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We investigate the quantum entanglement in a double-cavity optomechanical system consisting of an optomechanical
cavity and an auxiliary cavity, where the optomechanical cavity mode couples with the mechanical mode via radiation-
pressure interaction, and simultaneously couples with the auxiliary cavity mode via nonreciprocal coupling. We study
the entanglement between the mechanical oscillator and the cavity modes when the two cavities are reciprocally or non-
reciprocally coupled. The logarithmic negativity E(1)

n (E(2)
n ) is adopted to describe the entanglement degree between the

mechanical mode and the optomechanical cavity mode (the auxiliary cavity mode). We find that both E(1)
n and E(2)

n have
maximum values in the case of reciprocal coupling. By using nonreciprocal coupling, E(1)

n and E(2)
n can exceed those

maximum values, and a wider detuning region where the entanglement exists can be obtained. Moreover, the entanglement
robustness with respect to the environment temperature is also effectively enhanced.

Keywords: quantum entanglement, double-cavity optomechanical system, nonreciprocal coupling

PACS: 42.50.–p, 42.50.Pq, 42.82.Fv DOI: 10.1088/1674-1056/ac6499

1. Introduction
Cavity optomechanics[1,2] is the study of the radiation

pressure interaction between the optical cavity field and the
mechanical motion. In general, a cavity optomechanical
system (COMS) consists of a Fabry–Perot cavity with one
movable mirror, where the cavity mode couples with the
mechanical mode via radiation pressure. COMS has at-
tracted increasing attention due to its prominent applica-
tions in gravitational-wave detection,[3] photonic network,[4]

metrology,[5] etc. With the rapid development of nanotech-
nology, COMS also provides a substantial platform for ex-
ploring quantum effects in an exceedingly wide range from
microscale to macroscale, for instance, entanglement,[6–9]

squeezing,[10–13] photon blockade,[14–18] transmission,[19] etc.
As is known, entanglement is an enigmatic phenomenon in
quantum mechanics and its detailed study would be beneficial.
Firstly, it can help us identify the boundary between the classi-
cal and quantum worlds.[20] Secondly, it has numerous poten-
tial applications in quantum technology and science, such as
quantum computation,[21] quantum communication,[22] quan-
tum metrology,[23] etc.

In recent years, great efforts have been made to explore
quantum entanglement in various hybrid COMSs. In 2007,
Vitali et al. investigated the steady-state entanglement be-
tween the cavity mode and the movable mirror in a standard

COMS.[24] In 2012, three photomechanical cavity arrays cou-
pled reversibly or irreversibly to each other were studied, and it
was found that this composite system exhibits photon–phonon
entanglement between cavities.[25] Then, Liao et al. proposed
a scheme to generate quantum entanglement between two me-
chanical resonators in a two-cavity optomechanical system in
2014.[26] Later, Liu et al. proposed a scheme to generate the
entanglement between two COMS via a flying two-level atom
in 2017,[27] and Xu et al. explored a scheme to generate single
entangled photon–phonon pair in a hybrid COMS via atom-
photon–phonon interaction in 2019.[28] Recently, Jiao et al.
showed how to achieve the nonreciprocal entanglement in a
COMS.[29]

At present, the non-Hermitian systems have drawn ex-
tensive interest because of its novel properties.[30,31] There
are two kinds of implementation schemes, i.e., the gain
systems[32,33] and the nonreciprocally coupled systems.[34–36]

Here, the objective is to study the quantum entanglement in
a nonreciprocally coupled system. Therefore, we propose a
double-cavity optomechanical system, which is composed of
an optomechanical cavity and an auxiliary cavity. In this sys-
tem, the optomechanical cavity mode couples with the me-
chanical mode via radiation-pressure interaction, and couples
with the auxiliary cavity mode via nonreciprocal coupling.[37]

Such a kind of nonreciprocal coupling can be achieved by us-
†Corresponding author. E-mail: jhliu@m.scnu.edu.cn
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ing an imaginary gauge field,[38,39] impurity,[40] or auxiliary
nonreciprocal transition device.[41,42] We adopt the logarith-
mic negativity E(1)

n (E(2)
n ) to quantify the entanglement degree

between the mechanical mode and the optomechanical cavity
mode (the auxiliary cavity mode). We find that both E(1)

n and
E(2)

n have maximum values in the case of reciprocal coupling.
By using the nonreciprocal coupling, E(1)

n and E(2)
n can exceed

those maximum values, and a wider detuning region where the
entanglement exists can be obtained. Moreover, the entangle-
ment robustness with respect to the environment temperature
can be effectively enhanced.

This paper is organized as follows. In Section 2,
we present the Hamiltonian of the system and derive the
Heisenberg–Langevin equations. Furthermore, we introduce
the logarithmic negativity to quantify the entanglement degree
between the mechanical mode and the optical cavity modes. In
Section 3, we demonstrate the nonreciprocal coupling induced
enhancement of the entanglement degree and entanglement ro-
bustness. Finally, a brief summary is given in Section 4.

2. Model and analytical expressions
As shown in Fig. 1, we consider a cavity optomechanical

system where the cavity mode (â1) couples with the mechani-
cal mode ( p̂, q̂) via radiation pressure, and an auxiliary cavity
mode (â2) couples with the optomechanical cavity mode (â1)
via nonreciprocal interaction. In a frame rotating at the fre-
quency ωl of the driving field, the total Hamiltonian of the
non-Hermitian system can be expressed as follows:

H/h̄ =
2

∑
j=1

∆ jâ
†
j â j +

ωm

2
(p̂2 + q̂2)−G0â†

1â1q̂

+J1â†
1â2 + J2â†

2â1 + iεl(â
†
2 − â2), (1)

where the first term is the free Hamiltonian of the cavity modes
with the annihilation and creation operators â j and â†

j , and
∆ j = ω j −ωl is the corresponding cavity–laser detuning. The
second term denotes the Hamiltonian of the mechanical oscil-
lator with q̂ and p̂ being the position and momentum operators,
respectively. The third term describes the optomechanical in-
teraction, where G0 = xzpfω1/L is the single-photon optome-
chanical coupling strength (xzpf =

√
h̄/2mωm is the zero-point

fluctuation, m is the effective mass of the mechanical mode,
and L is the length of the optomechanical cavity). The fourth
and fifth terms describe the nonreciprocal coupling between
the optomechanical cavity mode (â1) and the auxiliary cav-
ity mode (â2), and J1 (J2) represents the tunneling strength of
photon jumping into cavity â1 (â2). The last term is the in-
teraction Hamiltonian between the auxiliary cavity mode and
the outer driving field. The amplitude of the driving field is
εl =

√
2κ2P/h̄ωl , where κ2 denotes the decay rate of the aux-

iliary cavity and P refers to the input power.

Optomechanical

coupling

Nonreciprocal
coupling

κ1 κ2

γm

J

J

G

εl,ωl

a2

q↪p^ ^

^a1^

Fig. 1. Schematic diagram of the double cavity optomechanical system
with nonreciprocal coupling. G0 denotes the single photon optome-
chanical coupling strength, J1 (J2) represents the tunneling strength of
photon jumping into cavity â1 (â2). εl (ωl ) is the amplitude (frequency)
of the pump field. κ1 (κ2) is the decay rate of the cavity mode â1 (â2),
and γm is the mechanical damping rate.

By using the Hamiltonian and introducing the dissipation
and fluctuation terms, the Heisenberg–Langevin equations can
be written as

˙̂a1 = −(i∆1 +κ1)â1 − iJ1â2 + iG0â1q̂+
√

2κ1â1,in,

˙̂a2 = −(i∆2 +κ2)â2 − iJ2â1 + εl +
√

2κ2â2,in,

˙̂q = ωm p̂,
˙̂p = −ωmq̂− γm p̂+G0â†

1â1 + ξ̂ , (2)

where κ1 is the decay rate of the optomechanical cavity, γm

is the mechanical damping rate, â j,in and ξ̂ are the fluctua-
tion operators corresponding to the cavity modes and the me-
chanical mode, respectively, and obey the following correla-
tion functions:[43]

⟨â j,in(t)â
†
j,in(t

′)⟩ = δ (t − t ′),

⟨ξ̂ (t)ξ̂ (t ′)⟩ = γm(2nm +1)δ (t − t ′), (3)

while nm = [exp(h̄ωm/kBT )− 1]−1 denotes the thermal pho-
ton number, kB is the Boltzmann constant and T is the tem-
perature of the mechanical oscillator. Their mean values
⟨â j,in(t)⟩= ⟨ξ̂ (t)⟩= 0.

Under the condition of strong optical driving, the non-
linear Eq. (2) can be linearized by rewriting each operator as
a sum of its steady-state mean value plus a small fluctuation
around it, i.e.,

â j = α j +δ â j, q̂ = qs +δ q̂, p̂ = ps +δ p̂. (4)

By substituting the above ansatz Eq. (4) into Eq. (2), the equa-
tions will be decoupled into a set of nonlinear algebraic equa-
tions for the steady-state mean values and a set of quantum
Heisenberg–Langevin equations for the fluctuation operators.
The steady-state mean values can be obtained by setting the
time derivatives to zero, as follows:

α1 =
−iJ1α2

i∆ ′
1 +κ1

, α2 =
εl − iJ2α1

i∆2 +κ2
,

qs =
G0|α1|2

ωm
, ps = 0, (5)
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where ∆ ′
1 = ∆1 −G0qs is the effective detuning. The quantum

Heisenberg–Langevin equations for the fluctuation operators
can be expressed as follows:

δ
˙̂X1 = ∆

′
1δŶ1 −κ1δ X̂1 + J1δŶ2 −Gyδ q̂+

√
2κ1X̂1,in,

δ
˙̂Y1 = −∆

′
1δ X̂1 −κ1δŶ1 − J1δ X̂2 +Gxδ q̂+

√
2κ1Ŷ1,in,

δ
˙̂X2 = ∆2δŶ2 −κ2δ X̂2 + J1δŶ1 +

√
2κ2X̂2,in,

δ
˙̂Y2 = −∆2δ X̂2 −κ2δŶ2 − J1δ X̂1

√
2κ2Ŷ2,in,

δ ˙̂q = ωmδ p̂,

δ ˙̂p = −ωmδ q̂− γmδ p̂+G0(α
*
1 δ â1 +δ â†

1α1)+ ξ̂ , (6)

Here, we have defined the operators of the quadrature fluctua-
tions and the corresponding input noises as

δ X̂ j =
1√
2
(δ â†

j +δ â j), δŶj =
i√
2
(δ â†

j −δ â j),

X̂ j,in =
1√
2
(â†

j,in + â j,in), Ŷj,in =
i√
2
(â†

j,in− â j,in), (7)

and Gx (Gy) is the real (imaginary) part of the effective
optomechanical coupling strength G =

√
2G0α1. Then,

Eq. (6) can be rewritten compactly by introducing the
vectors uT(t) = (δ X̂1,δŶ1,δ X̂2,δŶ2,δ q̂,δ p̂), and vT(t) =

(
√

2κ1X̂1,in,
√

2κ1Ŷ1,in,
√

2κ2X̂2,in,
√

2κ2Ŷ2,in,0, ξ̂ ), i.e.,

u̇(t) = Au(t)+ v(t), (8)

where u(t) = M(t)u(0)+
∫ t

0 dτM(τ)v(t − τ), M(t) = exp(At),
and the matrix A describes the response of the system and is
explicitly given by

A =


−κ1 ∆ ′

1 0 J1 −Gy 0
−∆ ′

1 −κ1 −J1 0 Gx 0
0 J2 −κ2 ∆2 0 0

−J2 0 −∆2 −κ2 0 0
0 0 0 0 0 ωm

Gx Gy 0 0 −ωm −γm

 . (9)

The system is stable when all real parts of the eigenval-
ues of A are negative. The stability conditions can be obtained
by using the Routh–Hurwitz criterion.[44] Under the stability
conditions, we have M(∞) = 0 and

ui(∞) =
∫

∞

0
dτ ∑

k
Mik(τ)vk(t − τ). (10)

Due to the Gaussian properties of the quantum noises and the
linearized dynamics, the quantum steady state for the fluctu-
ations is a tripartite zero-mean Gaussian state, which can be
fully characterized by its 6×6 correlation matrix V , with its
component

Vkl = ⟨uk(∞)ul(∞)+ul(∞)uk(∞)⟩/2 . (11)

By plugging Eq. (10) into Eq. (11), we get the following equa-
tion:

V =
∫

∞

0
dτM(τ)DMT(τ), (12)

in which

D = Diag[κ1,κ1,κ2,κ2,0,γm(2nm +1)] (13)

is the diagonal matrix and defined by

⟨vk(τ)vl(τ
′)+ vl(τ

′)vk(τ)⟩/2 = Dklδ (τ − τ
′).

When the system is stable, the steady-state correlation matrix
V fulfills the Lyapunov equation

AV +V AT =−D. (14)

In this paper, we use the logarithmic negativity to measure the
entanglement between the mechanical mode and the optical
mode,[45] and

En = max[0,− ln2𝒱], (15)

where 𝒱 = 2−1/2{∑(V ′)− [∑(V ′)2−4detV ′]1/2}1/2, and
∑V ′ = det𝒜+ detℬ − 2det𝒞. By tracing out one mode in
V and writing it in a 2×2 block form

V ′ =

(
𝒜 𝒞
𝒞T ℬ

)
, (16)

the entanglement will emerge in the corresponding subsystem
if and only if 𝒱 < 1/2.

In the following numerical simulations, to ensure the
stability of the system, we use the experimentally feasible
parameters[46–48] L = 1 mm, λl = 810 nm, P = 35 mW, and
ωm/2π = 10 MHz. We also assume that the two cavities have
the same decay rate, i.e., κ1/2π = κ2/2π = κ/2π = 5 MHz,
and m = 5 ng, γm/2π = 100 Hz. Moreover, we assume that
∆2 =−∆ ′

1 = ∆ .[49]

3. Numerical simulations
3.1. Nonreciprocal coupling induced entanglement en-

hancement

In this section, we study the entanglement degree between
the mechanical oscillator and the cavity modes when the two
cavities are reciprocally or nonreciprocally coupled. The log-
arithmic negativity E(1)

n (E(2)
n ) describes the entanglement de-

gree between the mechanical mode and the optomechanical
cavity mode (the auxiliary cavity mode).

Figure 2 shows E(1)
n and E(2)

n in the case of reciprocal cou-
pling, i.e., J1 = J2 = J. As shown in Fig. 2(a), E(1)

n is plotted
as a function of the detuning ∆ with different values of J. It
can be seen that, with the increase in value of ∆ , E(1)

n firstly
remains at zero, then increases to a peak value, and finally de-
creases to zero again. Besides, the peak value increases and
then decreases with increasing J. For example, if J = 0.4κ

(blue solid line), E(1)
n is equal to zero when ∆ < 0.15ωm, then

increases to the peak value 0.15 when ∆ = 0.35ωm, and finally
decreases to zero when ∆ = 1.1ωm. Specifically, E(1)

n reaches
its maximum value 0.25 when J = 0.8κ and ∆ = 0.4ωm. To
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see a wider parameter space, E(1)
n is plotted as functions of

∆ and J in Fig. 2(b). We can intuitively see that there exists
a maximum value of E(1)

n . In Fig. 2(c), E(2)
n is plotted as a

function of the detuning ∆ with different values of J, and we
find that E(2)

n has the similar variation tendency as that of E(1)
n .

When J = 2κ and ∆ = 0.6ωm, E(2)
n has the maximum value

0.27, which can be also clearly seen in Fig. 2(d).
Figure 3 displays, the logarithmic negativity E(1)

n and E(2)
n

in the case of nonreciprocal coupling, i.e., J1 ̸= J2. As shown
in Fig. 3(a), E(1)

n is plotted as a function of the detuning ∆ with
different values of J2, and we have assumed that J1 = 0.8κ .
When J2 = 0.8κ (the blue solid line), this system is reduced
to the case of reciprocal coupling, and the maximum value of
E(1)

n is 0.25. However, we find that E(1)
n can exceed that maxi-

mum value when J2 > 0.8κ , and continues to increase with the
increase in value of J2. For instance, E(1)

n can reach 0.4 when
J2 = 5κ . Moreover, we can see that the detuning range where
the entanglement exists is much larger than that in Fig. 2(a).
The above results can be also explicitly seen in Fig. 3(b). In
Fig. 3(c), E(2)

n is plotted as a function of the detuning ∆ with
different values of J1, and J2 = 2κ . Similarly, E(2)

n can ex-
ceed the maximum value 0.27 in the case of reciprocal cou-
pling, and continues to increase with the increase in value of
J1. When J1 = 6κ , the maximum value of E(2)

n can increase
to 0.39. The detuning range where the entanglement exists is
also much larger than that in Fig. 2(c). The intuitive results
can be seen in Fig. 3(d) as well.
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n and E(2)

n as a function of the detuning ∆ with different values of reciprocal coupling strength J.
(b), (d) E(1)

n and E(2)
n as functions of ∆ and J. The detailed parameters can be found in the text.
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094203-4



Chin. Phys. B 31, 094203 (2022)

3.2. Nonreciprocal coupling induced robustness enhance-
ment

In this section, we show that the nonreciprocal coupling
results in an enhancement of the entanglement robustness
with respect to the environment temperature. Using similar
methodology, we compare the influence of environment tem-
perature T on the logarithmic negativity E(1)

n and E(2)
n in the

case of reciprocal and nonreciprocal coupling.
As shown in Fig. 4(a), the logarithmic negativity E(1)

n is
plotted as a function of the environment temperature T with
different values of reciprocal coupling strength J. It can be
seen that E(1)

n firstly decreases and eventually vanishes with
the rise of T . With the increase in value of J, the critical value
of temperature Tc (Tc is defined as T ≥ Tc, En = 0) firstly in-
creases and then decreases. When J = 1.2κ (the red dotted
line), Tc reaches the maximum value of 1.6 K. For compar-
ison, E(1)

n is plotted as a function of T with different values
of nonreciprocal coupling strength J2, and we have assumed
that J1 = 1.2κ . We find that E(1)

n also gradually decreases to

zero with the increase in value of T . However, the critical
value of temperature Tc continuously increases with J2. When
J2 = 3.6κ (the purple dotted-dashed line), Tc can reach 45 K,
which is several orders of magnitude larger than the ground
state temperature of the mechanical oscillator and is higher
than that in Refs. [50,51]. Furthermore, Tc can rise further if
J2 increases further.

The logarithmic negativity E(2)
n is plotted as a function of

the environment temperature T with different values of recip-
rocal coupling strength J in Fig. 4(c). We find a similar result
that, Tc firstly increases and then decreases with the increase
in value of J. When J = 2κ (the red dashed line), Tc reaches
the maximum value of 22 K. Furthermore, E(2)

n is plotted as a
function of T with different values of nonreciprocal coupling
strength J1, and J2 = 2κ in Fig. 4(d). It is also found that
E(2)

n gradually decreases to zero with the increase in T , and Tc

continuously increases with J1. When J1 = 2.6κ (the purple
dotted-dashed line), Tc can reach 78 K.
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Fig. 4. (a), (c) The logarithmic negativity E(1)
n and E(2)

n as a function of the environment temperature T with different values of reciprocal
coupling strength J. (b), (d) E(1)

n and E(2)
n as a function of T with different values of nonreciprocal coupling strength J2 and J1. (b) J1 = 1.2κ ,

(d) J2 = 2κ , and the other parameters can be found in the text.

4. Conclusion
In summary, we have studied the quantum entanglement

in a double-cavity optomechanical system, which consists of
an optomechanical cavity and an auxiliary cavity. The op-
tomechanical cavity mode couples with the mechanical mode
via radiation-pressure interaction, and simultaneously couples
with the auxiliary cavity mode via nonreciprocal coupling. We
adopt the logarithmic negativity E(1)

n (E(2)
n ) to quantify the en-

tanglement degree between the mechanical mode and the op-
tomechanical cavity mode (the auxiliary cavity mode). We
show E(1)

n and E(2)
n in the case of reciprocal coupling, and find

that both E(1)
n and E(2)

n have maximum values. However, E(1)
n

and E(2)
n can exceed those maximum values by using nonre-

ciprocal coupling, and a wider detuning region where the en-

tanglement exists can be obtained. Moreover, we also demon-

strated the influence of environment temperature on E(1)
n and

E(2)
n , and the results indicate that the nonreciprocal coupling

can effectively enhance the entanglement robustness. The pro-

posed scheme provides an easier way to experimentally realize

and observe the optomechanical entanglement.
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