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We investigate the quantum entanglement in a non-Hermitian kicking system. In the Hermitian case, the out-of-time
ordered correlators (OTOCs) exhibit the unbounded power-law increase with time. Correspondingly, the linear entropy,
which is a common measurement of entanglement, rapidly increases from zero to almost unity, indicating the formation
of quantum entanglement. For strong enough non-Hermitian driving, both the OTOCs and linear entropy rapidly saturate
as time evolves. Interestingly, with the increase of non-Hermitian kicking strength, the long-time averaged value of both
OTOC:s and linear entropy has the same transition point where they exhibit the sharp decrease from a plateau, demonstrating
the disentanglment. We reveal the mechanism of disentanglement with the extension of Floquet theory to non-Hermitian

systems.

Keywords: out-of-time ordered correlators, quantum entanglement, non-Hermiticity
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1. Introduction

Out-of-time ordered correlators (OTOCs), C(r) =
—([A(1),B]?), have attracted extensive investigations in the

/401 and quantum

field of gravity physics,!'=3 quantum chao
information.”-"! Growth of OTOCs characterizes the spread
of local information over many degrees of freedom. For
chaotic systems, OTOCs exhibit exponential dependence on
time with growth rate being determined by the Lyapunov
exponent.[l] In addition, OTOCs constitute a robust alterna-
tive to measure information scrambling, as it can be detected

5.119 More importantly,

11-13]

by nuclear magnetic resonance system
since OTOCs are related to the second Rényi entropy!
and quantum Fisher information,'”) quantum entanglement
can be indirectly reflected by the measurement of OTOC:s.
Non-Hermitian physics has been accepted as a comple-
ment of traditional quantum physics. In has been found
that Hamiltonian with parity—time (P7") symmetry owns real
eigenspectra.l!*~191 Such a fascinating feature motivates re-

search in optical waveguides,!!’->’! cold atom systems, [28-32]

Floquet systems, 322!

etc. In particular, a lot of exotic phe-
nomena have been found in kicking systems (systems sub-
ject to periodical pulses) with P7 -symmetry. For exam-
ple, the quantum state of a P7 kicked particle will evolve
to one of the localized quasieigenstate (QES) with com-
plex quasieigenvalue (QEV).7! This localization can be de-

stroyed by nonlinearity-induced self-interaction, which leads
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to superexponential growth of the mean energy, i.e., (p?) =
explexp(ar + B)].[*Y Interestingly, the non-Hermitian kicking
potential can protect the quantum coherence in chaotic sys-
tems since the quantum state evolves to the localized QES with
maximum imaginary part of the QEV.[*!] Recent investigation
has reported the quantized response of OTOCs to the P77 sym-
metric kicking potential.[+?!

So far, the characterization of the entanglement with
OTOCs in non-Hermitian systems is still an open problem. In
this work, we investigate it via a bipartite system with P7 -
symmetric kicking potential. We find that, in the Hermitian
case, the OTOCs increase in a power law of time. Intriguingly,
when the non-Hermitian driving strength is strong enough, the
growth of OTOC: is suppressed and the freezing of OTOCs
occurs. The linear entropy increases from zero to almost unity
with time in the Hermitian case, which indicates entanglement
production. However, the non-Hermitian driving can effec-
tively suppress the growth of linear entropy. We further inves-
tigate the long-time averaged value of both OTOCs and linear
entropy. Our result shows that there is a turning point where
both the time-averaged OTOCs and linear entropy exhibit a
sharp decrease from the plateau, thus the occurrence of disen-
tanglment is demonstrated. More interestingly, the transition
point is in the vicinity of the P7T -symmetric breaking point.
The paper is organized as follows. In Section 2, we present the
model. Section 3 shows the result of the OTOCs and entangle-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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ment. The physics mechanism is given in Section 4. Summary
is presented in Section 5.

2. Model

The Hamiltonian of the bipartite system reads
H=H+H,+Hj, (1)

where H; (j = 1,2) represents the Hamiltonian of an individ-
ual particle, and Hp is the interaction. Each subsystem is a
kicked particle within an infinite square well, whose Hamilto-
nian takes the form

2
Hj:%+V(xj)+VK(xj)25(t—n), )
with
0, iflx;| <Z,
V(x.,-){ e 3)
4o, otherwise,

and the potential with P77 -symmetry reads
Vi (xj) = Kj[cos(xj) +1A;sin(x;)], 4)

where p; = m;Tthet /L with m i (hetr and L) being the quantum
number of energy (the effective Plank constant and the width
of potential well). In addition, x; (K; and A;) denotes the coor-
dinate (the kicking strength and the non-Hermitian parameter).
The interaction Hamiltonian reads

Hi :ucos(xl)cos(xz)ZS(tfn), Q)

with u being the interaction strength. The Schrodinger equa-
tion of the bipartite system in dimensionless unites is written
as
oy
ihegt— = Hy. 6
eff (9 t II/ ( )

The time evolution from t =n to t = n+ 1 is governed by the
Floquet operator |y(n+ 1)) = U|y(n)). Due to the §-kick,
the Floquet operator U can be divided into two parts

U = UslUk, (7

where the evolution operator of the kinetic term is expressed
as

. 2
_ _ Ly
Ur = exp ( heff; 5 ) , (8)

and for the kick term, it is

i i
Uk = exp lMZVK(xj) — h—ffHI(xl ,xz)] . 9)
€ j €

For simplicity, we consider the case that the two particles are
identical, ie., K1 =K, =K and 1; = 1, = A.
have investigated the case that A} = 0 and A, varies. There is

In fact, we

no essential difference between the two cases. In numerical
simulation, we set the initial state as the product state of the
ground state y(x;,x2,0) = 2cos(mx; /L) cos(mxy /L) /L.

3. Characterizing entanglement with OTOCs
3.1. OTOCs dynamics

The OTOCs are defined by C(t) = —([A(t),B]?), where
the operator A(r) in Heisenberg picture reads A(¢t) =
Ut (AU (1).
tem, i.e., (A = p},B = p}) with C1; = —([pi(t),p3]*), the

OTOCs can demonstrate intrasubsystem scrambling. If A and

When both A and B are in the same subsys-

B are in different subsystems, i.e., (A = p?,B = p3) with
Cio = —([p3(t), p3]?), the OTOCs can quantify intersubsystem
scrambling.[*! There have been many reports on the Hermitian
systems (i.e., A = 0) proved that the two-particle interaction
can destroy the quantum coherence if the interaction is strong
enough. #3321 As a consequence, the quantum diffusion is in
consistence with its classical counterpart, i.e., the quantum-
classical correspondence (QCC), and the system is chaotic. ]
As for the OTOCSs in the Hermitian case, both Cy; and Cj,
increase in a power law of time, i.e., Cyq o t* and Cjp < 14,
which demonstrates the power-law scrambling in chaotic sys-
tems. For a modest A (e.g., A = 0.01), the growth of both Cy;
and C|, is consistent with that of A = 0 for a short time in-
terval, after which they become saturated, indicating that the
information scrambling has ceased growing. From Fig. 1, one
can find that large A4 leads to early cease of the OTOCs’ growth

as well as its small saturation value.

1015 F

< 10}

6 100- A=0.01
o S

- - Clg(t)o(it4
101 1 1
0 50 100 150
t
Fig. 1. OTOCs versus time, corresponding to (a) C1y = —([p3(t), p2]*)

and (b) C1o = —([p}(t),p3]?). The dashed lines indicate the fitting
function of the form Cj; o< r* (Cy3 o< r*). Other parameters are K =5,
hegg = 0.25, 4 = 0.5, and L =27.

3.2. Entanglement entropy

During the process of QCC, the entanglement between
the subsystems grows due to the interaction. To measure the
entanglement, we investigate the linear entropy of the system

as follows:
S(t) = 1—"Tr[pi (¢)]- (10)

With the generation of entanglement, a pure state evolves to

a mixed one, during which the value of S increases from zero

090301-2
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to almost unity 334 [

see Fig. 2(a) for A = 0]. This process
is accompanied by the disappearance of quantum coherence.
Therefore, the decoherence effect induced by interaction re-
sults in the QCC of diffusion dynamics.

Intriguingly, for a specific A, the linear entropy increases
during the initially short time interval [see Fig. 2(a) for A =
0.01], which indicates that the quantum state is a mixed one.
After the initial growth, the linear entropy decreases to a sat-
uration value and the quantum state becomes actually a pure
state. This clearly demonstrates that the quantum coherence,
which is initially destroyed, will partially revive due to the
non-Hermitian kicking potential. Therefore, under the ef-
fect of non-Hermitian kicking potential, an initially pure state
becomes mixed during short time evolution, and eventually
evolves to a pure state. This process corresponds to the tran-
sition from the decoherence to coherence recovery and entan-
glement production to disentanglement as time evolves. Note
that the decreasing process of the value S to saturation indi-
cates the back flow of information from the environment to

the system. !

1.0 0.1 1
fN @ (b)
()
| \. \»\ A=0 % Transition
\' § region 0
\ \\=0.003 =
W 05F L~ =~ - _ = O
i A=0.1 \
A=0.01
0 I ! 0
0 100 200 300 0 0.5 1.0
t Iz

Fig. 2. (a) Linear entropy S versus time with y = 0.5. (b) The averaged
value (S); in the parameter space (A, ). Other parameters are the same
as those in Fig. 1.

Moreover, to clearly show the entanglement with differ-
ent parameters, we further numerically investigate the long-
time average of S, i.e.,

1
(S) /0 S(t)dr, (11)

ok

by varying the interaction strength ¢ and the non-Hermitian
kicking strength A. Figure 2(b) shows that, for extremely
small value of u, S is almost zero, and the reason is that weak
interaction is not enough to thermalize the system.>®! With the
increase of interaction, S increases due to the decoherence and
quantum entanglement. However, for a certain value of u, S
decreases with large A. This demonstrates that, though the in-
teraction leads to quantum entanglement and decoherence, the
non-Hermitian kicking potential results in the decrease of en-
tanglement and prevents the decoherence, mitigating the effect
of interaction.

3.3. Featuring P7 -symmetric breaking with OTOCs and
linear entropy

When the non-Hermitian kicking potential is weak, the
Hamiltonian commutes with the P7T operator, i.e., [H,PT] =
0. The quantum dynamics is similar to that in the Hermitian
case and the QEV of the Floquet operator is real [see Eq. (14)].
When the non-Hermitian kicking potential is strong enough,
the Hamiltonian does not commute with the P77 operator, i.e.,
[H,PT] # 0 and the PT symmetry of the Hamiltonian is bro-
ken. Some QEVs of the Floquet operator are complex. With
appearance of the complex eigenvalue, the norm of the quan-
tum state, A/, will grow exponentially with time, rather than
unity in the Hermitian case. Thus, the time-averaged value of
N, (N, = %fé‘]\/(r)dr, can help to find the A, the critical
value of A. In Fig. 3(a), we find that as A increases, (N);
remains unity and then increases when A exceeds 10’3, ie.,
A~ 1073.

As discussed above, strong enough non-Hermitian kick-
ing potential can suppress the growth of OTOCs and the satu-
ration value of linear entropy. In order to further quantify the
effect of the non-Hermitian kicking potential on the OTOCs
and linear entropy, we investigate the time-averaged OTOCs
and linear entropy by varying the value of A. The time-
averaged OTOCs (Cy); and (C,), read

1 &

(Ci)r=— [ Cul(r)dr, (12)
It Jo
1 &

<C12>l = — C]z(l‘)dt. (13)
tr Jo

Figure 3(b) shows that as the value of A increases, (Cj;); and
(C1p); stay at a plateau and then decrease in a power law.
Moreover, the turning point is about A = 1073, which is equal
to Ac. This also shows that the QESs with non-zero complex
QEVs contribute to the suppression of the OTOCs increase.
The discovery that the non-Hermitian kicking potential leads
to the saturation of OTOCs opens a new prospect in the field of
information scrambling for conventional theory, believing that
the many-body localization induces the logarithmic growth of
OTOCs.157!

10201 ! " (a)
' []
< 10'r Lo
e 100t= LI Illlij L L
1048 & 8 8% (b)
/t ' ° : [ ]
S 1010F = (Cia(t))s R
S] e (Cra(t))r ‘e .
1108 i 1 1
Om [ I | Illlh. (C)
- ! L
6)\ 0.5F | s gm n
e : " s "
0 1 - 1 1
10—+ 103 10-2 101
A

Fig. 3. Dependence of (N'); (a), (C11); (squares) and (Cy2), (circles)
(b), and (S); (c) on A. The parameters are the same as those in Fig. 1.
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In addition, our numerical results show that the value
of S is equal to almost unity for (S), smaller than a criti-
cal value, beyond which the value of (S), is less than unity,
which indicates the coherence recovery and disentanglement.
Moreover, it gradually decreases with the increase of A [see
Fig. 3(¢)].
with complex QEV contributes to the recovery of coher-

This indicates that the appearance of the QES

ence. The recovery will be more salient with stronger non-
Hermitian kicking potential, and the saturation of OTOCs de-
creases with the increase of A [see Fig. 1]. Thus, the above
findings again prove that the OTOCs are closely relevant to

[9-12,58-66]

entanglement, even in the non-Hermitian case.

4. Physics mechanism

Previous research suggests that in a non-Hermitian sys-
tem, the inherent physics of the localization of the state is
such that the quantum state evolves to one of the eigenstates of
the Floquet operator.3”#!1 We also investigate the QESs and
QEVs of the Floquet operator. The eigenequation of the Flo-
quet operator reads

Ue = e “¢, (14)

where |@¢) is QES and € is QEV. In the non-Hermitian case,
when the P7T -symmetry is broken, QEV is a complex num-
ber, i.e., € = & + ig;. We investigate the fidelity between the
dynamically-evolved state, |y/(¢)), and QES takes the form

Fl) = 3w 0loo) P, (15)

where A is the norm of |y(r)). The numerical results (Fig. 4)
show that the fidelity of most QESs is quite small and only one
of them is approximately 1, whose imaginary part of QEV is
maximum. This indicates that the dynamically evolved state
evolves to the QES with the maximum imaginary part of the
QEV. Furthermore, we compare the two states. It can be seen
that both of them are localized states and they are in good
agreement. All these indicate the reason of the localization
such that the quantum state evolves to the localized QES with
maximum imaginary part of QEV.

Then let us consider the case of A > A.. Since interac-
tion will lead to decoherence and entanglement between the
two subsystems, both OTOCs and linear entropy increase ver-
sus time at the beginning. The corresponding quantum state
evolves into a mixed state. However, as time goes by, the ef-
fect of non-Hermitian kick gradually becomes apparent. The
eigenstate with the maximum imaginary part of the eigenvalue
begins to dominate the dynamical behavior of the whole sys-
tem, where localization has been induced and, simultaneously,
the increase of OTOCs and linear entropy has been suppressed.
Finally, the two particles disentangle partially, and the quan-
tum state eventually evolves to a pure state.

1.0F o °
& 0.5} .
0 , . ==

ik

[91]%, |1,

Fig. 4. (a) The fidelity F between the dynamically-evolved state and
the QESs versus the imaginary part of the QEV. The dot marks the QES
with F ~ 1. (b) Comparison of the probability density distribution
in energy space between the dynamically-evolved state (solid curve)
and the QES (dashed curve) with F ~ 1. The parameters are t = 300,
A = 0.1. Other parameters are the same as those in Fig. 1.

S. Summary

We have investigated the quantum entanglement in a bi-
partite non-Hermitian kicking system. In the Hermitian case,
the OTOCs, both Cy; and Cj», exhibit the power-law increase
with time. In the non-Hermitian case, the growth of OTOCs
can be suppressed by the non-Hermitian kicking potential.
The linear entropy increases quickly to unity in the Hermitian
case. For strong enough non-Hermitian driving strength, the
growth of the linear entropy is suppressed. More importantly,
we find that, with the increasing non-Hermitian strength, the
long-time averaged values of both OTOCs and linear entropy
have the same transition point where they exhibit the sharp
decrease from the plateau, demonstrating the disentanglment.
This indicates that the OTOC can characterize entanglement.
The reason is that there exist localized QESs with complex
QEV in the P7T-symmetric broken regime. The system will
evolve to the localized QES with maximum imaginary part of
the QEV, leading to the suppression of the increase of OTOCs
and linear entropy. Our work gives an insight into quantum
information, quantum communication and other related fields.
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