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The memristor is also a basic electronic component, just like resistors, capacitors and inductors. It is a nonlinear device
with memory characteristics. In 2008, with HP’s announcement of the discovery of the TiO, memristor, the new memristor
system, memory capacitor (memcapacitor) and memory inductor (meminductor) were derived. Fractional-order calculus
has the characteristics of non-locality, weak singularity and long term memory which traditional integer-order calculus does
not have, and can accurately portray or model real-world problems better than the classic integer-order calculus. In recent
years, researchers have extended the modeling method of memristor by fractional calculus, and proposed the fractional-
order memristor, but its concept is not unified. This paper reviews the existing memristive elements, including integer-order
memristor systems and fractional-order memristor systems. We analyze their similarities and differences, give the derivation
process, circuit schematic diagrams, and an outlook on the development direction of fractional-order memristive elements.

Keywords: fractional calculus, fractional-order memristor, fracmemristor, memristor

PACS: 02.30.1k, 07.07.Df

1. Introduction

In 1971, Leon O. Chua predicted the existence of

1.2 theoretically according to the combinatorial

memristor!
completeness principle of basic circuit variables, and called
memristor the fourth basic circuit element lost by human be-
ings. However, no actual physical element was found at that
time. In 2008,0! the team led by the American scientist R.
Stanley Williams produced a TiO, device at the nanoscale,
which was proved by analysis to be a memristor physical
entity, shocking the international electrical and electronic
field. Worldwide research on memristor has been initiated.
Chual®>*3! argued for a broader definition that included all
2-terminal non-volatile memory devices based on resistance
switching. Recently, memristor systems have been extended to
memory capacitor (memcapacitor) and memory inductor (me-
minductor). Memristor can perform both storage and compu-
tation functions at the same time, becoming a key component
of future non-Von Neumann computing systems that integrate
information storage and computation. In computer science,
neural network,!®! biological engineering,!”! communication
engineering and nonlinear circuits!":8 and other fields, it has
a wide range of application prospects, and attracts people’s at-
tention and research.

For nearly 300 years, fractional calculus has become an
important branch of mathematical analysis. How to apply
fractional calculus to modern signal analysis and processing
is a new branch of science which is seldom studied in the

world at present. The fractional calculus is a kind of cal-
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culus whose operation order is non-integer, which has long-
term memory, non-locality and weak singularity.””'") More-
over, the fractional parameters can increase the extra degree
of freedom of the system. Because of these advantages of
fractional order calculus, many systems combine fractional
order calculus circuit and system, including fractional reac-
tance approximation!'! circuit,!'?! fractional order oscillation
circuit, '3 fractional order control circuit,!!% fractional order
chaos circuit,'*! fractional order memristor circuit!!>16 and
SO on.

In 2009, Chen!'® firstly applied fractional calculus to
memristors. Chen proposed the current fractional-order-
controlled memristor, which means the memoried charge ¢ is
fractional-order. And then, sorts of current fractional-order
memristive elements!'%2%! are proposed. The fractional order
model has been proven to be more suitable for describing sys-
tems with historical memory."?!! From the Chua’s axiomatic

1131 and according to constitutive relation, log-

element system
ical consistency, axiomatic completeness and formal symme-
try, we can assume that there should be a capacitive fractional-
order memristor and an inductive fractional-order memristor
corresponding to the capacitive fractor and inductive fractor,

12131 proposed the factor which extended the

respectively. Pul
Chua’s periodic table to fractional-order. Then, Pull#15-22]
proposed the fracmemristor, naturally transition from a frac-
tional reactance to a fractional memristor. Also, some re-
searchers apply the Chua’s circuit with some fractional-order

circuit elements.>>>31 The circuit exhibits complex chaotic

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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phenomena.

The arrangement of this paper is as follows. In Sec-
tion 2, we mainly deduce the relationship between integer-
order memristive systems, including memristor, memcapaci-
tor, and meminductor. Then, we give the positions of memris-
tor memcapacitor, meminductor on the Chua’s periodic table
and the schematic diagrams of them. In Section 3, we firstly
introduce the most commonly used fractional-order improved
memristor, the current or voltage fractional-order-controlled
memristor. Afterwards, a novel modified memristor by using
the fractional reactance is introduced.

2. Ideal integer-order memristive elements

In 1971, Leon O. Chua'?! made a theoretical derivation
of the relationships between the four basic circuit elements
voltage u, current i, charge g and flux ¢. There are a total
of six relationships between two combinations of these four
basic physical quantities{i,q,u, ¢}, namely,

{(.9), (, ), (i,u), (u,9), (i, 9), (4, 9)} - (1)
The first two pairs (i,q) and (u, @) are known as

a0 = [ imar, @

o) = [ uwas G

The pair (i, u) identifies the resistor R, the pair (u,¢) iden-
tifies the capacitor C, and the pair (i, ¢) identifies inductor L:

u=Ri, “4)
u=1, 5)
¢ =Li. (6)

Leon O. Chua could not find a passive circuit element
which can directly represent the relationship between the pair
(¢, ). From the perspective of axiomatic completeness, Leon
0. Chua argued that it was necessary to define a circuit ele-
ment to represent the constitutive relation between them. He
named the new circuit element memory-resistor (memristor),

flg,9)=0. )

2.1. Memristor

When the flux ¢ is a single-valued function of the charge
g, the above definition (7) can be rewritten as

¢ =¢(q)- (8)
Taking the derivative of both sides with respect to time #,
one has
d d t)) d d 1) .
do _dola)) dg _dola) o
dt dg dr dg

(in =u(t). (10)

Equation (9) is rewritten as voltage—current formula (11),
which has a mathematical aesthetic symmetry with the resis-
tance formula, and it reveals the characteristics of the memris-
tor, where Ry is the memristor’s resistance and ¢ is the inte-
gration of the current i over time. The memristor’s resistance
is related to the historical value of the current i flowing through
the memristor. Therefore, it is called current-controlled mem-
ristor or charge-controlled memristor,

u(t) = Rua(a(0)) - (0), (an
Ru(alt)) = 42, (12)

When the charge ¢ is a single-valued function of the flux
¢, Eq. (7) is rewritten as

q=q(9). 13)

Following the derivation of current-controlled memris-
tor, the voltage-current expression (14) of voltage-controlled
memristor is obtained. Ry is the memristor’s resistance and
flux ¢ is the integration of the current u over time. So, the
resistance of the voltage-controlled memristor is related to the
history of the voltage applied to the terminals of the memris-
tor. Therefore, the current-controlled memristor is also called
flux-controlled memristor

u(t) = Rm(o(1))-i(t), (14)
Ru(p) = r;i(gfp). (15)

The resistor, current-controlled memristor and voltage-
controlled memristor have mathematically similar expressions
for their formulas. The resistor is a memoryless element, and
resistance is a constant. The resistance Ry of the current-
controlled memristor is a function of charge ¢, and its resis-
tance varies with charge. The resistance Ry of the voltage-
controlled memristor is a function of flux @, and its resistance
varies with flux ¢. Figure 1 shows the schematic diagrams of
the circuit elements of resistor, charge-controlled memristor

and voltage-controlled memristor.

(e

(a) (b) (c)

Fig. 1. Circuit element schematic diagrams of resistor, current-controlled
memristor, and voltage-controlled memristor. (a) The resistance of the
resistor R is a constant, (b) the current-controlled memristor Ry; remem-
bers the history of current i and varies with the charge ¢, (c) the voltage-
controlled memristor Ry; remembers the history of voltage u and varies
with the flux @.
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TiO, , TiO,

D

Fig. 2. HP memristor structure.

The memristor structure implemented by the Hewlett
Packard (HP) Laboratories research team in May 2008 is
shown in Fig. 2. It shows the structure of the HP memiristor.
The middle part is based on TiO, material. The material has
a TiO,_, layer doped with oxygen atom vacancies on the left
side and an undoped TiO; layer on the right side. Assuming
that the width of the body of the memristor is D and the width
of the dopant layer is W, when excitation is applied to port 2
of the memristor, the current flowing through the memristor
causes the oxygen vacancies in the TiO,_, layer doped with
oxygen vacancies to move towards the undoped TiO; layer, re-
sulting in a change in the resistance of the memristor, and the
direction of movement of the oxygen vacancies in the dopant
layer is related to the direction of current flow through the
memristor. It is assumed that the current flows from port A
to port B in the forward direction and from port B to port A
in the reverse direction. When the current flows in the for-
ward direction, the movement of the oxygen vacancy causes
the doping layer width W to widen and the resistance of the
memristor to decrease, and the memristor has a minimum re-
sistance R,, when W is infinitely close to D. When the current
flows in the opposite direction, the movement of the oxygen
vacancy leads to a narrowing of the doping layer width W and
a high resistance of the memristor, and when W is infinitely
close to 0, the memristor has a maximum value R.;. When
the current is disconnected, the oxygen vacancy inside the re-
sistor does not move and does not return to its initial state. It
remains in the instantaneous state of the power failure. In HP
memristor, the current—voltage relationship is expressed as

V(1) = M(1)i(o), (16)

where M represents the resistance of the memristor, u repre-
sents the migration rate of the oxygen atoms through the ma-
terial, and ¢(¢) represents the charge through the material

d Ron
M) = ko 1= 2g0) )

2.2. The Chua’s periodic table of all two-terminal circuit
elements

By abstracting the resistor (4), inductor (6), capacitor (5)
and memristor equations (11), (14), we get

Du(t) = K'“P)(x)DP (1), (18)

where o, 8 > 0 means numerical differentiation, o, < 0
means numerical integration, and

R, if =0, B =0,

C, if 0=0,B=-1,
L if a=—1,5=0,
M, if a=—1,8=—1.

Klap) — (19)

The R, C, L, and M in Eq. (19) represent resistor, capacitor,
inductor, and memristor, respectively. Using o as the x-axis
and f as the y-axis, construct a Cartesian coordinate system
to form the Chua’s periodic tablel! of all two-terminal cir-
cuit elements. In Fig. 3, point (0,0) represents resistor, point
(0, —1) represents capacitor, point (—1,0) represents inductor
and point (—1,—1) represents memristor. A pair of (a,f3)
can represent a unique circuit element. The two elements
(a,f)=(—1,-2) and (,B) = (—2,—1) are memory capac-
itor (memcapacitor) and memory inductor (meminductor).

lb’
o | ‘ 1 ‘,O o‘o

o o)
L R .
0, * X &, o——
—2 -1 1 T2 @
o . -1 o o
M, M ra '
© ) o o} o
Mg -2

Fig. 3. The Chua’s periodic table of all two-terminal circuit elements.

Imitating the derivation of the memristor in Subsec-
tion 2.1, we can obtain the following equations for the current-
controlled and voltage-controlled memcapacitors:

Cm(D 'q)q(t) = Cmlq)q(t), (20)
u(t) = Cm(@)q(t), (1)

<
—~

~
—

where Cy; is a function of the flux ¢ or charge D~¢(¢).

Capacitor, charge-controlled memcapacitor and voltage-
controlled memcapacitor have similar mathematical expres-
sions. The difference is that the value of the capacitor is fixed,
while the charge-controlled and voltage-controlled memca-
pacitor have a memory effect. The charge-controlled mem-
capacitor remembers the integral value of the charge flowing
through it D, 14, the voltage-controlled memcapacitor remem-
bers the history of the voltage change across the capacitor, the
magnetic flux ¢. Their circuit schematic diagrams are shown
in Fig. 4.
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" CM;M@;

(a) (c)

Fig. 4. Circuit element schematic diagrams of (a) capacitor, (b) current-
controlled memcapacitor, and (c) voltage-controlled memcapacitor.

Imitating the derivation of the memristor in Subsec-
tion 2.1, we can obtain the equations for the current-controlled
and voltage-controlled meminductors as

o(t) = Lu(q)i(t), (22)
o(t) =Lu (D '@)i(t) = Lu(9)i(t), (23)

where Ly is a function of the flux D; !¢ or charge ¢(7).

Inductor, charge-controlled meminductor and voltage-
controlled meminductor have similar mathematical expres-
sions. The difference is that the value of the inductor is fixed,
while the charge-controlled and voltage-controlled meminduc-
tors have a memory effect. The charge-controlled meminduc-
tor remembers the value of the charge ¢ flowing through it,
and the voltage-controlled meminductor remembers the his-
tory of the flux around the meminductor D; ' @. Their circuit
schematic diagrams are shown in Fig. 5.

(a) (b) (c)

Fig. 5. Circuit schematic diagrams of (a) inductor, (b) current-controlled
meminductor, and (c) voltage-controlled meminductor.

2.3. Application of memristors in chaotic systems

As memristors are non-linear devices, they can be used
to construct chaotic circuits. In recent years, the design of
chaotic systems based on memristors has become one of the
hot directions in memristor research. The most common mem-
ristor chaotic system is the use of memristor to replace non-
Itoh and Chual?%
firstly used a flux-controlled segmented linear function as a

linear components in a Chua’s circuit.

model for a memristor, replacing the non-linear Chua’s diode
in the Chua’s circuit, Bao Bo Cheng has made various attempts
at chaotic systems, transient chaos in smooth memristor
oscillator,*”l two-memristor-based Chua’s hyperchaotic cir-
cuit with plane equilibrium and its extreme multistability. 28]

Figure 6 shows the use of a current-controlled memristor
and a voltage-controlled memristor instead of Chua’s diode in
Chua’s oscillator, respectively. The memristor Chua’s oscilla-
tor has more complex dynamic behaviors than the traditional
Chua’s oscillator.

; 1
iR R==
R-% G
MV -
AMT— q i ip
LRI 3
1
3 L + +
L + + Cy,| Ci ® +
c, c, T vy V1 Ry )
=, =fv1 RM\g Ry | - -
RO - - current-
controlled
memristor voltage-
controlled
memristor

(a) (b)

Fig. 6. Chua’s oscillator with (a) current-controlled memristor and (b)
voltage-controlled memristor.

3. Fractional-order memristive device

Fractional calculus has many excellent properties. Frac-
tional calculus is a kind of calculus whose operation order is
non-integer, which has long-term memory, non-locality and
weak singularity. Moreover, the fractional parameters can in-
crease the extra degree of freedom of the system. o and 3 are
required to be negative integers in the Chua’s periodic table,
so some researchers consider using fractional calculus to ex-
tend the Chua’s periodic table and extend & and  to the real
number field (Fig. 7).

B
o) o 01 e} fe
" [Tnductive ’ '
. fpa'étor
.'.' L ". .... "-' “o
© ¢ é} ¢ o o
=2 | 2 Sl 2
- - S. .9 -Capacitive-
Inductive 73 H— fractop
fracmemrispo’r 1 S rac or
@ .——N C o o
M Ry - .
CapaCItlye
" fracmemristor
o o O fo) (0]
G =2

Fig. 7. The fractional order of the Chua’s periodic table of all two-terminal
circuit elements.

3.1. Introduction to fractional calculus

The fractional calculus came into being at the same time
as the classical calculus. In 1695, the German mathemati-
cian Leibniz and the French mathematician L. Hoptial corre-
sponded to each other to discuss the meaning of the deriva-
tive when it became 1/2. Fractional calculus is an exten-
sion of integer-order calculus, which extends the order of
calculus from the integer domain to the fraction, even to
the real number domain and complex number domain. The
most commonly used is the Grunwald—Letnikov definition

(GL definition).2%! 1t follows that
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, . x—a\ NG
oDif(x) = lim ( ~ > ) ¢

k=0

where f(x) is a differ-integrable function, [a,x] is the duration
of f(x), and v is the order of fractional calculus. v > 0 means
the fractional derivative, and v < 0 means the fractional inte-
gral.

3.2. Current fraction-order-controlled and

fraction-order-controlled memristor

voltage

In Eq. (8), the integer-order current-controlled memristor,
the flux ¢ is a single-valued function of the charge g. Some
researchers!!%3’] have assumed that the charge g is not the
first-order integral of the current [Eq. (2)], but the v-order in-
tegral of the current [Eq. (25)], 0 < v < 1. By this method,
a new memristive element, current fraction-order-controlled
memristor (CFM), is proposed. q("> in Eq. (25) means the
v-order derivative of charge ¢, not the v-power of g.

¢")(0)=D/D; i =D, (25)
u(t) = Rm(x)i(t), (26)
x=x(g") =x(D;). @7

In Eq. (26), Ry is the memristance of memristor, the same
CFM fol-
lows the voltage—current relationship of the first-order current-
controlled memristors (14), but the driving function x is differ-

ent. x of CFM is a function of the v-order derivative of charge
)
q\".

with integer-order current-controlled memristor.

When the driving function x is a function of the fractional-
order derivative of flux (p(v), a voltage fractional-order-
controlled memristor (VFM) can be obtained as

(28)

x:x<(p(v>) :x(DtV*lu). (29)

Schematic diagrams of current fraction-order-controlled
memristor (CFM) and voltage fractional-order-controlled
memristor (VFM) are shown in Fig. 8. The difference between
CFM, VFM and memristor in Fig. 1 is small, except that the
driving function of CFM is the v-order differential of charge
q(V), while the driving function of current-controlled memris-
tor is charge ¢, the driving function of VFM is the v-order
differential of flux ¢(), and the driving function of voltage-
controlled memristor is flux ¢.

By using the same extended method of current fraction-
order-controlled memristor, current fraction-order-controlled
memcapacitor (CFMC),[!% voltage fraction-order-controlled
memcapacitor (VFMC), current fraction-order-controlled me-
minductor (CFMI) and voltage fraction-order-controlled me-
minductor(VFMI) can be deduced as

u(r) = (4) q(0), (30)

wmnf(x‘k(xz_vam’

I'k—v)

(24)

| u(t) = () a(0).

Current fraction-order-controlled memcapacitor is given
in Eq. (30), where Cy is the memcapacitance of memcapac-
itor, the same with integer-order memristor. ¢") means v-

(€29

order derivative of charge. In Eq. (31), (p(v) means the v-order
derivative of flux.

o) =Lu (4 (1), (32)
o(r) =L (9 i(r).

Current fraction-order-controlled meminductor is given in

(33)

Eq. (32), where Ly is the meminductance of meminductor,
the same with integer-order meminductor. ¢(") means v-order
derivative of charge. In Eq. (33)), @) means the v-order
derivative of flux.

o

SD(”) +
u Ry

o)

(b)

Fig. 8. (a) Current fraction-order-controlled memristor, (b) voltage fraction-
order-controlled memristor.

Circuit schematic diagrams of CFMC, VFEMC, CFMI and
VEMI are shown in Fig. 9. Schematic diagrams of CFMC,
VEMC, CFMI and VFMI are almost the same as CMC,
VMC, CMI and VMI, except the memorized charge chang-
ing from integer-order to fractional-order, and the memorized
flux changing from integer-order to fractional-order.

+

(v)
u Cum ;f L .4 _

(b)

+

o)
Ly 0

(d)

Fig. 9. (a) Current fraction-order-controlled memcapacitor, (b) volt-
age fraction-order-controlled memcapacitor, (c) current fraction-order-
controlled meminductor, (d) voltage fraction-order-controlled meminductor.
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3.3. Capacitive fractor and inductive fractor

Applying the Laplace transform to both sides of resistor
(4), capacitor (5) and inductor (6), we get Eq. (34), and the
conclusion (35). Naturally, what are represented by the line
segment S between resistor R and capacitor C, and the line
segment S between resistor R and inductor L in Fig. 4.

Uls)

Z(s) = = Fs" 4

()= T = 4
R, if u=0,

F=< C, ifu=-1, (35)
L ifu=1.

)

Pu er al.l'>1% deduced that S| represented capacitive
fractance, where —1 < u < 0 in Eq. (34), and S, represented
inductive fractance, where 0 < u < 1 in Eq. (34). The proper-
ties of capacitive fractance F lie between the capacitor C and
the resistor R. The properties of inductive fractance F! are be-
tween the inductor L and the resistor R. Pu derived the general
expression of arbitrary-order capacitive fractance. It follows
that

FSy = Flip)

= Vi(s)/1i(s)

= ¢~ (m+p) I=p—(m+p) (36)

Here m = [v] is the integer part of v, and p = v —m is the
fractional part of v. F€,, v, ¢, r, and ¢~ (m+P)r1=P denote the
driving-point impedance function, capacitance, resistance, and
capacitive fractance of a purely ideal v-order capacitive frac-
tor. Pu also derived the general expression of arbitrary-order
inducitive fractance. It follows that

Fvl = Fan-p
= Vi(s)/Li(s)
= [mHppl=pgntp, (37)

Here m = [v] is the integer part of v, and p = v —m is the frac-
tional part of v. Fvl, v, I, r, and I"Pr1=P denote the driving-
point impedance function, inductance, resistance, and induc-
tive fractance of a purely ideal v-order inductive factor.

3.4. Capacitive and inductive fracmemristor

Another question, what are represented by the line seg-
ment S4 between memristor Ry and capacitor C, and the
line segment S3 between memristor Ry and inductor L in
Fig. 9? Pul!>!4I gives the derivation. S5 stands for inductive
fracmemristor and Sy stands for capacitive fracmemristor.

Reanalyze the memristor Eq. (11) from a signal and sys-
tem viewpoint. We rewrite the current-controlled memristor
formula to obtain

u(t) = do(q)/dqi(t) = [M(q) +qdM(q)/ dqli(t) 38)
= Rmlq(1)]i(t) = H[q(t)] i(t),

where symbol * denotes convolution, and H[g()] denotes
the transmission function of a memristor. We get u(s) =
r[g(s)]i(s), by implementing a multiplication in Laplace trans-
form domain. r[g(s)] = L{H[g()]} is the reactance of this
memristor. We have derived a general expression for the ca-
pacitive factor (36) and inductive factor (37) in Subsection 3.3.

F¢, = Py,

We can substitute r[g(s)] for r in capacitive factor (36).
Because r[g(s)] is a function of charge g, we can get
the current-controlled capacitive-memristive factor Eq. (39).
We name it the current-controlled capacitive fracmemristor
(CCFM).

FI(s) = u(s) fi(s) = {rlg@)]} s~ (39)

where F. (€M>(s) means the v-order current-controlled capaci-
tive fracmemristance, and ¢ means the capacitance.

We replace r with r[@(s)] in capacitive factor. Because
r[o(s)] is a function of flux @. We get the voltage-controlled

capacitive fracmemristor (VCFM) Eq. (40),
FI(s) = u(s) fi(s) = " {rlo()]} s (40)

Schematic diagrams of CCFM and VCFM are shown in
Fig. 10. FSM) means the v-order capacitive fracmemristance.

(b)
Fig. 10. (a) Current-controlled capacitive fracmemristor and (b) voltage-

controlled capacitive fracmemristor, where F' (fM)

=" means the v-order capac-
itive fracmemristance.

Following the capacitive fracmemristor modification
above, we replace impedance r in inductive factor (37) with

rlq(s)] and r{g(s)],
Fiv =[vrlpg,

We get the current-controlled inductive fracmemristor (CIFM)
Eq. (41) and voltage-controlled inductive fracmemristor
(VIFM) Eq. (42),

FU () =17 {rlq(s)]} 757, @1)

-V

FED () = 17 {rp(s)]} Ps . (42)

-V

Here FfﬁM) is the v-order current-controlled inductive
fracmemristance. / means the inductance. r[g(s)] is a func-
tion of charge ¢, so it is current-controlled. r[@(s)] is a func-
tion of flux ¢, so it is voltage-controlled. Schematic diagrams
of CIFM and VIFM are shown in Fig. 11. F_(LVM) means the
v-order inductive fracmemristance.
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O

(b)

Fig. 11. (a) Current-controlled inductive fracmemristor and (b) voltage-
)

. . . L .
controlled inductive fracmemristor, where FﬁVM means the v-order induc-

tive fracmemristance.

3.5. Impact of fractional order on the performance of
fracmemristor

Without loss of generality, let us take a current-controlled
capacitive fracmemristor as an example to analyze the electri-
cal characteristics of the fracmemristor. Let us assume that the
input causal current sources I(¢) = sin(ar)u(t) applied across
a memristor and a fracmemristor are identical, where a is fre-
quency. Let us illustrate the effect of the fractional-order v on
the electrical characteristics of a fracmemristor. Let us set the
frequency a = 1 rad/s and the time duration of I(¢) be equal
to 67. To illustrate the VI curves of the memristor and the
fracmemristor in the same plot, the experimental values of the

—Fracmemristor
(3‘) —Memristor

b —Fracmemristor
( ) —Memristor

—-0.8-0.4 0 0.4 0.8 -0.8—-0.4 0 0.4 0.8

fracmemristor are divided by 1000. To avoid completely over-
lapping the V—I curve of a fracmemristor with that of mem-
ristor and inconvenience of demonstration, let us set v =0.01,
when v = 0. Thus, the V-I curve of the ideal v-order capacitive
fracmemristor can be shown in Fig. 12.

From Fig. 12, we can observe that if the initial state of an
ideal capacitive fracmemristor is zero and it is stimulated by a
bipolar periodic signal with zero starting value. In Fig. 12(a)
when the fractional-order v — 0, an ideal capacitive fracmem-
ristor degenerates to an ideal memristor. In Fig. 12(c), V-
curve of an ideal 1/4-order capacitive fracmemristor has also
a pinched hysteresis loop start from the original point of (0,
0). However, pinched point of the multiple-valued Lissajous
curves is no longer fixed at the point of (0, 0). In Fig. 12(g),
when the fractional-order v > 2/3, the pinched point disap-
pears. Electrical characteristics of an arbitrary-order fracmem-
ristor depend on the convolution of its input current history and
its fractional calculus. Thus, a capacitive fracmemristor and
inductive fracmemristor can be considered in a certain way as
a nonlinear interpolation of the memristor and capacitor and
that of the memristor and inductor, respectively. Thus, the fin-
gerprints of an arbitrary-order fracmemristor is different from
that of a memristor.

—Fracmemristor,
(C) —Memristor

—Fracmemristor
(d) —Memristor

-0.8—-0.4 0 0.4 0.8 -0.8-0.4 0 0.4 0.8

(e) —Fracmemristor
—Memristor

(f) —Fracmemristor
—Memristor

— Fracmemristor

( ) —Fracmemristo 1
g —Memristor

—Memristor

()

—-08—-04 0 04 0.8 —-0.8-04 0 04 0.8

Fig. 12. Curve of ideal v-order capacitive fracmemristors: (a) 0.01-order one;

(f) 2/3-order one; (g) 3/4-order one; (h) 1-order one.

3.6. Application of fracmemristors in chaotic systems

While scholars have investigated the use of memristors
to replace Chua’s oscillator, there has also been research into
the use of fractional order memristors to replace the non-
linear components in Chua’s chaotic circuits. In 2010, Ivol3!l
firstly applied a current fractional order controlled memristor
to the Chua’s chaotic circuit, replacing the Chua’s diode in
the Chua’s chaotic circuit with a current fractional-order con-
trolled memristor. A schematic diagram is shown in Fig. 13,
where F denotes the current fractional order controlled mem-
ristor. In addition to replacing the non-linear components,
Radwan et al.’'=33 changed the set of partial differential
equations of the Chua’s chaotic circuit to fractional order as

—-0.8-0.4 0 0.4 0.8 —-0.8-04 0 0.4 0.8

(b) 0.1-order one; (c) 1/4-order one; (d) 1/3-order one; (e) 1/2-order one;

well, and the system exhibited more transient properties than
the Chua’s chaotic circuit.

-1
RiG

NV ;

R
i3
CP)
{ L + +
Cy &1
—_—vy, —=— v F

Fig. 13. Chua’s oscillator with fracmemristor.
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4. Conclusion

This paper introduces the development process of mem-
ristor, memcapacitor and meminductor in detail, and gives the
related mathematical derivation from integer-order Chua’s pe-
riodic table to fractional-order Chua’s periodic table. Cur-
rently, there have been a lot of relevant studies on mem-
ristor controlled by fractional-order current or voltage, but
few follow-up studies have been conducted on fracmemris-
tor. Fracmemristor has many aspects to be studied, includ-
ing: (1) basic properties, such as voltage—current character-
istics, voltage step response, current step response, frequency
characteristics, system properties, power consumption, and in-
dex definition; (2) application circuit, such as memory resis-
tance in the analog-to-digital converter, digital-to-analog con-
verter, sample holder, oscillator, modulation and demodula-
tion circuit, power amplifier circuit, high frequency small sig-
nal amplifier circuit and other possible application potential;
(3) chaotic system, such as the study of the characteristics of
the chaotic system and circuit constructed by the memristor,
and explore its application potential in information encryption
and transmission; (4) neural network, such as the synaptic cir-
cuit, neuron circuit and the characteristics of neural network
circuit composed of fracmemristor and its related theory and
practice research; (5) simulator: continue to study the analog
circuit realization of fracmemristor, especially the realization
of simpler analog circuit; (6) digital realization: study the digi-
tal system realization of fracmemristor, and improve the high-
est frequency of its processing signal; (7) the simulation of
natural phenomena and processes: excavate whether the phe-
nomena and processes of existing systems in nature have the
mathematical characteristics of memristor, and excavate the
existence of fracmemristor in nature; (8) physical realization:
excavate the physical realization of fracmemristor, and explore
the possibility of realization from the perspectives of materi-
als, biology, chemistry, etc.
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