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The lower hybrid current drive is a potential candidate for sustaining plasma current in tokamak steady-state oper-
ations, which could be used in China Fusion Engineering Test Reactor (CFETR) with input power up to a few tens of
megawatts. Such high input power could trigger the well-known parametric instabilities (PIs) at the plasma edge affect-
ing the propagation and absorption of the lower hybrid pump waves. By analytically solving the nonlinear dispersion
relation describing PIs, an explicit expression of the PI growth rate is obtained and analyzed in detail. It is found that
pressure is the key parameter determining the PI characteristics. Ion sound quasi-mode is the dominant decay channel in
the low-pressure regime, while the ion cyclotron quasi-mode (ICQM), as well as its harmonics, becomes dominant in the
intermediate regime. In the high-pressure regime, only one mixed channel is found, which is related to Landau damping by
free-streaming ions. Analytical expressions of growth rates of these decay channels are also obtained to show the parameter
dependence at different pressure limits. The above analytical results are used to estimate the PIs on a typical profile of
CFETR, and verified by corresponding numerical calculations. ICQM is found to be the strongest decay channel with a
considerable growth rate for CFETR.

Keywords: lower hybrid, parametric instability, CFETR

PACS: 52.35.Hr, 52.35.Mw, 52.55.Fa DOI: 10.1088/1674-1056/ac67c2

1. Introduction

In order to maintain the steady-state operation in a toka-
mak, a substantial net toroidal plasma current is required.[1,2]

Besides the bootstrap current, additional currents should be
driven for the flexible control of the current profile.[3] The
lower hybrid current drive (LHCD) system has been widely
adopted in tokamak due to its high efficiency since the first
successful demonstration in the PLT tokamak.[4] Recently,
it also became a candidate for sustaining plasma current in
operation scenarios of China Fusion Engineering Test Re-
actor (CFETR), a future bridging device between ITER and
DEMO.[5,6] However, in some pioneering LHCD experiments
with high densities (ne > 0.8×1020 m−3), sudden loss of fast
electrons and current drive efficiency was detected,[7–9] which
may also happen on CFETR with higher densities. The phe-
nomenon results from the power depletion at the plasma edge
induced by the nonlinear effects of the injected lower-hybrid
(LH) wave.[10] One of the most promising mechanisms is the
parameter instability (PI).[11]

The PI process describes that a pump wave delivers its
energy to two child waves when the pump power exceeds its
nonlinear threshold.[10] It has been widely studied since 1970s
when it was used to explain the power coupling failure in the
LH heating experiments.[12–15] By solving the Vlasov equa-
tion under a dipole electric field approximation near the LH

frequency, the nonlinear dispersion relation describing the PI
process was first established by Porkolab.[16] Based on the
results of the dispersion relation and other contemporaneous
approaches, various possible decay channels were discussed
in different parameter limits.[17] For the LHCD experiments
in tokamaks, only two of the decay channels are found to be
important.[11] One refers to the child-mode combination of a
low-frequency ion cyclotron quasi-mode (ICQM) and an LH
sideband with a small frequency shift. It is a possible rea-
son for the observed non-monotonic envelope in the frequency
spectra.[18,19] The other is the combination of an ion sound
quasi-mode (ISQM) and an LH sideband, which causes the
frequency broadening.[10] In the critical work of Cesario et
al.,[20] the ISQM-type PI was also found to be able to affect
the LH deposition process through the spectral broadening on
the parallel refractive index n‖.

Since an increased temperature or a decreased den-
sity was found to be able to reduce PIs of the two decay
channels,[21,22] inspiring progress has been made in recovering
the LHCD efficiency by mitigating PI in recent high-density
experiments. Frascati Tokamak Upgrade (FTU) is the first
tokamak achieving high-efficiency LHCD in a line-averaged
density of 1.5×1020 m−3 with PIs suppressed through increas-
ing the edge Te.[23] In EAST, the LHCD efficiency is recovered
by decreasing edge density with strong wall lithiation.[24] In
experiments of Alactor-C Mod, efficient LHCD was realized
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with reduced density shoulders.[25,26]

By extending the experience to CFETR, it can be found
that some of its parameter differences from the conventional
tokamaks may significantly trigger PI. In Fig. 1, the ranges of
ne and Te are shown for CEFTR and other PI-relevant toka-
maks. It can be seen that the density in reactors (ITER,[27]

CFETR,[28] and DEMO[27]) will be higher than the present
tokamaks (JET,[29] EAST[30]), which will increase the insta-
bility. Meanwhile, the demanded high pump LH power also
contributes to PI. However, it should also be noticed that the
higher Te in the reactors can reduce PI. The resulting net effect
remains unclear as the sensitivities on ne and Te or other pa-
rameters have not been compared precisely yet. Thus, the PI
on CFETR still requires more thorough investigations.
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Fig. 1. The ne–Te distribution of SOL plasma in Alactor-C Mod,[25]

CFETR,[28] DEMO,[27] EAST,[30] FTU,[23] ITER,[27] and JET.[29]

These SOL ne–Te lines start from the antenna grill and end up at their
own separatrix.

To learn the nature of PI in CFETR or other situations
with unforeseen parameter sets, understanding the parameter
dependence is crucial. Besides a lower ne and a higher Te, a
lower PI has also been found to be related to a higher mag-
netic field B0, a higher pump frequency ω0, and a higher ion
mass based on numerical parameter scanning.[21,22] However,
it is still hard to apply the existing conclusion to CFETR as
the change of the parameter regime can also affect the pa-
rameter dependence. For example, the ICQM growth rate for
JET-like parameters increases linearly with ne,[22,31] while for
FT parameters it increases with ne at a weakening speed.[11]

For the density range in the edge regions of JET, EAST and
C-Mod, the ISQM growth rate decreases with ne at low den-
sities (< 2.0× 1018 m−3) but increases at high densities.[22]

As for the dependence on n‖ of the child mode, the growth
rate increases with n‖ at a low density (2.5× 1017 m−3), but
decreases at a high density (1.0× 1018 m−3).[29] Therefore,
analytical analysis is required for determining the division of
parameter regimes. As will be seen in this paper, a key pa-
rameter dividing the regimes will be found by analyzing the
dispersion relation of the low-frequency mode. The character-
istic of each regime will be studied, as well as some possible
new decay channels and parameter dependence.

The rest of the paper is organized as follows. The non-
linear dispersion relation we solved is introduced in Section 2.
In Section 3, the PI decay channels and parameter dependence
in different parameter limits are discussed by analyzing the
PI growth rates, while the numerical solutions are also given
to verify the validity. In Section 4, the analytical formula is
further applied to investigate the PIs on CFETR. Finally, the
summary is presented in Section 5.

2. Physical model
The widely used nonlinear dispersion relation, derived by

Porkolab in the electrostatic framework with full-kinetic ions
and drift-kinetic electrons,[16,18] is applied in this paper to de-
scribe the PI process of an LH pump. Here, a homogeneous
and collisionless plasma is considered with a magnetic field
B0 in the z direction of Cartesian coordinates. For simplic-
ity, the density and temperature of ions and electrons can be
assumed to be the same (ni ' ne, Ti ' Te). An LH eigen-
mode (ω0, 𝑘0) with a high amplitude electric field E0 oscil-
lates in the plasma as the pump wave, where ω0 is the angular
frequency and 𝑘0 is the wave number. The pump wave de-
cays into a low-frequency mode (ω,𝑘) and an LH sideband
(ω1,𝑘1) or (ω2,𝑘2), where the selection rules ω1,2 = ω ∓ω0,
𝑘1,2 = 𝑘∓𝑘0 are satisfied. When the LH sideband (ω1,𝑘1) is
resonant, the sideband (ω2,𝑘2) becomes non-resonant and its
contribution is negligible as compared to the resonant one.[32]

The dispersion relation based on the above assumptions takes
the form

ε− µ1

ε1
= 0, (1)

µ1 = α1α3 +β3ε. (2)

Here, ε is the linear dispersion relation of the low-frequency
mode and takes the form

ε = 1+χi +χe, (3)

where the susceptibilities χi and χe can be written as

χi =
2ω2

pi

k2v2
ti

[
1+

∞

∑
n=−∞

In(λi)e−λi
ωr

kzvti
Z
(

ωr−nωci

kzvti

)]
, (4)

χe =
2ω2

pe

k2v2
te

[
1+

ωr

kzvte
Z
(

ωr

kzvte

)]
. (5)

Here, ωp j and vt j are the plasma frequency and thermal veloc-
ity of the j-th species, respectively, and vt j =

√
2Tj/m j. The

argument of the n-th bessel function In, noted by λi, equals
k2
⊥v2

ti
2ω2

ci
, where ωci is ion cyclotron frequency. Z is the dispersion

function.
The linear dispersion relation of the LH sideband ε1 can

be written as a more simple form since its frequency satisfies
ωci� ω1� ωce. It is[33]

ε1 = 1+
k2

1⊥
k2

1

ω2
pe

ω2
ce
−

k2
1z

k2
1

ω2
pe

ω2
1
, (6)
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with ωce being the electron cyclotron frequency.
The coupling coefficient α1 corresponds to the pump-

sideband quasi-linear coupling, while α3 and β3 denote the
quasi-linear and nonlinear coupling, respectively, between the
pump and low-frequency mode.[17,31] These coefficients are

α1 =
e

me

ω2
pe

k2v3
te
(ωZ−ω0Z0−ω1Z1)

×

[
− |𝑘1⊥×𝐸0⊥|

ωce (ωk0z−ω0kz)
− ikzk1zE0z

(ωk0z−ω0kz)
2

]
, (7)

α3 =
e

me

ω2
pe

k2
1v3

te
(ωZ−ω0Z0−ω1Z1)

×

[
−

∣∣𝑘⊥×𝐸∗0⊥
∣∣

ωce (ω1k0z−ω0k1z)
+

ik1zkzE∗0z

(ω1k0z−ω0k1z)
2

]
, (8)

β3 =
e

me

k2

2k2
1

[
−
|𝑘1⊥×𝐸∗0⊥|

ωceω1
+

ik1zE∗0z

ω2
1

]
α1. (9)

Here, e and me are the electron charge and mass, respectively.
Zm represents the dispersion function of the m-th mode with
the argument ωm

kmzvte
. The superscript * represents the complex

conjugation.
Low-order terms with respect to ω2

0/ω2
ce in these coupling

coefficients are neglected as the LH frequency is much lower
than ωce. In the square bracket of α1, the first term represents
the coupling effect from the 𝐸0⊥×𝐵0 drift motion of elec-
trons, while the second term results from the electron motion
parallel to 𝐵0.

3. PI in different parameter regimes
3.1. Key parameter determining the characteristics of PI

Considering a complex sideband frequency ω1 ' ω1r +

iγ1 with γ1 � ω1r for weak damping or growth, Eq. (1) can
be rewritten as an expression of the sideband growth rate
γ1 =

Im(µ1/ε)
∂ε1r/∂ω1r

and the nonlinear part γNL, i.e., the growth rate

of the PI process.[17] Assuming that the LH sideband is not a
damping mode (γ1L ' 0), the PI growth rate becomes

γ
NL ≈ e2P0N0z

2ε0Sm2
ecv2

te
Im
(

κiκe

κi +κe

)(
ω3

pe

ω2
ceω2

0
+

1
ωpe

)
. (10)

For the detailed derivation and approximations one can
see Appendix A. Here, P0 is the pump power and S denotes the
cross-sectional area of the LH antenna mouth. N0z is the paral-
lel refractive index; c is the light speed in vacuum, and ε0 is the
dielectric constant. The first term in the second bracket on the
right-hand side of Eq. (10) corresponds to the drift coupling
term driven by 𝐸0⊥ in Eqs. (7) and (8), where k1⊥ has been
chosen to be perpendicular to k0⊥ to maximize this coupling
term. The second term is the parallel coupling term driven by
E0z.

Here, κ j is part of the susceptibility of the j-th species,
and it is defined as

κ j =
k2v2

t j

2ω2
p j

χ j. (11)

Since ωr’s for the ISQM and ICQMs are below or at the level
of several ωci, a value much lower than kzvte, then the term
with dispersion function Z in Eq. (5) is neglected and κe here
can be approximated as 1. The susceptibility term then re-
duces to Im(κi)

[1+Re(κi)]
2+Im(κi)2 . Obviously, the dominator Im(κi)

plays an important role in determining the growth rate. Using
Eq. (4), we can reach

Im(κi) =
√

π

∞

∑
n=−∞

ωr

kzvti
In(λi)e−λie

− (ωr−nωci)
2

k2z v2
ti , (12)

and we will discuss it in different limits of its parameter λi.
When λi � 1, only the first few terms in Eq. (12) con-

tribute to Im(κi), which can be simplified to

Im(κi)≈
√

π
ωr

kzvti

(1−λi)e
− ω2

r
k2z v2

ti +
1
2

λie
− (ωr−ωci)

2

k2z v2
ti

 . (13)

The left and right exponential terms in the square bracket
correspond to ISQM with ωr ≈ kzvti and ICQM with ωr ≈
ωci + kzvti, respectively. Here, the ISQM term is in the or-
der of 1, and the ICQM term is in the order of λi, suggesting
that the ISQM is much stronger than ICQM in this limit.

For λi ≥ 1, the Im(κi) can be derived using the expression
of κi from Brambilla,[34]

Im(κi)≈
ωr

kvti
e
− ω2

r
k2v2

ti

5
√

λi

∑
n=0

ωci

kzvti
e
− (ωr−nωci)

2

k2z v2
ti . (14)

The exponential terms in the summation with n = 0 ∼ 5
√

λi

correspond to ISQM and several ICQM harmonics, where
the maximum number of the ICQM harmonics is the integer
around 5

√
λi, and n = 0 represents the ISQM. This implies

that more ICQM harmonics will be excited as the λi increases
further. The strongest decay channel among them satisfies
nωci = kvti.

For λi � 1, where the temperature is also high enough
that kzρi ≥ 1 (ρi refers to the ion Larmor radius, equal to
vti/ωci), the summation in Eq. (14) can be taken as an inte-
gral and equals

√
π . Then Im(κi) becomes

Im(κi)≈
√

π
ωr

kvti
e
− ω2

r
k2v2

ti . (15)

Since the ion Larmor radius here is much larger than the
wavelength (k⊥ρi =

√
2λi� 1), the ions stream almost freely

within a wavelength, thus absorb the wave energy through only
the ion Landau damping, as described by Glagolev.[35] In the
perspective of PI, Eq. (15) shows only one decay channel, of
which the maximum value locates near ωr = kvti, somewhere
different from ISQM and ICQM.
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Fig. 2. Normalized numerical growth rate γ/ω0 (black solid lines) versus the normalized real frequency of the low frequency mode ωr/ωci
with typical parameter sets for different λi limits: (a) λi = 0.024; (b) λi = 0.99, kzρi = 0.26; (c) λi = 8.0, kzρi = 0.6. The blue dashed line in
(c) notes the peak location derived from Eq. (15).

To understand these expressions in different limits of λi

more intuitively, especially the unclear decay channel implied
by Eq. (15), numerical studies are also performed by solving
Eq. (1). The detailed solving process for accessing the nu-
merical PI growth rates in this paper follows Ref. [22]. Fig-
ure 2 shows the ωr spectra of the numerical PI growth rates
under three different λi limits. For the case of λi � 1 shown
by Fig. 2(a), two unstable regions are found. They locate at
ωr � ωci and ωr ≈ ωci, which obviously correspond to the
ISQM and ICQM, respectively. ISQM here is much stronger
than ICQM. In Fig. 2(b) (λi ∼ 1), up to 4 unstable modes are
found, which are actually ISQM and ICQM harmonics. IC-
QMs here are much stronger than ISQM. In Fig. 2(c), when
λi � 1 and kzρi approaches 1, the ICQM harmonics can be
still observed from the peaks near ωr ≈ nωci. Compared with
Fig. 2(b), these ICQMs overlap seriously, and look rather like a
single peak with maximum value at ωr = kvti. In this sense, the
decay channel seems to be a special form of the ICQMs. From
the analysis of Eqs. (14) and (15), it should also be noticed
that the ion damping has changed from the cyclotron damping
to the Landau damping during the overlapping. Therefore, we
should regard the peak as a new decay channel driven by the
nonlinear ion Landau damping (NILD) rather than the simple
overlapping of the ICQMs.

Now it is learnt that λi is the key parameter characteriz-
ing PI decay channels and growth rate. In fact, this parameter
is directly related to the plasma pressure p = eniTi + eneTe '
2eneTe (Ti and Te here are in units of eV). Using the approxi-

mated dispersion relation k2
0⊥

k2
0z
≈ k2

1⊥
k2

1z
≈ ω2

pe

ω2
0

for the edge plasma

(ωpe� ωce), λi =
k2
⊥v2

ti
2ω2

ci
can be approximated as

N2
0z+N2

1z
me/mi

eneTi
B2

0/µ0
.

The relation between λi and p is

λi =
N2

0z +N2
1z

4me/mi

p
pB

, (16)

where pB = B2
0/2µ0 is the magnetic pressure (µ0 is the perme-

ability of the free space).
Essentially, it is the plasma pressure p determining the PI

decay channels, and p will be the key parameter in the follow-
ing discussion on PI parameter dependence. To give a clear
division of different pressure regimes, a critical pressure pcrit

is defined using λi = 1, and

pcrit =
4me/mi

N2
0z +N2

1z
pB. (17)

The dependence on pressure can then be concluded as follows.
When p� pcrit, it is the low-pressure regime and there are
only ISQM and fundamental ICQM. When p� pcrit, it is the
high-pressure regime and the NILD decay channel takes ef-
fect. For the intermediate regime, i.e., p ∼ pcrit, decay chan-
nels of multiple ICQM harmonics are found.

3.2. Low-pressure regime

As mentioned in the last subsection, ISQM and funda-
mental ICQM are the main decay channels of this regime. By
substituting the corresponding characteristic real frequencies
(ωr = kzvti for ISQM, ωr =ωci+kzvti for ICQM) into Eqs. (10)
and (13), we can obtain the analytical growth rates of the two
decay channels. For clarity and direct use, they are written in
explicit forms with respect to the parameters.

γ
ISQM ≈ 0.128e2

ε2.5
0 m0.5

e c
P0N0zS−1T−1

e

(
1−1.89p/pcrit

)
×
(

n1.5
e B−2

0 ω
−2
0 +

ε2
0

e2 n−0.5
e

)
, (18)

γ
ICQM ≈ 0.058µ0e3.5mi

ε2.5
0 m1.5

e
P0N0zS−1NzT−0.5

e F
(

p/pcrit,kzρi

)
×
(

n2.5
e B−3

0 ω
−3
0 +

ε2
0

e2 n−0.5
e B−1

0 ω
−1
0

)
, (19)

where

F(x1,x2) =
(1− x1)(1+ x2)

1+0.42x1−1.08x1x−1
2 +0.40x2

1x−2
2

.

The terms in the first bracket of Eqs. (18) and (19) re-
sult from the susceptibility terms, which depend heavily on the
pressure. According to Eq. (18), a higher pressure can stabi-
lize ISQM. Since F in Eq. (19) is an increasing function with
respect to p/pcrit, higher pressure may lead to higher ICQM
growth rate. In the low-pressure limit, clear parameter depen-
dence can be obtained by rewriting Eqs. (18) and (19) to the
lowest order of p/pcrit.

γ
ISQM

∝ T−1
e

(
n1.5

e B−2
0 ω

−2
0 +

ε2
0

e2 n−0.5
e

)
, (20)
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γ
ICQM

∝ NzT−0.5
e

(
n2.5

e B−3
0 ω

−3
0 +

ε2
0

e2 n−0.5
e B−1

0 ω
−1
0

)
, (21)

where the parameters with stable dependence such as P0 and S
have been omitted.

For the low-pressure regime, there must be a low density
limit (ne� ε0

e B0ω0), where the E0z coupling term dominates.
The dependence can reduce to

γ
ISQM

∝ n−0.5
e T−1

e , (22)

γ
ICQM

∝ Nzn0.5
e T−0.5

e B−1
0 ω

−1
0 . (23)

It can be found that the parameter dependence of ISQM is
quite simple with only ne and Te involved, so that the ISQM
is almost independent of Nz, B0 and ω0. It indicates that the
ISQM growth rate can be reduced by a higher ne or a higher Te

while the latter is more effective in mitigating ISQM-type PI.
An increasing Te, B0, or ω0 can all reduce the ICQM growth
rate, except for an increasing ne.

One may also find a high density limit in this regime if
(ne� ε0

e B0ω0), where the E0⊥×B0 coupling term dominates.
Then the parameter dependence is

γ
ISQM

∝ n1.5
e T−1

e B−2
0 ω

−2
0 , (24)

γ
ICQM

∝ Nzn2.5
e T−0.5

e B−3
0 ω

−3
0 . (25)

In a qualitative aspect, the dependence in this regime
agrees well with the published works.[21,22] Quantitatively, the
present results can additionally show the sensitivities to the
parameter through their powers in the equations. For example,
ISQM is more sensitive to Te than ICQM in both density lim-
its. In the high density limit, ISQM also increases with ne, but
with a rather slower speed than ICQM.

In Fig. 3, the dependence of growth rates predicted by
Eqs. (20) and (21) on ne and Te are plotted, together with
the corresponding numerical growth rates as verification. The
numerical growth rate of a decay channel indicates the peak
growth rate of the corresponding unstable region similar to that
shown in Fig. 2. Consequently, most of the numerical growth
rates agree with the analytical trends. In Fig. 3(a), the analyt-
ical trend of ISQM grows slightly slower than the numerical
growth rate because the finite effect of the term 1−1.89p/pcrit

in Eq. (18) not included.
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Fig. 3. The trends of ISQM and ICQM growth rates (purple dashed lines) on ne [(a), (c)] and Te [(b), (d)] predicted by Eqs. (20) and (21). Here
p/pcrit is in the range of 0.01–0.2, a typical value for the low-pressure regime. In (a) and (c), the n̂e is the normalized to the critical density
ε0
e B0ω0 to show whether the range is in the low density or high density limit. Here, the effects of both density limits are included since n̂e

is 0.15–1.8. As verification, the corresponding numerical parameter dependence of ISQM and ICQM growth rates (black solid lines) is also
plotted. For better comparison, the constants of the analytical lines (C in the legends) are chosen as the mean values of the numerical lines.

3.3. High-pressure regime

In the high density regime, only the NILD decay channel
can be found. As illustrated in Eq. (13), the ion susceptibility
here is independent of p/pcrit. The characteristic frequency of
NILD is ωr = 1.17kzvti, where susceptibility term reaches its
maximum value. Therefore, the growth rate of NILD can be
derived as

γ
NILD ≈ 0.146e2

ε2.5
0 m0.5

e c
P0N0zS−1T−1

e

×
(

n1.5
e B−2

0 ω
−2
0 +

ε2
0

e2 n−0.5
e

)
. (26)

The expression can also be used for quick estimation on
growth rate like Eqs. (18) and (19). In the high density limit
for the high pressure, the parameter dependence is

γ
NILD

∝ n1.5
e T−1

e B−2
0 ω

−2
0 . (27)

In the low density limit, which requires ne� ε0
e B0ω0, the de-

pendence is

γ
NILD

∝ n−0.5
e T−1

e . (28)

It can be easily seen that the parameter dependence of NILD
is the same as the ISQM in the low-pressure limit, because
both of their susceptibility terms are almost irrelevant to the
ion cyclotron motion and then contribute nothing to the depen-
dence. For ISQM, only the ion motion parallel to B0 is consid-
ered. For NILD, the ions move approximately in a straight line
within a wavelength of the low-frequency mode as it is much
shorter than the Larmor radius.
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Fig. 4. Similar to Fig. 3, the analytical trends (purple dashed lines) on ne and Te predicted by Eqs. (27) and (28), compared with the correspond-
ing numerical NILD growth rates (black lines). Here, p/pcrit is in the range of 6–20; kzρi is in the range of 0.6–1.9, typical for the high-pressure
regime. [(a), (b)] Dependence on ne in the low and high density limits, respectively. (c) Dependence on Te.

For the high-pressure regime, the trend predictions from
Eqs. (27) and (28) are also compared with the numerical pa-
rameter dependence in Fig. 4. It can be seen that the trends
agree with the numerical results, except for some subtle jitters
on the numerical lines in Fig. 4(c). The jitters are attributed to
insufficient overlapping of the ICQM harmonics as shown by
Fig. 2(c). They will vanish when Te further rises.

3.4. Intermediate regime

Since there does not exist proper parameter limit of λi

in the intermediate regime, it is difficult to find a proper ap-
proximation for the susceptibility term and to directly show
the explicit forms of growth rates. Instead, this regime is stud-
ied based on some rough analysis of the dependence on λi. In
Fig. 5, the susceptibility terms of various decay channels are
plotted as functions of λi. For ISQM, the susceptibility term
decreases monotonously with the increase of λi, and finally
loses to the ICQMs in the intermediate regime (λi > 0.5). We
will no longer take it into account in this subsection. Unlike
ISQM, the ICQMs first increase and then decrease with λi,
and take turns to dominate in the order of n. Therefore, for nth
ICQM harmonic, there always exists an interval of λi (usually
locates in the vicinity of λi ' n), where the susceptibility term
reaches its peak value and changes slowly with λi. Based on
this characteristic, in the vicinity of the peak value, the relation
of Im

(
κiκe

κi+κe

)
to λi can be considered to change from λ 0.5

i to

λ
−0.5
i with the increase of λi, namely,

Im
(

κiκe

κi +κe

)ICQMn

∝
λ 0.5

i
kzρi
→

λ 0
i

kzρi
→

λ
−0.5
i
kzρi

for λi ≈ n. (29)

Here, we use → to link the change of the parameter depen-
dence due to the increase of λi. For the low density limit,
using the above relation, the parameter dependence takes the
form

γ
ICQMn

∝ T−1
e ω

−1
0 → N−1

z n−0.5
e T−1.5

e B0ω
−1
0

→ N−2
z n−1

e T−2
e B2

0ω
−1
0 . (30)

For the high density limit, it is

γ
ICQMn

∝ n2
eT−1

e B−2
0 ω

−3
0 → N−1

z n1.5
e T−1.5

e B−1
0 ω

−3
0

→ N−2
z neT−2

e ω
−3
0 . (31)

The dependences on ne and B0 shown in Eq. (30) are quite
different from the present knowledge. Under the effect of E0z

coupling term, an increasing ne or a decreasing B0 no longer
strengthens the growth rates of the ICQMs but decreases them
instead. Actually, such a trend holds in a very finite param-
eter range. As the density increases further, the effect of the
𝐸0⊥×B0 term will take in charge, and the dependences on ne

and B0 are then recovered as described by Eq. (31).
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Fig. 5. The susceptibility term Im
(

κiκe
κi+κe

)
versus λi. Here, κi is in a

complete form of Eq. (12), kzρi is fixed at a typical value of 0.3.

According to the relation T−1
e → T−1.5

e → T−2
e in both

density limits, a low Te is found to be more capable of reduc-
ing the growth rate as the pressure increases. The dependence
on nz changes in a similar way to that on Te. A higher ω0 can
always decrease the ICQM growth rate here, and it is more
effective in the high density limit.

In Fig. 6, similarly, the analytical and numerical parame-
ter dependences in the intermediate regime are compared. The
analytical trends are predicted by the middle part of Eqs. (30)
and (31), which describe immediate dependences in a finite re-
gion where the term Im

(
κiκe

κi+κe

)
gets its peak value. It should

be noticed that the peak region varies as the harmonic order
of ICQM changes, as described in Fig. 5. It can be found
that the analytical trends agree with the numerical results in
the vicinity of the labeled critical pressure (blue dashed lines).
However, the agreements are also possible to fail at positions
far from critical ones. In Figs. 6(a) and 6(d), the disagreement
found at n̂e < 0.2 indicates a potential increasing trend on ne

for a lower pressure, which follows the description of the left
part of Eq. (30). In Figs. 6(b) and 6(e), the failure of the ana-
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lytical ICQM when n̂e is higher than 3.0 is due to the depen-
dence on ne that is weakened as the pressure further increases.
The dependence can be illustrated by the right part of Eq. (31).

The disagreement found in the low Te in Fig. 6(f) corresponds
to the change of parameter dependence due to lower pressure
as described by Eq. (23).
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Table 1. Summary of the parameter dependence of PI growth rates in different density limits and pressure regimes.

Low density limit High density limit

Low-pressure regime
p� pcrit

γ ISQM ∝ n−0.5
e T−1

e

γ ICQM ∝ Nzn0.5
e T−0.5

e B−1
0 ω

−1
0

γ ISQM ∝ n1.5
e T−1

e B−2
0 ω

−2
0

γ ICQM ∝ Nzn2.5
e T−1

e B−3
0 ω

−3
0

Intermediate regime
p∼ npcrit; kzρi� 1

γ ICQMn ∝


T−1

e ω
−1
0 ↓

N−1
z n−0.5

e T−1.5
e B0ω

−1
0 ↓

N−2
z n−1

e T−2
e B2

0ω
−1
0

γ ICQMn ∝


n2

eT−1
e B−2

0 ω
−3
0 ↓

N−1
z n1.5

e T−1.5
e B−1

0 ω
−3
0 ↓

N−2
z neT−2

e ω
−3
0

High-pressure regime
p� pcrit; kzρi ≥ 1

γNILD ∝ n−0.5
e T−1

e γNILD ∝ n1.5
e T−1

e B−2
0 ω

−2
0

Based on the above discussions, the parameter depen-
dence varying with pressure regime, density limits, and decay
channels is then summarized in Table 1. The importance of
a proper division of the parameter regimes is now reflected,
because significantly different parameter dependence is found
among different regimes. An increasing ne can make ISQM
suppressed in the low-pressure regime, but help to enhance
NILD in the high-pressure regime. ICQMs in the intermediate
regimes decrease with ne in low density limit but increase with
ne in the high density limit. An increasing Te can always in-
hibit PIs in all the pressure regimes, but the efficiency varies.
The growth rate of the fundamental ICQM is proportional to
T−0.5

e in the low-pressure regime, but decays rather faster in
the order of T−2

e in the intermediate regime. A higher B0 can
lower the ICQM growth rate in most cases, but it is also pos-
sible to strengthen ICQM if a low density limit is found in the
intermediate regime.

In the next section, the theory is applied in PI estima-
tion for the typical profile of CFETR hybrid scenario. The
radial profile will be divided into regimes representing differ-
ent dominant decay channels and parameter dependence. To

observe the validity of the analytical descriptions, numerical
growth rates will also be calculated by scanning with point-
by-point parameters.

4. PIs in the hybrid scenario of CFETR

4.1. Division of pressure regimes on the CFETR profile

Here, a typical set of CFETR edge parameters is studied.
The density and temperature distributions along the radial di-
rection are shown in Fig. 7(a). These data are extracted from a
set of typical CFETR edge data for the hybrid scenario, which
is provided by Chen et al.[28] The toroidal magnetic field at the
plasma core is Bt = 6.5 T, and the magnetic field at the low-
field-side edge is around 5 T. As for the ions, pure deuterium
gas is used for the numerical setup (mi/me = 3672). Follow-
ing the last section, the density and temperature of ions are
assumed the same as electrons. A 4.6 GHz 10 MW LH pump
is injected into the plasma with a nominal n0z at 1.7.[36] The
antenna cross section is set perpendicular to the radial axis. Its
area S is assumed to be 1 m2.
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Fig. 7. (a) The plasma density (blue solid line) and temperature (green
dashed line) distribution near the separatrix at the outer mid-plane. The
radial position xs is the distance from the separatrix. Negative values
of xs are inside the separatrix. (b) The radial profile of the normalized
pressure p/pcrit and the division of the pressure regimes. The green area
is the low-pressure regime, while the yellow area refers to the interme-
diate regime and the red area is the high-pressure regime. The blue
dot-dashed line corresponds to the critical pressure. The red dashed
line marks where the values of 𝐸0⊥×B0 term and E0z term are equal,
ne =

ε0
e B0ω0, and neither of them could be neglected in the vicinity.

Considering a smooth convective growth in the inhomo-
geneous plasma,[29,37] the parallel refractive index of the side-
band n1z is chosen as a low value of 3. Then in Fig. 7(b), the
corresponding pressure distribution of CFETR in shown. It
can be seen that the critical pressure locates just near the sep-
aratrix. Hence, the outer part of the SOL corresponds to the
low-pressure regime. The region of xs = −1 ∼ 3 cm belongs

to the intermediate regime, while the high-pressure regime dis-
tributes inside the separatrix.

4.2. Growth rates as functions of radial positions

In Fig. 8, numerical growth rates of various decay chan-
nels are shown as a function of xs. We can see that from the
outside of the separatrix to the inside of the separatrix, the
most unstable decay channel changes in the order of ISQM,
ICQM, ICQM2, and finally NILD. ISQM is the strongest de-
cay channel at the far edge of xs > 4.5 cm, while ICQM
dominates at most parts of the SOL (xs = 0 ∼4.5 cm). The
ICQM2 dominates within a centimeter inside the separatrix
(xs = −1 ∼0 cm), and NILD becomes the major decay chan-
nel at xs =−4 ∼−1 cm. The radial distributions of the dom-
inant decay channels agree with the division of the parameter
regimes shown in Fig. 7(b). Among the shown decay chan-
nels, the ICQM has the maximum growth rate near the po-
sition where the pcrit locates. The maximum growth rate is
1.6×10−3ω0, which is a value slightly lower than the growth
rates found in conventional tokamaks,[24,25,29] implying that
comparable PI can also be found in a CFETR-like plasma
edge.
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Fig. 9. The growth rates versus xs, showing the comparison between the numerical growth rates extracted from Fig. 8 and the corresponding
analytical approximations. (a) Comparison between the numerical ISQM growth rate and Eq. (18). (b) Numerical ICQM growth rate compared
with Eq. (19). (c) Numerical NILD growth rate compared with Eq. (26).

Notice that Eqs. (18), (19) and (26) are explicit expres-
sions of growth rates, which can be used for PI estimation by
directly substituting the parameters. In Fig. 9, the applicabil-
ity of these equations are checked by comparing their results
on the profile with the numerical ones which have been shown

in Fig. 8. In Figs. 9(a) and 9(b), the analytical growth rates
of ISQM and ICQM in the low-pressure regime are checked.
It can be found that Eqs. (18) and (19) agree well with the
numerical black line at xs > 3 cm, and fail when xs is lower
than 3 cm. Similarly, in Fig. 9(c), the NILD growth rate
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in the high-pressure regime is checked. It is almost valid at
−4 cm< xs < −1 cm, and fails elsewhere. The disagreement
at xs < −4 cm is attributed to electron absorption in high Te,
which is not included in the analytical growth rates.

4.3. Effects of Nz, B0, and ω0

Finally, let us discuss the effect of other PI-relevant pa-
rameters such as Nz, B0, and ω0 briefly. Actually, these pa-
rameters can not only affect PI through the previously dis-
cussed parameter dependence, but also change the division of
the pressure regimes. For example, according to the defini-
tion of pcrit, a higher N1z contributes to a lower pcrit, and then
the low-pressure area shrinks. It can be found from Fig. 10(a)
that in a high N1z equal to 6, the low-pressure regime has been
extruded out of the present profile. A higher B0 can increase
the pcrit and stretch the low-pressure regime and intermediate
regime. Thus, in Fig. 10(b), when B0 is in a higher value of
9 T, the low-pressure regime has occupied a wider profile from

the antenna mouth to 0.5 cm, and the high-pressure regime is
not found near the SOL. A high ω0 may not influence pcrit, but
can compress the intermediate region, as the critical tempera-
ture between the intermediate and high-pressure regime is an

inverse function of ω0, viz., T crit
e ∝

B2
0

N2
z ω2

0
.

In Figs. 10(d)–10(f), the radial distribution of the numeri-
cal growth rates is plotted correspondingly. The distribution
of dominant decay channels almost follows the division of
parameter regime shown in Figs. 10(a)–10(c). Furthermore,
comparing the numerical results in Fig. 10 with the original
results in Fig. 8, we can see that the change in the numerical
growth rates also follows the analytical predictions. Since the
ISQM growth rate in the low-pressure regime can hardly be
affected by neither Nz and B0 nor ω0, their results in all sub-
figures are almost unchanged. According to Eq. (21), ICQM
growth rate in the low-pressure regime increases with Nz and
decreases with B0 and ω0. Correspondingly, it is stronger in
Fig. 10(d) and stabilized in Figs. 10(e) and 10(f).
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Fig. 10. The division of the parameter regimes and the corresponding numerical growth rates affected by [(a), (d)] a higher N1z at 6, [(b), (e)]
a higher B0 at 9 T and [(c), (f)] a higher ω0 at 8 GHz. Parameters used here are the same as those in Fig. 7 except the changed one. The gray
zones found in (a) refer to stable regions where the sidebands are strongly damped by electrons.

5. Discussion and conclusions
PI is a ubiquitous phenomenon found in LHCD process

near plasma edge with low electron temperature. For a reactor
level tokamak like CFETR, the onset of PI may be a serious
issue affecting the LHCD efficiency as it has higher edge den-
sities and higher pump LH power. In this paper, the nonlinear
dispersion relation is analytically and numerically solved to
understand the PI effects in CFETR and in further wide pa-
rameter ranges.

By analyzing the susceptibility terms of the PI growth
rate, the pressure is found to be an important parameter de-
termining the PI decay channels. In the low-pressure regime,
ISQM is the dominant decay channel. It decreases rapidly
with pressure and is eventually overtaken by the ICQM and
its harmonics in the intermediate regime. In the high-pressure
regime, only NILD decay channel is found.

Explicit forms of PI parameter dependence in each pres-
sure regime are obtained by further analysis, which has been
summarized in Table 1. The parameter dependence found in

the low-pressure regime shows a good agreement with the pub-
lished work.[21,22] In the intermediate regime, ICQMs display
a quite different dependence from that in the low pressure due
to the cyclotron motion of ions. For example, they may stop
from increasing with ne and even decrease if the density is low
enough. In the high-pressure regime, where the perpendicular
ion orbit is almost a straight line just like the parallel motion,
the parameter dependence recovers to the same as ISQM.

PIs in CFETR are investigated by applying the above an-
alytical results to a typical set of parameters of the hybrid
scenario. Numerical calculations are also performed to ver-
ify and replenish the analytical conclusions. Along such an
ne-Te coupled profile, all the three pressure regimes are found
successively. The ISQM-dominant low-pressure regime occu-
pies the outer half of SOL, while the inner half of SOL and
the separatrix belong to the intermediate regime. The high-
pressure regime occupies the region several centimeters inside
the separatrix. As a result, the fundamental ICQM in the in-
termediate regime is the most unstable PI decay channel of
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the profile, with a maximum growth rate comparable to the
maximum growth rates in conventional tokamaks. Increasing
parameters like B0 or ω0 can help reduce the dominant ICQM-
type PI and the low growth rate of NILD, but has little effect
on ISQM-type PI.

Through this work, the present understanding of PI pa-
rameter dependence is rearranged in the clue of pressure. For
investigating PI in a certain position, we can now understand
its decay channel and parameter dependence just by determin-
ing which pressure regime it locates. Sensitivities of parameter
dependence are now clarified through the analytical expres-
sions. For example, in the past, we only knew that the PI de-
cays with an increasing Te. Now we realize that for ICQM, the
growth rate decays fastest with Te in the intermediate regime
and slowest in the low-pressure regime. This work also shows
some situations with unforeseen parameter dependence. For
instance, if the density of the intermediate regime is suffi-
ciently low, the ICQM growth rate may stop from increasing
with ne and even decrease.

It should be noticed that the additional effects on side-
bands such as plasma inhomogeneity and finite pump width
may strongly limit the growth of sideband with high N1z

or a δ1 near π/2, where δ1 is the angle between k0⊥ and
k1⊥.[37,38] These effects are not considered here because this
paper mainly focuses on the analysis of the PI growth rate.
Since a rather traditional version of PI model is used for the
simplicity of the analysis, effects mentioned in the recent PI
models such as collision and electromagnetic pumps could not
be included.[39,40] The former can inhibit PIs near the antenna
mouth, while the latter reduces PIs at high densities. In the
future, more efforts on these issues will be made to refine the
present results.

Appendix A: Derivation to an explicit form of the
PI growth rate

When the PI occurs, both the child waves are influenced
by a nonlinear PI growth rate γNL. The LH sideband is usu-
ally a resonant mode here except the sidebands with rather
high k1z. Its frequency can be noted as ω1 = ω1r + iγNL,
where the subscript r represents the real part of the frequency.
For the low-frequency mode, the frequency can be written as
ω = ωr + iγNL + iγL, where its linear damping rate γL is re-
tained as it is a strongly damped quasi-mode in this paper.

In the theory of weak turbulence, the PI growth rate sat-
isfies γNL� ωr,ω1r. Using this relation, the linear dispersion
relation of the sideband is expanded as ε1 ' iγNL ∂ε1r

∂ω1r
. Substi-

tuting the expression into Eq. (1), we obtain

γ
NL = Im

(
µ1

ε

)/
∂ε1r

∂ω1r
. (A1)

To give an explicit form of γNL, the coefficients of µ1,
shown as Eqs. (7)–(9), are simplified to

α1 =
e

me

φ0

2ω0
χe

[
− ik0⊥k1⊥ sinδ1

ωce
− k0zk1z

ω0

]
, (A2)

α3 =
e

me

k2

k2
1

φ ∗0
2ω0

χe

[
− ik0⊥k1⊥ sinδ1

ωce
+

k0zk1z

ω0

]
, (A3)

β3 =
k2

k2
1

e
me

φ ∗0
2ω1r

[
− ik0⊥k1⊥ sinδ1

ωce
+

k0zk1z

ω0

]
α1. (A4)

Here, the electric field 𝐸0 is replaced by the electric po-
tential φ0 using 𝐸0 = −i𝑘0φ0; δ1 is the angle between the
vector 𝑘1⊥ and 𝑘0⊥. The sideband frequency ω1r = ωr−ω0

is directly approximated as −ω0 since ω � ω0,ω1. The
matching conditions for the wave numbers are also used, so
that ωk0z−ω0kz = ω1k0z−ω0k1z ≈ −ω0kz and 𝑘⊥×𝑘0⊥ =

𝑘1⊥×𝑘0⊥.
Observing Eq. (A4), β3 now can be directly written as

−α1α3/χe. The term µ1/ε then becomes χe−ε

χeε
α1α3 and the

PI growth rate is expanded as

γ
NL =− e2

m2
e

Im
[

χe (χe− ε)

ε

]
ω0

8ω2
pe

k2

k2
1z

×

[
k2

0⊥k2
1⊥ sin2

δ1

ω2
ce

+
k2

0zk
2
1z

ω2
0

]
φ

2
0 . (A5)

To make the parameter dependence of γNL more clear, we
transform the pump potential φ0 into a realistic parameter such
as the pump power P0. The relation between them is approxi-
mately

P0 =
1
4

ε0Sω0
ω2

pe

ω2
0

2k3
0⊥k2

0z

k4
0

φ
2
0 . (A6)

Using this relation, the PI growth rate then becomes

γ
NL =

e2

m2
e

P0

2ε0Sv2
te

Im
(

κiκe

κi +κe

)
ω2

0
ω2

pe

k4
0

k3
0⊥

×

[
k2

0⊥k2
1⊥ sin2

δ1

k2
0zk

2
1zω

2
ce

+
1

ω2
0

]
. (A7)

The terms χe and ε are replaced by κ j =
k2v2

t j
2ω2

pe
χ j for the j-th

species, where the cold plasma condition vte � ωpe/k is also
used.

For clarity, all the wave number terms in the above ex-
pression should be written as functions with respect to more
realistic parameters. Using the linear dispersion relation of
LHWs for edge plasmas ωpe � ωce, we approximately write
k2

0⊥
k2

0z
≈ k2

1⊥
k2

1z
≈ ω2

pe

ω2
0

and k0⊥� k0z. The left k0z is represented by

the refractive index N0z = k0zc/ω0, where c is the light speed
in vacuum. The PI growth rate becomes

γ
NL =

e2

m2
e

P0N0z

2ε0Scv2
te

Im
(

κiκe

κi +κe

)(
ω3

pe

ω2
0 ω2

ce
+

1
ωpe

)
, (A8)

where the angle δ1 has been set as π/2 to seek the maximum
growth rate.
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