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Entanglement distribution is important in quantum communication. Since there is no information with value in this
process, purification is a good choice to solve channel noise. In this paper, we simulate the purification circuit under true
environment on Cirq, which is a noisy intermediate-scale quantum (NISQ) platform. Besides, we apply quantum neural
network (QNN) to the state after purification. We find that combining purification and quantum neural network has good
robustness towards quantum noise. After general purification, quantum neural network can improve fidelity significantly
without consuming extra states. It also helps to obtain the advantage of entangled states with higher dimension under
amplitude damping noise. Thus, the combination can bring further benefits to purification in entanglement distribution.
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1. Introduction
Entanglement distribution occupies an important role in

quantum communication. It helps people to realize commu-
nication with the help of entanglement. In 1992, Bennett and
Wiesner proposed dense coding to encode classical informa-
tion into pre-shared entangled states to expand the channel ca-
pacity and protect the information from eavesdropper.[1] Mat-
tle and his team experimentally realized it.[2] And this technol-
ogy is widely used in quantum key distribution.[3] Entangle-
ment is not only used to transfer classical bits in dense coding,
but also helps to realize arbitrary quantum state transmission
in teleportation. In 1993, Bennett proposed the first teleporta-
tion protocol based on Einstein–Podolsky–Rosen (EPR) states
after entanglement distribution.[4] Bouwmeester proved it in
the practical experiment.[5]

In recent years, scientists tried to realize long-distance
entanglement distribution.[6,7] Finding the way to overcome
noise in channel is still the focus in quantum communication.
Ecker and his team showed the challenges and benefits of us-
ing high-dimensional states in their experiment.[8] High di-
mension can increase the noise resistance of entanglement, but
also bring extra noise. To solve the noise in entanglement dis-
tribution, two commonly used technologies in quantum com-
munication are entanglement purification and quantum error
correction coding.[9] Purification works as a fast quantum state
screening mechanism, while error correction coding attempts
to consume amounts of basic states to encode one quantum
state and protect it. Since there is no valuable information
transferred in entanglement distribution, purification is more
appropriate in this scenario for its lower computational com-
plexity. Thus, purification has been widely applied on entan-

glement distribution with low dimension.[10,11] Dür and his
team keep working in this field to find the better purification
protocol.[12–14] They tried to control the purification strategy
based on the known channel environment to improve the fi-
delity. Besides, they also used high-dimensional entangled
states to improve the fidelity of state with lower dimension.
However, channel environment is hard to accurately predict.
And entangled states with high dimension consume huge num-
ber of basic states. What is more, they also bring more noise
because of the higher dimension.

In 2020, Kerstin and his team tried training deep quantum
neural networks.[15] They proposed a true quantum analogue
of classical neurons, which forms quantum feed forward neu-
ral network. In their method, the number of required qubits
scales with only the width, which allows deep-network opti-
mization. People can use this quantum neural network to train
the model of unitary operator overcoming noise in the envi-
ronment.

In this paper, fidelity of entangled states is calculated un-
der different quantum noises. We use depolarizing noise to
represent unitary noise, and amplitude damping noise to repre-
sent non-unitary noise in channel. We find that purification can
improve the fidelity in a larger domain with the help of QNN.
To verify it in true environment, we finish the simulation on
Cirq. The mixed scheme can surely bring higher fidelity with-
out consuming more entangled states. Besides, it also helps to
get fidelity gain from increasing dimension under non-unitary
noise. Thus, it is of great value in the future commercial use.

The paper is outlined as follows. In Section 2, review
the entangled states, quantum noise, fidelity, and general pu-
rification in entanglement distribution. In Section 3, combine
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purification and QNN during entanglement distribution under
quantum noise. In Section 4, simulate the mixed scheme and
analyze it in true environment on Cirq. Finally, conclusion is
given in Section 5.

2. Preliminary
2.1. Entangled state

The basic state in this paper is

|0〉=
(

1
0

)
, |1〉=

(
0
1

)
. (1)

An entangled state can be expressed as

|ψ〉= 1√
2

(
|0〉⊗n + |1〉⊗n) , (2)

where n is the dimension of state. |ψ〉 is Bell state when n = 2,
and is n-qubit GHZ state when n > 2.

An entangled state consists of amounts of qubits, which
are entangled with each other. Different entangled states in the
same dimension are mutual orthogonal. But in this paper, we
only choose |ψ〉 to realize entanglement distribution. Thus,
we do not list forms of other entangled states.

2.2. Fidelity of state

Quantum state we finally get is usually different from the
theoretical one. Fidelity is used to measure this deviation, de-
fined in Ref. [16]

F =
√
〈ψ|ρ |ψ〉, (3)

where |ψ〉 is the state we want, ρ is the density matrix of the
state we finally receive. The density matrix is

ρ = ∑
i

pi |ψi〉〈ψi| , (4)

where pi is the probability of output state |ψi〉. Fidelity takes
values from 0 to 1.

2.3. Noise in channel

During entanglement distribution, quantum noise can af-
fect and even destroy the entanglement.[16] In this paper, we
divide noise into unitary noise and non-unitary noise. When
the noise is unitary, entangled states change but still keep en-
tangled. When the noise is non-unitary, states do not keep
entangled.

The most commonly used unitary noises are bit-flip noise,
phase-flip noise, and depolarizing noise. We select depolariz-
ing noise to represent unitary noise, because it is the mixed of
different flip noises. Channel with depolarizing noise is

ε (ρ) = (1− p)ρ +
p
3
(𝑋ρ𝑋+𝑌 ρ𝑌 +𝑍ρ𝑍) , (5)

where

𝑋 =

(
0 1
1 0

)
, 𝑌 =

(
0 −i
i 0

)
, 𝑍 =

(
1 0
0 −1

)
are Pauli operations, p is the error probability and ρ is the den-
sity operator of input state in channel. Coefficients in Pauli
channel can be different. If the only 𝑋 works, the noise
changes into bit-flip noise. If only 𝑍 works, the noise changes
into phase-flip noise.

We use amplitude damping noise to represent non-unitary
noise, which can make the entanglement relationship disap-
pear. Channel with amplitude damping noise is

ε (ρ) =𝐸0ρ𝐸†
0 +𝐸1ρ𝐸†

1 , (6)

where

𝐸0 =

[
1 0
0
√

1− p

]
, 𝐸1 =

[
0
√

p
0 0

]
are operation elements and ρ is the density operator of input
state.

2.4. Purification in entanglement distribution

Assume the source node could generate entangled states
with the fidelity of 1. Only part of states in an entangled group
need to be transferred to the destination node in entanglement
distribution. And the other part is held by the source node.
Purification based on Bell state in entanglement distribution
is shown in Fig. 1, which is studied in detail in our another
work.[17] For an arbitrary quantum state, both waiting and be-
ing transferred in channel can be affected by noise.

Bell pairs

UA UB

Purification

Channel noiseWaiting time

Purification

DestinationSource

Fig. 1. Purification circuit based on Bell state in entanglement distribution.
𝑈A and 𝑈B are rotation operators. Blue color represents the control group,
while yellow color represents the target group.

Purification circuit consists of rotation operators, CNOT
gate and measurement device after entanglement distribu-
tion. Purification scheme with rotation operators comes from
Deutsch’s work in 1996, which is called quantum privacy am-
plification (QPA) and used to solve both bit-flip and phase-flip
noise in channel.[18] Rotation operators here can be written as

Rx(θ) = e−jθX/2 = cos
θ

2
𝐼− j sin

θ

2
𝑋, (7)

where θ is −π/2 for 𝑈A, and π/2 for 𝑈B. As a 2-qubit gate,
CNOT gate can be written as

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 . (8)
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For the CNOT gate, if the control qubit is |0〉, the target qubit
remains unchanged. If the control qubit is |1〉, the target qubit
will be bit flipped. Thus, in the purification circuit we divide
entangled states into control group and target group. If the
measurement results of qubits in target group equal to each
other, the purification succeeds, and the control group will be
stored in the device. Otherwise, the purification fails, and the
control group will be discarded.

3. Purification with quantum neural network
Purification works in pumping manner[9] in the most

time. Purification circuit with n dimension is shown in Fig. 2,
which can iterate on demand. Here we do not add rotation
operators, because for entangled states with different dimen-
sions, calculation shows that proper rotation operators not al-
ways exist.[17] The control group and the target group have
been distributed under noise before purification. Only when
measurement result of state in target group equals to each
other, do we consider the purification to be successful and
store the control group for the following communication task.
Otherwise, we will discard the control group. Thus, purifica-
tion works as a screening strategy for the state we want.

ΝH

H

Ν

Ν

Ν

Ν

Ν

⋅⋅⋅

⋅⋅⋅

A1

A2

An

⋅⋅⋅

A1

A2

An

B1

B2

Bn

⋯

′

′

′

Fig. 2. Purification circuit with n dimension. A is the control group, while
B is the target group. N is the noise. People can decide to store or discard A
based on the measurement results of B.

Pumping manner helps purification to get higher fidelity
by improving times of purification for one control group. But
it consumes huge amounts of entangled states, especially pu-
rification does not always succeed. Finding a way to improve
the fidelity without huge consumption is valuable. Thanks to
Kerstin’s team, deep QNN can help to train unitary operators
against noise,[15] if we have known the final desired output.

The smallest building block of QNN is the quantum per-
ceptron, which is an arbitrary unitary operator at the begin-
ning. We can train the network to obtain the proper unitary
operator for the target state in an iterative way. Thus, QNN is
a quantum circuit of unitary operators organized into L hidden
layers. It acts on the state ρin and produce the state ρout.

ρout = trin,hid

(
𝑈
(

ρin⊗|0 · · ·0〉hid,out 〈0 · · ·0|
)
𝑈 †
)
, (9)

where 𝑈 =𝑈 out𝑈L𝑈L−1 · · ·𝑈 1 is the circuit of quantum net-
work we need to train. 𝑈 l is the layer unitary, which consists
of the product of perceptrons in layers l and l− 1. Since per-
ceptrons do not communicate in the network, the order of them
is important as shown in Fig. 3. Layer unitary can be calcu-
lated layer-by-layer. So, we just need to calculate two layers
at one time. This reduces algorithm complexity.

Input layer Hidden layer Output layer

l/  ⋅⋅⋅  l/L

⋅⋅
⋅

⋅⋅
⋅

⋅⋅
⋅

⋅⋅
⋅

U1
1

U2
1

Un⇁1
1

Fig. 3. The architecture of quantum neural network. It has an input, output,
and L hidden layers. Perceptron is applied from top to bottom in the layer.
Assume the dimension of input layer is n. Thus, when l = 1, the layer unitary
𝑈1 =𝑈1

n+1 · · ·𝑈1
2 𝑈

1
1 .

The algorithm of training QNN is described in Ref. [15].
Here we need to point out that the training mode of QNN net-
work is different under different noise. Flip mode is chosen for
unitary noise, while rotation mode is chosen for non-unitary
noise. To measure the performance of QNN, cost function is
given as

C =
1
n

n

∑
x=1

〈
φ

out
x
∣∣ρout

x
∣∣φ out

x
〉
, (10)

where |φ out
x 〉 is the correct state we want, ρout

x is the network
output. Cost function is also the average fidelity of output.
QNN is suitable for purification because of the known ideal
output state. This helps us get benefits from both purification
and QNN in entanglement distribution.

Due to the exponential growth of Hilbert space, QNN net-
work is easy to crash under high dimension. So, Kerstin only
simulate n = 2, 3 in the input layer. In this paper, we try more
dimensions.

4. Simulation and analysis
To measure the performance of the mixed scheme, we

simulate the quantum circuit on Cirq under true environment.
Results are shown in Fig. 4. Compared with the initial en-
tanglement distribution without optimization, both purification
and QNN can improve the fidelity of entangled states. But
their effective domains are different. Purification is effective
for a good channel with little noise, while QNN is effective un-
der heavy noise. The mixed scheme helps us to get the fidelity
gain from both of them. But this combination is not simply
splicing two independent performance curves of purification
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and QNN. Around the intersection of two performance curves,
fidelity of the mixed purification scheme based on QNN circuit
is improved to be the highest one. The reason is that this range
lies in the effective domain of both two techniques, and thus
appears as a superposition of different fidelity gains.

1.0

0.5

0
0 0.5 1.0

F
id

e
li
ty

p

2-qubit 1.0

0.5

0
0 0.5 1.0

F
id

e
li
ty

p

3-qubit

1.0

0.5

0
0 0.5 1.0

F
id

e
li
ty

p

4-qubit 1.0

0.5

0
0 0.5 1.0

F
id

e
li
ty

p

5-qubit

1.0

0.5

0
0 0.5 1.0

F
id

e
li
ty

p

2-qubit

1.0

0.5

0
0 0.5 1.0

F
id

e
li
ty

p

3-qubit

1.0

0.5

0
0 0.5 1.0

F
id

e
li
ty

p

4-qubit

1.0

0.5

0
0 0.5 1.0

F
id

e
li
ty

p

5-qubit
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Inital QNN Purification Purification+QNN

(a) Depolarizing noise

(b) Amplitude damping noise

Fig. 4. Fidelity of entanglement distribution. Here give four different dimen-
sions in simulation under depolarizing and amplitude damping noise. p is the
error probability of the channel noise.

To clarify the impact of dimension on entanglement dis-
tribution, we list the output of mixed scheme in Fig. 5. In
the effective domain of purification, fidelity keeps in a similar
high level for different dimension. In the effective domain of
QNN, an interesting phenomenon appears. With the increas-
ing p, fidelity decreases under depolarization noise, but un-
der amplitude damping noise it decreases at the beginning and
subsequently increases. And when the noise parameter p is
close to 1, the rising fidelity almost can reach the ideal value
of 1 under amplitude damping noise. Fidelity decreases un-
der depolarizing noise and increases under amplitude damp-
ing noise with the increasing of n. It is recognized that high-
dimensional entangled states have higher robustness towards
noise. But it also brings extra noise because of more qubits.
That is why the fidelity without purification or QNN decreases
with the increasing of n. However, combining purification and
QNN can surely eliminate this additional noise under ampli-
tude damping noise. Fortunately, amplitude damping noise is

always considered to be the true channel noise for communi-
cation.

1.00
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0.50
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e
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F
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e
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0.6

0 0.2 0.4 0.6 0.8 1.0
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0 0.2 0.4 0.6 0.8 1.0
p

(a) Purification with QNN under depolarizing noise

(b) Purification with QNN under amplitude damping noise

2-qubit 3-qubit 4-qubit 5-qubit

Fig. 5. Fidelity of different dimensions. The mixed scheme consists of pu-
rification and QNN.

We should point out that when n ≥ 5, gradient explosion
often occurs in the QNN under rotation mode. Besides, the
cost function easily converges at 0.5. Both of them can lead to
a failure in the QNN network training under amplitude damp-
ing noise. Instead of bringing improvement in fidelity, this
failure leads to a significant reduction. With the increasing di-
mension n, the training time will also increase, which is shown
in Table 1 as well as the final cost value.

Table 1. Training time and cost value in QNN.

n Training time Cost value A Cost value B

2 27.966 s 0.71 0.9489
3 46.166 s 0.61 0.9394
4 108.311 s 0.62 0.9474
5 273.774 s 0.5938 0.8896

Cost value A is the cost value of training QNN under
depolarizing noise in flip mode here.
Cost value B is the cost value of training QNN under
amplitude damping noise in rotation mode.

When n = 5, cost function under amplitude damping
noise cannot always converge stably and keep at a high level.
Thus, the fidelity of 5-qubit state decreases in the effective do-
main of purification. The cost in the QNN training is shown
in Fig. 6. Convergence value of the cost under depolarizing
noise is lower than that under amplitude damping noise. With
the increasing n, convergence rate becomes slower. The fi-
delity under depolarization noise can rarely reach 0.8, while
the fidelity under amplitude damping noise can exceed 0.9 in
a wide range. Thus, our mixed scheme is more effective to
non-unitary noise than unitary noise.

Combining purification and QNN expands the range of
domain with high fidelity, especially towards amplitude damp-
ing noise. It can even reduce the influence of extra noise
brought by dimension. Besides, the use of QNN does not con-
sume extra entangled states. The network has been trained
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before entanglement distribution. Thus, only purification con-
sumes qubits during the distribution. The team of Dür works
a lot on the fidelity improvement of purification. But adjust-
ing purification strategy in Ref. [12] cannot get higher fidelity
under amplitude damping noise. The available domain with
high fidelity is also small. Purification in Refs. [13,14] uses
entangled states with higher dimension to purify states we
want. The distribution of entanglement with high dimension
is a thorny issue, which also leads to the waste of entangled
states. Our scheme shows better comprehensive performance.

In brief, applying QNN on purification is a good choice
for entanglement distribution. It improves the fidelity in a
larger scale without consuming more entangled states. It also
maximizes the fidelity gain brought by high dimension under
non-unitary noise. Thus, it gives hope to the commercial ap-
plication of quantum communication.
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0.5

0
0 10 20 30 40 50 60 70

1.0

0.5

0
0 10 20 30 40 50 60 70
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C
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(a) Training cost under depolarzing noise

(b) Training cost under amplitude damping noise

Iterator

Iterator

2-qubit 3-qubit 4-qubit 5-qubit

Fig. 6. Cost function of training QNN under different noises.

5. Conclusion

In this paper, we have calculated the theoretical purifi-
cation results under different noises and verify them on Cirq.
Different from the previous purification protocol through ad-
justing quantum circuit, we introduced the use of QNN af-
ter purification. Clearly, combining purification and QNN can
bring higher fidelity in the whole domain of error probabil-
ity. It has better performance under amplitude damping noise,
and brings additive fidelity gain with increasing dimension

in the effective domain of QNN. It also brings an improve-
ment in performance under depolarizing noise, but not so ob-
vious. However, amplitude damping noise is always treated
as the true channel noise in communication. Besides, the use
of QNN during entanglement distribution does not consume
extra entangled states. Thus, the mixed scheme we proposed
has a good application prospect in entanglement distribution
because of the high performance and low consumption.

There are still many issues need to be solved. Firstly, with
the increasing number of input dimension, gradient explosion
easily occurs in the network training. This can lead to the
extremely low fidelity in the whole domain, even worse than
the state without purification. Secondly, the simulation result
under depolarizing noise appears not so ideal. Maybe there is
some way to adjust the architecture of QNN to improve results
higher under unitary noise.
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