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Magnetic reconnection and tearing mode instability play a critical role in many physical processes. The application of
Galerkin spectral method for tearing mode instability in two-dimensional geometry is investigated in this paper. A resistive
magnetohydrodynamic code is developed, by the Galerkin spectral method both in the periodic and aperiodic directions.
Spectral schemes are provided for global modes and local modes. Mode structures, resistivity scaling, convergence and
stability of tearing modes are discussed. The effectiveness of the code is demonstrated, and the computational results are
compared with the results using Galerkin spectral method only in the periodic direction. The numerical results show that
the code using Galerkin spectral method individually allows larger time step in global and local modes simulations, and has
better convergence in global modes simulations.

Keywords: Galerkin spectral method, tearing mode instability, magnetic reconnection, magnetohydrodynam-
ics
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1. Introduction

Magnetic reconnection, the topological rearrangement of
magnetic field lines, was proposed to explain solar flares
by Giovanelli.[1] In astrophysical,[1–5] space,[6–9] and labo-
ratory plasmas,[10–14] the phenomenon has been broadly ob-
served, which converts the magnetic energy into thermal and
kinetic energies of the plasma. Theoretically, there are two
widely quoted theoretical magnetic reconnection mechanisms,
namely Sweet–Parker model and Petschek model.[15,16] Mag-
netic reconnection is considered to play an important role in
some processes, such as the solar flares,[2,17–21] the corona
heating,[3] the coronal mass ejections (CMEs),[22] the mag-
netic substorms[23] and the disruption in tokamaks.[24,25] For
solar flares, the CSHKP model is regarded as a standard
model, in which the conversion of magnetic energy during
the magnetic reconnection is thought to provide an origin for
the released energy of solar flares.[17–20] Meanwhile, the ex-
treme ultraviolet and x-ray observations also provide evidence
of magnetic reconnection in solar flares.[21] In Earth’s mag-
netosphere, the magnetic substorms explosively release en-
ergy from the solar wind, and magnetic reconnection at the
magnetotail is considered to be responsible for the magnetic
substorms.[23] Magnetic reconnection can be triggered by tear-
ing mode instability, which results in magnetic islands as a
consequence of finite resistivity. As one of the important mag-
netohydrodynamics (MHD) instabilities, tearing mode insta-
bility has been widely observed in toroidal plasmas. The mag-
netic island can be driven by the nonlinear tearing mode, and

causes energy loss, crash and disruption.[25] As a catastrophic
loss of plasma control in tokamaks, the disruption leads to
large heat loads and mechanical stresses on surrounding struc-
tures, even causes damage to the machine.[25] Hence, it is cru-
cial to develop the theoretical and simulation study of the tear-
ing mode instability so that the dynamics of many related pro-
cesses can be well understood. The linear and nonlinear theo-
ries of the tearing mode were developed by Furth et al.[26] and
Rutherford.[11]

Spectral methods which originated in Ritz–Galerkin
methods consist of Galerkin, tau and collocation methods.[27]

The main difference between spectral methods, finite element
methods and finite difference methods is that spectral meth-
ods use infinitely differentiable global functions as the trial
functions to approach the solutions. The most frequently used
trial functions are orthogonal polynomials. Spectral methods
are global because the computation at any point depends on
the information from the entire domain. The significant fea-
ture of spectral methods is that the convergence could be more
rapid than any finite power of 1/N, where N is the number
of the terms in the orthogonal polynomials, while the solu-
tion is infinitely smooth.[27] Many schemes of spectral meth-
ods have been developed in the last few decades, especially
in computational fluid dynamics.[27–29] Applications of spec-
tral methods show good performance on many problems, such
as compressible flows, incompressible flows, boundary lay-
ers, parallel flows and turbulence flows. For example, Serre
and Pulicani proposed a high accuracy pseudospectral method
for the computation of the three-dimensional Navier–Stokes
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equations inside a rotating cavity and the results have a good
agreement with experimental and numerical studies.[30]

In recent years, several MHD codes have been devel-
oped, such as NIMROD,[31] XTOR,[32] and CLT,[33] which
have been widely used to study tearing modes. Finite element
and finite difference methods are used frequently as the dis-
crete forms in these codes. Spectral methods are also used
in periodic directions, showing a good performance. For in-
stance, NIMROD uses a Fourier representation in the toroidal
direction, while the accuracy for derivatives in that direction
is increased and several numerical tasks are eased. XTOR
uses it in all the angular directions, and the linear algebra is
much more efficient for the same spectral content. Another 3D
MHD code CLT, developed in recent years, also uses spectral
methods in the φ direction of a cylindrical coordinate system
(R, φ , Z). The effectiveness of these codes has been demon-
strated, and many physical problems were studied by using
these codes.[34–39] Hence, the applications of spectral meth-
ods are noteworthy in MHD simulations of tearing mode in-
stability. However, it seems that spectral methods are not used
as the discrete form individually. For example, XTOR uses a
finite difference method in the radial, NIMROD uses a high-
order finite element method in the poloidal plane, which uses
spectral elements with high-order basis functions inside each
element. In these codes, Fourier representations are used in
one or two directions, and the computations are performed in
the spectrum space and the physical space.

This paper investigates a Galerkin spectral method for
simulating tearing modes based on a 2-field reduced magne-
tohydrodynamics (RMHD) model in two-dimensional space.
The main feature of our code is that the Galerkin spectral
method is used both in periodic and aperiodic directions. Thus,
computations are performed in the spectrum space, and we
do not need to transform polynomials into values, or vice
versa. The mode analysis and filtering are also more conve-
nient. Three cases are simulated in this paper, namely, case I,
II, and III, which represent the single tearing mode, the double
tearing mode and the m = 1 global tearing mode with a slab
geometry, respectively. This paper is organized as follows. In
Section 2, the physical model we used is given. We present
the numerical algorithm in Section 3. Section 4 presents the
simulation results and influences of using spectral methods in-
dividually. In the final section, a brief conclusion is given.

2. Physical model
In this paper, a rectangular coordinate system (x, y) is

used. For the MHD instabilities, especially the finite resis-
tivity induced tearing mode, the system can be described by
the resistive MHD model. In the slab model, the plasma is
assumed to be equilibrium static so that the initial plasma ve-
locity v0 = 0, and the plasma mass density ρ is invariant be-

cause the flow is incompressible. For simplicity, ρ is consid-
ered constant: ρ = 1. The set of fundamental equations are
given as follows:[40]

∂ψ

∂ t
= [ψ,φ ]+S−1

∇
2
⊥ψ, (1)

∂U
∂ t

= [U,φ ]+ [ jz,ψ] , (2)

where ψ , φ , S, U , and jz = −∇2
⊥ψ are the magnetic flux

function, stream function, Lundquist number, vorticity, and z-
component of current density, respectively. The functions ψ

and U can be expressed as

𝐵 = ∇ψ×𝑒z, (3)

𝑈 = ∇×𝑣 =−∇
2
⊥φ𝑒z =U𝑒z, (4)

where 𝐵 is the magnetic field, 𝑣 is the plasma velocity, and
the Poisson bracket is

[ f ,g] =
(

∂ f
∂y

∂g
∂x
− ∂ f

∂x
∂g
∂y

)
. (5)

The Lundquist number S = τη/τa, where τη = µ0L2/η is the
diffusion time due to the finite resistivity and τa = L/va is the
Alfvénic time. The characteristic length L is twenty times
the current sheet width, va = BL/(µ0ρ)1/2 is the Alfvénic
speed, BL is the magnetic field at x = L, µ0 is the vac-
uum permeability, and η is the plasma resistivity. Vari-
ables are normalized as 𝑣/va → 𝑣, t/τa → t, 𝐵/BL →
𝐵, 𝐸/(vaBL) → 𝐸, 𝐽/(BL/µ0L) → 𝐽 , ψ/(BLL) → ψ ,
φ/(vaL)→ φ , U/(va/L)→U , and η/

(
µ0L2/τa

)
→ η , where

𝐸 and 𝐽 are the electric field and current density, respectively.
By asymptotic expansion method, a function f can be

represented as f (x,y, t) = f0 + f1 (x,y, t), where the subscript
0 and 1 denote equilibrium quantities and perturbations, re-
spectively. For the equilibrium quantities independent of y,
we have

∂ f0

∂y
= 0, ∇

2
⊥ f0 =

∂ 2

∂x2 f0. (6)

Equations (1) and (2) can be written as

∂ψ1

∂ t
=−∂ψ0

∂x
∂φ1

∂y
+

∂ψ1

∂y
∂φ1

∂x
− ∂ψ1

∂x
∂φ1

∂y

+S−1
(

∂ 2ψ1

∂x2 +
∂ 2ψ1

∂y2

)
, (7)

∂U1

∂ t
=

∂U1

∂y
∂φ1

∂x
− ∂U1

∂x
∂φ1

∂y
+

∂

∂x

(
∂ 2ψ0

∂x2

)
∂ψ1

∂y

+
∂

∂y

(
∂ 2ψ1

∂x2 +
∂ 2ψ1

∂y2

)(
∂ψ1

∂x
+

∂ψ0

∂x

)
+

∂

∂x

(
∂ 2ψ1

∂x2 +
∂ 2ψ1

∂y2

)
∂ψ1

∂y
. (8)
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3. Numerical algorithm
In this MHD code, Galerkin spectral method is employed

in all directions, and the 4th order Runge–Kutta scheme is
used in the time-advance. The simulation domain is (0,b)×
(0,c). Because Galerkin spectral method is used in all direc-
tions, computations are performed in the spectrum space.

In Galerkin spectral method, the trial functions must fit
the boundary conditions, and the test functions are the same
as the trial functions. In this paper, the simulation includes lo-
cal modes and global modes. Fourier functions are used as the
trial functions in the y direction because of the periodic bound-
ary conditions. Different boundary conditions were assumed
according to the features of local modes and global modes.

For case I, the plasma displacement of single tearing
mode is localized around the rational surface,[41] thus the per-
fectly conducting wall boundary can be applied in the x direc-
tion. For case II, the double tearing mode can exist when two
rational surfaces are close enough.[41] Away from the rational
surface, the perfectly conducting wall boundary condition is
still suitable for case III.

For cases I and II, half-wavelength sine series is used to
fit the boundary condition, and the perturbed field can be rep-
resented as

f1 (x,y, t) = ∑
∞

m=−∞ ∑
∞

l=1 am,l sin
[(

l
π

b

)
x
]

ei(m2π/c)y

≈ f M,N = ∑
N
m=−N ∑

M
l=1 am,l sin

[(
l
π

b

)
x
]

ei(m2π/c)y, (9)

where am,l is the coefficient, which is also the amplitude of the

corresponding Fourier (m, l) component, where m and l denote
the mode numbers in y and x directions.

For case III, the feature of global mode should be consid-
ered. The m = 1 tearing mode results in a single displace-
ment of the flux surfaces,[42] and the perfectly conducting
wall boundary is not suitable for the left boundary. Thus, the
Neumann boundary f ′1 = 0 and the perfectly conducting wall
boundary are used on the left and right edges of the simula-
tion domain, respectively. Cosine series is shifted to fit the
boundary condition, the series can be written as

f M,N =
N

∑
m=−N

M

∑
l=1

am,l cos
[(

l− 1
2

)
π

b
x
]

ei(m2π/c)y. (10)

The approximation error estimate of Eq. (9) can be written as

‖u−PM,Nu‖L2(Ω)

≤ C1N−W
∥∥∥u(W )

y

∥∥∥
L2(Ω)

+C2M−Q
∥∥∥u(Q)

x

∥∥∥
L2(Ω)

, (11)

where u is the perturbed field in Eq. (9), PM,Nu =

∑
N
m=−N ∑

M
l=1 am,l [sin(lπ/b)x]ei(m2π/c)y, u(W )

y = ∂W u/∂yW ,
u(Q)

x = ∂ Qu/∂yQ, C1 and C2 are both constant. The deriva-
tion of Eq. (11) is shown in the Appendix A and the estimate
of Eq. (10) is similar. Thus, the error converges to zero when
the mode number increases.

The trial functions and test functions can be chosen with
above equations. In the Galerkin spectral method, equa-
tions (7) and (8) become

∫ c

0

∫ b

0

∂ψ1

∂ t
f M,N dxdy =

∫ c

0

∫ b

0

[
−∂ψ0

∂x
∂φ1

∂y
+

∂ψ1

∂y
∂φ1

∂x
− ∂ψ1

∂x
∂φ1

∂y
+S−1

(
∂ 2ψ1

∂x2 +
∂ 2ψ1

∂y2

)]
f M,N dxdy, (12)

∫ c

0

∫ b

0

∂U1

∂ t
f M,N dxdy =

∫ c

0

∫ b

0

[
∂U1

∂y
∂φ1

∂x
− ∂U1

∂x
∂φ1

∂y
+

∂

∂x

(
∂ 2ψ0

∂x2

)
∂ψ1

∂y

+
∂

∂y

(
∂ 2ψ1

∂x2 +
∂ 2ψ1

∂y2

)(
∂ψ1

∂x
+

∂ψ0

∂x

)
+

∂

∂x

(
∂ 2ψ1

∂x2 +
∂ 2ψ1

∂y2

)
∂ψ1

∂y

]
f M,N dxdy, (13)

where f M,N is the conjugate of f M,N , equilibrium quantities
and perturbations are represented as trial functions.

With the orthogonality of the trial functions and test func-
tions, equations (12) and (13) can be transformed to coefficient
equations. Thus, the differential equations (7) and (8) can be
solved in the spectrum space, and the derivations of coeffi-
cient equations are shown in the Appendix B. The coefficients
of the stream function φ can not be obtained directly, and it is
necessary to solve Poisson’s equation at every time step. For-
tunately, U is represented by polynomials in this paper. Thus,
the Poisson’s equation becomes a linear equation of the two
coefficient vectors.

To compare with the Galerkin spectral method, we also
implement finite difference collocation method. The code uses
the finite difference method in the x direction and the Fourier-
collocation method in the y direction. The computational grid
is vertically divided, and each term of sine series or cosine
series in the Galerkin spectral code corresponds to one node
in the finite difference collocation code. In the y direction,
the fast-Fourier transform (FFT) is used to transform fields to
Fourier functions, where derivation is easily computed, then
the inverse FFT transforms the results back into the real coor-
dinate space. The Poisson’s equation of U is solved by trans-
forming U into a suitable function of x and y.
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4. Simulation results
In this section, the simulation results of the three cases

are shown. By comparing with the linear theory, the effective-
ness of the Galerkin spectral code is implemented. Then the
influence of using the Galerkin spectral method is discussed
by comparing the results of the Galerkin spectral code with
the finite difference collocation code.

4.1. Equilibrium and perturbation setting

The simulation region is (0,1.5)× (0,1). The set of equi-
librium magnetic field is

B0 (x) = tanh
x− xq

d
, (14)

where xq is the peak position of the current sheet and d is the
sheet width. We choose d = 0.05. For case I, xq = 0.75. For
case II, xq = 0.3.

For case II, there are two current sheets, so the magnetic
field is given by

B0 (x) = tanh
x− xq2

d
− tanh

x− xq1

d
+1, (15)

where xq1 and xq2 are the peak positions of two current sheets,
xq1 = 0.72, xq2 = 0.78.

The initial perturbation is set as

ψ1 (x,y) = ψ̃1e−
(

x−xq
d

)2

cos(2πmy) , (16)

where m is the mode number in the y direction and ψ̃1 is the
amplitude of the initial perturbation.

The equilibrium parameter settings of case I, including
the magnetic field B0, the magnetic flux ψ0 and the current
density j0, are shown in Fig. 1(a). As the trial functions have
been chosen in Section 3, B0 and j0 can be transformed into
truncated cosine series and sine series, respectively.

The global modes also have been simulated. If there is
more than one rational surface (𝑘 ·𝐵 = 0) and these surfaces
are sufficiently close, the double tearing mode can exist be-
cause of the drive between each rational surface.[41] Thus, the
equilibrium of case II has two close current sheets, as shown
in Fig. 1(b). Case III is simulated with suitable boundary con-
ditions chosen in Section 3, and the equilibrium is plotted in
Fig. 1(c).
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Fig. 1. Equilibrium profile of the three cases: (a) I, (b) II, and (c) III.

4.2. Mode structure

Figure 2(a) shows the mode structure of a linear single
tearing mode. According to the Furth–Killeen–Rosenbluth
(FKR) theory,[26] the mode is purely growing and symmetric.
Priest showed the mode structure of the linear tearing mode in
his paper,[24] which is in accordance with the result.

The result of case III is reported in Fig. 2(b). The m = 1
tearing mode in cylindrical geometry is found when the safety
factor q < 1 at the center of the plasma, which results in a
displacement of the entire plasma column instead of signifi-
cant distortions of the flux surfaces.[42] The mode structure in
Fig. 2(b) shows the rapid decrease of the magnetic flux in the
current sheet. Thus, case III is also tested.

In Fig. 2(c), the linear result of case II is plotted, with a
small surface distance. The mode structure of a large ratio-
nal surface distance is shown in Fig. 2(d). As the two graphs
show, the two single tearing modes developed at each corre-
sponding rational surfaces couple with each other when they

are close enough. When the distance is sufficiently large, the
modes decouple, and the double tearing mode becomes two
single tearing modes.
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Fig. 2. Mode structures: (a) case I with S = 106, (b) case III with S = 105,
(c) case II with S = 106, (d) case II with S = 106 while xq1 = 0.375 and
xq2 = 1.125.
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4.3. Resistivity scaling of growth rates

The growth rate scaling of the local tearing mode has
been benchmarked in this part. The FKR theory[26] pre-
dicts the linear growth rate of a resistive tearing mode scal-
ing as γ ∼ τ

−3/5
R τ

−2/5
A . The growth rate also can be written as

γ ∼ η3/5 ∼ S−3/5. One assumption of FKR is that the flux per-
turbation is considered to be constant because the growth time
of the mode is much longer than the skin time of the tearing
layer.[41] For global modes, the assumption is invalid, and the
growth rate is γ ∼ η1/3.[26,41]

The scaling benchmark of the Galerkin spectral code and

the finite difference collocation code are shown in Fig. 3. The
data are plotted in the double-logarithmic coordinates, and the
theoretical scaling is plotted as a line. The scaling results of
these two codes are in good agreement. In Fig. 3(a), the scal-
ing of growth rates of case I is shown, and the resistivity scal-
ing is near S−3/5 over the range of S from 105 to 107. Fig-
ure 3(b) shows the result of case II, and the accurate range of
S is from 5× 106 to 107. The scaling of case III plotted in
Fig. 3(c) shows that the data provides a good fit to the theory
when S is near 105. Thus, the scaling results of the three cases
are all in accordance with the theory.
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Fig. 3. Resistivity scaling of growth rates for the three cases: (a) I, (b) II, and (c) III.

4.4. Convergence benchmark

The convergence in the x direction is benchmarked in this
part. As the spatial resolution increases, the data error of a
numerical code should converge to zero.

Figure 4 shows the growth rate convergence of the two
codes under the same spatial resolutions, while the resistivi-
ties are chosen based on the scaling result. In Fig. 4(a), the
convergence rates of the two codes are similar. For case II or
III, it shows a significant difference that the convergence of

the Galerkin spectral code is faster compared to the finite dif-
ference collocation code. As shown in Fig. 4(b), the Galerkin
spectral code reaches convergence when the number of grid
points is larger than 600, while the convergence of the finite
difference collocation code needs a larger grid number. For
case III, the result in Fig. 4(c) reveals much difference. Thus,
the simulation indicates that the Galerkin spectral code has a
better performance of the convergence in global modes simu-
lations, which shows better accuracy.
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Fig. 4. Convergence comparisons: (a) case I with S = 106, (b) case II with S = 106, (c) case III with S = 105.

4.5. Stability analysis

The time step is limited by the numerical stability. Fig-
ure 5 shows the limited maximum time step of the two codes.
The maximum time step ∆t is compared under equal grids,
and the resistivities are chosen based on the scaling result. As
Fig. 5(a) shows, the results of case I and II are the same. Com-
pared with the finite difference collocation code, the Galerkin
spectral code allows larger time step at small grid number, and
∆t decreases faster as the grid number increases.

As the results in Fig. 5(b), the maximum time step shows
a relationship nearly ∆t ∝ n−2 with the grid number, so fur-
ther computations are performed. In Fig. 6(a), the maximum
time step of case I and II with S = 104 are shown. The smaller
resistivity is chosen because of less computational cost, and
there is still a square relationship. The influence of the time-
advance scheme is also discussed in Figs. 6(b) and 6(c), the
relationships between ∆t and n under different schemes are
sufficiently close.
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4.6. Nonlinear results

Considering the fine mode structure of tearing mode in x
direction, the nonlinear simulation of the single tearing mode
is performed with −8 ≤ m ≤ 8 and 1 ≤ l ≤ 256. Because the
boundary conditions are based on local modes, the m= 1 mode
in this case is equal with the m ≥ 2 modes in the cylinder ge-
ometry. The nonlinear simulation uses the same equilibrium
profiles as that in case I, which is shown in Fig. 1(a). The
perturbation is set as Eq. (16).
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Fig. 7. Growth of magnetic flux perturbation in the current sheet.

Adopting filter in the x direction as

sin(lπ/M)

lπ/M
, l = 1,2, . . . ,M. (17)

The filtering is performed by altering the expansion coeffi-
cients so that the expansion coefficients decay faster for the

higher l. The computation is convenient because the equations
are solved in the spectrum space.

Figure 7 shows the magnetic flux perturbation, including
modes from 0 to 8 and the sum of all modes. The m= 1 pertur-
bation drives the increase of higher m modes, and the growth is
exponential in the linear stage. As the higher harmonic grows,
the nonlinear interactions between different modes become
stronger, and the exponential growth is drastically slowed in
the nonlinear stage. And there is nonlinear saturation in the
end of the linear stage. The results are in accordance with the
features of the nonlinear tearing modes.
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Fig. 8. Mode structures of m = 0 mode and m = 1 mode at different stages.

The mode structures are shown in Fig. 8, with m = 1. The
unstable mode structure in the linear stage t < 10 is shown by a
black dot, the nonlinear evolution in the later stage 10< t < 30
is shown by a red dash, and the saturate stage t > 30 is shown
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by a blue solid line. The structure is a good agreement with
the theory.[24] The m = 0 mode of magnetic flux perturbation
at t = 10 is also plotted, showing a good agreement with the
result of the previous studies.[43] Figure 9 shows the growth
of the magnetic island width, and the flux perturbation is also
plotted. The growth is exponential in the linear stage, then
becomes linear, and tends to be zero. The saturated magnetic
islands are given in Fig. 10.
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5. Conclusion
A Galerkin spectral code is developed to simulate tearing

modes, which is based on a 2-field RMHD model. Galerkin
spectral method is used both in periodic and aperiodic direc-
tions. The partial differential equations are solved in the spec-
trum space, and mode analysis is more convenient in our code.
In this paper, both local modes and global modes are simulated
with proper boundary conditions. The trial functions are cho-
sen to fit the boundary conditions, and the approximation error
is estimated.

The linear results of local and global tearing modes, as
well as the nonlinear results of local tearing mode, provide
a good fit to the theory. As a comparison, the finite differ-
ence collocation code which uses spectral methods in periodic

directions is developed. The resistivity scaling results of the
two codes are both in accordance with the theory. Compared
with the finite difference collocation code, the Galerkin spec-
tral code shows higher accuracy of global modes. The stability
analysis demonstrates that the relationship between the max-
imum time step ∆t and the grid number n is nearly ∆t ∝ n−2

when the grid number is sufficiently large. Although the max-
imum time step of the Galerkin spectral code decreases faster
as the grid number increases, still keeps advantages in a range
where the grid number satisfies the convergence condition. In
the future work, one will generalize the code to a 3D MHD
code of cylindrical geometry or toroidal geometry.

Appendix A: The estimate of approximation er-
ror

The Fourier approximation has been discussed in some
references.[27,44] The computational domain is (0,π) ×
(0,2π). Define SN as the space of the Fourier series, and
PN : L2 (0,2π)→ SN is the orthogonal projection upon SN in
the inner product of L2 (0,2π):

(u−PNu,φ) = 0, ∀φ ∈ SN , (A1)

where L2 (0,2π) is the space of square Lebesgue integrable
functions. With the form of SN , PN is a truncate operator:

PN

(
∑

∞

m=−∞
umφm

)
= ∑

N
m=−N umφm, φm ∈ SN . (A2)

With the above conditions, the estimate is

‖u−PNu‖L2(0,2π) ≤CN−W
∥∥∥u(W )

∥∥∥
L2(0,2π)

, (A3)

where u(W ) means the W -th order derivative of u, W ≥ 0, C is
a constant.

The estimate in two dimensions can be discussed in the
following steps. First, the truncated series of u are

PM,Nu = PF
N PS

Mu = ∑
N
m=−N ∑

M
l=1 am,l sin(lx)eimy, (A4)

where PF
N and PS

M represent the orthogonal projections of the
Fourier series and sine series, respectively. Then we have

u−PF
N PS

Mu = u−PF
N u−

(
I−PF

N
)(

I−PS
M
)

u+u−PS
Mu, (A5)

where I is the unit operator. Thus, the estimate in two dimen-
sions can be obtained by Eq. (A5).

The estimate can be written as∥∥u−PF
N u
∥∥

L2(Ω)
=
∫

π

0

∫ 2π

0

(∣∣u−PF
N u
∣∣2 dydx

)1/2

≤C3N−W
∥∥∥u(W )

y

∥∥∥
L2(Ω)

, (A6)

∥∥u−PS
Mu
∥∥

L2(Ω)
=

(∫ 2π

0

∫
π

0

∣∣u−PS
Mu
∣∣2 dxdy

)1/2

≤C4M−Q
∥∥∥u(Q)

x

∥∥∥
L2(Ω)

, (A7)
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N
)(

I−PS
M
)

u
∥∥≤CM−W

∥∥∥(u−PS
Mu
)(W )

y

∥∥∥
L2(Ω)

≤C5N−W
∥∥∥u(W )

y

∥∥∥
L2(Ω)

. (A8)

where Q≥ 0, Ω = (0,π)× (0,2π).
Thus, the estimate in two dimensions is

‖u−PM,Nu‖L2(Ω) ≤ C1N−W
∥∥∥u(W )

y

∥∥∥
L2(Ω)

+C2M−Q
∥∥∥u(Q)

x

∥∥∥
L2(Ω)

, (A9)

where C1, C2, C3, C4, C5 are constants.

Appendix B: The coefficient equations
In this part, the derivations of coefficient equations are in-

troduced. The coefficient equations can be deduced from the
sample equations as follows:

∂ f M,N

∂ t
= L1gM,NL2hM,N , (B1)

∂ f M,N

∂ t
= L1gM,N , (B2)

where L1 and L2 are space operators,

f M,N = ∑
N
m=−N ∑

M
l=1 am,lϕl(x)φm(y),

gM,N and hM,N are truncated series like f M,N . The forms of
L1 and L2 depend on Eqs. (7) and (8), ϕl(x) and φm(y) are
trial functions in the x direction and y direction, respectively.
Equations (B1) and (B2) represent two forms of terms in the
coefficient equations. In Eq. (B1), ∂am,l/∂ t is relevant to co-
efficients of two series gM,N and hM,N . And it is relevant to
coefficients of series gM,N in Eq. (B2). The terms in Eqs. (7)
and (8) correspond to the right side of Eq. (B1) or (B2).

The coefficient equations of x and y can be considered
separately. In the y direction, Eqs. (B1) and (B2) can be writ-
ten as ∫ 2π

0

∂ f N

∂ t
FN dy =

∫ 2π

0
GNHNFN dy, (B3)∫ 2π

0

∂ f N

∂ t
FN dy =

∫ 2π

0
GNFN dy, (B4)

where f N = ∑
N
m=−N am1φm1(y), FN = ∑

N
m=−N φm(y),

GN = L1gN = ∑
N
m=−N bm2L1φm2(y), and HN = L2hN =

∑
N
m=−N cm3L2φm3(y). The φm1(y), φm2(y), and φm3(y) are

the trial functions, and the φm(y) are the test functions, where
m, m1, m2, and m3 are integers. The trial functions and test
functions in the y direction are chosen in Section 3. Consid-
ering that ∂yeimy = ime imy, f N , FN , GN , and HN are both the
Fourier series.

With the orthogonality, the coefficient equations can be
expressed as

∂am1

∂ t
= bm2cm3 , m1 = m2 +m3, (B5)

∂am1

∂ t
= bm2 , m1 = m2. (B6)

Focus on the x direction, equations (B1) and (B2) become

∫
π

0

∂ f M

∂ t
FM dx =

∫
π

0
GMHMFM dx, (B7)

∫
π

0

∂ f M

∂ t
FM dx =

∫
π

0
GMFM dx, (B8)

where f M = ∑
M
l1=1 al1ϕl1(x), FM = ∑

M
l=1 ϕl(x), GM = L1gM =

∑
M
l2=1 bl2L1ϕl2(x), and HM = L2hM = ∑

M
l3=1 cl3L2ϕl3(x). The

ϕl1(x), ϕl2(x), and ϕl3(x) are the trial functions, and the ϕl(x)
are the test functions, where l, l1, l2, and l3 are positive in-
tegers. The trial functions of case I and II are sine series
in the x direction. Considering that ∂x sin lx = l cos lx, and
∂ 2

x sin lx =−l2 sin lx, f M , FM , and GM are sine series, and HM

are cosine series. Then the coefficient equations of the sine
series can be written as

∂al1
∂ t

= Z1bl2cl3 , (B9)

Z1 =


−1/2, l3 = l2 + l1,

1/2, l3 = l2− l1 or l3 = l1− l2,

0, others,

(B10)

∂al1
∂ t

= bl2 , l1 = l2. (B11)

Since the trial functions of case III are shifted cosine series as
Eq. (10), the coefficient equations are different. For case III,
the functions in Eq. (B8) are all the shifted cosine series and
the result is the same as Eq. (B11). The functions GM in the
Eq. (B7) are the cosine series without phase changing, while
FM , f M , and HM are shifted cosine series. Thus, we have

∂al1
∂ t

= Z2bl2cl3 , (B12)

Z2 =

{
1/2, l2 = l3− l1 or l2 = l1− l3 or l2 = l3 + l1−1,

0, others.

(B13)

The coefficient equations can be composed of the above equa-
tions.
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