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SPECIAL TOPIC — Non-Hermitian physics

Real non-Hermitian energy spectra without any symmetry
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Non-Hermitian models with real eigenenergies are highly desirable for their stability. Yet, most of the currently known
ones are constrained by symmetries such as PT-symmetry, which is incompatible with realizing some of the most exotic
non-Hermitian phenomena. In this work, we investigate how the non-Hermitian skin effect provides an alternative route
towards enforcing real spectra and system stability. We showcase, for different classes of energy dispersions, various ansatz
models that possess large parameter space regions with real spectra, despite not having any obvious symmetry. These
minimal local models can be quickly implemented in non-reciprocal experimental setups such as electrical circuits with

operational amplifiers.

Keywords: non-Hermitian physics, real energy spectra, non-Hermitian skin effect
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1. Introduction

Non-Hermitian systems have recently inspired in-
tense research efforts for their unconventional mathemat-
ical properties and physical robustness, such as enlarged
topological symmetries,!!®! exceptional point sensing,*~13]
quantized classical responses,!!®! modified bulk—boundary
correspondences,[!7-32! unconventional entanglement entropy

[26,40,41

scaling,[*33-3%1 enhanced Rabi oscillations, 1 and effec-

e.[*243] Yet, many of these

tive non-Hermitian curved spac
exciting phenomena are often difficult to probe experimen-
tally due to their intrinsically unstable nature from complex
eigenenergies. While real eigenenergies can be symmetry-

[44-51

enforced, i.e., through PT-symmetry, ] doing so is incom-

patible with realizing many of the most exotic non-Hermitian
phenomena, 20-32-661

In this work, we carefully investigate how the non-
Hermitian skin effect (NHSE)!®’-73! can also enforce real
non-Hermitian spectra, even for lattices whose couplings and
momentum-space descriptions do not admit any obvious sym-
metry. The NHSE has been heavily associated with modified

(17391 and, in our context, im-

bulk-boundary correspondences
plies that a system can robustly possess real spectrum in the
presence of a boundary, even though its bulk is unstable with
complex eigenenergies. Physically, this is because the directed
amplification in a NHSE lattice can be stabilized by the inter-
fering wavepackets from a boundary or spatial inhomogeneity,
a mechanism that is unrelated to conventional symmetry pro-
tection.

We elucidate this route towards real eigenspectra in terms

17,74]

of the inverse skin depth! Kk, which is an additional de-
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gree of freedom that mathematically takes the role of imagi-
nary momentum. It physically controls the accumulation and
interference of skin states at a boundary, and mathematically
replaces the Bloch description of the lattice by an effective
surrogate!”# model that can look completely different. Specif-
ically, we shall show that in a bounded lattice, the reality of the
spectrum is only destroyed by a spontaneous symmetry break-
ing process that can occur much later than the explicit symme-
try breaking at the Bloch level.

2. OBC vs. PBC spectra

We first review and distinguish the approaches for com-
puting the eigenenergy spectrum under open vs. periodic
boundary conditions (OBCs vs. PBCs). Given a generic non-
Hermitian Hamiltonian H (k), PBC eigenenergies £ and OBC
eigenenergies E are obtained very differently. To find the set
of E € E, we simply solve for eigenenergies E such that char-
acteristic polynomial P(E,k) = Det[H (k) — EI] = 0, where
k € [0,2m). However, under OBCs, translation invariance is
broken, and in general the spectrum is not indexed by real
momentum k. Instead, the OBC spectrum E € E is given by
eigenenergies E that solve

P(p)=P(E,k+ix) =Det/H(k+ix)—EI =0 (1)

and are degenerate in both £ and k. Here k is the imagi-
nary part of the complexified momentum p = k + ik that also

represents the inverse decay length (skin depth) of eigenstates

—Kx 75,761

viz. e'P* ~ e”*, ie., taking the role of a length scale!

not present in Hermitian systems. This x degeneracy is re-
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quired because OBC skin eigenstates have exponential spa-
tial profiles, and we need a superposition of two of them with
identical E and k to satisfy OBCs at two arbitrarily separated
boundaries (as we interpolate between OBCs and PBCs, we
observe a peculiar scaling behavior of the corresponding ef-
fective x[°81). In general, we write k = k(k) to emphasize its
k-dependence, and p = k+ ix(k) is known as the generalized
Brillouin zone (GBZ).!!7-18:18.1921-23.781 g (p) = H (k+ ik (k))
is also referred to as the surrogate Hamiltonian, which is used
instead of the original Bloch Hamiltonian H (k) in computing
topological invariants (however, the topological eigenenergies
themselves fall outside of the purview of our prescription, be-
cause they are isolated solutions that are not adiabatically con-
nected to any Bloch solution)8-82] and spectral properties un-
der OBCs.

Note that the above prescriptions for the OBC and PBC
eigenenergies cocide in the case of Hermitian lattices, since
as p cycles through real values [0,27), every value of E lies
on the real line and will be visited at least twice, both with
Kk =Im(p) =0.

2.1. Minimal model with different OBC vs. PBC spectra

As a concrete demonstration, we consider a minimal
model with Hpyin(z) = z+ l + AZ2, where z = e'*. In
real space, it contains two symmetric nearest neighbor (NN)
hoppings and another uncompensated next-nearest-neighbor
(NNN) hopping: Hpin = Y |x+ 1) (x| + |[x) (x + 1| + Alx +
2)(x|. Clearly, its PBC spectrum is given by E = 2cosk +
Ae?* and is entirely complex unless A = 0, as plotted as the
thick red curve in Fig. 1 for A = 2. However, large segments
of its OBC spectrum lie on the real line, as shown by the black
dots.

Fig. 1. Real OBC vs. real PBC spectra in terms of the symmetry of x(E)
solutions. Shown are the OBC (black) and PBC (red) spectra of the model
Hpin with dispersion E(z) = z+2z~! 4 27%; the inset plots show Im(E(z))
as a function of Kk = —log|z| (green K curves) at various fixed Re(E(z))
slices. PBC eigenenergies (red dots) correspond to (Re(E(z)),Im(E(z)))
consistent with k¥ = 0, and OBC eigenenergies (black dots) correspond de-
generacies in both k and E(z) (green curve intersections). In particular, we
have real OBC eigenenergies when the green curves intersect at Im(E) = 0,
which often occurs even when the PBC eigenenergies are non-real.

Below, we explain how one can visually derive the OBC
and PBC spectra.
Im(E), for fixed Re(E) slices. Going from large to small

We turn to the plots of x solutions vs.

Re(E), we find that PBC eigenenergies (red) first appear when
we pass Re(E) = 4, followed by OBC eigenenergies (black)
after Re(E) = 3. In the green Im(E) vs. K plots, it is ap-
parent that PBC eigenenergies appear when the green K so-
lution curves cross k = 0, while OBC eigenenergies only ap-
pear when the k curves intersect. This is exactly what was
prescribed earlier —x = 0 gives the PBC spectrum, while x
degeneracies give the OBC spectrum. As Re(E) decreases
further, additional PBC winding loops appear, and they corre-
spond to additional O crossings of k from the green curve that
is emerging from small k. AtRe(E) ~ —0.79, that green curve
goes over the original black k intersection, thereby splitting it
into two black intersections. That corresponds to the two black
OBC branches away from the real E line. Finally, when these
two K intersections gap out at sufficiently negative Re(E), the
OBC eigenenergies disappear.

All in all, we see that real OBC eigenenergies correspond
to intersections of the k curves at Im(E) = 0, which can ex-
ist even if PBC eigenenergies are already complex, i.e., if the
K curves cross Kk = 0 at Im(E) # 0. As such, the breakdown
of the reality of the spectra can be understood as the break-
ing of the symmetry of the k curves. In the following we
detail the conditions to have non-real PBC and OBC spec-
trum, and it is clear that the later is often harder to achieve.
While a non-real PBC spectrum only requires the k curves to
have asymmetric zero crossings, which are almost guaranteed
in a system without PT symmetry, a non-real OBC spectrum
requires that symmetry to be spontaneously broken, i.e., bro-
ken at the level of “extrema” corresponding to the intersection
points. Tellingly, it is often much harder to have asymmetric
K intersections rather than k zero crossings, and that explains
the relative robustness of real OBC spectra compared to real
PBC spectra.

3. Parameter spaces for real eigenenergies

We next present the parameter space for real OBC spectra
for several paradigmatic models. It has to be emphasized that
almost all eigenenergies (under both OBCs and PBCs) fun-
damentally depend on the form of the dispersion P(E, p), and
only indirectly on the form of the Hamiltonian. The exceptions
are the eigenenergies of isolated topological modes, which are
protected by bulk eigenstate topology, but we will not focus
on them here.

An important simplifying symmetry for OBC (but not
PBC) spectra is its invariance under constant translations of «,
i.e., H(p) and H(p+ ixp) always possess identical OBC spec-
tra for any fixed kp. This is because the OBC spectra are deter-
mined by k crossings, which are unaffected by overall transla-
tions. As such, each model belongs to an equivalence class of
models related by hopping rescalings, all possessing the same
OBC spectrum. As an illustration, Hy, (z) = 2+ % +AZ? has
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identical OBC spectrum as H,, (z) = e "0z + ezﬁ +Ae 02,
for which the A = 0 case reduces to the famed Hatano—Nelson
model with unequal NN couplings. [2%:83:84]

3.1. Separable energy dispersions P(E, p)

We first discuss separable dispersions, namely, those with
P(E,p) = F(E)+ G(p), where F(E) is a function of E and
G(p) is a Laurent polynomial of z = e'”. As long as G(p)
gives an OBC spectral curve that does not contain branches,
we can in principle achieve a real spectrum by modifying the
model such that F(E) conformally®3 maps the curve onto the
real line. For this reason, the non-Hermitian SSH model and

its variants can all possess real spectra.[17:83-8]

3.1.1. Single-component Hamiltonians

We start with the single-component Hamiltonians, whose
characteristic polynomials are simply given by P(E,p) =
H(p) —E. As discussed above, cases with only two NN hop-
pings are trivial, since they are always reducible to the equiva-
lence class of H(z) = z+z~'. As such, the minimal nontrivial
case is the 3-hoppings model Hp;,(z), which we just exam-
ined. There are two ways to generalize to the next level of
sophistication through a fourth hopping term, namely,

1

Hlpa(2) =2+ E +AZ* + B2, (2)
1 1

HEpa(2) =2+ - +AZ+ ?B’ (3)

where z = e'?. These two models capture all the possibili-
ties for Hamiltonians with hoppings spanning four sites, up
to reflection and translation symmetry. Note that for single-
component models, the onsite term is just a trivial constant.
Also, all meaningful models must possess both left and right
hoppings, since otherwise the OBC spectrum will collapse

onto a single point. [87-88]

0.5F 0.5 0.5 H0.5

(a) (b)

-0.5 -05 -05 -0.5
0.5 0 0.5 0.5 0 0.5

B B

Fig. 2. Regions of the parameter space with real OBC spectra (black) for the
following 2-component models: (a) Hll-band and (b) le_band. In (b), models
with A = B also trivially result in real spectra. The numerical threshold is
Max|Im(E)| < € =107°.

As we can see from Figs. 2(a) and 2(b), there exists a
rather large (black) region in the (A, B) parameter space where
the spectra still remain real, despite A and B manifestly break-
ing any possible symmetry. Indeed, the Az> 4+ Bz> term of
H|,,.q(2) gives rise to robustly complex eigenenergies un-
der PBCs, even though it can still give a real spectrum for

A as large as 0.35 (Fig. 2(a)). For H?,, 4(z) with dispersion
2cos p+Ae?? + Be~21P, the OBC spectrum is trivially real
for A = B, but still remains real for a large parameter region
away from that (Fig. 2(b)). Physically, this is so because inter-
ference from waves reflected off a boundary are sufficient in
preventing a wavepacket from being amplified indefinitely.

3.1.2. Two-component Hamiltonians

In 2-band models, we have
Py(E, p) = E* — [TrHy(p)]E + DetHa (p), @

such that separable dispersions correspond to Hamiltonians
with p-independent traces, which can occur when the diagonal
terms are either zero or constant. Physically, this corresponds
to the absence of homogeneous same-sublattice net hoppings
across different unit cells.

In this case of constant trace, the dispersion is essentially
determined by F (E) = —G(p) = DetH,(p), directly generaliz-
ing the case of 1-component models upon the conformal trans-
form E — E? — [TrH,]E. The only difference is that G(p) now
contains products of matrix elements of H»(p), and as such
is usually a higher-order polynomial describing OBC spectra
with no analytic solution. While a higher-order G(p) can re-
sult in a more branched and hence complex OBC spectrum,
with appropriate model design, there can still be larger param-
eter regions with real OBC spectra, see Fig. 3.

For instructive purposes, we first study the 2-component
model with almost trivial NHSE:

HY pana(2) = (z+Az7Y) 6.+ Boy, (5)

where 0, and o, are the Pauli matrices. Upon performing the
Ko translation p — p+iky = p+ilog\/A, we find the disper-
sion E2 = —G(p) = B> +2Acos2p. As such, the spectrum is
real whenever B> > —2A, as numerically verified in Fig. 3(a).

Next, inspired by the 1-component cases, we present the
following models with nontrivial real spectral parameter re-
gions:

1 B
H21—band(z) = (Azz + E +C> o+ + (Z+ 27 +D) o, (0)

1
H3 ana(2) = (Az2 +ot C) o+ (z+B2+D)o_, (D

A 1 B
Hg—band(z):(Z2+Z+C)G++<Z+Z3+D>G—7 (8)

where 61 = (0, i0y)/2 and z = e'”. In these models, the
hoppings are different in either direction, and it is surprising
from Figs. 3(b)-3(h) that real OBC spectra not just exist, but
in fact over large parameter space regions. For instance, in
H3, .4 With C =2,D = 1 (Fig. 3(h)), the OBC spectrum can
be real even for A > 1, which corresponds to a very unbalanced
set of physical couplings.
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Fig. 3. Regions of the parameter space with real OBC spectra (black) for the following 2-component separable models: (a) Hg—band; (b) Hzl—band
with C =2,D = 3; (c) Hip g With C=1/2,D = 1; (d) Hl .4 With C=2,D =2; () H3,,,q With C=2,D =3; (f) H},,a WithC=2,D=1;
(2) H3 g With C =2,D =2; (h) H3 .y with A = 0.1,B = 0.1. The numerical threshold is Max|Im(E)| < € = 10~°. Note that the PBC spectra of

all of these models are complex.

3.2. Inseparable energy dispersions P(E, p)

We next consider more sophisticated dispersions which
contain products of E and z = e'*. In general, they are not
analytically tractable, although their spectral graph structure

1851 In this work, we

can often still be heuristically predicted.
shall limit ourselves to 2-component models. From Eq. (4),
those with inseparable dispersions correspond to those with
p-dependent traces, i.e., those with same-sublattice hoppings

across unit cells.

3.2.1. Analytically tractable examples

First, we introduce an inseparable case whose condition

for real spectrum can still be analytically derived. Consider

A VC
HM@zC@ wf) ©)

with dispersion given by the characteristic polynomial

B
P.(E,z)=E>— (Az3+3)E+AB—C, (10)
Z
where z = e'?. To make analytic headway, we perform the
hopping rescaling p — p+ilog ¢/A/B so as to symmetrize the
AZ® + Bz 73 term to /AB(z® +z73). Doing so does not change
the OBC spectrum; yet, due to the symmetric occurrence of z

and 77!

, we also know that k = 0, i.e., real p constitutes a po-
tential solution for the OBC spectrum. Whether real p indeed
generates the correct solution depends on whether a compet-

ing degenerate K solution exists. For this model, it is not hard

to show that, with p — ilog </B/A,

P (E,z) = E2—2VABEcos3p+AB—C
2
= (E—\/@cos3p) +ABsin23p—C:() (11)

admits real E solutions generated by real p aslongas 0 <AB <
C. Outside of this regime, complex pairs of E solutions appear
(Fig. 4(a)), leading to non-real spectra. Figure S1 shows the
boundary behaviour of spectra from real to non-real as the pa-
rameter varies. This criterion 0 < AB < C entails that the real
spectrum hinges on the presence of nonzero coupling, and is
numerically verified in Fig. 4(a).

Next, we introduce another Hamiltonian which admits

real spectrum for parameters that make it separable:

Az 1+7
%@—@+Wz&> (12)
with
PA(E,z) =E*>—(A+B)Ez+(AB—2)7—3—z"2. (13)

Although its GBZ and thus OBC spectrum are not analyt-
ically solvable for general parameters, for the special case
when A = —B, the trace term disappears, and we simply ob-
tain E = +./(2+A2)z2 +z2+3. Again, this is of Hatano—
Nelson form, and setting p — p + ilog v2+ A2, we obtain
E= j:\/3+2\/2+70052p. This is real for A = —B with
|A| < 1/2, as reflected in its numerical parameter space dia-
gram (Fig. 4(b)).
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Fig. 4. Regions of the parameter space with real OBC spectra (black) for the following 2-component inseparable models: (a)

H} (2); (b) HA(2);

(c) H (2); (d) H(z) with the regime boundary approximately depicted by curves (0.28 4+ A)(0.28 + B) = 0.35 and its reflection across line
A= —B (green), 1.2 = A(—0.8B+1) and its reflection across line A = —B plus further reflection across line A = B (red); (e) H3,(z); () HS (z). The
system length is L = 30 for all and the numerical threshold is Max|Im(E)| < €, where & = 107 for (c) and € = 10~° for the other cases.

3.2.2. More general examples

Next, we introduce a few more models whose propensity
for real OBC spectra cannot be predicted through any simple

way:
O=( G o

:(Jif‘/i h): 03

0= (o e): a9

HS(2) = (”lAZ 1/z+23/z2>‘ (17)

Like Hl of Eq. (9), the model H contains constant off-
diagonal couplings. However, despite its simple algebraic
form, it is not analytically tractable, and in fact behaviors com-
pletely differently from Hﬁl, and in fact the other models too.
The real spectrum parameter region of Hi?1 is an inter-
esting intersection of a diagonal A = B line segment, and a
smaller extended region. These two parameter subregions
have different origins. For the former, the OBC spectrum is
real because the PBC spectrum is also real; larger A = B closes
the band gap and releases complex eigenenergies. For the lat-
ter, the PBC spectrum is always complex (example in Fig. S2),
but an open boundary creates sufficient interference to stop in-

definite amplification, leading to a completely real spectrum.

4. Discussion

In this work, we have seen that real non-Hermitian OBC
spectra are generically more robust than real PBC spectra.
This can be explained in terms of the inverse skin depth x(E)
solutions curves — while the PBC spectrum becomes complex
once k(E) # 0 at ImE # 0, a complex OBC spectrum requires
K (E) curves to intersect at ImE # 0, which is a more demand-
ing condition. While there exists a very general electrostatics
approach®! that returns possible parent Hamiltonians for any
desired real OBC spectrum and skin localization, this work
showcases particularly simple ansatz models that have the ben-

efit of being as local as possible.

The discovery of these Hamiltonians with real spectra
complements existing efforts towards the design of stable non-
Hermitian system, particularly the PT-symmetry route. With
a greater set of ansatze models that are not symmetry con-
strained, a larger variety of interesting non-Hermitian physics,
i.e., non-Hermitian skin clusters and pseudogaps!*®?! can be
realized not just with enhanced stability, but also with generi-
cally non-reciprocal platforms such as circuits with MOSFETSs
or operational amplifiers.?%-4-3%93-97] yet, the NHSE is not
guaranteed to yield real spectra, and in Appendix A, we have
also listed down models which failed, to aid further search ef-

forts.
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Appendix A: Inseparable energy dispersions not
giving real spectra

While the main text had discussed various models with
real spectra despite having no favorable symmetries, it is also
important to record models where thisdoes not occur. As dis-
cussed, NHSE-induced real spectra depend on the algebraic
properties of the x(E) curves, and it is instructive to list the
models where they do not behave favorably as such.

For instance, the following deformations of H. (z) have
no real spectra:

(2) = A" 0
in,ml Z)= 1 Ban )

oHl

A" —cy
¢ Hiln,mZ(Z) = (Cl BZ_n

which is expected as they do not fulfil the condition of
0 < AB < C, where C = 0 for H!

in,m
1

in,m2*

A" 0
* Hi]n,m3(z) = (Cl BZ") .

Modifications of H2(z) and H:(z) with diagonal terms

having all positive powers of z only:
1+Az 1+z
Ld 4 =
Hinni () ( 24z 1 —l—Bz) '

Modifications of H (z) with diagonal terms having the

), for sufficiently small c,

, and C = ¢} for

same sign of power of z:

* by having the same sign of power of z at the non-

diagonal terms

73 (Z):<2+Az 13

in,ml 1 1+BZ),WithC2:1,—17O,

. . 5 . . . .
Modifications of H;) (z) with diagonal terms having posi-
tive and negative powers of z:

Az 147
5 —
Hin,ml(z) - <2+Z2 BZil ) )

* by having the same sign of power of z at the non-

diagonal terms

Az 14z

5 _

Hin,mz(z) - <2+Z BZ_1> .

Modifications of HY (z) with diagonal terms having the

same sign of power of z:

1+z+AZ 1
6 _
Hin,ml (Z) - 2 1 +Z+BZ2> ’

14+z+AZ 1
Hi?"mZ(Z) - ( 2 14z} +Bzz) '

Models with non-symmetric hopping systems:

Az
* H (Z) = ( 2 BZ2>7

A 2
.HC(Z):<2 BZ2>7

AZ? z+2
* Ha () = ( 2 Bz2>’

AZ? 742
Hea(2) = ( 2 z_1+Bz_2>7

1+z+AZ% 2
s = (T 2.
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