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The Hall tube as a minimum model to simulate the integer quantum Hall effect is essential for exploring topological
physics, while it has not been constructed in the recent developing successfully experiments on superconducting circuits.
In this work, we propose a feasible experiment scheme using three legs superconducting circuits with transmon qubits to
realize a Hall tube. Then we first investigate its topological properties. Since the time–reversal, particle–hole, and chiral
symmetries are all broken for the system, the Hall tube belongs to the A class of the Altland–Zirnbauer classification.
We obtain the corresponding topological phase transition both numerically and analytically. Since the chirality is a key
character of the quantum Hall effect, we secondly investigate the chiral physics in the Hall tube. We find the topological
protected chiral edge currents and discuss its robustness. Finally, we give the possible experimental observations of the
topological state and topological protected chiral edge currents.

Keywords: Hall tube, superconducting circuits, topological phase transition, chiral edge currents
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1. Introduction
As the forefront of condensed matter physics, topolog-

ical physics raised enormous attention in the past decades.
Topological insulators[1–4] lie at an important position of
the researches of topological state, which is beyond Landau
symmetry breaking theory and is characterized by topolog-
ical edge states and topological invariants. An fundamen-
tal effect in the topological insulator is the quantum Hall
effect[5–9] which is induced by an external magnetic field in
two-dimensional system. One of the essential models to in-
vestigate the quantum Hall physics is the Hofstader–Harper
(H–H) Hamiltonian[10] which has been intensively studied
both in theories and experiments.[11–14] In recent cold atom
experiments, H–H Hamiltonian was demonstrated both in
ladders[15,16] and cylinder[17] systems, dubbed Hall ribbons
and Hall tube respectively. These two models were con-
structed in one dimensional optical lattice with fermion and
another dimension was synthetic using the internal degrees of
freedom of atoms. Chiral edge currents and topological phase
are observed in Hall ribbons and tube respectively. More-
over, the topological insulator emerging in Hall tube breaks
the time–reversal, particle–hole, and chiral symmetries simul-
taneously and is protected by an inversion symmetry, which is
same as the integer quantum Hall state. Therefore, Hall tube is
the simplest model without using parameter space to simulate
the integer quantum Hall effects.

On the other hand, superconducting circuits as a plat-
form with fine tunability, long coherent time and high-

precision measurement[18,19] can be used for quantum
computation,[20,21] quantum information,[22,23] and quantum
simulation.[24–27] Especially, in recent experiments, the topo-
logical physics have been investigated in superconducting
circuits. Some topological concepts have been studied in
parameter[28–31] and phase[32,33] space of superconducting
qubits and resonators respectively. Moreover topological
magnon insulator[34] has been simulated in single supercon-
ducting qubit chain. However the Hall tube as a a minimum
model to simulate the integer quantum Hall effects has not
been investigated in superconducting circuits which is much
easier to construct the tube geometric structure in real space
compared with the other artificial systems.

In this paper we propose a scheme to realize the Hall
tube with superconducting circuits and explore the topologi-
cal phase transition in this model. Since the chirality is an
essential character of the Hall effect, we investigate the chiral-
ity of the Hall tube. We find the topological protected chiral
edge currents and discuss its robustness. Finally, we give a
feasible experimental scheme to observe the topological state
and topological protected chiral edge currents.

2. Hard-core Hall tube in superconducting cir-
cuits
Figure 1(a) shows our proposed three-leg superconduct-

ing circuits with transmon qubits to realize a hard-core Hall
tube with an effective magnetic flux per plaquette. Along
each leg, the transmon qubits are coupled with their nearest-

†Corresponding author. E-mail: guanxin810712@163.com
© 2022 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

080302-1

http://dx.doi.org/10.1088/1674-1056/ac633b
mailto:guanxin810712@163.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 31, 080302 (2022)

neighbor sites, while they interact with each other between
legs at the same unit cell. All couplers are capacitors.
Moreover, there exist both nearest-neighbor and next-nearest-
neighbor couplings between the transmon qubits which has
been realized in experiments.[35,36] The corresponding La-
grangian is written as

ℒ = ∑
ν , j

[
Cν j

2
φ̇

2
ν j +EJ

ν j cos
(

φν j

φ0

)]
+ ∑

ν ,⟨i, j⟩

[
Cν i j

2
(
φ̇ν i − φ̇ν j

)2
]

+∑
j

[
CAB j

2
(
φ̇A j − φ̇B j

)2
+

CBC j

2
(
φ̇B j − φ̇A j

)2

+
CCA j

2
(
φ̇C j − φ̇A j

)2
]
. (1)

Here, Cν j and EJ
ν j are the effective capacitance and the Joseph-

son energy of the transmon qubit at the j-th site on the ν-th
(ν = A,B,C) leg.

{
Cν( j−1) j,Cν j( j+1)

}
and {CAB j,CBC j,CCA j}

are the capacitors to couple the transmon qubits at the j-th site
on the ν-th leg with its nearest-neighbor sites along each leg
and between the legs, respectively. φν j is the node flux ex-
pressed in unit of the reduced flux quantum φ0 = 1/(2e). The
symbol ⟨i, j⟩ denotes that the summation runs over all pairs of
the nearest-neighbor sites along each leg. With the canonical
coordinate φ̂ν j, the canonical momentum q̂ν j = ∂L/∂

˙̂
φν j, i.e.,

q̂ν j = Cν j
˙̂
φν j +∑

j⟨i⟩
Cν j

(
˙̂
φν j − ˙̂

φν j⟨i⟩

)
+ ∑

ν ̸=ν ′
Cνν ′ j

(
˙̂
φν i − ˙̂

φν ′i

)
, (2)

where j ⟨i⟩ indicates the summation of the nearest-neighbor
sites around the j-th site. Considering the experimental condi-
tion that Cν j ≫{Cν( j−1) j,Cν j( j+1),CAB j,CBC j,CCA j}, we have
˙̂
φν j ≈ q̂ν j/Cν j. Applying the Legendre transformation, the
corresponding Hamiltonian is given by

Ĥ = Ĥ0 + ĤIJ + ĤR, (3)

where

Ĥ0 = ∑
ν , j

(
q̂2

ν j

2C̃ν j
+

φ̂ 2
ν j

2LJ
ν j

−
EJ

ν j

24φ̂ 4
0

φ̂
4
ν j

)
, (4)

ĤIJ = ∑
ν ,⟨i, j⟩

Cν i j

Cν iCν j
q̂ν iq̂ν j, (5)

ĤR = ∑
ν ̸=ν ′, j

Cνν ′ j

Cν jCν ′ j
q̂ν iq̂ν ′i, (6)

with 1/C̃ν j = (Cν j − CAB j − CBC j − CCA j − Cν( j−1) j −
Cν j( j+1))/C2

ν j and 1/LJ
ν j = EJ

ν j/φ 2
0 .

By introducing bosonic annihilation and creation opera-
tors

âν j =

√
C̃ν jω

0
ν j

2
φ̂ν j + i

√
1

2C̃ν jω
0
ν j

q̂ν j, (7)

â†
ν j =

√
C̃ν jω

0
ν j

2
φ̂ν j − i

√
1

2C̃ν jω
0
ν j

q̂ν j, (8)

where [âν j, â
†
ν ′, j′ ] = δν ,ν ′δ j, j′ and ω0

ν j =
√

8EC
ν jE

J
ν j with

EC
ν j = e2/(2C̃ν j), and then performing a rotating-wave approx-

imation, the Hamiltonian (3) is quantized as

Ĥ0 = ∑
ν , j

ω
0
ν jâ

†
ν jâν j +

1
2

Vν jn̂ν j(n̂ν j −1), (9)

ĤIJ = ∑
ν , j

gν jâ
†
ν( j−1)âν j +H.c., (10)

ĤR = ∑
ν ̸=ν ′, j

g̃νν ′ jâ
†
ν jâν ′ j +H.c., (11)

where H.c. is the Hermitian conjugate, n̂ν j = â†
ν jâν j is the par-

ticle number operator, and

Vν j =−EC
ν j, (12)

gν j =
Cν( j−1) j

√
ω0

ν( j−1)ω
0
ν j

2
√

Cν( j−1)Cν j
, (13)

g̃νν ′ j =
Cνν ′ j

√
ω0

ν jω
0
ν ′ j

2
√

Cν jCν ′ j
. (14)

In Eqs. (12)–(14), Vν j denotes the anharmonicity of each
qubit, gν j is the coupling strength between the qubits at
the j-th and ( j − 1)-th sites on the ν-th leg, and g̃νν ′ j is
the coupling strength between the qubits at the j-th sites
on the ν-th and ν ′-th legs. For simplicity, we take gν j =

g̃νν ′ j = g0. Since the transmon qubits request EC
ν j ≪

EJ
ν j,

[37] here we choose EJ
ν j/EC

ν j = 50 and then consider
{Cν( j−1) j,Cν j( j+1),CAB j,CBC j,CCA j} ≈ 0.5 fF and Cν j ≈
100 fF. Based on these parameters, we have Vν j/(2π) ≈
200 MHz and g0/(2π) ≈ 10 MHz, which lead to a condition
that Vν j ≫ g0. In such a case, the qubit exhibits strong anhar-
monicity and only one boson can be excited for each transmon
qubit, which leads to Vν jn̂ν j(n̂ν j − 1)/2 ≡ 0, and â†

ν j |0⟩ν j =

|1⟩
ν j, â†

ν j |1⟩ν j = 0, âν j |0⟩ν j = 0, and âν j |1⟩ν j = |0⟩
ν j. As a

result, the Hamiltonian (3) becomes

Ĥ = ∑
ν , j

ω
0
ν jâ

†
ν jâν j +∑

ν , j

(
gν jâ

†
ν( j−1)âν j +H.c.

)
+ ∑

ν ̸=ν ′, j

(
g̃νν ′ jâ

†
ν jâν ′ j +H.c.

)
, (15)

with the revised commutation relation[
âν j, â

†
ν ′, j′

]
= (1−2n̂ν j)δν ,ν ′δ j, j′ . (16)

To further realize a synthetic Hall tube shown in Fig. 1(b),
two alternating-current microwave drivings of each transmon
qubit are taken into account. These microwave drivings can
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be achieved experimentally by the flux-bias lines.[38–40] In this
case, each qubit frequency is modulated independently as

ων j(t) = ω
0
ν j + εν j sin(uν jt +ϕν j)

+ ε
′
ν j sin

(
u′ν jt +ϕ

′
ν j
)
, (17)

where εν j and ε ′
ν j, uν j and u′

ν j, and ϕν j and ϕ ′
ν j are the driv-

ing amplitudes, frequencies, and phases, respectively. In ex-
periments, the driving amplitudes {uν j,u′ν j} are of the order
∼ 100 MHz, which are far larger than g0. In such condi-
tion, when choosing ∆ν j =ω0

ν j−ω0
ν( j−1) = uν j (−uν j) for odd

(even) j, ∆AB j = ω0
B j −ω0

A j = u′B j, ∆BC j = ω0
C j −ω0

B j = u′C j,
and ∆CA j = ω0

A j − ω0
C j = u′A j, we obtain an effective time-

independent Hamiltonian (see Appendix A for details)

Ĥ = ∑
ν , j

(
tν jeiϕ̃ν j â†

ν( j−1)âν j +H.c.
)

+ ∑
ν ̸=ν ′, j

t̃νν ′ je
iϕ̃

νν ′ j â†
ν jâν ′ j, (18)

where the effective hopping strengths

tν j = g0J0(αν( j−1))J1(αν j)J0(α
′
ν( j−1))J0(α

′
ν j), (19)

t̃νν ′ j = g0J0(αν j)J0(αν ′ j)J0(α
′
ν j)J1(α

′
ν ′ j), (20)

with Jm(·) indicating the m-th Bessel function of the first kind,
αν j = εν j/uν j, α ′

ν j = ε ′
ν j/u′

ν j, and the phases

ϕ̃ν j = (−1) j+1
ϕν j +

π

2
, (21)

ϕ̃AB j =−ϕ̃BA j = ϕ
′
B j +

π

2
, (22)

ϕ̃BC j =−ϕ̃CB j = ϕ
′
C j +

π

2
, (23)

ϕ̃CA j =−ϕ̃AC j = ϕ
′
A j +

π

2
. (24)

When choosing ϕ ′
ν j = −π/2, ϕA j = (−1) j+1

ϕ0 −
π/2, ϕB j = 0, and ϕC j = (−1) j

ϕ0 − π/2, we obtain an
effective magnetic flux ϕ0 in the A jA( j−1)B( j−1)B j and
C( j−1)C jB jB( j−1) plaquettes and 2ϕ0 in the A jA( j−1)C( j−1)C j

plaquette, and thus realize a Hall tube governed by the Hamil-
tonian (18). Moreover, the corresponding parameters tν j

and t̃νν ′ j can be tuned independently by controlling the driv-
ing amplitudes and frequencies. For simplicity, in the fol-
lowing discussion, we apply a gauge transformation b̂ν j =

exp{−i[ϕ0 j(s+ 1)]}âν j (s = −1,0,1 for the legs A, B, and
C) and choose the positive parameters with tν j = t0, t̃AB j =

t̃BC j = t̃, and t̃CA j = tCA .
It should be emphasized that for the Hamiltonian (18),

the boson operators satisfy the revised commutation rela-
tion [âν j, â

†
ν ′, j′ ] = (1 − 2n̂ν j)δν ,ν ′δ j, j′ and meanwhile â†2

ν j =

â2
ν j = 0. This means that the maximum occupation for each

site is only one boson, which exhibits a hard-core boson
property.[41–45] As a result, we call the Hall tube as the hard-
core Hall tube. In the following, we consider the case of the
single-qubit excitation.

CAC

CAB

CBCA

CA

CAB

CB CC

EA CA
CAC

CBC

CB CC

CC
EC

(a)

(b)

φA

φA φB φC

φB
φC

J

EA
J

EB
J

EB
J

EC
J

J

A B C

Bj↩

Cj↩

Cj⇁
Cj

Aj↩

Aj⇁Aj

Bj↩Bj

ϕ
z
y

x

Fig. 1. (a) Three-leg (labeled respectively by A, B, and C) superconduct-
ing circuits with transmon qubits. Along each leg, the transmon qubits are
coupled with their nearest-neighbor sites, while they interact with each other
between legs at the same unit cell. All couplers are capacitors. Cν j and EJ

ν j
are the effective capacitance and the Josephson energy of the transmon qubit
at the j-th site on the ν-th leg. Cν i j and {CAB j,CBC j,CCA j} are the capac-
itors to couple the transmon qubits at the j-th site on the ν-th leg with its
nearest-neighbor sites along each leg and between the legs, respectively. φν j
is the node flux. (b) Schematics of the hard-core Hall tube with an effective
magnetic flux ϕ0 in the plaquettes A( j−1)A jB jB( j−1) and C( j−1)C jB jB( j−1)
and 2ϕ0 in the plaquette A( j−1)A jC jC( j−1). The pink, black, and blue filled
circles indicate the transmon qubits in the A, B, and C legs, respectively.

3. Topological property
Having realized the tunable Hall tube, we now ex-

plore its fundamental property. We perform the Fourier
transformation b̂νk = (1/

√
N)∑ j eik jb̂ν j. As a result, the

Hamiltonian (18) in the momentum space is given by Ĥ =

∑k(b̂
†
Ak, b̂

†
Bk, b̂

†
Ck)ĥ(k)(b̂Ak, b̂Bk, b̂Ck)

T, where T is the transpose
of matrix and

ĥ(k) =

 2t0 cos(ϕ0 − k) t̃ tCA

t̃ 2t0 cos(k) t̃
tCA t̃ 2t0 cos(ϕ0 + k)

 . (25)

The eigenenergies of the Hamiltonian (25) are given by

E1 =
3

√
−q

2
+
√

∆ + 3

√
−q

2
−
√

∆ , (26)

E2 = b+ 3

√
−q

2
+
√

∆ +b− 3

√
−q

2
−
√

∆ , (27)

E3 = b− 3

√
−q

2
+
√

∆ +b+ 3

√
−q

2
−
√

∆ , (28)

where b± = (−1 ±
√

3i)/2, q = (2c3
1 − 9c1c2 + 27c3)/27

with c1 = −2t0[2cos(ϕ0)cos(k)], c2 = 4t2
0 [2cos(ϕ0)cos(k)+

cos(ϕ0 − k)cos(ϕ0 + k)]− t2
CA −2t̃2, and c3 = 2t2

CAt0 cos(k)+
4t0t̃2 cos(ϕ0)cos(k) − 8t3

0 cos(ϕ0 − k)cos(k)cos(ϕ0 + k) +
2t̃2tCA, and ∆ =−(4p3 +27q2) with p = (3c2 − c2

1)/3.
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Fig. 2. Energy bands as functions of the momentum k with (a) tCA = 0.5 , (b)
tCA = 1, (c) tCA = 2, and (d) tCA = 4. The same parameters are ϕ0 = 2π/3
and t̃ = 2. Here t0 is used as the unit.
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Fig. 3. Topological phase diagram in (a) tCA–t̃ plane with ϕ0 = 2π/3 and
(b) ϕ0–t̃ plane with tCA = 2. T and NT indicate the topological nontrivial
and trivial phases respectively. The black curves and red dots indicate the
numerical and analytical results respectively. Here t0 is used as the unit.

As shown by Eqs. (26)–(28), when tCA is small, the en-
ergy bands is gapped [see Fig. 2(a)]. As tCA increases to a
critical value t0

CA, the gapless energy bands occur at k = 0
[see Fig. 2(b)]. Further increasing tCA, the bands gap re-
opens [see Fig. 2(c)]. Until tCA increasing to another criti-
cal value tπ

CA shown in Fig. 2(d), the bands gap recloses at
π . When ∆ = 0 and ϕ0 = 2π/3, these critical points are

obtained analytically by t0
CA = 1/2(−3t0 +

√
4t̃2 +9t2

0 ) and

tπ
CA = 1/2(3t0 +

√
4t̃2 +9t2

0 ). The gapless points always in-
dicate phase boundaries that separate topological trivial and
nontrivial phases.

Since the time–reversal, particle–hole, and chiral symme-
tries for the Hamiltonian (18) are all broken (see Appendix B
for details), its topological property belongs to class A of
the Altland–Zirnbauer classification.[46–49] The corresponding
topological number is governed by the Zark phase defined as

Zn =
∫

π

−π

dk ⟨un(k)|∂k |un(k)⟩ , (29)

where un(k) denotes the Bloch wavefunction of the n-th en-
ergy band. For tCA < t0

CA and tCA > tπ
CA, Z1 = Z2 = 0, while

Z1 = Z2 = 1 for t0
CA ≤ tCA ≤ tπ

CA, which means that the first and
second energy bands are topological nontrivial. Notice that
for the whole regime, Z3 ≡ 0, which shows that the topology
of the third energy band is trivial. In Figs. 3(a) and 3(b), we
obtain the phase diagram in tCA–t̃ and ϕ0–t̃ planes numerically

respectively. The analytical phase boundaries t0
CA and tπ

CA are
denoted by the red solid points in Fig. 3(a).

3.1. Chiral edge currents

Chirality is a hallmark signature for the Hall effect. Based
on the chirality, Meissner to vortex phase transition,[50–53]

interaction-induced dynamical chiral currents,[54] chiral spin
clusters,[55] photonic fractional topological insulators,[56–58]

topological superfluid,[59–61] and superconductivity,[62] and
moreover high-Tc superconductors[63,64] have been investi-
gated. As a minimal model to simulate the integer Hall effect,
the chirality of the Hall tube raises much interesting.

Since the Hall tube exhibits nontrivial topology, the chiral
edge currents are expected to occur under the edge states.

In the topological nontrivial phase, the densities locate on
the edges of the system. The interleg currents are defined as

ĴAB j = it̃ b̂†
A jb̂B j +H.c.,

ĴBC j = it̃ b̂†
B jb̂C j +H.c.,

ĴCA j = itCAb̂†
C jb̂A j +H.c. (30)

Under the edge state, these currents can be described as JAB j =〈
ĴAB j

〉
, JBC j =

〈
ĴBC j

〉
, and JCA j =

〈
ĴCA j

〉
. The chiral edge cur-

rents are characterized by nonzero JAB1, JBC1, and JCA1 (JABN ,
JBCN , and JCAN) with the same sign.

To see the chiral edge currents, we plot the currents and
densities distributions in Figs. 4(a) and 4(b) with t̃ = tCA = 2
under the L-th and (L + 1)-th eigen states of the Hamilto-
nian (18) respectively. It is obviously, the currents located on
the edges of the tube have chirality. Moreover the currents
under different states have opposite directions, which corre-
sponds with the integer quantum Hall effects in two dimen-
sional system. By numerical calculation, we find JAB1 (JBC1)
and JBCN (JACN) are always equal, which is also shown in
Figs. 4(c) and 4(d). In Figs. 4(c)–4(f) we plot the phase di-
agrams as functions of t̃ and tCA. We can see when t̃ = tCA,
JAB1, JBC1, and JCA1 become nonzero(zero) with JABN , JBCN ,
and JCAN become zero (nonzero) respectively, which means
the chiral currents only locate on one edge. When t̃ ̸= tCA,
JAB1, JBC1, and JCA1 always have opposite values with JABN ,
JBCN , and JCAN respectively, which indicates the chiral cur-
rents have opposite direction between the edges with j = 1
and j = N. Moreover, the chiral edge currents are found in the
topological nontrivial phase indicated by TC in Fig. 4(g).

In the practical experiments, the exact values of the cou-
pling strength can not be tuned. Considering the influence
of the imperfections in device fabrication, the imperfection
Hamiltonian can be written as

δ Ĥ = ∑
j

δ tA jeiϕ0 b̂†
A jb̂A( j+1)+δ tB jb̂

†
B jb̂B( j+1)
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+ δ tC je−iϕ0 b̂†
C jb̂C( j+1)+δ tAB jb̂

†
A jb̂B j

+ δ tBC jb̂
†
B jb̂C j +δ tCA jb̂

†
C jb̂A j +H.c., (31)

where δ tν j and δ tνν ′ j equal to Wδ . W is the imperfection
strength and δ ∈ [−0.5,0.5] is a random number. The corre-
sponding imperfection chiral edge currents also with the im-
perfection hopping strength. We show the imperfection influ-
ence of the chiral currents in Fig. 4(h). We plot the total edge
currents JE = |JAB1|+ |JBC1|+ |JCA1|+ |JABN |+ |JBCN |+ |JCAN |
as a function of log10 W with t̃ = tCA = 2. As log10 W increas-
ing, JE decreases slowly in the case of log10 W < −1. When
log10 W >−1, JE suddenly decreases with log10 W increasing.
This means when the strength of the imperfection is not large
enough, the chiral edge currents are robust.
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Fig. 4. Chiral edge currents and densities distributions on the Hall tube with
t̃ = tCA = 2 under (a) the L-th and (b) (L+1)-th edge states. The thicknesses
of the arrows indicate their strengths. The pink, black, and blue filled circles
denote the local densities on legs A, B, and C respectively. Phase diagram of
(c) JAB1 and JBC1, (d) JABN and JBCN , (e) JCA1, and (f) JCAN as functions of tCA
and t̃. (g) Chiral edge currents phase emerging in the topological nontrival
phase is indicated by TC. (h) JE as the function of log10 W with t̃ = tCA = 2.
The same parameter is ϕ0 = 2/3π . Here t0 is used as the unit.

4. Possible experimental observation
In theoretical analysis, for showing the physical phenom-

ena clearly we need consider large size and large parame-
ters interval. While in experiments, to obtain the topologi-
cal state [Figs. 5(a) and 5(b)] and the corresponding chiral
edge currents [Figs. 5(c) and 5(d)] we just need four unit
cells and a group fixed parameters. For simplicity we choose
the parameters as t̃ = tCA = t0. In this case, we just need
single alternating-current microwave to drive each qubit, be-
cause when ε ′

ν j = 0, aν j = α , ∆ν j = uν j (−uν j), ∆AB j =

uB j (−uB j), ∆BC j = uC j (−uC j), and ∆CA j = uA j (−uA j) for
odd (even) j, all coupling strengths reduce as g0J0(α)J1(α).

For obtaining gauge-invariant magnetic flux ϕ0, the phases
should be set as ϕ̃ν j = (−1) j+1

ϕν j + π/2, ϕ̃AB j = −ϕ̃BA j =

(−1) j+1
ϕB j +π/2, ϕ̃BC j =−ϕ̃CB j = (−1) j+1

ϕC j +π/2, and
ϕ̃CA j = −ϕ̃AC j = (−1) j+1

ϕA j + π/2 with considering ϕν j =

(−1) j+1ϕ0 j−π/2.
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0
1 2 3 4 A
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1 2 3 4AB
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Fig. 5. Densities distributions of the edge states with (a) the L-th and (b)
the (L+ 1)-th wavefunctions. The corresponding chiral edge currents and
densities distributions on the Hall tube are shown in panels (c) and (d). The
thicknesses of the arrows indicate their strengths. The pink, black, and blue
filled circles denote the local densities on legs A, B, and C respectively. The
parameters are t̃ = tCA = 1, ϕ0 = 2/3π , and L = 4. Here t0 is used as the unit.
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Fig. 6. Densities distributions at each site with the initial state (â†
A1 + â†

B1 +

â†
C1)/

√
3 |0⟩ with (a1) and (b1) t = 0 ns, (a2) and (b2) t = 100 ns, (a3) and (b3)

t = 200 ns, and (a4) and (b4) t = 300 ns. ϕ0 = 2/3π and 0.1π for (a1)–(a4)
and (b1)–(b4) respectively. The common parameters are t̃ = tCA = 1. Here t0
is used as the unit.

To prepare the edge state |ψ⟩E = (b̂†
AL + b̂†

BL +

b̂†
CL) |0⟩/

√
3 [Fig. 5(b)], we first turn off all couplings between

any qubits. Then we excite one qubit at arbitrary site with
j = L and turn on the coupling strength t̃ and tCA, allowing
this excitation to swap to the other two qubits at the end of the
tube.[65] In Fig. 6, we show the dynamics in the topological
non-trivial [Figs. 6(a1)–6(a4)] and trivial [Figs. 6(b1)–6(b4)]
phases with the prepared initial state |ψ⟩E. We can see the
densities in the topological non-trivial and trivial phases are
located and dispersed respectively. After preparing the edge
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state |ψ⟩E, the corresponding density matrix ρ̂E can be con-
structed by quantum state tomography.[66,67] This means that
the chiral edge currents can be obtained by tr(ρ̂EĴνν ′ j) with
j = 1 or 4.[65]

5. Conclusion

In summary, we proposed a feasible experiment scheme
using three legs superconducting circuits with transmon qubits
to realize a hard-core Hall tube. Then we first investigate its
topological properties. Since the time–reversal, particle–hole,
and chiral symmetries are all broken for the hard-core Hall
tube, it belongs to the A class of the Altland–Zirnbauer classi-
fication. We obtain the corresponding topological phase tran-
sition both numerically and analytically. The chirality is a key
character of the quantum Hall effect, thus we secondly investi-
gate the chiral physics in the hard-core Hall tube. In the topo-
logical nontrival phase, we find the topological protected chi-
ral edge currents and discuss its robustness with imperfection
influence. Finally, we give the possible experimental observa-
tions of the topological state and topological protected chiral
edge currents in the hard-core Hall tube.

Appendix A: Derivation of the effective Hamilto-
nian (18)

For obtaining the Hamiltonian (18), we apply the rotation
frame with the following unitary operator

Û = Û1 ×Û2 ×Û3, (A1)

where

Û1 = exp

[
−i

N

∑
j=1

∑
ν

ω
0
ν jâ

†
ν jâν jt

]
, (A2)

Û2 = exp

[
i

N

∑
j=1

∑
ν

αν jâ
†
ν jâν j cos(uν jt +ϕν j)

]
, (A3)

Û3 = exp

[
i

N

∑
j=1

∑
ν

α
′
ν jâ

†
ν jâν j cos

(
u′ν jt +ϕ

′
ν j
)]

, (A4)

with αν j = εν j/uν j and α ′
ν j = ε ′

ν j/u′
ν j, the Hamiltonian with

the time-dependent frequency ων j(t) is transformed as

Ĥ = Û†ĤÛ + i
dÛ†

dt
Û = ĤE + ĤI, (A5)

where

ĤE = ∑
ν

g0

{
â†

ν1âν2 exp(−i∆ν2t)exp [−iαν1 cos(uν1t +ϕν1)]exp [iαν2 cos(uν2t +ϕν2)]

×exp
[
−iα ′

ν1 cos
(
u′ν1t +ϕ

′
ν1
)]

exp
[
iα ′

ν2 cos
(
u′ν2t +ϕ

′
ν2
)]

+H.c.
}

+g0

{
â†

ν2âν3 exp(−i∆ν3t)exp [−iαν2 cos(uν2t +ϕν2)]exp [iαν3 cos(uν3t +ϕν3)]

×exp
[
−iα ′

ν2 cos
(
u′ν2t +ϕ

′
ν2
)]

exp
[
iα ′

ν3 cos
(
u′ν3t +ϕ

′
ν3
)]

+H.c.
}
+ · · · , (A6)

ĤI = ∑
ν ̸=ν ′

g0

{
â†

ν1âν ′2 exp(−i∆νν ′1t)exp [−iαν1 cos(uν1t +ϕν1)]exp [iαν ′1 cos(uν ′1t +ϕν ′1)]

×exp
[
−iα ′

ν1 cos
(
u′ν1t +ϕ

′
ν1
)]

exp
[
iα ′

ν ′1 cos
(
u′

ν ′1t +ϕ
′
ν ′1
)]

+H.c.
}

+g0

{
â†

ν2âν ′2 exp(−i∆νν ′2t)exp [−iαν2 cos(uν2t +ϕν2)]exp [iαν ′2 cos(uν ′2t +ϕν ′2)]

×exp
[
−iα ′

ν2 cos
(
u′ν2t +ϕ

′
ν2
)]

exp
[
iα ′

ν ′2 cos
(
u′

ν ′2t +ϕ
′
ν ′2
)]

+H.c.
}
+ · · · , (A7)

where ∆ν j = ω0
ν j −ω0

ν( j−1) and ∆νν ′ j = ω0
ν ′ j −ω0

ν j. Using the Jacobi–Anger identity,

exp [iα cos(ut +ϕ)] =
∞

∑
−∞

imJm(α)exp [im(ut +ϕ)] ,

we have

ĤE = ∑
ν , j

g0â†
ν( j−1)âν j

∞

∑
m1=−∞

(−i)m1Jm1(αν( j−1) exp
[
−im1

(
uν( j−1)t +ϕν( j−1)

)]
×

∞

∑
m2=−∞

im2Jm2(αν j)exp [i (m2uν j −∆ν j) t +m2ϕν j]

×
∞

∑
m3=−∞

(−i)m3Jm3(α
′
ν( j−1))exp

[
−im3

(
u′

ν( j−1)t +ϕ
′
ν( j−1)

)]
×

∞

∑
m4=−∞

im4Jm4(α
′
ν j)exp

[
im4

(
u′ν jt +ϕ

′
ν j
)]

+H.c., (A8)
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ĤI = ∑
ν ̸=ν ′, j

g0â†
ν jâν ′ j

∞

∑
m1=−∞

(−i)m1Jm1(αν j)exp [−im1 (uν jt +ϕν j)]

×
∞

∑
m2=−∞

im2Jm2(αν ′ j)exp
[
im2

(
uν ′ jt +ϕν ′ j

)]
×

∞

∑
m3=−∞

(−i)m3Jm3(α
′
ν j)exp

[
−im3

(
u′ν jt +ϕ

′
ν j
)]

×
∞

∑
m4=−∞

im4Jm4(α
′
ν ′ j)exp

[
i
(

m4u′
ν ′ j −∆νν ′ j

)
t +m4ϕ

′
ν ′ j

]
+H.c. (A9)

When choosing ∆ν j = uν j (−uν j) for odd (even) j, ∆AB j =

u′B j, ∆BC j = u′C j, and ∆CA j = u′A j, considering the case that{
uν j,u′ν j

}
≫ g0, the oscillating terms in the Hamiltoni-

ans (A8) and (A9) are neglected by applying the rotating-wave
approximation. As a result, the effective Hamiltonian (18)
with parameters in Eqs. (19)–(24) is derived.

Appendix B: Symmetries for the Hall tube
The time-reversal operator 𝒯 , particle-hole operator 𝒞

and chiral operator 𝒮 generally transform the bosonic opera-
tors as 𝒯 b̂ν j𝒯 −1 = b̂ν j, 𝒞b̂ν j𝒞−1 = (−1)ib̂†

ν j, and 𝒮 b̂ν j𝒮−1 =

(−1)ib̂†
ν j, respectively, and moreover, 𝒯 i𝒯 −1 = 𝒮i𝒮−1 = −i.

Since the Hamiltonian (18) is changed under any of these
transformation, the time-reversal, particle-hole, and chiral
symmetries are all broken. Moreover, the protecting symme-
try for the Hamiltonian (18) is an inversion symmetry and
the corresponding operator ℐ̂ transform the bosonic opera-
tor as ℐ̂b̂ν jℐ̂−1 = M̂ν ,ν ′ b̂ν ′(− j). M̂ is a unitary matrix act
on the legs of the Hall tube. When choosing M̂ as a ma-
trix with the antidiagonal elements as 1 and the other ele-
ments as zero, the Hamiltonian (18) under the transformations
ℐ̂b̂A jℐ̂−1 = b̂C(− j), ℐ̂b̂B jℐ̂−1 = b̂B(− j), and ℐ̂b̂C jℐ̂−1 = b̂A(− j)

is unchanged. It needs to be emphasized that when the in-
version symmetry is broken, the topological nontrivial will
disappear.[68]
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