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The Hall tube as a minimum model to simulate the integer quantum Hall effect is essential for exploring topological
physics, while it has not been constructed in the recent developing successfully experiments on superconducting circuits.
In this work, we propose a feasible experiment scheme using three legs superconducting circuits with transmon qubits to
realize a Hall tube. Then we first investigate its topological properties. Since the time-reversal, particle-hole, and chiral
symmetries are all broken for the system, the Hall tube belongs to the A class of the Altland—Zirnbauer classification.
We obtain the corresponding topological phase transition both numerically and analytically. Since the chirality is a key
character of the quantum Hall effect, we secondly investigate the chiral physics in the Hall tube. We find the topological
protected chiral edge currents and discuss its robustness. Finally, we give the possible experimental observations of the

topological state and topological protected chiral edge currents.

Keywords: Hall tube, superconducting circuits, topological phase transition, chiral edge currents

PACS: 03.67.Ac, 73.43., 85.25.Cp, 71.10.—w

1. Introduction

As the forefront of condensed matter physics, topolog-
ical physics raised enormous attention in the past decades.

sl lie at an important position of

Topological insulator
the researches of topological state, which is beyond Landau
symmetry breaking theory and is characterized by topolog-
ical edge states and topological invariants. An fundamen-
tal effect in the topological insulator is the quantum Hall
effect!> which is induced by an external magnetic field in
two-dimensional system. One of the essential models to in-
vestigate the quantum Hall physics is the Hofstader—Harper
(H-H) Hamiltonian!!”) which has been intensively studied
both in theories and experiments.!'!~1#! In recent cold atom
experiments, H-H Hamiltonian was demonstrated both in
ladders!'>11 and cylinder!!”! systems, dubbed Hall ribbons
and Hall tube respectively. These two models were con-
structed in one dimensional optical lattice with fermion and
another dimension was synthetic using the internal degrees of
freedom of atoms. Chiral edge currents and topological phase
are observed in Hall ribbons and tube respectively. More-
over, the topological insulator emerging in Hall tube breaks
the time—reversal, particle-hole, and chiral symmetries simul-
taneously and is protected by an inversion symmetry, which is
same as the integer quantum Hall state. Therefore, Hall tube is
the simplest model without using parameter space to simulate
the integer quantum Hall effects.

On the other hand, superconducting circuits as a plat-

form with fine tunability, long coherent time and high-
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18,19]

precision measurement! can be used for quantum

computation,?>?!1 quantum information,?>?3! and quantum

[24-27] Especially, in recent experiments, the topo-

simulation.
logical physics have been investigated in superconducting

circuits. Some topological concepts have been studied in

[28-31

paramete I and phase3>33] space of superconducting

qubits and resonators respectively. Moreover topological
magnon insulator®* has been simulated in single supercon-
ducting qubit chain. However the Hall tube as a a minimum
model to simulate the integer quantum Hall effects has not
been investigated in superconducting circuits which is much
easier to construct the tube geometric structure in real space
compared with the other artificial systems.

In this paper we propose a scheme to realize the Hall
tube with superconducting circuits and explore the topologi-
cal phase transition in this model. Since the chirality is an
essential character of the Hall effect, we investigate the chiral-
ity of the Hall tube. We find the topological protected chiral
edge currents and discuss its robustness. Finally, we give a
feasible experimental scheme to observe the topological state
and topological protected chiral edge currents.

2. Hard-core Hall tube in superconducting cir-
cuits

Figure 1(a) shows our proposed three-leg superconduct-
ing circuits with transmon qubits to realize a hard-core Hall
tube with an effective magnetic flux per plaquette. Along

each leg, the transmon qubits are coupled with their nearest-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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neighbor sites, while they interact with each other between
legs at the same unit cell. All couplers are capacitors.
Moreover, there exist both nearest-neighbor and next-nearest-
neighbor couplings between the transmon qubits which has

[35,36]

been realized in experiments. The corresponding La-

grangian is written as
Cvj o J Pvj
= Y62 L E. v
L VZ;{ > ¢y +Eyjcos %
+ Z |:Cv1]
)

vi(i.j

+Z {CAB} (9u; — ¢Bj)2

i

Pyi— qsv,-)z]

L (s~ )

N (g - ¢Aj)2} : (1)
Here, Cy; and E;, 7 ; are the effective capacitance and the Joseph-
son energy of the transmon qubit at the j-th site on the v-th
(v=A,B,C)leg. {Cy(j-1);:Cvjj+1) } and {Cag), Cacjs Ceaj}
are the capacitors to couple the transmon qubits at the j-th site
on the v-th leg with its nearest-neighbor sites along each leg
and between the legs, respectively. ¢y ; is the node flux ex-
pressed in unit of the reduced flux quantum ¢y = 1/ (2¢). The
symbol (i, j) denotes that the summation runs over all pairs of
the nearest-neighbor sites along each leg. With the canonical
coordinate ¢y j» the canonical momentum §y; = JL/ 8q§v j» Le.,
j = Cvibvj+ Y Cv, (¢3vj - ¢3vj<i>)
J)
+ ¥ Cowj ($ri=bvi) @)
\Zav

where j (i) indicates the summation of the nearest-neighbor
sites around the j-th site. Considering the experimental condi-
tion that Cy; > {Cv(j,]>j7cvj(j+]),CAB]', CBCj»CCAj}’ we have
‘isvj ~ Gvj/Cvj-
corresponding Hamiltonian is given by

Applying the Legendre transformation, the

H=Hy+Hy+Hg, (3)
where
) 2 62 E
o= VZ <2va]] * 2Lv{,] . 24:;4 i ) @
Ay= Y CCVC? “qvivjs ®)
v(ij) VeI
o= ¥~ gud (©)

v;év/,jCVjCV’j

with l/é\,] = (Cvj CAB] CBCj —
CV] (j+1) )/CV] andl/LJ _E] /¢0
By introducing bosonic ann1h1lati0n and creation opera-

A CVJ A . 1
dvj=\/ 2”¢v1+11/zcw o v )

Ceaj = Cy(jn)j —

tors

where [dy;,d}, ,] = 8,8,y and @); = |/8ESE); with

E{;=¢?/(2Cy;), and then performing a rotating-wave approx-
imation, the Hamiltonian (3) is quantized as

1
HO_Z(DV] v;aV/+2VanVj( /_1)7 )
Ay = ngjav(jil)avj—f—H.C., (10)
v
Y &uvdlay;+He, (1)
VAV j

where H.c. is the Hermitian conjugate, iy ; = df, ;v j is the par-
ticle number operator, and

Vvj=—Ey;, (12)
0 0
Cuii=0iy/ (1) Dv; (13)
8vj = s
Y 2\/Coj-1)Cv;
. Covj A (1)9] ) J
8wv'j = (14)

2\/CyjCy;

In Egs. (12)-(14), Vy; denotes the anharmonicity of each
qubit, gy; is the coupling strength between the qubits at
the j-th and (j — 1)-th sites on the v-th leg, and §&,,; is
the coupling strength between the qubits at the j-th sites
on the v-th and Vv/'-th legs.
&vvj = go. Since the transmon qubits request E‘?j <
E} ;BT here we choose Ej;/Ey; = 50 and then consider
{Cv(j—l)j;Cvj(j+1)7CABjaCBCjaCCAj} ~ 0.5 fF and Cvj =~
100 fF. Based on these parameters, we have Vy;/(27)
200 MHz and go/ (27) ~ 10 MHz, which lead to a condition

that Vy,; > go. In such a case, the qubit exhibits strong anhar-

For simplicity, we take gy; =

Q

monicity and only one boson can be excited for each transmon
qubit, which leads to Vi jiy;(fy; — 1)/2 = 0, and &), 10}y
|1>vj’ aﬂ\:j ‘1>vj =0, de |0>vj =0, and an|l>vj - ‘O>vj' AS a
result, the Hamiltonian (3) becomes

H= wa V/avj—l—Z(gvja v(j- 1)aw—l—Hc)

+Y (gw,jaijav,ﬁH.c.), (15)
v£V

with the revised commutation relation
{avj,&;,J/} = (1-20y;)8, /8, . (16)

To further realize a synthetic Hall tube shown in Fig. 1(b),
two alternating-current microwave drivings of each transmon
qubit are taken into account. These microwave drivings can
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be achieved experimentally by the flux-bias lines. 3% In this
case, each qubit frequency is modulated independently as

@yj(t) = ©);+ &vjsin (uy;t + @y;)
+ &y;sin (uy it 4+ @) (17)
where &y ; and ev o Uvj and uv n and @y; and (p‘/, jare the driv-

ing amplitudes, frequencies, and phases, respectively. In ex-
periments, the driving amplitudes {uy, u/v,} are of the order
~ 100 MHz, which are far larger than go. In such condi-
jo1) = tvj (—uyj) forodd
(even) Js AABj = (l)gj — (l)gj = uj.;j, ABCj = (J)gj — (l)gj = ulcj,
and Acaj = @f; — @Q; = u);, we obtain an effective time-

i i — w0 — P
tion, when choosing Ay = @, ; — @, (

independent Hamiltonian (see Appendix A for details)
A = Y (we'®idl; y avi+He)
v.J

+ Y fyel®vialay;, (18)
v#Vj
where the effective hopping strengths
tvj = goJo(0ty(j— 1)1 (av;)To(oy ;i p))Jo(on;),  (19)
fovrj = goJo(awv;)Jo (e )Jo( o )1 (e ), (20)
with J,,,(+) indicating the m-th Bessel function of the first kind,

avjfev,/uv,,a evj/uvj,andthephases

Pvj= (-1 o, J+§ @n
Papj = —Ppaj = Pp; + 72r ; (22)
Pscj = —Pcpj = Pc;+ 72T (23)
Pcaj = —Pacj = @4, 72r (24)

When choosing ¢; = —7m/2, @a; = (1) gy —
m/2, ¢pj =0, and @cj = (—1)’ o — /2, we obtain an
effective magnetic flux ¢y in the AjA; )B(; )B; and
C(j—l)CijB(j—l) plaquettes and 2¢y in the AjA(j—l)C(j—l)Cj
plaquette, and thus realize a Hall tube governed by the Hamil-
tonian (18).
and 7,/ can be tuned independently by controlling the driv-

Moreover, the corresponding parameters fy
ing amplitudes and frequencies. For simplicity, in the fol-
lowing discussion, we apply a gauge transformation by i=
exp{—i[@oj(s+ 1)]}dy; (s = —1,0,1 for the legs A, B, and
C) and choose the positive parameters with t,; = to, fap; =
tBC] =1, and tCA] fca -

It should be emphasized that for the Hamiltonian (18),
the boson operators satisfy the revised commutation rela-
tion [dv;,a}, ;] = (1 s =
a ;= 0. This means that the maximum occupation for each

— 27y )6y 6 y and meanwhile al’

site is only one boson, which exhibits a hard-core boson
property.[*1=1 As a result, we call the Hall tube as the hard-
core Hall tube. In the following, we consider the case of the
single-qubit excitation.

(a) CA.C’I
Cam Cper )
b1 1 1 1L
I o J_ 11 J_ = b
fe;
c ; Cp - L EZ,
A1 Exr  Carg C ]-sz -l-ccu
ac2
C
b 40 A:B2 ¢Bz ] : : ¢02
J L
Cao Efs Che é. Ei Cea < E&,
H H
B C
(b)

Fig. 1. (a) Three-leg (labeled respectively by A, B, and C) superconduct-
ing circuits with transmon qubits. Along each leg, the transmon qubits are
coupled with their nearest-neighbor sites, while they interact with each other
between legs at the same unit cell. All couplers are capacitors. Cy; and E\J, i
are the effective capacitance and the Josephson energy of the transmon qubit
at the j-th site on the v-th leg. Cy;; and {Cag;,Cgcj,Cca;} are the capac-
itors to couple the transmon qubits at the j-th site on the v-th leg with its
nearest-neighbor sites along each leg and between the legs, respectively. ¢y ;
is the node flux. (b) Schematics of the hard-core Hall tube with an effective
magnetic flux @y in the plaquettes A(;_1)A;B;B(;_) and C(;_1)C;B;B(; i,
and 2¢y in the plaquette A(;_A;C;C;_p). The pmk black, and blue filled
circles indicate the transmon qubits in the A, B, and C legs, respectively.

3. Topological property

Having realized the tunable Hall tube, we now ex-
plore its fundamental property. We perform the Fourier
transformation by, = (1/V/N)¥;e*/by;. As a result, the
Hamiltonian (18) in the momentum space is given by H =
Y (B Bl b A(K) (Bak, bgr, ber)T, where T is the transpose
of matrix and

21 COS((p() — k) f fca
h(k) = 7 2ty cos (k) 7 . (25)
tca f 2t COS((p() + k)

The eigenenergies of the Hamiltonian (25) are given by

Bi={f-44va+/-L-Va, 6)

E2=b+§/—;1+\/Z+b_3 —%—\/Z, 27

Es= \/—+f+b+ —\/Z, (28)

where by = (—1+£+/3i)/2, g = (2¢} — 9cica + 27¢3)/27
with ¢; = —2tg[2cos(@p) cos(k)], ¢ = 413[2cos(¢p) cos(k) +
cos(po — k) cos(@p + k)] — 13, — 27%, and c3 = 2%, to cos(k) +
4t07* cos (o) cos(k) — 8t3 cos(py — k) cos(k)cos(@y + k) +
2%tca, and A = —(4p? +27¢%) with p = (3c2 — c2) /3.
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(a) 4 (b) 4 pr——————

Energy
o
<
=)

(e) 5 (d) 6.5 p——
>
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g ofp (0] 3
= e — — ]
- <_ >
—4 L —6.0
—1 0 1 —1 0 1
k/m k/m

Fig. 2. Energy bands as functions of the momentum k with (a) fc4 = 0.5, (b)
tca =1, (¢) tca =2, and (d) 1c4 = 4. The same parameters are @y = 27/3
and 7 = 2. Here 1y is used as the unit.

5.0
(a) (b)
NT T
T
z . =
NT
0 L 1 L L 1 1
0 1 2 3 4 5 0 1 2
toa o/ ™

Fig. 3. Topological phase diagram in (a) 7c4—7 plane with ¢y = 27/3 and
(b) @o—7 plane with zc4 = 2. T and NT indicate the topological nontrivial
and trivial phases respectively. The black curves and red dots indicate the
numerical and analytical results respectively. Here # is used as the unit.

As shown by Egs. (26)—(28), when #c4 is small, the en-
ergy bands is gapped [see Fig. 2(a)]. As fc4 increases to a
critical value tgA, the gapless energy bands occur at k = 0
[see Fig. 2(b)].
opens [see Fig. 2(c)]. Until #¢c4 increasing to another criti-

Further increasing #c4, the bands gap re-

cal value 1%, shown in Fig. 2(d), the bands gap recloses at
. When A =0 and ¢y = 27/3, these critical points are

obtained analytically by 2, = 1/2(—3t) + /47> +9¢2) and

1%, = 1/2(319 + /472 +913). The gapless points always in-
dicate phase boundaries that separate topological trivial and
nontrivial phases.

Since the time-reversal, particle-hole, and chiral symme-
tries for the Hamiltonian (18) are all broken (see Appendix B
for details), its topological property belongs to class A of
the Altland—Zirnbauer classification.[*6~*° The corresponding
topological number is governed by the Zark phase defined as

z= [ e (1 ()] O 1tn () (29)

where u, (k) denotes the Bloch wavefunction of the n-th en-
ergy band. For tcx < 12, and tca > t&,, Z1 = Z, = 0, while
Zy =2 =1 fort2, <tca <1Z,, which means that the first and
second energy bands are topological nontrivial. Notice that
for the whole regime, Z3 = 0, which shows that the topology
of the third energy band is trivial. In Figs. 3(a) and 3(b), we
obtain the phase diagram in tc4— and @y~ planes numerically

respectively. The analytical phase boundaries tg 4 and 1%, are
denoted by the red solid points in Fig. 3(a).

3.1. Chiral edge currents

Chirality is a hallmark signature for the Hall effect. Based
on the chirality, Meissner to vortex phase transition, %3]
interaction-induced dynamical chiral currents,3*! chiral spin
clusters,>! photonic fractional topological insulators, %81

[59-61 1621 and

topological superfluid, I and superconductivity,
moreover high-T. superconductors/®>%* have been investi-
gated. As a minimal model to simulate the integer Hall effect,
the chirality of the Hall tube raises much interesting.

Since the Hall tube exhibits nontrivial topology, the chiral
edge currents are expected to occur under the edge states.

In the topological nontrivial phase, the densities locate on

the edges of the system. The interleg currents are defined as
JAABJ‘ = iﬂ;ZjBBj +H.c.,
.]ABC]' = ifl;};ji?cj +H.c.,
fCAj = itCAIA)ZjBAj +H.c. (30)

Under the edge state, these currents can be described as Jag; =
(Jaj)s Jpcj = (Jpcj), and Jca; = (Jca,). The chiral edge cur-
rents are characterized by nonzero Japy, Jpc1, and Jca1 (Jasw,
Jpcn, and Jean) with the same sign.

To see the chiral edge currents, we plot the currents and
densities distributions in Figs. 4(a) and 4(b) with f = tcq =2
under the L-th and (L + 1)-th eigen states of the Hamilto-
nian (18) respectively. It is obviously, the currents located on
the edges of the tube have chirality. Moreover the currents
under different states have opposite directions, which corre-
sponds with the integer quantum Hall effects in two dimen-
sional system. By numerical calculation, we find Jsp1 (Jpc1)
and Jpcy (Jacn) are always equal, which is also shown in
Figs. 4(c) and 4(d). In Figs. 4(c)-4(f) we plot the phase di-
agrams as functions of 7 and 7c4. We can see when 7 = t¢y,
Jag1, Jec1, and Joa1 become nonzero(zero) with Jagy, Jeew,
and Jcany become zero (nonzero) respectively, which means
the chiral currents only locate on one edge. When 7 # tca,
JaB1, Jpci, and Jca always have opposite values with Japy,
Jpewn, and Jean respectively, which indicates the chiral cur-
rents have opposite direction between the edges with j = 1
and j = N. Moreover, the chiral edge currents are found in the
topological nontrivial phase indicated by TC in Fig. 4(g).

In the practical experiments, the exact values of the cou-
pling strength can not be tuned. Considering the influence
of the imperfections in device fabrication, the imperfection
Hamiltonian can be written as

R io T 1 T 7
SH — ZstAjel%bAij(j_,rl)+6tijijB(j+1)
J
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+ 5the_i¢°l;2le7C(j+l) —+ SIABJBZ]I;BJ
+ 5tBCjI;}L;le7Cj + 6tCAjZ72ijlA7Aj +H.c., (€2))]

where Oty; and dty,/; equal to Wo. W is the imperfection
strength and & € [—0.5,0.5] is a random number. The corre-
sponding imperfection chiral edge currents also with the im-
perfection hopping strength. We show the imperfection influ-
ence of the chiral currents in Fig. 4(h). We plot the total edge
currents Jg = [Jap1|+ |Jpc1| + [Jeat |+ [Jasn | + | Tsen |+ [ean|
as a function of log,, W with 7 = 1c4 = 2. As log; W increas-
ing, Jg decreases slowly in the case of log;o W < —1. When
log,o W > —1, Jg suddenly decreases with log;, W increasing.
This means when the strength of the imperfection is not large
enough, the chiral edge currents are robust.

JABI JBCI
(c) 5.0 2.8

‘]A BN JBCN

(d) 5.0 p—— 0
IIM 1% 2.54 ! II71.4
0 0 - —2.8
5.0 0
JCAN

0 2.5 5.
() 50— "

toa
-

1w 2.54 el i—1A4
0 —2.8

= 2.5

(e) 5.0

= 2.5

0 2.5 5.0
toa
(g) 50 (n) 5.0
1w 2.5 <25
0 01
-3 -2 -1 0
log1 oW

Fig. 4. Chiral edge currents and densities distributions on the Hall tube with
f =tcs =2 under (a) the L-th and (b) (L+ 1)-th edge states. The thicknesses
of the arrows indicate their strengths. The pink, black, and blue filled circles
denote the local densities on legs A, B, and C respectively. Phase diagram of
(¢) Jap1 and Jpc1, (d) Jagy and Jpen, (€) Jeat, and (f) Joan as functions of ¢
and 7. (g) Chiral edge currents phase emerging in the topological nontrival
phase is indicated by TC. (h) Jg as the function of log,, W with 7 = 1c4 = 2.
The same parameter is ¢y = 2/37. Here 1) is used as the unit.

4. Possible experimental observation

In theoretical analysis, for showing the physical phenom-
ena clearly we need consider large size and large parame-
ters interval. While in experiments, to obtain the topologi-
cal state [Figs. 5(a) and 5(b)] and the corresponding chiral
edge currents [Figs. 5(c) and 5(d)] we just need four unit
cells and a group fixed parameters. For simplicity we choose
the parameters as 7 = tcy = #p. In this case, we just need
single alternating-current microwave to drive each qubit, be-
cause when 8(,1- =0, ayj = Q, Avj = Uyj (—uvj), AABj =
ugj (—upj), Apcj = ucj (—ucj), and Acaj = uaj (—uaj) for
odd (even) j, all coupling strengths reduce as goJo(o)J; ().

For obtaining gauge-invariant magnetic flux ¢y, the phases
should be set as @y = (—1)7*! Qv+ /2, Papj = —Ppaj =
(=1 gp;+7/2, Pscj = —Pcsj = (—=1)"" gcj+ /2, and
Pcaj = —Pacj = (—1)" @4, + m/2 with considering @y; =
(=) gnj—m/2.

a b

0.30 (a) 0.30+ (b) -

0.15
0.15
0
0 - - gﬂc %‘
1 2 3 4 A A 1 2 3 4
L L

Fig. 5. Densities distributions of the edge states with (a) the L-th and (b)
the (L + 1)-th wavefunctions. The corresponding chiral edge currents and
densities distributions on the Hall tube are shown in panels (c) and (d). The
thicknesses of the arrows indicate their strengths. The pink, black, and blue
filled circles denote the local densities on legs A, B, and C respectively. The
parameters are f =fc4 = 1, @9 = 2/3®, and L = 4. Here 1y is used as the unit.
(ay)
C:

0.34 (ag) 0.24

0.28 (ay)

(by) 0.34 (by)

(b3)

C:
B:
A:
C:
B:
A:
B:u
C:
B:
A:

Fig. 6. Densities distributions at each site with the initial state (&L | +d;1 +
dz.l)/\/g|0> with (a;) and (b;) 7 =0ns, (ap) and (by) # = 100 ns, (a3) and (bs3)
t =200 ns, and (a4) and (bs) t =300 ns. @y = 2/37 and 0.17 for (a;)—(as)
and (b )—(by) respectively. The common parameters are 7 = tc4 = 1. Here 1y
is used as the unit.

To prepare the edge state |y)p = (BZL + E;L +
IA)ZL) |0) /+/3 [Fig. 5(b)], we first turn off all couplings between
any qubits. Then we excite one qubit at arbitrary site with
j =L and turn on the coupling strength 7 and #¢4, allowing
this excitation to swap to the other two qubits at the end of the
tube.% In Fig. 6, we show the dynamics in the topological
non-trivial [Figs. 6(aj)-6(as)] and trivial [Figs. 6(b;)—6(b4)]
phases with the prepared initial state |y);. We can see the
densities in the topological non-trivial and trivial phases are
located and dispersed respectively. After preparing the edge
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state |y)g, the corresponding density matrix Pg can be con-
structed by quantum state tomography.[%%%7 This means that
the chiral edge currents can be obtained by tr(pgJyy/;) with

j=1or4.[l

5. Conclusion

In summary, we proposed a feasible experiment scheme
using three legs superconducting circuits with transmon qubits
to realize a hard-core Hall tube. Then we first investigate its
topological properties. Since the time—reversal, particle-hole,
and chiral symmetries are all broken for the hard-core Hall
tube, it belongs to the A class of the Altland—Zirnbauer classi-
fication. We obtain the corresponding topological phase tran-
sition both numerically and analytically. The chirality is a key
character of the quantum Hall effect, thus we secondly investi-
gate the chiral physics in the hard-core Hall tube. In the topo-
logical nontrival phase, we find the topological protected chi-
ral edge currents and discuss its robustness with imperfection
influence. Finally, we give the possible experimental observa-
tions of the topological state and topological protected chiral
edge currents in the hard-core Hall tube.

A~

Appendix A: Derivation of the effective Hamilto-
nian (18)

For obtaining the Hamiltonian (18), we apply the rotation
frame with the following unitary operator

0 =0, xU,xUs, (Al)
where

. [ N

Oy = exp |-1) Y o0 a} avt| . (A2)
=

A [ N EN

Uy = exp iZZavj&"/jévjcos(uvjt+(pvj) . (A3)
L =1LV

A [ N 3

Us = exp iZZa(,jd",jaAvjcos (u/‘,jt—i—(p‘/,j) , (A4)
| j=1vV

with o = &y, /uy; and oy, ; = € /u}, ;, the Hamiltonian with
the time-dependent frequency @y ;(¢) is transformed as

. dUT
dr

A A

=U'A0 +i

U = Hg + Ay, (AS)

where

where Ay ; =

we have

Hg = Zgo {&ilﬁvz exp(—iAyat)exp [—icty cos (uy1t + @y1)]exp[icty2 cos (uyat + @y2)]
v
x exp [—ioy, cos (11 + @} )] exp [i0y, cos (ot + @),) ] +Hee.}
+go { vo@v3exp(—iAyst)exp[—ioycos (uyat + @y2)] exp [i0y3 cos (uyst + @y3)]
x exp [—ioy, cos (uyof + @y | exp [iot3 cos (31 + @y3) | +He 4+
Y 50 { v1Gyraexp(—iAyy 1) exp [—icty1 cos (uyit + @y1)]exp[icty cos (uy 1t + @yr)]

v£V/
x exp [—ioy, cos (1 + @) )] exp [ioy,, cos (ut + @l )] +Hee.}

+g0 { a,,dyn exp(—iA,ynt) exp [—ittys cos (uyat + @y2)] exp [ty n cos (uynt + @yr)]
x exp [—ioy, cos (ot + @) exp [0, cos (Wt + @ln) | +He} +--

@?. — °

o 0 0 . . . .
Vi v(i-1) and Ay = Wy — Oy . Using the Jacobi—Anger identity,

exp[ioccos (ut + @)] Zl Im(a)exp[im (ut + )],

=

Hg = Y g0d}; yydvj Y, (=1)" Ty (0yoryexp [=imi (uy(o1)t+@vo1))]
v,Jj

mp=—oo

)

x )i

mpy=—oo

Iy () exp i (mauyj— Ayj)t +ma@y)]

o

x Y (=)

m3=—oo

<y

myg=—oo

g1y exp | —ims (i, e+ 0l ))|

Ty (0ty ;) exp [imy (w1 +y;)] +Hee,
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oo

A=) 80&3;%,- Y (=)™ (o) exp[—imy (uyjt + @y)]

VAV ==

X Z iszmz (av/j) exp [1m2 (uvljt + (Pv’j)]

nmy=—oo

o

% Z (_i)m3]m3(a’vj)exp [—im3 (u/\/jt+(P('j>]

mz=—oo

XY, "I (o) exp {i (m4u’v/j —Awrj)t—i—mup(,/j} +H.c.

my=—oo

When choosing Ay; = uy; (—uy;) for odd (even) j, Agp; =
u};j, Apcj = ué:j, and Acaj = u), j» considering the case that
{uvj,u’vj} > go, the oscillating terms in the Hamiltoni-
ans (A8) and (A9) are neglected by applying the rotating-wave
approximation. As a result, the effective Hamiltonian (18)
with parameters in Eqgs. (19)—(24) is derived.

Appendix B: Symmetries for the Hall tube

The time-reversal operator 7, particle-hole operator
and chiral operator S generally transform the bosonic opera-

tors a§A7A'bvj7A"1 =by;,Chy;C7! = (_I)ilzcj’ andAS?ij‘*' =
(=1)'b}, j» Tespectively, and moreover, TiT ' =8iS™' = —i.

Since the Hamiltonian (18) is changed under any of these
transformation, the time-reversal, particle-hole, and chiral
symmetries are all broken. Moreover, the protecting symme-
try for the Hamiltonian (18) is an inversion symmetry and
the corresponding operator 7 transform the bosonic opera-
tor as jl;vjj_l = MV,V/BV’(—j)~
on the legs of the Hall tube. When choosing M as a ma-

M is a unitary matrix act

trix with the antidiagonal elements as 1 and the other ele-
ments as zero, the Hamiltonian (18) under the transformations
jl;Ajjfl = BC(,]-), j&gjffl = l;B(fj)» and jgcj’j71 = EA(—j)
is unchanged. It needs to be emphasized that when the in-
version symmetry is broken, the topological nontrivial will
disappear. (08
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