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We theoretically investigate the yield enhancement of elliptical high harmonics in the interaction of molecules with
bicircular laser pulses by solving the time-dependent Schrödinger equation. It is shown that by adjusting the relative
intensity ratio of the two bicircular field components in specific ranges the yield of the molecular high harmonics for
the plateau and cutoff regions can be respectively enhanced. To analyze this enhancement phenomenon, we calculate
the weights of the electron classical trajectories. Additionally, we also study the ellipticity distribution of harmonics for
different intensity ratios. We find that these enhanced harmonics are elliptically polarized, which we mainly attribute to
the recombination dipole moment of the major weighted trajectories. These enhanced elliptical extreme ultraviolet and soft
x-ray radiations may serve as essential tools for exploring the ultrafast dynamics in magnetic materials and chiral media.

Keywords: high harmonics, extreme ultraviolet and soft x-ray, bicircular laser pulses
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1. Introduction
High harmonic generation (HHG) is a highly nonlinear

phenomenon occurring when targets are irradiated by strong
laser fields.[1] The generation process can be understood by
the classical three-step model.[2] First, electrons are ionized
from the nucleus and into the continuum. Second, under the
influence of the driving field, the electrons are accelerated.
Third, the accelerated electrons are driven back to the par-
ent nucleus and liberate their accumulated kinetic energy, i.e.,
HHG occurs. HHG is an indispensable way to generate ex-
treme ultraviolet (XUV) radiation and soft x-rays.[3] A num-
ber of studies have shed light on numerous scientific areas
such as atomic and molecular physics, solid physics, chem-
istry, etc.[4–9] Motivated by the abundant applications, the gen-
eration of XUV and soft x-ray radiation has attracted much in-
terest. Compared with the other major method of producing
XUV and soft x-ray radiation by synchrotrons or free-electron
lasers (FELs),[10–12] which requires large-scale x-ray facili-
ties, radiation based on HHG can be realized on a table-top
scale.[13–17] The pulse duration of these radiations can be in
the attosecond (as) range. Since this timescale is the same
as the natural time of electrons in atoms and molecules, it is
possible for attosecond pulses to detect the electron dynam-
ics in matter. Compared with linear pulses, elliptical attosec-
ond pulses possess an additional degree of freedom, which en-
larges the range of applications. For example, elliptically po-
larized attosecond pulses can be applied to study the ultrafast
chiral-specific dynamics in molecules and x-ray magnetic cir-

cular dichroism spectroscopy.[16–18] Hence, the generation of
elliptical attosecond pulses has been the focus of many theo-
retical and experimental studies. On the basis of the macro-
scopic and microscopic character of the HHG process, sev-
eral methods have been proposed in past few years. Macro-
scopically, noncollinear driving laser fields have been adopted
to produce elliptically polarized high-order harmonics.[19–21]

Microscopically, one can prepare the specified targets to ob-
tain elliptical harmonics,[22–25] for example preparing ring-
current states with a large angular momentum[22,23] or pre-
aligning molecules.[25] Alternatively, one can also apply a
two-dimensional (2D) synthesized driving field, for example
applying few-cycle elliptical pulses combined with a terahertz
field[26] or orthogonal two-color fields.[17,27] However, some
drawbacks were still found in the above approaches,[20,27]

such as the small ellipticity or low yield of the attosecond
pulses and relatively complex optical set-up requirements.

Recently, another 2D synthesized driving field, i.e., the
bicircular laser field (BLF), has attracted a great deal of
attention[28–39] due to two features of the harmonics gener-
ated by this field. One is that the conversion efficiency of
HHG does not need to be compromised. The other is that the
high harmonics are circularly polarized. A BLF consists of
two coplanar counter-rotating circularly polarized laser fields.
These two components possess frequencies ω and 2ω . The
time-dependent electric field has three-fold symmetry on its
polarization plane. Because of the special symmetry of the
interaction systems, each harmonic is circularly polarized and
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the adjacent harmonics possess opposite helicities. Given that,
the attosecond pulses synthesized by these harmonics are al-
most linearly polarized. In order to generate elliptically polar-
ized attosecond pulses by the BLF scheme, one can break the
symmetry of the interaction systems. For example, one can
prepare the molecules as the targets of interaction[35,37,38] and
adjust the two BLF components.[39,40] In order to accurately
control the yield and polarization of HHG, the correspondence
between harmonics and electron trajectories in the interaction
of molecules and BLFs with different intensity ratios needs to
be established.

In our study, we investigate the yield and polarization of
molecular high harmonics generated by a BLF with different
intensity ratios between its two ω and 2ω components. Based
on the results obtained by solving the 2D time-dependent
Schrödinger equation (TDSE), we find that the yield of high
harmonics in the plateau and cutoff regions can be respectively
enhanced by adjusting the intensity ratio of BLFs in specific
ranges. In order to interpret these phenomena, we calculate the
weight of the electron classical trajectories. These classical re-
sults can intuitively interpret the enhancement of harmonics.
Additionally, we also investigate the ellipticity of harmonics
when adjusting the intensity ratio of BLFs. Our results indi-
cate that the enhanced harmonics are elliptically polarized and
the ellipticity is not smaller than that of harmonics by the usual
BLFs with two equal intensity components. Then, we calcu-
late the ellipticity of the recombination dipole moment and the
results indicate that the ellipticity of the enhanced high har-
monics mainly depends on the recombination dipole moment
of the major weighted trajectories. Our work provides a clear
physical picture of the yield enhancement of the elliptical high
harmonic when adjusting the intensity ratio of the BLFs.

2. Theoretical model
The high harmonics by the BLFs are calculated by nu-

merically solving the 2D TDSE in length gauge, which can be
written as (atomic units (a.u.) are used throughout this paper
unless otherwise stated)[41]

i
∂

∂ t
|ψ (t)〉= H (t) |ψ (t)〉 . (1)

The Hamiltonian reads

H (t) =−∇2

2
+V (𝑟)+𝑟 ·𝐸 (t) , (2)

where V (𝑟) is the soft core potential of the molecule. We take
the CO molecule as an example to demonstrate our points. The
molecules are modeled with the effective 2D potential[42,43]

V (𝑟) =− ∑
j=1,2

(Z ji−Z jo)exp
(
−𝑟2

j
ρ

)
+Z jo√

ξ +𝑟2
j

, (3)

in which ξ = 0.5 and ρ = 1.746 are the softening and the
screening parameters. Following Ref. [41], we use the param-
eters of Z1i = 6, Z2i = 4, Z1o = 0.6, and Z2o = 0.4. 𝑟 j = 𝑟−𝑅 j

with 𝑟 ≡ (x,y), 𝑅1 ≡ (x1,y1) and 𝑅2 ≡ (x2,y2) being the po-
sitions of the electrons, O nuclei and C nuclei. Here, x1/2 =

±R1/2 cosθ , y1/2 = ±R1/2 sinθ , R1 = R/(1+ β ), and R2 =

βR/(1+β ) with β = Z1i/Z2i = Z1o/Z2o = 1.5. R = 2.13 a.u.
is the internuclear separation. θ is the alignment angle of the
molecular axis relative to the x axis. Here, we assume that
θ = 0, i.e., the molecular axis is aligned along the x axis. It is
worth noting that the polar molecules are applied rather than
the nonpolar molecules. This is because the polar molecules
can contribute to the large ellipticity of harmonics. This state-
ment can be verified by the recombination dipole moment.
With the plane-wave approximation, the recombination dipole
moment can be written as 𝑑(𝑝;θ) = 〈ψ0 (θ) |𝑟 | exp(i𝑝 ·𝑟)〉,
in which ψ0 and 𝑝 are the ground state and the recombina-
tion momentum.[44,45] For nonpolar molecules, such as N2

molecules, their ground states are symmetric and satisfy the
condition ψ0 (x,y,z;θ) = ψ0 (−x,−y,z;θ). But, the nonsym-
metric ground state of polar molecule CO does not satisfy this
condition. Then, the real and imaginary parts of the recom-
bination dipole moment are Re [di] = 0 and Im [di] 6= 0 for
N2, and Re [di] 6= 0 and Im [di] 6= 0 (i = x, y) for CO. Given
that, the relative phase between dx and dy is only 0 and ±π

for N2, which results in the linearly polarized high harmon-
ics. However, for CO, the relative phase can be other values
including the ±π/2, which results in the elliptically polarized
high harmonics. Therefore, in our study, we choose the polar
molecule CO as the target to investigate the enhancement of
the elliptical harmonics by BLFs. The ground state ψ0 of the
target molecule is obtained by solving TDSE with imaginary
time propagation. In our calculation, the wave function is dis-
cretized on a 2D grid which ranges from 240 a.u. to −240 a.u.
The space step size of the grid is ∆x = ∆y = 0.1172 a.u.
The time step size for the evolution of the wave function is
∆t = 0.1077 a.u. 𝐸 (t) in Eq. (2) is the driving field, i.e., BLF.
It is obtained by combing two components, left- and right-
circularly polarized laser pulses. The laser vector in the x–y
polarized plane is

𝐸 (t) =
E0√
1+ r

f (t)
{(

cos [ωt]+
√

r cos [2ωt]
)

x̂

+
(
sin [ωt]−

√
r sin [2ωt]

)
ŷ
}
, (4)

where E0 is the amplitudes corresponding to the total intensity∣∣E2
0

∣∣. The total intensity applied here is 1×1014 W/cm2. ω is
the frequency of the laser pulse with wavelength 1600 nm. The
ω field rotates clockwise and 2ω field rotates counterclock-
wise. r is the intensity ratio between the two components. In
our work, the range of r is from 0 to 13. The ratio step size is
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0.1 from 0 to 6 and 1 from 6 to 13. f (t) is characterized by a
sin2 (πt/T ) envelope. The pulse duration T is set to be 3T0, in
which T0 is the optical cycle of the ω field. x̂ and ŷ denote the
unit vectors of the field polarization direction. Starting from
the initial state, the time-dependent wave function |ψ(𝑟, t)〉
can be obtained from Eq. (1) by the split-operator technique.
To calculate the high harmonic radiation, the time-dependent
dipole acceleration is first calculated according to the Ehren-
fest theorem[46]

𝐴(t) =−
〈

ψ (𝑟, t)| ∂

∂𝑟
V (𝑟)−𝐸 (t)|ψ (𝑟, t)

〉
. (5)

Then, the harmonic spectra are obtained by Fourier transform-
ing 𝐴(t)

ax,y (ω) =
∫

Ax,y (t)e−iqωt dt, (6)

Dx,y = |ax,y(ω)|2, (7)

where q is the integer and corresponds to the harmonic or-
der. The ellipticity of high harmonics can be obtained as
ε = (|a+|− |a−|)/(|a+|+ |a−|), where a± = 1√

2
(ax±ay).[47]

The attosecond pulses can be obtained by synthesizing the har-
monics [q1,q2] according to I(t) = |

∫ q2
q1

ax,y(ω)e−iqωt dt|2, in
which q1 and q2 are the lower and upper limits of the integra-
tion.

3. Results and discussion
First, we calculate the harmonic spectra from CO

molecules driven by BLFs with different intensity ratios of the
two components. The harmonic intensity distribution is pre-
sented in Fig. 1(a). We divide this result into two regions for
analysis. For the region of r > 2, one can see that the yield
of high harmonics in the cutoff region is enhanced. When the
ratio keeps increasing and exceeds 6, the yield of the total har-
monic spectrum decreases. For the region of r < 2, the yield
of high harmonics in the plateau region is higher than that in
the cutoff region. Besides, it increases with increasing of r
in the range of 0 to 2. Especially, the harmonic intensity for
r = 2 (labeled by the red dashed line) is higher than that for
r = 1 (labeled by the blue dashed line), which is the case that
has been studied in most works.[28–35] To clearly exhibit the
yield enhancement of high harmonics, we plot the high har-
monic spectra as a function of harmonic orders for r = 1 (blue
line), r = 2 (red line), and r = 3.2 (green line) in Fig. 1(b).
The corresponding BLFs are plotted in the insets respectively,
of which the BLF for r = 1 is the usual case. From Fig. 1(b),
one can see that the yield of harmonics at the cutoff region for
r = 3.2 is higher than that in the plateau region. Whereas, for
r = 1 and r = 2, the yield of harmonics at the plateau region is
higher than that in the cutoff region.
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Fig. 1. High harmonic spectra from a CO molecule. (a) Intensity distribution
of high harmonics versus harmonic order and intensity ratio r between the
two bicircular field components. The blue, red and green dashed lines repre-
sent the harmonic spectra with r = 1, 2, and 3.2. (b) Harmonic intensity as
a function of the harmonic order with intensity ratio r = 1 (blue line), r = 2
(red line), and r = 3.2 (green line). The insets show the bicircular laser pulses
with r = 1, 2, and 3.2.
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Fig. 2. (a) Weight distributions of classical trajectories of electrons versus
the intensity ratio r and the recombination time. (b) The classical recombina-
tion trajectories in the bicircular laser pulses with r = 1 (green star markers)
and r = 2 (orange star markers). For clarity, we only present the electron
trajectories with the ionization time less than T0/3.

In order to interpret the yield enhancement of harmonics,
we calculate the weight of the classical trajectories of electrons
based on the classical three-step model. The weight of the re-
combination trajectories can be determined by the tunneling
theory[48–50]

W =W0 (t0)W⊥ (p⊥) , (8)

W⊥ (p⊥) ∝ exp

[
−p2
⊥

√
2Ip

|E (t0)|

]
, (9)

where W0(t0) is the tunneling rate of the molecules in the
quasi-static approximation and Ip = 0.529 a.u. is the ioniza-
tion potential of CO molecules. The weight distribution ver-
sus intensity ratio r and recombination time of electrons is
presented in Fig. 2(a). For a better comparison with the har-
monics, we also plot the recombination energy of electrons as
a function of recombination time for r = 1 (green star mark-
ers) and r = 2 (orange star markers) in Fig. 2(b). Due to the
three-fold symmetry of the BLFs, there are three ionization
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and recombination peaks in one optical cycle T0. Thus, sev-
eral electron trajectories stacked together make the result look
more complicated. For clarity and to avoid confusion, we only
present the electron trajectories with the ionization time less
than T0/3 in Fig. 2(b). For other values of r, the recombina-
tion times of each peak are almost the same. So, in Fig. 2(b),
we only present the results of r = 1 and 2 as examples to carry
out our discussions. From the figures, one can see that, when
r > 2, the weight of trajectories in the region between the two
red solid lines is greater than that in other regions. Compar-
ing the Figs. 2(a) and 2(b), we find that the electron in this
region mainly contributes to the harmonics in the cutoff re-
gion. So, the yield of harmonics in the cutoff region is higher
than that in the plateau region, which is consistent with the re-
sults in Fig. 1(a). If the intensity ratio keeps increasing, the
weight of all trajectories is low. Correspondingly, the yield of
harmonics no matter in the cut-off region or plateau region de-
creases. This can be understood by an intuitive interpretation
picture. Since the driving field with a larger intensity ratio r
is close to the circularly polarized pulses, the recombination
probability of electrons is small and thus the yield of the total
harmonic spectrum is low, which is also consistent with the re-
sults in Fig. 1(a). If the intensity ratio is in the range of r < 2,
one can see that the major weighted recombination trajecto-
ries contribute to the harmonics in the plateau region. So, the
yield of harmonics in the plateau region is larger than that in
the cutoff region. Besides, with increasing r in this range, the
weight of the recombination trajectories increases. This is also
consistent with the results in Fig. 1. Therefore, the yield en-
hancement of high harmonics by adjusting the intensity ratio
of BLFs has been clearly interpreted by the classical electron
trajectories.

Then, we also investigate the influence of the intensity ra-
tio r on the ellipticity of high harmonics. The result is plotted
in Fig. 3(a). One can see from this figure that, for the intensity
ratio r > 2, the ellipticity of the harmonics in the cut-off region
is purely negative. That is to say, the attosecond pulses synthe-
sized by these harmonics are absolutely elliptically polarized
and the polarization direction is counterclockwise, which is
the same as that of the second-harmonic component 2ω field.
However, in the plateau region, the clockwise and counter-
clockwise harmonics are mixed together , which will reduce
the ellipticity of the attosecond pulses synthesized by these
harmonics and cannot even promise the elliptical attosecond
pulse generation. For the intensity ratio r < 2, the elliptic-
ity of the harmonics in the plateau regions is purely negative.
The same sign of the harmonic ellipticity will not reduce the
ellipticity of the synthesized attosecond pulses. Therefore, ac-
cording to the results in Fig. 1, we conclude that the enhanced

harmonics are elliptically polarized. Now, we focus on the
ellipticity of the attosecond pulses synthesized by these en-
hanced harmonics . The electric field of the radiation in the
temporal domain is obtained by synthesizing the high harmon-
ics in the spectrum range of [75th, 90th]. We present the re-
sults for r = 1, 2, and 3.2 respectively in Figs. 3(b)–3(d). One
can see that the synthesized attosecond pulses are elliptically
polarized. Additionally, we also find that the ellipticities of the
attosecond pulses for BLFs with r = 2 and 3.2 are larger than
that for the usual BLFs with r =1. Therefore, according to the
results in Figs. 1 and 3, one can adjust the intensity ratio of
BLF to obtain an elliptically polarized attosecond pulse with
high yield.
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Fig. 3. (a) Ellipticity distribution of high harmonics versus harmonic order
and intensity ratio r. (b)–(d) Electronic field of the synthesized attosecond
pulses onto the Ex–Ey plane with r = 1, 2, and 3.2. The attosecond pulses are
synthesized by high harmonics from 75th-order to 90th-order. The ellipticity
ε is presented correspondingly.

Finally, we give a classical explanation of the dependence
of the harmonic ellipticity distribution on the intensity ratio r.
We first explore the classical behavior of the electron trajec-
tories. According to the three-step model, we calculate the
weight of trajectories as functions of intensity ratio r and re-
combination angle φ of the electrons. The result is presented
in Fig. 4(a). From this figure, one can see that, when r < 2,
most electrons only recombine with the parent nucleus in the
angle range of [−45◦,−10◦]. Comparing with Fig. 2, we know
that these electrons contribute to the harmonics in the plateau
region. When r > 2, most electrons still recombine in the an-
gle range of [−45◦,−10◦]. However, these electrons mainly
contribute to the harmonics in the cutoff region. A few elec-
trons recombine with other angle ranges, such as [45◦,65◦]
and [−55◦,−45◦]. These electrons contribute to the harmon-
ics in the plateau region. In order to analyze the physical rea-
son that the enhanced harmonics are elliptically polarized, we
calculate the ellipticity of the recombination dipole moment
as functions of φ and harmonic order, which is presented in
Fig. 4(b). The ellipticities of the recombination dipole mo-
ment with φ = −45◦ and −10◦ are labeled by green and ma-
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genta dashed lines. From Fig. 4(b), one can see that, in the
ranges of [−45◦,−10◦] and [−55◦,−45◦], the ellipticity of
the recombination dipole moment is negative. In the range of
[45◦,65◦], the ellipticity of the recombination dipole moment
is positive. Based on the discussions about Figs. 2 and 4(a),
when r < 2, the ellipticity of the recombination dipole mo-
ment in the plateau region is purely negative. When r > 2, the
negative and positive ellipticities of the recombination dipole
moment in the plateau region are mixed. Whereas, the ellip-
ticity of the recombination dipole moment in the cutoff region
is only negative. These are consistent with the ellipticity dis-

tributions of harmonics in Fig. 3(a). From Fig. 4(a), we also
find that, when the intensity ratio is r < 2, the recombination
angle is mainly at φ = −35◦. Then, we plot the ellipticity of
the recombination dipole moment versus harmonic order for
the case of φ = −35◦ in Fig. 4(c). One can see that the el-
lipticity of the recombination dipole moment at the harmonic
orders [75th, 95th] is about−0.162, which is almost consistent
with that in Fig. 3. Therefore, we classically explained the po-
larization state of the enhanced harmonics, which is mainly
determined by the recombination dipole moment of the major
weighted trajectories.
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Fig. 4. (a) Weight distributions of classical trajectories of electrons versus intensity ratio r and recombination angle φ between
recombination direction and molecular axis in cartesian coordinates. (b) Ellipticity distributions of the recombination dipole moment
versus intensity ratio r and recombination angle φ . (c) Ellipticity as a function of harmonic order for φ =−35◦.

4. Conclusion
In conclusion, we have theoretically demonstrated that

the yield of the molecular high harmonics can be enhanced
by adjusting the intensity ratio between the two components
of the BLFs. When the intensity ratio is adjusted in differ-
ent ranges, the yield of harmonics near the cut-off region and
in the plateau region can be enhanced respectively. Based on
the three-step model, we have given a classical explanation of
the enhancement of harmonics by adjusting the intensity ra-
tio of BLFs. Additionally, we have also demonstrated that the
attosecond pulses synthesized by these enhanced harmonics
are elliptically polarized. We have analyzed the ellipticity of
the recombination dipole moment. Our results indicated that
the polarization of the enhanced high harmonics is mainly de-
termined by the recombination dipole moment of the major
weighted trajectories.
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[11] Čutić N, Lindau F, Thorin S, Werin S, Bahrdt J, Eberhardt W, Holl-
dack K, Erny C, L’Huillier A and Mansten E 2011 Phys. Rev. ST Accel.
Beams 14 030706

[12] Allaria E, Appio R, Badano L, et al. 2012 Nat. Photon. 6 699
[13] Li J, Ren X, Yin Y, Zhao K, Chew A, Cheng Y, Cunningham E, Wang

Y, Hu S, Wu Y, Chini M and Chang Z 2017 Nat. Commun. 8 186

114209-5

http://dx.doi.org/10.1038/nphys620
http://dx.doi.org/10.1103/PhysRevLett.71.1994
http://dx.doi.org/10.1126/science.1132838
http://dx.doi.org/10.1038/nature03183
http://dx.doi.org/10.1126/science.aam8393
http://dx.doi.org/10.1126/science.aam8393
http://dx.doi.org/10.1038/nphys1511
http://dx.doi.org/10.1126/science.aab2160
http://dx.doi.org/10.1103/RevModPhys.81.163
http://dx.doi.org/10.1038/nature13252
http://dx.doi.org/10.1126/science.287.5461.2237
http://dx.doi.org/10.1126/science.287.5461.2237
http://dx.doi.org/10.1103/PhysRevSTAB.14.030706
http://dx.doi.org/10.1103/PhysRevSTAB.14.030706
http://dx.doi.org/10.1038/nphoton.2012.233
https://doi.org/10.1038/s41467-017-00321-0


Chin. Phys. B 31, 114209 (2022)

[14] Gaumnitz T, Jain A, Pertot Y, Huppert M, Jordan I, ArdanaLamas F
and Wörner H J 2017 Opt. Express 25 27506

[15] Reich D M and Madsen L B 2016 Phys. Rev. Lett. 117 133902
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2008 Phys. Rev. Lett. 101 033901

[23] Zhang X F, Zhu X, Liu X, Wang F, Qin M, Liao Q and Lu P 2020 Phys.
Rev. A 102 033103

[24] Dong F L, Xia Q Z and Liu J 2021 Phys. Rev. A 104 033119
[25] Zhou X, Lock R, Wagner N, Li W, Kapteyn H C and Murnane M M

2009 Phys. Rev. Lett. 102 073902
[26] Yuan K J and Bandrauk A D 2013 Phys. Rev. Lett. 110 023003
[27] Zhai C Y, Shao R Z, Lan P F, Wang B C, Zhang Y F, Yuan H, Njoroge

S M, He L X and Lu P X 2020 Phys. Rev. A 101 053407
[28] Fleischer A, Kfifir O, Diskin T, Sidorenko P and Cohen O 2014 Nat.

Photonics 8 543
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