appears in the phase diagram. More-
over, there is no first-order phase transition from superfluid
state to topological superfluid state, and the thermodynamic
potential changes continuously at the boundary. When we in-
crease the reduced mass ratio from —0.99 to —0.5, we can find
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that the topological superfluid state shifts to the middle of the
phase diagram, as shown in Fig. 5(b).

u/Er

0.4 0.8 1.2
amy /ky

u/Er
[}

—0.5f

0 0.4 0.8 1.2 0 0.4 0.8 1.2
amy [k am /kp

Fig. 5. The phase diagrams on the o—u plane has different reduced
mass ratios, fixing binding energy Ey,/Er = 0.5, where (a) ¢ = —0.99,
(b) c=—-0.5, (¢) c=0, (d) c =0.99, the red ‘A’ represents the NSF
state, and the red ‘x’ shows the NTSF state, the blue ‘o’ represents the
TSF state, the black ‘x’ represents the SF state and the blank area rep-
resents the VAC state. The red solid line represents the first-order quan-
tum phase transition. We choose the Fermi energy EF as the energy unit,
and set the difference of chemical potential # = Eg. The corresponding
momentum unit is defined as kg, and Eg = k% /2my.

As the reduced mass radio increases to 0, the NSF phase
disappears. And the topological superfluid region is occupied
by the normal superfluid state in Fig. 5(c). The above results
indicate that there is the competitive relationship between the
pairing mechanism of the topological superfluid and the re-
duced mass ratio. It is worth noting that when the reduced
mass ratio approaches 1, the topological superfluid state will
not completely disappear, i.e., there is still a stable observable
region in Fig. 5(d) [see the blue circles].

In order to show the changes of the system’s ground state
during the transition from BCS to BEC, we further plot the
phase diagrams on o—u plane for various cases of binding en-
ergy in Fig. 6. Figure 6(a) shows the results of Ey,/Ep = 0.25,
and Fig. 6(b) indicates those of Ep/Er = 0.7. Comparing
Figs. 6(a) and 6(b), the unstable superfluid (NSF region) com-
pletely disappears and changes into the SF state. Most regions
of the topological superfluid (TSF and NTSF region) disappear
in Fig. 6(b). Obviously, the TSF state in Fig. 6(c) is differ-
ent from that in Fig. 5. The stable topological superfluid state
completely disappears when the binding energy increases to
Ey/Er = 0.95. Then the unstable region will also disappear.
Finally, only the stable superfluid state exists [see Fig. 6(d)].
These results show that the chemical potential and the SOC
have an effect on the superfluid pairing, and they will change
the pairing mode of particles and the properties of the ground
state of the system at the BCS side when ¢ = 0.1, but they have
no effect at the BEC side.

0‘5 ——
<3 <3
g, 8
~~ ~
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Fig. 6. Phase diagrams with different binding energies on the o—p
plane, fixing reduced mass ratio ¢ = 0.1, where (a) Ey/Ep = 0.25, (b)
Ey,/Er=0.7,(c) Ey/Er =0.95, (d) E,/Ep = 1.2, the red ‘A’ represents
the NSF state, and the red “x’ represents the NTSF state, the blue ‘o’
represents the TSF state, the black ‘.’ represents the SF state, the blank
area represents the VAC state, and the red solid line represents the first-
order quantum phase transition. We choose the Fermi energy Ef as the
energy unit, and set the difference of chemical potential # = Eg. The
corresponding momentum unit is defined as kg, and Er = k12: /2my.
1.0 1.0
C05] .05
E - E 888
T 0 i 3 of#id
T 3
—0.5 PEEIN —0.5
_1olil —1.
0 0O
1.0
, 05
£
>~ 0
g i
—0.51400¢
_1.0Lit §8 : . H :
0 0.4 0.8 1.2 0 0.4 0.8 1.2

Ey/Ew B/ Er

Fig. 7. Phase diagrams on the E,—c plane with different SOC strengths,
where (a) omy /kg = 0.2, (b) amy /kg = 0.6, (¢) amy /kg =1, (d)
omy [kg = 2.5, red ‘X’ represents table NTSF states, blue ‘o’ repre-
sents the TSF state, the black ‘.’ represents the SF state, and the red
solid line represents the first-order quantum phase transition. We choose
the Fermi energy EF as the energy unit, and set the difference of chem-
ical potential 7 = Eg. The corresponding momentum unit is defined as
kp, and Ep = k3 /2m...

In Fig. 7, we plot the phase diagrams on Ep—c plane to
further study the change of the ground state phase diagrams
during the transition from BCS to BEC. In Fig. 7(a), a large
part of the phase diagram is occupied by the NTSF state when
the strength of SOC is am_ /kg = 0.1. The bigger the reduced
mass ratio is, the larger the region of the observable topologi-
cal superfluid is. Increasing the reduced mass ratio at the BCS
side can increase the observable topological superfluid region
[see Fig. 7(a)]. When oum /kp = 0.6 [see Fig. 7(b)], most
of the region of the unobservable topological superfluid is re-
placed by the observable ones. When we increase the strength
of SOC, the TSF state will continue to decrease until the en-
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tire region is occupied by the SF state. When the strength of
SOC is small, the topological superfluid state is easy to occur
for small ¢. When SOC is up to amy /kg = 1, the topological
superfluid state will not appear at the BEC end for any of the
reduced mass ratio [see Fig. 7(c)]. When SOC is large enough
(amy [kg > 2.5) [see Fig. 7(d)], only normal superfluid states
appear in the phase diagram. The above results indicate that
the greater the strength of SOC is, the stronger the suppression
of the reduced mass ratio to the topological superfluid is.

3.3. Discussion

Finally, we would like to compare our results with the
previous work. In the 2D mass-balanced Fermi gas with SOC,
Ref. [11] has reported the optimal parameter region for obtain-
ing the topological superfluid phase and the phase separation
structure of paired energy gap. The influence of population
imbalance is suppressed by SOC, and the phase separations of

(121 Compared

superfluid phase are unstable under strong SOC.
with them, we consider the influence of imbalanced mass. So,
our results extend the existence region of topological super-
fluid and offer more options for the experimental observation
of topological superfluid with mixed Fermi gas. Compared
with the 3D case,['% our results show that the first-order phase
boundary between the conventional superfluid phase and topo-
logical superfluid phase in 2D is significantly increased. We
indicate directly the first-order phase transition in the phase
diagrams according to thermodynamic potential and pairing
order parameter. In the SOC mass-imbalanced Fermi gases,
population balance can emerge in both conventional superfluid
and topological superfluid phases when imbalanced mass is
large enough. 331 Here, we describe systematically the change
of the thermodynamic potential of the ground state of the
mass-imbalanced system. The results can directly show the
origin of the phase diagrams, which is rarely indicated in pre-
vious studies.

In this work, we have considered the 2D two-component
Fermi gas with imbalanced masses and the Rashba SOC. The
imbalanced masses here is factually the effective masses.[*#4]
So, we actually deal with the two components of spin up and
spin down of Fermi gas. The consideration is mainly based on
Ref. [33], where they clearly pointed out that the imbalanced
masses could be designed by loading a two-component Fermi
gas into a spin dependent optical lattice. Thus, SOC does not
be used on different atoms but on the same Fermi atom with
different hyperfine states.

Furthermore, it is interesting to fulfill a special theo-
retical prediction about some experimental phenomena and
give some parameter regions about those phenomena. In this
paper, we mainly theoretically study the variation trend of
thermodynamic potential of mass imbalanced Fermi gas un-
der different parameters and the stability range of topological

phases. We consider a very ideal model without any thermal
effects. In fact, it is very difficult to observe these topological
phases.[*>46] The thermal effects may cause the experimen-
tal results to be different from the theoretical prediction. In
Refs. [9,16], they even did not provide some special parameter
regions for observing the topological phases in the real exper-
iments. Here, our results are similar to those in Refs. [9,16]
and are of reference value for real experiments. But we do not
know how to effectively control the thermodynamic potential
and mass imbalance of Fermi gas in real experiments. Thus,
we also do not give some special parameter regions for the real
experiments.

4. Conclusion

We have studied the influence of SOC, mass difference,
and two-body binding energy on the ground state phase dia-
grams of two-dimensional Fermi gas during the evolution of
BCS-BEC. We have indicated detailedly the stable regions of
topological superfluid and normal superfluid under various pa-
rameters, and have shown the unstable regions where they are
difficult to be observed. We found that the thermodynamic
potential can display the double-well structure, and the su-
perfluid order-parameter has a jump behavior. We detailedly
pointed out first-order phase transition between the topolog-
ical superfluid region and the normal superfluid one. There
will always be stable observable topological superfluid state
regions under weak pairing interaction by adjusting other pa-
rameters. When the strength of SOC is small, the topological
superfluid state can be better observed when c is reduced. Ex-
cessive pairing interaction strength and SOC strength can re-
strain the formation of topological superfluid. This study gave
a comprehensive account of the existing regions of different
superfluid states, and provided a theoretical reference for the
experiments to observe topological superfluid and superfluid.
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