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space–time shifted nonlocal short pulse equations are given in terms of double Wronskians. Realness of independent
variables involved in the reciprocal transformations is verified. Dynamics of some obtained solutions are illustrated.

Keywords: reciprocal transformation, space–time shifted nonlocal short pulse equation, covariance of vari-
able, solution

PACS: 02.30.Ik, 02.30.Ks, 05.45.Yv DOI: 10.1088/1674-1056/ac673b

1. Introduction
Reciprocal transformation is a technique used to trans-

form nonlinear partial differential equations into other par-
tial differential equations. It consists of interchanging the
dependent and independent variables. In particular, when
the achieved equation is linear, the transformation is known
as a hodograph transformation. Reciprocal transformations
play useful roles in the research of nonlinear partial differen-
tial equations. One apparent advantage of reciprocal trans-
formations is that in many cases these transformations give
rise to a procedure of relating allegedly new equations to the
rest of their equivalent integrable sisters. Thus, the objec-
tive equations can be studied by studying the integrable equa-
tions linked via reciprocal transformations. For more details
about the introduction of reciprocal transformations and their
application examples, one can refer to Ref. [1] and the ref-
erences therein. Some remarkable integrable equations that
are investigated by means of reciprocal transformations are
the Camassa–Holm equation,[2] the Vakhnenko equation,[3]

the (ultra-)short pulse equation,[4] the constant astigmatism
equation,[5] etc. The short pulse (SP) equation,

uxt = u+
1
6
(u3)xx, x, t ∈ R, (1)

provides a model to describe propagation of ultra-short pulses
in nonlinear media with more accurate approximation.[4–6] Be-
fore the work,[4] this equation has been derived by Rabelo in
1987 as a pseudospherical-type equation.[7–9] It is integrable,
characterized by theWadati–Konno–Ichikawa[10] (WKI) spec-
tral problem,[8,11] and related to the sine-Gordon equation or
its non-potential form (known also as finite-amplitude baro-
clinic wave equations[12] or coupled integrable dispersion-
less equations[13]) via reciprocal transformations.[11,14,15] The

SP equation (1) allows both physical and mathematical two-
component extension.[16–19] In this paper, the two-component
form of our interest is[17,18]

uzy +2u− (uvuz)z = 0,

vzy +2v− (uvvz)z = 0, z,y ∈ R, (2)

of which Lax pair is given as (c f . Ref. [18])

Φz = λ

(
1 −uz
vz −1

)
Φ ,

Φy =

(
λuv− 1

2λ
−λuvuz−u

λuvvz− v −λuv+ 1
2λ

)
Φ ,

Φ =

(
φ1
φ2

)
, (3)

where λz = λy = 0. The system (2) allows various reduc-
tions. For example, by u = δv it yields the SP equation (1); by
u = δv∗ it yields a complex version of Eq. (1) (c f . Ref. [20]).
It also allows nonlocal reductions u(z,y) = δv(−z,−y) and
u(z,y) = δv∗(−z,−y), where δ = ±1 and ∗ stands for com-
plex conjugate.

Note that nonlocal reduction was first systematically in-
troduced by Ablowitz and Mussilimani in 2013[21] and soon
after nonlocal integrable systems received intensive attention
from various aspects, e.g., Refs. [22–25]. More recently,
Ablowitz and Mussilimani introduced space–time shifted non-
local reductions.[56] For the SP system (2), via two space–time
shifted nonlocal reductions

v(z,y) = δu(z0− z,y0− y), δ =±1, (4)

v(z,y) = δu∗(z0− z,y0− y), δ =±1, (5)

one can, respectively, obtain two nonlocal SP equations with
space–time shifts:

uzy +2u−δ (uũuz)z = 0, δ =±1, (6)
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uzy +2u−δ (uũ∗uz)z = 0, δ =±1, (7)

where ũ = u(z0 − z,y0 − y), (z,y) are real coordinates, and
z0,y0 are real numbers.

Since reciprocal transformations mix dependent and inde-
pendent variables and to recover the independent variables of
the investigated equation one needs to make use of integration,
the research will become complicated once a reverse space−x
is involved. In a recent paper,[41] covariance of dependent and
independent variables in the reciprocal transformation of the
nonlocal vector SP system was discussed. It can be imagined
that the reciprocal transformation will be more complicated
when space–time shifts are involved in nonlocal cases.

In this paper, with Ref. [41] as a pre-research, we will
focus on the following: to elaborate the reciprocal transforma-
tions and the covariance of variables for the space–time shifted
nonlocal SP equations (6) and (7); to present solutions in dou-
ble Wronskian form for these two equations; and to present
conditions that guarantee the realness of (z,y) in the recipro-
cal transformations.

This paper is organized as follows. In Section 2, we elab-
orate reciprocal transformation for the space–time shifted non-
local SP equations and the covariance of variables involved
in the transformation. Then in Section 3 we present double
Wronskian solutions to the the space–time shifted nonlocal SP
equations, and investigate the realness of independent variable
z. As examples, dynamics of two obtained solutions are illus-
trated. Finally, conclusions are given in Section 4.

2. Nonlocal reciprocal transformation and co-
variance of variables
Let us consider the negative order Ablowitz–Kaup–

Newell–Segur (AKNS) equation (AKNS(−1) for short)[57]

qx,t −2q∂
−1
x (qr)t = q, rx,t −2r∂

−1
x (qr)t = r, (8)

where ∂x =
∂

∂x , ∂−1
x = 1

2 (
∫ x
−∞
−
∫ +∞

x ) · dx. An alternative form
of Eq. (8) is (c f . Refs. [12,13])

qxt = 2qρ, rxt = 2rρ, ρx = (qr)t . (9)

Using the conserved form of the third equation (recalling qr is
a mutual conserved quantity of the AKNS hierarchy), one can
introduce a reciprocal transformation (c f . Ref. [14])

z(x, t)t = ρ, z(x, t)x = qr,

y(x, t)x =−1, y(x, t)t = 0, (10)

and redefine

u(z,y) = u(z(x, t),y(x, t)) = q(x, t),

v(z,y) = v(z(x, t),y(x, t)) = r(x, t). (11)

Then, it can be verified that the first two equations in Eq. (9)
are converted to the coupled SP system (2).

The AKNS(−1) system (8) allows two space–time shifted
nonlocal reductions,

r(x, t) = δq(x0− x, t0− t), δ =±1, (12)

r(x, t) = δq∗(x0− x, t0− t), δ =±1, (13)

which yield nonlocal equations with space–time shifts, respec-
tively,

qxt −2δq∂
−1
x (qq̃)t = q, δ =±1, (14)

qxt −2δq∂
−1
x (qq̃∗)t = q, δ =±1, (15)

where q̃ = q(x0− x, t0− t). Then, for reciprocal transforma-
tions that associate Eqs. (14) and (15) with Eqs. (16) and (17),
we have the following.

Proposition 1 The reciprocal transformation (10), to-
gether with

ρ = ∂
−1
x (qr)t +ρ0, ρ0 = lim

|x|→+∞

ρ =
1
2
, (16)

converts Eqs. (14) and (15) to Eqs. (6) and (7), respectively.
Proof Let us consider the connection between Eqs. (14)

and (6). First, it follows from Eq. (12) that

r(x, t) = δq(x0− x, t0− t),

and then from Eq. (16) we can verify that

ρ(x, t) = ρ(x0− x, t0− t).

Then, the reciprocal transformation (10) together with Eq. (16)
defines

z(x, t) = ∂
−1
x (qr)+

1
2

t + z1, y(x, t) =−x+ y1, (17)

where constants z1 and y1 are taken as

z1 = ∂
−1
x (qr)|(x,t)=(x0,t0), y1 = 0. (18)

Define

z0 = z(x0, t0) = 2z1 +
1
2

t0, y0 = y(x0, t0) =−x0.

Then we have

z(x0− x, t0− t)

=
1
2

(∫ x0−x

−∞

−
∫ +∞

x0−x

)[
q(x, t0− t)r(x, t0− t)

]
dx

+
1
2
(t0− t)+ z1

= −1
2

(∫ x

+∞

−
∫ −∞

x

)[
q(x

′
0− x′, t0− t)r(x

′
0− x′, t0− t)

]
dx′

− 1
2

t +
1
2

t0 + z1

= −1
2

(∫ x

−∞

−
∫ +∞

x

)[
r(x′, t)q(x′, t)

]
dx′− 1

2
t +

1
2

t0 + z1
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= −∂
−1
x (qr)− 1

2
t +

1
2

t0 + z1 =−z(x, t)+ z0, (19a)

y(x0− x, t0− t)

= x− x0 =−y− x0 =−y(x, t)+ y0. (19b)

With the above covariance, when q and r obey the rela-
tion (12), we have

v(z,y) = r(x, t) = δq(x0− x, t0− t)

= δu(z(x0− x, t0− t),y(x0− x, t0− t)

= δu(z0− z,y0− y).

In other words, the space–time shifted nonlocal reduction (4)
holds, which means the reciprocal transformation (10) to-
gether with Eq. (16) does convert the space–time shifted non-
local AKNS(−1) equation (14) into the space–time shifted
nonlocal SP equation (6).

For the complex reduction (13), one has

r(x, t) = δq∗(x0− x, t0− t), ρ(x, t) = ρ
∗(x0− x, t0− t)

and the covariant correspondence (19) as well, from which the
relation (5) holds and equation (15) is converted to Eq. (7).

Note that z and y defined by Eq. (17) must be real. This
will be elaborated in the next section after we present explicit
solutions of the nonlocal equations (14) and (15).

3. Solutions
In this section, we first begin with by presenting double

Wronskian solutions for the unreduced AKNS(−1) system (8)
as well as for the coupled SP system (2). Next, by means of
a reduction technique, solutions of the reduced equations (14)
and (15) will be derived. After that, we will check the re-
alness of the independent variable z(x, t) defined in Eq. (17).
Then, solutions to the reduced SP equations (6) and (7) will
be achieved via Eqs. (11) and (17). Finally, as examples, we
will also give explicit one-soliton solution and breather solu-
tion with illustrations for the space–time shifted nonlocal SP
equation (6).

3.1. Solutions to the unreduced AKNS(−1) system (8) and
SP system (2)

The AKNS(−1) system (8) admits bilinear forms[57]

D2
x f · f = 2gh, DxDtg · f = g f , DxDth · f = h f , (20)

via transformation

q =− g
f
, r =

h
f
, (21)

and the double Wronskian solutions to the bilinear equa-
tion (20) are[58]

f = |ϕ̂ [N]; ψ̂ [M]|, g = 2|ϕ̂ [N+1]; ψ̂ [M−1]|,

h = 2|ϕ̂ [N−1]; ψ̂ [M+1]|, (22)

where ϕ and ψ are the following (N+M+2)-th order column
vectors

ϕ = exp
(
−Ax− 1

4
A−1t

)
C+,

ψ = exp
(

Ax+
1
4

A−1t
)

C−, (23)

A ∈ C(N+M+2)×(N+M+2), C± are (N + M + 2)-th order con-

stant complex column vectors, and ϕ̂ [N] denotes the consecu-
tive columns

ϕ̂ [N] = (ϕ,∂xϕ,∂ 2
x ϕ, . . . ,∂ N

x ϕ). (24)

Here D is the Hirota bilinear operator defined as[59]

Dm
x Dn

y f (x,y) ·g(x,y)
= (∂x−∂x′)

m(∂y−∂y′)
n f (x,y)g(x′,y′)|x′=x,y=y′ .

It is notable that matrix A and any matrix similar to it lead
to the same q and r. Then, with the transformation (21) and
Wronskians (22), and in light of the reciprocal transformations
between the AKNS(−1) system (8) and the coupled SP sys-
tem (2) that we have described in the previous section, one
can find that the unreduced SP system (2) admits solutions

u = q(x, t) =−2
|ϕ̂ [N+1]; ψ̂ [M−1]|

|ϕ̂ [N]; ψ̂ [M]|
,

v = r(x, t) = 2
|ϕ̂ [N−1]; ψ̂ [M+1]|

|ϕ̂ [N]; ψ̂ [M]|
, (25a)

z(x, t) =− fx

f
+

1
2

t + z1 =−
∂x|ϕ̂ [N]; ψ̂ [M]|

|ϕ̂ [N]; ψ̂ [M]|
+

1
2

t + z1,

y(x, t) =−x. (25b)

3.2. Solutions to the reduced SP equations (6) and (7)

Note that the reduction technique based on bilinear form
and double Wronskians was first developed in Refs. [32,33]
and has proved effective in deriving solutions for nonlocal
integrable equations,[34,41,42,51,60–63] including the discrete[34]

and space–time shifted nonlocal cases[63] as well. The main
idea of this technique is to impose certain constraints on ma-
trix A and column vector ψ in double Wronskian solution of
the unreduced system, such that the defined functions q and r
(or u and v) satisfy desired reductions. In the following, let us
directly present solutions for the reduced equations.

Theorem 1 Assume

ϕ = exp
(
−Ax− 1

4
A−1t

)
C+, (26)

where A ∈ C2(N+1)×2(N+1), C+ ∈ C2(N+1), and define ψ by,
respectively,

ψ(x, t) = T ϕ(x0− x, t0− t), (27a)
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AT −TA = 0, T 2 =−δ I, (27b)

and

ψ(x, t) = T ϕ
∗(x0− x, t0− t), (28a)

AT −TA∗ = 0, T T ∗ =−δ I, (28b)

where T ∈C2(N+1)×2(N+1) and I is the identity matrix of order
2N +2. Then,

q(x, t) =−2
|ϕ̂ [N+1]; ψ̂ [N−1]|

|ϕ̂ [N]; ψ̂ [N]|
(29)

solves the space–time shifted nonlocal AKNS(−1) equa-
tions (14) and (15), respectively; and

u(z,y) = q(x, t) =−2
|ϕ̂ [N+1]; ψ̂ [N−1]|

|ϕ̂ [N]; ψ̂ [N]|
(30a)

with

z(x, t) =−∂x|ϕ̂ [N]; ψ̂ [N]|

|ϕ̂ [N]; ψ̂ [N]|
+

1
2

t + z1, y(x, t) =−x, (30b)

if z(x, t) is real, solves the space–time shifted nonlocal SP
equations (6) and (7), respectively.

We skip details of the proof. In fact, when A and T obey
Eq. (27b) and taking C−= T exp(−Ax0− 1

4 A−1t0)C+, the vec-
tor ψ defined by Eq. (27) takes the form as given in Eq. (23)
with M = N. In addition, under the constraint Eq. (27) one can
find

f (x0− x, t0− t) = δ
N+1|T | f (x, t),

g(x0− x, t0− t) =−δ
N |T |h(x, t),

which indicates the reduction (12) holds. For
the constraint (28), one can find (with C− =

T exp(−A∗x0− 1
4 A∗

−1
t0)C+∗ )

f ∗(x0− x, t0− t) = δ
N+1|T ∗| f (x, t),

g∗(x0−x, t0−t) =−δ
N |T ∗|h(x, t),

which indicates the reduction (13) holds. One can refer to
Ref. [63] which contains similar details.

Note that nonlocal equations with shifted space and
time have also been studied based on Hirota’s bilinear forms
and low order soliton (e.g., 1-soliton and 2-soliton) solu-
tions can be explicitly presented in terms of exponential
polynomials.[64]

3.3. Explicit form of solutions and realness of z(x, t)

For the sake of consistency of reduction, the independent
variable z defined in Eq. (25b) must be real. In the following,
we present explicit form of ϕ and ψ with which we can clarify
the realness of z.

Following the treatment in Ref. [32], we consider T and
A of the following block matrix form

T =

(
T1 T2
T3 T4

)
, A =

(
K1 0
0 K4

)
, (31)

and list out solutions of Eqs. (27b) and (28b) in Table 1, where
Ti and Ki are (N + 1)× (N + 1) matrices, 𝐼N+1 is the identity
matrix of order N +1 and i2 =−1.

Table 1. T and A for constraints (27b) and (28b).

δ T A

(27b)
−1 T1 =−T4 = 𝐼N+1,T3 = T2 = 0N+1 K1 =𝐾N+1,K4 =𝐻N+1

1 T1 =−T4 = i𝐼N+1,T3 = T2 = 0N+1

(28b)
−1

T1 = T4 = 0N+1,T3 = T2 = 𝐼N+1 K1 = K∗4 =𝐾N+1

T1 =−T4 = 𝐼N+1,T3 = T2 = 0N+1 K1 = K∗1 =𝐾N+1,K4 = K∗4 =𝐻N+1

1 T1 = T4 = 0N+1,T3 =−T2 = 𝐼N+1 K1 = K∗4 =𝐾N+1

For convenience, we introduce notations

Diag[ki]
N+1
i=1

.
= Diag(k1,k2, . . . ,kN+1),

𝐽N+1[k]
.
=


k 0 · · · 0
1 k · · · 0
...

. . . . . .
...

0 · · · 1 k


(N+1)×(N+1)

.

The realness of z defined by Eq. (25b) can be guaranteed by

f = ε f ∗, where ε =±1.

Proposition 2 For both cases (27) and (28), z is real when

(i) 𝐾N+1 and 𝐻N+1 are real and therefore ϕ can be a real

vector.

(ii) In the case 𝐾N+1 and 𝐻N+1 are complex, we take

𝐻N+1 = 𝐾∗N+1, and thus we have the following subcases:

when 𝐾N+1 = Diag[ki]
N+1
i=1 , ϕ is given as

ϕ =
(

c1 eη(k1),c2 eη(k2), · · · ,cN+1 eη(kN+1),c∗1 eη(k∗1),c∗2 eη(k∗2), · · · ,c∗N+1 eη(k∗N+1)
)T

, (32)
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where ci,ki ∈ C, η(k) =−kx− t/4k; when 𝐾N+1 = 𝐽N+1(k), ϕ takes the form

ϕ =
(

ceη(k),
∂k

1!
(ceη(k)), · · · ,

∂ N
k

N!
(ceη(k)),c∗ eη(k∗),

∂k∗

1!
(c∗ eη(k∗)), · · · ,

∂ N
k∗

N!
(c∗ eη(k∗))

)T
, (33)

where c,k ∈ C.
Note that there can be more choices for case (27) to have a real z. For example, one may take A = Diag(k1,k2,h1,h2) where

k1,k2 ∈ R and h1 = h∗2 ∈ C.

3.4. Examples

As an example we investigate dynamics of the space–time shifted nonlocal SP equation (6) with δ =−1, i.e.,

uzy +2u+(uũuz)z = 0, ũ = u(z0− z,y0− y). (34)

From Eq. (30), taking N = 0, one obtains 1-soliton solution in parametric form of equation (34),

u =

2(k1−h1)exp
[
−(k1 +h1)x−

k1 +h1

4k1h1
t
]

exp
[
−(k1−h1)x+

k1−h1

4k1h1
t−h1x0−

t0
4h1

]
+ exp

[
(k1−h1)x−

k1−h1

4k1h1
t− k1x0−

t0
4k1

] ,

z =
(k1−h1)

(
exp
[
−(k1−h1)x+

k1−h1

4k1h1
t−h1x0−

t0
4h1

]
− exp

[
(k1−h1)x−

k1−h1

4k1h1
t− k1x0−

t0
4k1

])
exp
[
−(k1−h1)x+

k1−h1

4k1h1
t−h1x0−

t0
4h1

]
+ exp

[
(k1−h1)x−

k1−h1

4k1h1
t− k1x0−

t0
4k1

] +
t
2
+ z1,

y =−x, (35)

where k1, h1 ∈ R or k1 = h∗1 ∈ C. Consider a special case
where taking k1 =−h1 ∈ R, and then we have

u = 2k sech (ξ1 +δ1),

z = 2k tanh(ξ1 +δ1)−2k2
1x− k1ξ1 + z1, y =−x, (36)

where ξ1 = −2k1x − t/2k1, δ1 = k1x0 + t0/4k1, z1 =

2k1 tanh(−k1x0− t0/4k1), and both u and z are presented by
the parameter ξ1. As illustrated in Fig. 1, equation (36) de-
scribes a 1-loop soliton or 1-antiloop soliton (by taking k to
be positive or negative) with amplitude 2|k| which appears at
ξ1 = −δ1. In {z,y} coordinates, the soliton propagates along
z = 2k2

1y+ 1
2 z0− k2

1y0 with speed 2k2
1. One can also see that

the space–time shifted parameters z0 and y0 only affect initial
phase of the soliton.

0
0

0

-2

-10

-2

10

2

y

z

u

0

0

0

-2

-10

-2

10

2

y

z

u

(b)

(a)

Fig. 1. (a) Profile of 1-antiloop soliton solution u given by Eq. (36) for
k1 =−1, x0 =−1, t0 =−1. (b) Profile of 1-loop soliton solution u given by
Eq. (36) for k1 = 1, x0 =−1, t0 =−1.

Next, let us consider breather solution obtained by tak-
ing N = 1 in Eq. (30) with h1 = −k1, h2 = −k2, k1 = a+ ib,
k2 = a− ib, a, b ∈ R, where the explicit forms of g and f are

g = 64c1c2d1d2ab
(
−asinγ2 sinhγ1 +bcosγ2 coshγ1

)
,

f =−16c1c2d1d2

(
b2 cosh2

γ1 +a2 sin2
γ2

)
,

with

θ1 = a(2x+
t

2(a2 +b2)
), θ2 = b(2x− t

2(a2 +b2)
),

σ1 = ax0 +
at0

4(a2 +b2)
, σ2 = bx0−

bt0
4(a2 +b2)

,

γi = θi−σi, ci,di ∈ C, i = 1,2.

Then u, z, y are given as

u =
4ab
(
−asinγ2 sinhγ1 +bcosγ2 coshγ1

)
b2 cosh2

γ1 +a2 sin2
γ2

,

z = −4ab2 coshγ1 sinhγ1 +4a2bsinγ2 cosγ2

b2 cosh2
γ1 +a2 sin2

γ2

+(a2 +b2)
(

θ1

a
− bθ1 +aθ2

2ab

)
+ z1,

y = −bθ1 +aθ2

4ab
. (37)

One can see that u contains two different phases θ1 and θ2, of
which the former governs the envelope of the breather while
the latter characterizes the internal oscillation, as depicted in
Fig. 2.
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-5
0

0

0

-10

-2

-1

2

1

y

z5

u

Fig. 2. Profile of 1-breather solution u given in Eq. (37) for a = 0.4,
b =−0.8, x0 = 1, t0 = 1.

4. Conclusions
In this paper we have elaborated the reciprocal transfor-

mations that convert the space–time shifted AKNS(−1) equa-
tions (14) and (15) to the space–time shifted nonlocal SP equa-
tions (6) and (7), explained covariance of variables, presented
double Wronskian solutions, clarified realness of the indepen-
dent variable z, and illustrated some obtained solutions. Be-
cause the nonlocal integrable systems introduced by Ablowitz
and Musslimani[22] have drawn intensive attention, the SP-
type equations are a special type of integrable systems, and in
nonlocal case reciprocal transformations become more com-
plicated, thus the investigation of this paper is significant.
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[4] Schäfer T and Wayne C E 2004 Physica D 196 90
[5] Baran H and Marvan M 2009 J. Phys. A: Math. Theor. 42 404007
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[35] Gürses M and Pekcan A 2018 J. Math. Phys. 59 051501
[36] Yang J 2018 Phys. Rev. E 98 042202
[37] Ablowitz M J and Musslimani Z H 2019 J. Phys. A: Math. Theor. 52

15
[38] Yang B and Yang J K 2019 Lett. Math. Phys. 109 945
[39] Feng W and Zhao S L 2019 Rep. Math. Phys. 84 75
[40] Lou S Y 2019 Stud. Appl. Math. 143 123
[41] Chen K, Liu S M and Zhang D J 2019 Appl. Math. Lett. 88 360
[42] Liu S M, Wu H and Zhang D J 2020 Rep. Math. Phys. 86 271
[43] Zhang D D, van der Kamp P H and Zhang D J 2020 Symmetry Integra-

bility Geom.: Meth. Appl. (SIGMA) 16 060
[44] Lou S Y 2020 Commun. Theor. Phys. 72 057001
[45] Ablowitz M J, Luo X D and Musslimani Z H 2020 Nonlinearity 33

3653
[46] Rao J G, Cheng Y, Porsezian K, Mihalache D and He J S 2020 Physica

D 401 132180
[47] Matveev V B and Smirnov A O 2020 Theor. Math. Phys. 204 1154
[48] Zhang G Q and Yan Z Y 2020 Physica D 402 132170
[49] Rybalko Y and Shepelsky D 2021 J. Diff. Equ. 270 694
[50] Rybalko Y and Shepelsky D 2021 Commun. Math. Phys. 382 87
[51] Liu S Z, Wang J and Zhang D J 2022 Stud. Appl. Math. 148 651
[52] Liu Y K and Li B 2017 Chin. Phys. Lett. 34 010202
[53] Lou S Y 2020 Acta Phys. Sin. 69 010503 (in Chinese)
[54] Song C Q and Zhu Z N 2020 Acta Phys. Sin. 69 010204 (in Chinese)
[55] Yang X Y, Zhang Z and Li B 2020 Chin. Phys. B 29 100501
[56] Ablowitz M J and Musslimani Z H 2021 Phys. Lett. A 409 127516
[57] Zhang D J, Ji J and Zhao S L 2009 Physica D 238 2361
[58] Zhao S L, Zhang D J and Ji J 2010 Chin. Phys. Lett. 27 020201
[59] Hirota R 1974 Prog. Theor. Phys. 52 1498
[60] Shi Y, Shen S F and Zhao S L 2019 Nonlinear Dyn. 95 1257
[61] Wang J, Wu H and Zhang D J 2020 Commun. Theor. Phys. 72 045002
[62] Wang J and Wu H 2022 Commun. Nonlinear Sci. Numer. Simul. 104

106052
[63] Liu S M, Wang J and Zhang D J 2022 Rep. Math. Phys. 89 199
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