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Very recently, Lee et al. proposed a secure quantum teleportation protocol to transfer shared quantum secret between
multiple parties in a network [Phys. Rev. Lett. 124 060501 (2020)]. This quantum network is encoded with a maximally
entangled GHZ state. In this paper, we consider a partially entangled GHZ state as the entanglement channel, where it can
achieve, probabilistically, unity fidelity transfer of the state. Two kinds of strategies are given. One arises when an auxiliary
particle is introduced and a general evolution at any receiver’s location is then adopted. The other one involves performing
a single generalized Bell-state measurement at the location of any sender. This could allow the receivers to recover the
transmitted state with a certain probability, in which only the local Pauli operators are performed, instead of introducing an
auxiliary particle. In addition, the successful probability is provided, which is determined by the degree of entanglement of
the partially multipartite entangled state. Moreover, the proposed protocol is robust against the bit and phase flip noise.

Keywords: probabilistic quantum teleportation, shared quantum secret, partially entangled GHZ state

PACS: 03.67.—a, 03.67.Hk, 03.65.Ud

1. Introduction

Quantum teleportation!!! uses a pre-shared quantum
channel to faithfully transfer an unknown quantum state be-
tween distant nodes within a network. Nowadays, it has played
a pivotal role in various quantum information technologies
such as measurement-based quantum computation,?! quan-
tum network!>* and a possible further quantum Internet.!>-¢]
Experimentally, the teleportation of arbitrary quantum states
from a two-dimensional qubit!”! to a high-dimensional qudit!®!
has been realized.

To realize versatile quantum networks, the incorpora-
tion of multiple participants needs to be further consid-
ered. Controlled teleportation has been proposed which
can split quantum information from one sender to multi-

9-121 Teleportations of multiparty states have

13,141

ple receivers.|
also been demonstrated and studied,! in which the mul-
tipartite entanglement state could be teleported. Besides
quantum teleportation, controlled remote state preparation is
presented,>1% where the goal can only be achieved with
the control of the agents. A distributed quantum computa-
tion with the control of the controller!!”! is proposed. More-
over, there are other typical quantum communication proto-
cols that could facilitate the construction of versatile quantum

18-25] Various kinds of quantum cryptography pro-

18,19

networks. !
tocols, such as quantum key distribution,'®1°) quantum secure
direct communication!?”! and quantum secret sharing,!?!->?!
could generate a secure communication channel. In such a
way, it is impossible in principle to eavesdrop without a high

probability of disturbing the transmission, which will be de-
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tected. Considering a real situation, for obtaining deterministi-
cally maximally entangled pure states, quantum entanglement
concentration and purification schemes are proposed,?3-2]
which are very important elements for long-distance quantum
communication.

Very recently, Lee et al. proposed a teleportation pro-
tocol of shared quantum secret states among multiple senders
and receivers. ! It can teleport quantum information shared by
an arbitrary number of senders to another arbitrary number of
receivers, where neither any single- nor subparties of senders
and receivers can fully access the secret quantum information.
This indicates that we can relay quantum information over a
network in an efficient and distributed manner without requir-
ing fully trusted central or intermediate nodes.?%! In Lee et
al.’s scheme,*! a multipartite maximally entangled GHZ state
and n times of standard Bell-state measurements are required.
It can perfectly achieve the teleportation with unit probability.

t1271 and the in-

Due to the fragility of the entanglemen
evitable effects of environmental noise,®?° a maximally
entangled state could be degraded into a partially entan-
gled state. On the one hand, employing entanglement
concentration,3%3!] one can probabilistically obtain a maxi-
mally entangled state, but, for this to occur, a large ensemble of
partially entangled states is required. On the other hand, prob-
abilistic teleportation was proposed via direct utilization of a
partially entangled state in the network channel. In Ref. [32],
the sender still makes a standard Bell-state measurement, how-
ever, on reconstruction of the original state, the receiver needs

to introduce an auxiliary particle and then perform a two-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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particle unitary transformation. Considering the fact that there
is one to one correspondence between the joint measurement
result and the final state, the proper measurement result might
lead the receiver to recover the target state. For example, gen-
eralized Bell-state**! and GHZ measurements!'# have been
introduced to probabilistically transfer the state without an
auxiliary particle.

In this manuscript, we consider the partially entangled
GHZ state as the network channel to achieve the teleportation
of shared quantum secret. It is shown that the shared quantum
secret can reach its destination with unity fidelity. However,
the price we pay to achieve unity fidelity is that the successful
probability is less than 1. Two kinds of approaches are given,
inspired by prior work.[3>33] The first one involves perform-
ing n times of standard Bell-state measurements, however at
the end of the protocol, introduction of an auxiliary qubit and
adoption of a general evolution*?! is required at any receiver’s
location. The second possibility involves performing a gener-
alized Bell-state measurement[®3! at only one sender’s loca-
tion. Moreover, the successful probability is given, which is
determined by the degree of the entanglement of the channel.

The paper is structured as follows. Firstly, the original
protocols is shown in Section 2, and then we present two new
proposals of probabilistic teleportation of the shared quantum
secret in Section 3. In Section 4, we discuss our two schemes
and Section 5 contains our conclusions.

2. The original protocol

First of all, let us recall the original scheme.l* Tt
can teleport the shared quantum secret from the senders

OO0 D
@D = (e

R

oloRe

{s1,82,...,84}, 1., a group of n parties to the receivers
{ri1,72,...,7m}, i.e., another group of m parties, connected
in the quantum network. Suppose that a quantum secret in
|@) = a|0), + B|1), with logical basis, {|0),|1).}, is shared
by separated n parties in quantum network. The shared se-
cret state to be teleported can be written as |@)} = o ®_
|0)s; + B @, |1)s;, and the shared secret state that is ob-
tained at the receivers’ hands could be reconstructed as | )" =
o ®7’1:1 |0>rj + B ®;n:1 |1>rj'
work channel utilized is (n+ m)-particle GHZ state |€),,4,, =
L (914100 @7, 10}, + @1 [ 1)y @, 1)), The tele-
portation protocol between multiple parties in a quantum net-

To achieve this goal, the net-

work is presented below.

Firstly, each sender s; performs the standard Bell-state
measurement (B) on two particles, one from |@)” and the
other from the network channel. The Bell states are denoted
as

1

%) = —= (100) £ 11)), (1)

2

)= ﬁ(|01>i|10>)~

Then they communicate the outcomes to the receivers ;.

-5

1% (1b)

Conditioned on the results, the state of the channel at the re-
ceivers’ locations is |@)” plus logical Pauli operators. Lastly,
the receivers can reconstruct the target state |@)” by carrying
out the local Pauli operators, according to the results of all the

senders. Figure 1 shows the protocol, while taking |€),4, as

the network channel and M; =--- =M, = B.
——-——@ { s1 {52 b mmees {sn}
Mn o - o

N \ TN

— (s) L-ishH L P T

_____ (Nt S N e N
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Fig. 1. The (n+ m)-particle entangled state ({s},s5,...,s),} and {ri,r2,...,ru}), as the network channel is utilized to teleport a quantum
secret |@)" ({s1,52,...,5,}) between n senders and m receivers. After performing n joint measurements (the dotted frame), denoted as M;, the

receivers can reconstruct the shared secret.

3. Teleportation with a partial multipartite en-
tanglement state

Instead of sharing a GHZ state, the senders and the re-
ceivers may initially share a non-maximally entangled state of

the form
&) nem = P(®i2 [0)g @y [0),
+p®?:l ‘1>S:~®T:1|1>rj)a (2)
where P = ——L— and |p| < 1. Next, two approaches are pre-

p2+1
sented for the successful implementation of teleportation of a

shared secret with unit fidelity, denoted respectively as proto-
cols 1 and 2.

3.1. Teleportation based on r times of standard Bell state
measurements

In this subsection, we present our simple scheme, where
n times of Bs are still performed at every sender’s location.
Figure 1 shows the protocol, while taking |€'),,4,, as the net-
work channel and M; = --- = M,, = B. It is shown here that
the shared quantum secret can be recovered with unit fidelity,
however, a proper generalized revolution is needed. First of
all, write the initial composite system as
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)21 nem = P [0+ B &y 1)) (SH110) &4 10}, + Py 1) @y 1))

V2

J

X TP |¢;>s17...7sn7s’17...7sﬂl(a®;‘n:1 |0>r +pﬁ ®?/1'1:1 ‘1>l‘j) + |(pn_>s1,...,s,,,s’l,...,s£,(a®;n:1 |O>rj _pﬁ ®;n:1 ‘1>"j)

+ |qlrz+>sl,...,sn,s’l,...,s[1 (pOt ®;‘n:1 |1>rj +B ®ljn:l ‘O>f,) + |q¢zi>sl,...,s,,,s/1,...,s;, (pa ®1}'1:1 ‘1>fj _ﬁ ®;1:1 |0>r,) ’ (3)

with
1
|(prztt>s1,...,s,,,s’l,...,s£, = % (@zr‘l:l |0>s,- ®?:l |0>s; i@?:l|l>s,' ®;‘1:1 |1>sf> s
1
1 it = 75 (@110 @11 [1)g £ @1 15, @1y [0)y) (4)
\
Adjust the order of 2 particles from (si,...,n,5},...,s,)  under the basis {|0),|0)aux, [0)r; | D)aux, [1)7;10)auxs [ 1)r;[ 1) aux }-
to (s1,57,52,85,...,5,5,) and we have (for brevity, the sub- It will transform the product state |@] )" @ |0)aux to

scripts are omitted)

1
|®,) =

n

Y N[loT) o),

2= ! k=even<n

1

@) =—=—= ), N[o7) "), G
2" j—odd<n
1

111—0— —_ N —\k |+ n—k’

EAY Wk:evz’engn [y )y ) ]
1

) === Y N[y, 6b)
2" j—odd<n

where N|[] represents the sum of all possible permutation, for
instance,

Ny )= yh)]
= [y )W)y )+ v D)D) v )y
+y D))y v ) +lv ) v ) v ) v ™).

After performing n times of Bs, they inform the receivers of
the results via the classical channels. Define the measure-
ment result of the sender s; as z.x; and let the classical bits
{00,10,01, 11} correspond to {|¢T),|¢07), W), |lw™)}.

If the result is |P,) or |P, ), at any receiver’s location,
he carries out the local Pauli operator 67(Z = (¥, z;) mod2),

and the state will be

o))y = m (@@ [0)r, +pB & 1)) (6)
For reconstructing the initial state with unity fidelity, an auxil-
iary qubit with the original state |0),yx is required to be intro-
duced. Due to the symmetry of |@])”, the auxiliary qubit can
be held by any receiver ;. Without loss of generality, we can
assume that the last receiver r,, holds the auxiliary qubit and
then performs a collective unitary operator

P 1—[p* 0 0
0 0 01

ety = | o 1of D
V1=1IpP -p 00

1
[ — 1 )
: \/|a|2+|pﬁ|2[

+O‘m®§~":1 |15 ®

Then he implements a Z-basis measurement on the auxil-
iary qubit which is a projective measurement on the basis
{]0),|1)}. If the result is |0)4ux, the teleportation is success-
fully accessed with fidelity 1, while whenthe result is |1)yx,
the teleportation fails with no information about the target
state provided. The optimal successful probability is |[Pp]|?, in
which “optimal” means the introduction of an auxiliary qubit.

When the result is {|¥,"), |¥, )}, anyone of the receivers
carries out the local Pauli operator 6X 67 (X = (Y, x;) mod2)
and the other receivers respectively perform the operator 62X,

which will make the state owned by the receivers become

1
I\m __ m m
|(p2>r - ‘ap‘z T |ﬁ|2 (ap(g)j:l |0>rj +ﬁ ®j:1 |1>r]) -9
Similarly, an auxiliary qubit with the original state |0)ayx is
introduced at the location of the last receiver r,,, and the cor-
responding collective unitary operator is

0 0
0 0

IRV T R
Vi=lpP?  —p

which will transform the product state |¢})"" ®|0),ux to

U|1Pi> -

oS O O =
o O = O

92)) = [P1@)7]0)aux

1
Viepl +[BJ?

+B 1_|p‘2®;'n:l ‘1>rj|1>aux]- (11)

Next, he implements a Z-measurement on the auxiliary qubit.
When the result is |0),x, the target state can be recovered with
the probability |[Pp|>. Adding up both the contributions, the
optimal probability of successful teleportation is obtained as

Q) =2[Pp|*.

090303-3
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3.2. Teleportation based on a single generalized Bell state
measurement

In the subsection above, for teleporting the initial state
with unity fidelity, an auxiliary qubit needs to be introduced
and a two-particle collective transformation is then performed.
Here, we show that it is possible for the receivers to recover
the target state without the auxiliary qubit, though not with
unit probability. To fulfill this, instead of performing n Bs,
a single generalized Bell state measurement (Bg) is required.
Firstly, define the generalized Bell basis!?3

|9, ) = H (|00) +A[11)), |@,")

— H("]00) — [11)), (122)

Q1N im = P19,

+|¢h>r1r |P, 1>v2

10 o P,
+ 10, )5, 1Py 1>s2s2,
+|‘Vg >s1,/1|'Pn 1>s2 895
S L 70N L YN
S L7 RPN
Sal L7 FNAL Ay P

where @ ), |@. ), |¥",) and |¥_,) are defined by
Egs. (5a) and (5b). Here, the sender s; performs the Bg. In-
deed, anyone of all the senders can implement the Bg, be-
cause of the symmetry of the initial state |@)? and the network
channel |€'),+,,, which will yield the same result. Without
loss of generality, assume that the first sender is assigned to
do this. Figure 1 shows the protocol, while taking |€'), 1, as
=Bg, My=---=M,=B.
It also indicates that the outcome is irrespective of the order

the network channel and M

of performed the joint measurements. There are four choices
P=p=8.P=p=;
can achieve the teleportation with unity fidelity. Next, we take
p= hi* = g* as an example to analyze it.

If the outcome is ¢, )| @ ), the state at the receivers’
hands will be & @7, |0),, iﬁ @y |1)r;, and when the out-
come is |y, >|‘Pni_ ), the state W111 be a @7 1), +B &,
0).
state by performing the proper local Pauli operator. Corre-

,p=h=g" andp:hzé,which

In both of these two cases, one can recover the target

spondingly, the successful probability is Q5 = p|2, where
05 means the successful probability without introducing an
additional qubit.

If the outcomes are |¢, )|® ) or Y, )|¥E ), the un-
normalized state will be ¢t|0) + |p|2ﬁ|l> or \p|2a|1> + B30),
respectively. Similar to protocol 1 in subsection 3.1, the re-

ceivers can obtain the target state by introducing the auxiliary

>\2 59 5005S)

weesSn

L yesSi

ceesShy

!
eesSs

lwg) =G(01)+¢10)), |y, ) =G (g"|01)—]10)), (12b)
— 1 —
where /1 and g are complex numbers, and H = T G=
1 . .
. We can invert the transformations (12a) and (12b),
= (12a) and (120)
and it will yield
100) = H (16,") +hl9, ),
1) = H (h*[9,") = 16,)) (13a)
01) =G (ly) +elv; ),
1) =G ("lw ) — v ) - (13b)
Adjust the order and rewrite the composite system as
s H (@@ [0), +ph* B &, (1))
v,l,v/H(a(g)j 1 |0 ph*ﬁ ®}]I'n:l |1>rj)
Sh (hOC®] 1 |O r, pﬁ ®]m*1 |l>rj)
X/H(ha®j 1 IO rj +pﬁ®j 1|1> )
cesSnySh (pa®/ ]‘ r1+g ﬁ®j 1|0>r/)
eSSy (p(x®j 1‘ V, —8 ﬁ®] 1|O> j)
S/G(pg(X@] ] ﬁ®] l|0 J)
4G (pgar e lllr]+/3® 0),,) |- (14)

state and the corresponding general evolution respectively is
found by replacing p with |p|* in Eqgs. (7) and (10). Con-
sequently, the optimal successful probability is QF =

where QF represents the successful probability with introduc-
ing an additional qubit.
Thereby, the total successful probability is Q> = Q5 +
=2|Pp|* =
analyzed similarly and all of the four possible measurement

Q1. For the remaining three choices, it can be

results can achieve the reliable teleportation. Moreover, the
successful probability is the same as the case given above.

4. Analysis

The access information in the probabilistic teleportation
of shared secret state can be shown by the same methods pre-
sented in Ref. [4].
quantum secret during the teleportation procedures. Note that

Any subparties can not fully access the

n times of Bs are not necessary. Actually, only one Bell-
state measurement is sufficient for implementing the protocol.
Rewrite Egs. (5a) and (5b) as (without normalized)

@5 =167y Y N[|=)H)2 DA e
k=even<n
x Y N[[=) DA, (152)
k=odd<n
@) = 16Ty Y N[=) 2D )
k=odd<n
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x Y N[=)HH)H] (15b)
k=even<n
e =yt Y N[H ) )
k=even<n
Y N[N, (15¢)
k=odd<n
e = vt Y N[ )
k=odd<n
x Y N[=)HH)HeDH, (15d)

k=even<n

implying that performing one B and 2(n — 1) times of X-basis
measurements is equivalent to n times of Bs, where the X-
basis measurement is a projective measurement on the basis
{|£) = (J0)+|1)) /v/2}. Because performing twice single-
particle measurement is much more experimentally feasible
than a two-particle joint measurement, it seems that we should
choose the latter one, in which only one B is performed. How-
ever, only two of the Bell states |¢ ) and |y~ ), can be unam-
biguously identified, meaning the success probability of one
B is limited to 1/2.53%35] Therefore, for Egs. (5a) and (5b),
while performing n Bs, it fails only when the result is [¢)®"
or |w+>®n
to 1 —27", indicating that increasing n boosts the probability

. Consequently, the successful probability increases

to successfully discriminate the logical Bell states. 3]

After performing n; (1 < n; < n) times of Bs and 2(n —
np) times of X-basis measurements, the shared secret could be
tepeported with the probability 1 —27"1, under the assumption
that |+) and |—) can be perfectly discriminated. Therefore,
the optimal probability of successful teleportation in protocol
Lis Qi(1—27™).
bility 7, it should meet the requirement n; > log? ) with

2|P
(‘L’p) 2|P! |€|r

where one Bg is necessary, with ny(0 < ny < n) times of Bs

To achieve the teleportation with proba-

It can be analyzed similarly in protocol 2,

and 2(n — 1 —ny) X-basis measurements.

The successful probability in both two protocols is
2|Pp|?, depending on the entropy of the network chan-
nel |€),4m. The corresponding von Neumann entropy is
E(p) = —P*log, P*> — P?|p|*log, P?|p|*.’% To explain it
more clearly, we use another definition of the degree of entan-
glement, which of a bipartite pure quantum state can be rep-
2[1 = Tr(w?)],

) is the purity of the associated reduced den-

resented by the concurrence defined by C =
where Tr(w?
sity matrix.?%371 For a pure state of multiple subsystems,
one can accordingly define the concurrence across every
bipartition. **! Therefore, for the channel |&’),, |, the concur-

2|p|
1+]p?”
function of | p|. Then, we can rewrite the total successful prob-

rence is ¢(p) =

which is a monotonically increasing
ability as Q> = Q1 = |p|c(p), the successful probability with-
out the introduction of an auxiliary qubit Q5 = ¢*(p)/2, and
the successful probability with the introduction of an auxiliary

qubit 0% = |p[*c*(p)/2.

Figure 2 shows the result intuitively. The total successful
probability O, increases from O to 1 with |p| increasing. When
Pl =1,
correspondingly the maximum value is obtained. The range of
values for both Q5 and Qf are [0,1/2) with |p| € [0,1). Note
that when |p| = 1, Q5 = 1 whereas Q°
other four possible outcomes |¢, )|P,

€')+m becomes the maximally entangled state and

0. Because for the
) and |y)|¥E) in
the formula (14), one can also recover the target state without
the auxiliary qubit. Interestingly, Q5 is always bigger than Qf
and when |p| < 0.3, 05 =~ Q> with 0§ ~ 0.

1.0 /,..
0.8 pras
Qz//
0.6 ot
@ S e I
7’ - e
0.4 /////QE P
0.2 O JPtad
JPtae 7T Q8
Obes=220--<-"7 ,
0 0.2 0.4 o 0.6 0.8 1.0
D

Fig. 2. The successful probability 0>, Q5 and Q5.

In general, decoherence and noise degrade the entangle-
ment of the channel in a rather complicated way. For exam-
ple, the initial two-qubit network channel might evolve into a

mixed state (Werner state), 40

which is non unitary. A quan-
tum state can not be teleported via the channel with unit fi-
delity, even if the successful probability is less than unit.[*#!]
Here, we focus on the question whether the teleportation can
be achieved with unit fidelity. Therefore, we consider the case
that a maximally entangled pure channel still evolves to a pure
partially entangled one. Note that for some kinds of unitary

noises, 421

such as bit and phase flip noise, the degree of the
entanglement of the channel remains unchanged. In this case,
the receivers can easily overcome it by performing the proper
local Pauli operations at the end of the protocol. For example,
while a phase flip noise occurs at any sender’s location in the
network channel, any receiver could carry out an extra o, gate

to retrieve the teleported state.

5. Conclusion

In summary, in this work, we describe two optimal
methods for teleporting a shared quantum secret via a non-
maximally multipartite GHZ state in a quantum network. The
unit fidelity transfer of the initial state can be achieved with
a calculable probability, which is determined by the degree
of entanglement of the channel. For reconstructing the state,
an auxiliary qubit is required to be introduced at anyone of
the receivers in the first strategy. However, in the second ap-
proach, after any sender performs the generalized Bell-state
measurement, the state can be recovered with a certain proba-
bility without the need for an auxiliary qubit. We will discuss
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the case that the network channel degrades in a rather compli-
cated way in our future work.
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