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Four intelligent optimization algorithms are compared by searching for control pulses to achieve the preparation of
target quantum states for closed and open quantum systems, which include differential evolution (DE), particle swarm
optimization (PSO), quantum-behaved particle swarm optimization (QPSO), and quantum evolutionary algorithm (QEA).
We compare their control performance and point out their differences. By sampling and learning for uncertain quantum
systems, the robustness of control pulses found by these four algorithms is also demonstrated and compared. The resulting
research shows that the QPSO nearly outperforms the other three algorithms for all the performance criteria considered.
This conclusion provides an important reference for solving complex quantum control problems by optimization algorithms

and makes the QPSO be a powerful optimization tool.
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1. Introduction

One goal of quantum control is to guide the dynamics
of a quantum system to a desired quantum state or achieve
some specific operations,!!"?) which plays an important role
in many quantum applications, for example, NMR,** fem-
tosecond laser,>! superconducting qubits,®’ and the prepa-
ration of quantum gates in quantum computing.!”) Scientists
and engineers have developed a variety of methods for the
preparation of quantum states, e.g., optimal control,!!l adia-
batic control,[® feedback control,[] robust control,%! learn-
ing control,!'' and Lyapunov control.!"?) Among these meth-
ods, learning control has strong application prospects for com-
plex quantum control problems and has been successfully ap-
plied to many practical control problems.!®!3-15] In general,
learning control can be divided into two categories: gradient-
based and gradient-free. The well-known GRAPE and Kro-
tov algorithms belong to gradient-based learning algorithms,
which were widely used in numerical simulations and ac-
tual experiments.>1%171 However, for some complex control
problems, it is difficult to obtain the gradient information of
a system. In addition, some systems may have local opti-
mal points.!'® In this case, the gradient algorithm is diffi-
cult to achieve the control objective. A natural idea to solve
such problems is to use random search methods to find opti-
mal control laws. This corresponds to another type of learn-
ing methods, i.e., gradient-free intelligent optimization algo-
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rithms, including genetic algorithm (GA),['"! particle swarm
optimization (PSO),?% differential evolution (DE),1?!! etc. At
present, intelligent optimization algorithms have been widely
used in quantum physics. For example, GA had been success-
fully implemented in the control of molecular systems.!'!! DE
was used for identifying the unknown parameters for different

13,141 proposed an improved

chaotic systems.[??! Dong et al.!
DE algorithm to solve the robust quantum control problem. In
Refs. [6,15], a direction averaged DE and a subspace-selective
self-adaptive DE had been used to find the control pulses for
high-fidelity quantum gates respectively. Reference [23] used
the PSO combining with the path planning method to deter-
mine the unknown parameters in the control laws and real-
ized the high-fidelity transfer to target eigenstates of high-
dimensional quantum systems.

Existing studies have shown that PSO and DE have sig-
nificant advantages over other traditional intelligent optimiza-
tion algorithms.>*! Based on quantum mechanisms, quantum
versions of intelligent optimization algorithms have been de-
veloped, e.g., quantum evolutionary algorithm (QEA)[**! and
quantum-behaved particle swarm optimization (QPSO).!20]
The QEA is a probabilistic optimization method based on
quantum computing. It uses qubit encoding to represent chro-
mosomes and quantum-gate updates to complete evolutionary
search. The QPSO was invented by incorporating the parti-
cle behavior in quantum mechanics and the traditional PSO
algorithm. For some problems in other areas, QEA and QPSO
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are superior to GA and PSO.[?"-?8] However, they are rarely
used in the field of quantum control. Although Zahedinejad et
al.”?) compared the gradient algorithms and the intelligent op-
timization algorithms for the preparation of high-fidelity quan-
tum gates, they only considered the traditional DE and PSO.
A natural question occurs, that is, do quantum versions of in-
telligent optimization algorithms perform better with respect
to their traditional versions for quantum control problems? In
this paper, we will answer this problem and try to provide a
valuable reference for the choice of intelligent optimization
algorithms solving actual quantum control problems in the fu-
ture.

In this paper, we use four intelligent optimization algo-
rithms, i.e., DE, PSO, QPSO, and QEA, to find control pulses
to achieve the state preparation of closed and open quantum
systems. The contributions of this paper are as follows. First,
the control performance of the four algorithms is compared
and their differences are analyzed. Second, we consider and
compare the robustness of the control pulses found by the four
algorithms for the perturbed quantum systems. Third, by com-
parison, a new conclusion is obtained: the QPSO has best per-
formance among the four intelligent optimization algorithms
and is almost optimal for all considered performance criteria.
This provides an important reference for the future use of in-
telligent optimization algorithms in solving complex quantum
control problems, i.e., the QPSO based on quantum mecha-
nisms is a powerful candidate.

The rest of this paper is organized as follows. Section 2
describes the general closed and open quantum control prob-
lems. Section 3 presents the rules of numerical simulation.
Numerical simulation results under both undisturbed and dis-
turbed conditions are provided in Section 4. Concluding re-

marks are given in Section 5.

2. Control problem description

In quantum control, one usually decomposes the Hamilto-
nian of a system into a controllable and an uncontrollable parts
and steers the dynamics towards a desired evolution through

varying the controllable part.[?”)

2.1. Closed quantum systems

A quantum system that has no or negligible interactions
with the external environment is called a closed quantum sys-
tem. And for a general N-dimensional closed quantum system,
its state evolution obeys the following Schrodinger equation:

in¥ (1)) = H(t)|®(1)), (M

wherei=+/—1,H(t) =Hp +21}4:l ujH;, Hy is the free Hamil-
tonian of the system, H; is the jth control Hamiltonian, u; is

the jth control field,
and 7 is the reduced Planck constant (in this paper, we set it as
hA=1).

For the N-dimensional closed system in Eq. (1), the quan-

¥) represents the state of the system,

tum state preparation problem can be stated as follows. Within
a given time 7', find suitable controls u; (j =1,2,...,M) to
drive the system to a desired target state |¥f) from a given ini-
tial state |¥Fp) with the highest fidelity possible. To this end,
we define fidelity as

F=J(u)=[(¥(T)%)], )

where |W(T')) is the state of the system at time 7. Thus, the
problem of preparing the target state |¥) can be expressed as
an optimization problem, that is,

maxJ(u), 3

u

S.t.
in|P (1)) = (Ho+ X, u;H;) % (1)),
1P(0)) = %), 1e0,T].

2.2. Open quantum systems

A quantum system that has non-negligible interactions
with the external environment is called an open quantum sys-
tem. Its dynamic evolution is no longer consistent with the
unitary evolution, because the interaction with the external en-
vironment causes decoherence. Therefore, the state of the sys-
tem cannot be described by the state vector |¥) in Eq. (1), but
by the density matrix p. The N-dimensional open quantum
system’s dynamic evolution can be described by the Lindblad

master equation as 3]

p=—lH®),p(1)] +Xk:7’k©[Lk]p(t)7 “)

where the non-negative coefficients J; specify the relevant re-
laxation rates of the kth channel (in this paper, we set it as
=1), Ly, are appropriate Lindblad operators, and

1 . 1
DlLulp = LipLy — 5 LiLip — 5PLyLi. ©)

The first term on the right side of the equal sign of Eq. (4) rep-
resents the Schrodinger term, and the second term is the dis-
sipation term, which represents the decoherence effect caused
by the interaction between the system and the environment.
When the dissipation term is 0, Eq. (4) can be regarded as
the dynamic evolution equation of the closed quantum system,
which is equivalent to Eq. (1). The derivation from the evolu-
tion equation (1) of the closed system to the evolution equa-
tion (4) of the open quantum system is referred to Ref. [30].
For the open system (4), we define a coherence vector as
T = (X1, %2, X3, ..., X)L = (tr(U1p), tr(U2p), . .., tr(Upp)) T,
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where iUy, iUa,..., iU, (m = N*> — 1) are a set of orthogo-
nal generators of the special unitary group SU(N). Thus, the

density matrix can be written as[3!]
I 1Z
——+§):x,u,. (6)
=1

By substituting Eq. (6) into Eq. (4), the open quantum sys-
tem (4) can be expressed as the following coherence vector
equation:

M
&= (Chy+ Lo)x+ ) u;ux+lo, ©)
j=1
where the superoperators £g,, Lo, and L, (j=12,....M)

are (N> — 1) x (N> — 1) square matrices, and Iy is an (N? —1)-

dimensional column vector. Their specific forms are3!-3?]
(Lrg)st = Tr(iHo[Us, Ur]), ®)
(La;)st = ( H;[Us, Ur)), ©)
(Ep)y = Z ( (LiU,L ;)
j=1
1
-3 (LLUU,—i—LLU,U)) 10)
1 N
Uo)s = ~ Z (Tr (ILjL]] U) (11)

where (-)s represents the element of the sth row and the ¢th
column of a matrix, and Tr(-) is the trace of a matrix. The
fidelity is defined as3?!

N
F:=J(u) :l—mnwf—

2

z(T)|I", (12)
where || - || is a vector norm, ; is the coherence vector of
the target state and @ (T') is that of the system state at time 7.
Similarly, the control task can be described as the following

optimization problem:
maxJ(u), (13)
u

S.t.

w—(£H0+£@):Jc+Z IMJEHw-f—lo,
z(0) =z, r€][0,T].

3. Comparison backgrounds

In this section, we list several backgrounds for the com-
parison of the four algorithms.

1) Control fields We adopt piecewise constant controls
for u; in Eqgs. (1) and (4), that is, we discretize the time in-
terval [0,T] into D equal time segments, where the length of
each segment is 61 = 7'/D and the control u; takes a constant
in each segment. Thus, our control task is to find a suitable
pulse sequence u(1), u(2), u(3), ..., u(D) on [0, 8t), [6¢,281),

.o [(D—=1)6t,Dét] to drive the system to the desired target
state. In this paper, we take T =4 a.u. and D = 100.

2) Control amplitudes In practical applications, the am-
plitude of u; is usually bounded, that is, u;(k) € [Umin,Umax]-
In this paper, we assume that umax = 10 and up;, = —10.

3) Hyperparameters For the parameters in each algo-
rithm, we set their values as follows.

DE: The scaling factor is F = 0.5 and the crossover factor
isCR=0.3.

PSO: The two learning factors are c; = 1 and ¢, = 1.

QPSO: The contraction-expansion coefficient & = 0.5.

QEA: The quantum gate updating rule is provided in
Ref. [25].

4) Evaluation criteria In this paper, the fidelity will be
our performance indicator. The process of intelligent opti-
mization algorithm starts from an initial population and seeks
the optimal solution of the optimization problem through con-
tinuous iteration. Therefore, in order to ensure fairness in the
algorithm evaluation process, we take the following measures:
1) the initial population size of the four algorithms remains
the same, which is 100; 2) considering that each algorithm
needs to randomly generate initial solutions, we repeat each
algorithm 10 times (10 episodes) to reduce the effect of ran-
domness, and the best, mean and worst fidelities of the 10
episodes will be used to measure the performance of the al-
gorithms, where the mean fidelity that best characterizes the
actual performance of the algorithms will be prioritized; 3)
for each episode, the termination conditions of the four al-
gorithms are also the same, that is, the number of iterations
reaches 10000.

5) Data availability Please refer to the Appendix for the
details of the data of the system models in numerical simula-
tions.

6) Numerical simulation platform The computer con-
figuration is intel (R) Core (TM) i9-10900KF CPU @3.7 GHz,
RAM 64 GB, Windows 10, MATLAB 9.9.0.1467703
(R2020b).

4. Comparison of algorithms

For the problem of quantum state preparation discussed
in Section 2, we conduct numerical simulations on two-level,
three-level and four-level quantum systems under both undis-
turbed and disturbed conditions, and at the same time compare
the performance of the four algorithms presented in this paper.

4.1. Results and analysis

In this section, several closed and open systems are con-
sidered in simulations. The simulation results are shown in
Table 1 and Fig. 1, where Table 1 presents three types of fi-
delities (i.e., Fyest, Fmean, and Fyorst) for the four algorithms
and six quantum system models and Fig. 1 describes how the
mean fidelity of 10 episodes changes with the iteration num-
ber.
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Table 1. The simulation results of the four algorithms without disturbances, where each algorithm runs 10 episodes with Fpest, Finean, and Fyorst being
the best, mean, and worst fidelities of 10 episodes, respectively. The optimal values are in bold and the data greater than 0.99995 are regarded as 1.

DE PSO QPSO QEA
Quantum control problems
F best 2 ‘mean 2 worst F best 2 mean R worst F best K mean 2 worst F best K mean 2 worst
Two-level closed system 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Three-level closed system 0.9999 0.9998 0.9997 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000 0.9997 0.9982 0.9960
Four-level closed system 0.9955 0.9935 0.9902 0.9993 0.9951 0.9855 1.0000 1.0000 1.0000 0.9691 0.9402 0.8941
Two-level open system 0.9813 0.9791 0.9776 0.9833 0.9788 0.9754 0.9854 0.9843 0.9826 0.9719 0.9704 0.9688
Three-level open system 0.9541 0.9484 0.9412 0.9493 0.9208 0.8872 0.9672 0.9612 0.9560 0.9023 0.8907 0.8772
Four-level open system 0.9493 0.9208 0.8980 0.9502 0.9088 0.8805 1.0000 0.9973 0.9899 0.8922 0.8617 0.8420
1.000 () 1.000( _____________________________ 1.00
1 a e e e A e
\ g -~ (b) 0.08) (c)
g i : 0.998 : = 0.96 'J
2 0999 ; ' & 0.04
150 0.996
0.92
| ==-DE - - PSO —QPSO - QEA -=-DE - - PSO —QPSO - QEA -=-DE - - PSO —QPSO - QEA
0.990! 0.994 0.90
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Iteration No. Iteration No. Iteration No.
1.00
(d) (e)
0.95
- e 0.95( e 4
= - ? T % 0.90
< o o0lf” < 08
R : 0.90/ :
| 1 0.80 -
‘L - PSO —QPSO -~ QEA -=-DE - - PSO —QPSO - QEA -=-DE - - PSO —QPSO - QEA
0.95 0.85" 0.75
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Iteration No.

Iteration No.

Iteration No.

Fig. 1. Quantum state preparation of six quantum systems: Fpean Vs. iteration No. of the four algorithms. The Fiean here refers to the mean
fidelity of the algorithm running 10 episodes. (a) Two-level closed quantum system; (b) three-level closed quantum system; (c) four-level
closed quantum system; (d) two-level open quantum system; (e) three-level open quantum system; (f) four-level open quantum system.

From Table 1, we can clearly obtain the following three
conclusions. First, for the problem of state preparation of both
closed and open quantum systems, QPSO outperforms the
other three algorithms in the best, mean and worst fidelities of
10 episodes. And the superior performance of QPSO is more
obvious for open quantum systems. For example, the mean fi-
delity of QPSO under 10 episodes is 0.9973 for the four-level
open quantum system, which is 8.3%, 9.7% and 15.7% higher
than those of DE, PSO and QEA, respectively. Second, the
performance of QEA is worst with respect to the other three
algorithms in all the aspects except for the two-level closed
system. Third, PSO has a slight advantage over DE for closed
quantum systems and it is reversed for open quantum systems.

Figure 1 can also describe the characteristics of the four
algorithms in the iterative process. Compared with the other
three algorithms, QPSO can always achieve a best perfor-
mance and converges at a fast rate, while QEA performs worst
and stops converging after several iterations for all these six
quantum systems.

One might ask why QEA is bad and QPSO is excellent.
For the QEA with the quantum gate update mechanism, a
quantum gate is used to update the position of each particle.
The rotation angle of the quantum gate is determined by a
simple look-up table, which leads to the discontinuity of the

updated value of each rotation and makes the update insuffi-
cient. On the other hand, the QEA is easy to fall into local
optimums and therefore performs poorly in the quantum con-
trol problem. The superiority of the QPSO algorithm can be
explained from its essential features. First, a particle described
by a probability density function can appear in any region of
the entire feasible search space with a certain probability. This
enables each particle not to be restricted by velocity and there-
fore can converge faster. Second, in the iterative process, the
average best position is introduced to assisting in updating the
position of each particle, which can avoid all particles moving
toward the present optimal value. Thus, the algorithm is not
easy to fall into local optimal values, which actually improves
the global search ability. Moreover, compared with the other
three algorithms, the number of parameters of QPSO is least,
which can improve the efficiency of adjusting the algorithm

parameters.

According to the simulation results, QPSO is the best
while QEA is the worst for the state preparation of closed and
open quantum systems without disturbances. This provides us
with an important reference when using intelligent optimiza-
tion algorithms to solve some quantum control problems, i.e.,
QPSO should be given a high priority.
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4.2. Robustness

In this section, we consider the robustness of the four al-
gorithms in the presence of disturbances. For an actual quan-
tum system, there are always some external disturbances, inac-
curate models, and errors in the control field. Here, we assume
that the Hamiltonian of the systems in Egs. (1) and (4) has the

following form:!3!

M
H@(t) = fO(GO)H0+ Z fm(em)um(t)Hm ’ (14)
m=1

where @ = (6y,6,...,0y) and f,,(6,) (m=0,1,2,....M)
describes possible uncertainties. fy(6p) represents the uncer-
tainty of the free Hamiltonian, e.g., the chemical shift in NMR.
fm(6) characterizes possible noises in the control fields or
imprecise parameters in the dipole approximation. We assume
that f,,(6,,) are continuous functions of 6,, and the parame-
ters 6,, takes values in [1 — Ey,, 1 + E,)), E,, € [0, 1]. For sim-
plicity, we also assume that all uncertain boundaries satisfy
Ey=---=E,=---=Ey=E=0.2and 6, is equal to | in
the absence of disturbance.

Based on the sampling learning method, we take the two-
level open system as an example to compare the robustness
of the algorithms. For convenience, we set fy(6p) = 6y and
Jm(6m) = Oy In the numerical simulation, we choose 9 train-
ing samples. Both 6y and 6,, take values of 0.8, 1.0 and 1.2 in
turn, thus forming 3 x 3 =9 samples.

We first generate optimal control pulses for the four al-
gorithms under 10 episodes by 9 trained samples as shown in
Fig. 2. To compare the robustness of the optimal pulses found
by these four algorithms, we randomly selected 100 test sam-
ples for testing. Both 6y and 6,, randomly take 10 values in
[0.8,1.2], thus forming 10 x 10 = 100 samples. The test re-
sults are presented in Fig. 3.

Upso

Uqprso

Uqea

Fig. 2. The control pulses of the four algorithms learned by 9 training
samples.

From Fig. 3, we can see that QPSO is still a best choice,
and the fidelities of all test samples are steady and high with
respect to the other three algorithms, which shows that the con-
trol pulses trained by QPSO not only have best robustness but
also have best control performance. The fidelities of DE in the
test samples are more concentrated than those of PSO, that is,

the trained control pulses are more robust. QEA still ranks bot-
tom, the minimum fidelity of the test samples is nearly 0.92,
lower than 0.98 corresponding to QPSO. And the fidelities of
the test samples have large fluctuation range, which implies a
poor robustness of control pulses.

1.00 T T T T
« DE - PSO ¢ QPSO - QEA

0.98 gxons PEIRNEE X0S SRS
> o e R T T e e e
£ ‘-..-- A L __...‘..‘ APt X
T 0.96}
=t
&

0.94¢

0.92 v : - :

0 20 40 60 80 100
Sample No.

Fig. 3. The fidelity of 100 test samples under control pulses in Fig. 2.

Figure 4 shows the effect of the fluctuations of 8y and 6,
on the fidelities associated with the four algorithms. It is eas-
ily seen that the fidelity surface under the QEA is steepest in
the parameter fluctuation space, which indicates a worst ro-
bustness. In contrast, the fidelity surface under QPSO is above
those under the other three algorithms. Moreover, the fidelity
surface under QPSO is relatively flat, which means that the
corresponding control pulses have best robustness.

[C1DE EEPSOMMQPSO QEA
0.98 =
% 0.96
©
F 0.94-
0.92
1.2 1.1 1.0 09 os 1.0 1.2

em 90

Fig. 4. The robustness control landscape defined as the fidelity versus
two uncertainty parameters under control pulses in Fig. 2.

5. Conclusion

DE and PSO have been widely used in various quantum
control problems. However, QPSO and QEA based on quan-
tum mechanisms are rarely used in the field of quantum con-
trol. In this article, we used the four intelligent optimization
algorithms (DE, PSO, QPSO, and QEA) to find control pulses
to achieve the state preparation of closed and open quantum
systems. The research in this paper shows that QPSO has best
performances and QEA ranks bottom when disturbances are
not considered. While for robust control problems with distur-
bances, QPSO still performs best and has obvious advantages
over the other three algorithms. This provides an essential ref-
erence for the use of intelligent optimization algorithms solv-
ing complex quantum control problems, that is, QPSO is a
powerful candidate.
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Appendix A: Data for system models
Two-level closed quantum system model
The two energy eigenstates of the two-level closed quan-
tum system are |1) = (1,0)T, |2) = (0,1)T. The Hamiltonian
is
H(t) =Hy+u(t)H,,

05 0 0 05 L
0 —0.5)’ H, = (0.5 0 ) The initial state

and final state can be described as |¥) = —=(1,1)" and |¥) =
(0.6,0.8i)T, respectively.

where Hy = (

S

Three-level closed quantum system model

The three energy eigenstates of the three-level closed
quantum system are |1) = (1,0,0)T, |2) = (0,1,0)T, |3) =
(0,0,1)T. The Hamiltonian is

3
H(t) =) 02j(j—D0j){jl+u(t)H,
j=1

where
Hy = [1)Q2[+2) (1] + [1) (3] + [3) (1] +[2)(3[ + [3)(2]-

The initial state and final state can be described as |¥h) =
(1,0,0)T and |¥) = (0,1,0)7, respectively.

Four-level closed quantum system model

The four energy eigenstates of the four-level closed quan-
tum system are |1) = (1,0,0,0)T, |2) = (0,1,0,0)T, [3) =
(0,0,1,0)T, |4) = (0,0,0,1)T. The Hamiltonian is

4
H(r) =Y 0.25j(j+1)])(j] +u(r)(sin Hy +cos pHy),
j=1

where @ = %n,

@+ 12) (1 +2)3[+13) 2]+ [3) (4] + [4)(3],

H =1
[1) 3]+ [3) (1] + [2) (4] + [4)(2] + [1) (4] + [4) (1]

H, =1

The initial state and final state can be described as |¥)) =
(1,0,0,0)T and |¥) = (0,0,1,0)T, respectively.

Two-level open quantum system model

The two energy eigenstates of the two-level open quan-
tum system are |1) = (1,0)T, |2) = (0,1)T. The Hamiltonian
is

H(l‘) :H0—|—M(I)H1.
0(')5 _8.5) L H) = (O(.)S 0(')5). The Lindblad op-
erator is given the following form: (33!

where Hy = (

L1 =021)(2], Ly=0.112)(1], Ls=0.2/1)(1].

The initial state and final state can be described as pg = |1) (1|
and pr = |2) (2|, respectively.

Three-level open quantum system model

The three energy eigenstates of the three-level open
quantum system are |1) = (1,0,0)T, [2) = (0,1,0)T, [3) =
(0,0,1)T. The Hamiltonian is

3
H(1) =Y 0.2j(j— 1)|j){j| +u(r)(sin @H; + cos H),
j=1
where @ = %n,
Hy = |1)2[+2) (1] +[2) (3] +[3) (2],
Hy = 13+ 3)(1].

The Lindblad operator is given the following form:[33]

L1 =04|1)Q2], Ly=02[1)(3|, Ly=03|2)(3].

The initial state and final state can be described as py = |1) (1|
and pr = |3) (3], respectively.

Four-level open quantum system model

The four energy eigenstates of the four-level open quan-
tum system are |1) = (1,0,0,0)T, |2) = (0,1,0,0)T, |3) =
(0,0,1,0)T, |4) = (0,0,0,1)T. The Hamiltonian is

4

H(t) =Y 0.25j(j+ 1)]){j| + u(t)(sin@H, + cos pHa),
Jj=1

Hy = [1)2[+2) (1] +[2) (3] + [3) (2] + [3) (4] +[4) (3],
Hy = [1) (3] +[3) (1] +[2) (4] + [4) (2.

The Lindblad operator is given the following form: 33

Ly =041)(2], L, =0.3[1){3],
L3y =02|1)(4], Ly =0.3[2)(3],
Ls =0.2]2)(4], L =0.3|3)(4|.

The initial state and final state can be described as pg = |1)(1|

and pr = |3) (3|, respectively.
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