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We show that violation of the variance based local sum uncertainty relation (LSUR) for angular momentum operators
of a bipartite system, proposed by Hofmann and Takeuchi [Phys. Rev. A 68 032103 (2003)], reflects entanglement in
the equal bipartitions of an N-qubit symmetric state with even qubits. We establish the one-to-one connection with the
violation of LSUR with negativity of covariance matrix [Phys. Lett. A 364 203 (2007)] of the two-qubit reduced system of
a permutation symmetric N-qubit state.
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1. Introduction
Uncertainty relations place fundamental limits on the pre-

cision achievable in measuring non-commuting observables.
The original idea of uncertainty relation was first introduced
by Heisenberg[1] for position and momentum observables Q,
P. Subsequently, Kennard[2] formulated a mathematically pre-
cise version (with h̄ = 1)

(∆Q)2 (∆P)2 ≥ 1
4
. (1)

Here, (∆Γ )2 = ⟨Γ 2⟩−⟨Γ ⟩2 denotes the variance of the observ-
able Γ = Q or P and the bracket ⟨· · · ⟩= Tr[ρ · · · ] corresponds
to the expectation value in a quantum state ρ .

Weyl[3] and Robertson[4] extended the uncertainty rela-
tion (1) for any arbitrary pair of physical observables A1, A2:

(∆A1)
2(∆A2)

2 ≥ 1
4
|⟨[A1,A2]⟩|2 , (2)

which is commonly referred to as the Heisenberg–Robertson
uncertainty relation in the literature. Here [A1,A2] = A1A2 −
A2A1 denotes the commutator of the observables A1 and A2.
The uncertainty relation (2) imposes restrictions on the prod-
uct of variances (∆A1)

2 and (∆A2)
2, essentially limiting the ca-

pability towards precise prediction of the measurement results
of non-commuting observables. In general, the Heisenberg–
Robertson approach of placing limits on the uncertainties of
incompatible observables in the given quantum state ρ sets
the conventional framework for deriving preparation uncer-
tainty relations. (Preparation uncertainty relations place intrin-
sic bounds on the spread of incompatible observables, mea-
sured in different statistical trials, using identical preparations

of a quantum state. On the other hand, measurement uncer-
tainty relations impose bounds on the error occurring in the
measurement scheme of one of the observables and the corre-
sponding post-measurement disturbance caused on the other
observable in an apparatus.)[5]

Apart from their fundamental interest, uncertainty rela-
tions play a significant role in the field of quantum infor-
mation processing, with several applications such as entan-
glement detection,[6–8] quantum cryptography,[9–15] quantum
metrology[16] and foundational tests of quantum theory.[16,17]

Motivated by their applicability, there has been an ongo-
ing interest in reformulating uncertainty relations express-
ing trade-off of more than two incompatible observables,
formalized in terms of variances,[6,8,18–32] or via informa-
tion entropies.[33–42] Recently several experimental tests have
been carried out to verify different forms of uncertainty
relations.[43–46]

In this paper, we investigate variance based local sum un-
certainty relation (LSUR) for local angular momentum opera-
tors of a bipartite quantum system, proposed by Hofmann and
Takeuchi,[6] and examine the implications of its violation in
bipartite permutation symmetric systems. We show that the
angular momentum LSUR, which places lower bound on the
set of all bipartite separable states, gets violated if and only
if the covariance matrix of the two-qubit reduced system of
the N-qubit permutation symmetric state is not positive semi-
definite. Since it has been shown[47–49] that the covariance
matrix negativity serves as a necessary and sufficient condi-
tion for entanglement in a two-qubit symmetric system, our
result establishes a one-to-one connection between violation
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of the LSUR and pairwise entanglement.

2. Sum uncertainty relation
It may be noted that the term ⟨[A1,A2]⟩ = Tr(ρ[A1,A2])

appearing on the right-hand side of the Heisenberg–Robertson
uncertainty relation (2) vanishes in some specific quantum
states ρ . In such cases, one ends up with a trivial rela-
tion (∆A1)

2(∆A2)
2 ≥ 0 for the product of variances of non-

commuting observables A1,A2. Moreover, variance vanishes
in the eigenstate of one of the observables. In such cases the
Heisenberg–Robertson uncertainty relation (2) fails to capture
the intrinsic indeterminacy of non-commuting observables. To
overcome such issues it is preferable to employ uncertainty
relations placing non-trivial bounds on the sum of variances
(∆A1)

2 +(∆A2)
2. In fact, a lower bound for the sum of vari-

ances may be found by using the inequality ∑
m
α=1 aα/m ≥

(∏α aα)
1/m between the arithmetic mean and the geomet-

ric mean of real non-negative numbers aα ,α = 1,2, . . . ,m.
Choosing a1 = (∆A1)

2, a2 = (∆A2)
2 and using relation (2) one

can obtain a variance based sum uncertainty relation

(∆A1)
2 +(∆A2)

2 ≥ |⟨[A1,A2]⟩| . (3)

However, the sum uncertainty relation (3) is a byproduct
of the Heisenberg–Robertson inequality (2) and thus it is non-
informative for some quantum states ρ , in which one of the
variances and/or ⟨[A1,A2]⟩ vanish.

2.1. Sum uncertainty relations for angular momentum op-
erators

Hofmann and Takeuchi[6] proposed that a non-trivial
lower bound 𝒰 > 0 must exist for the sum of variances
∑α(∆Aα)

2 of a set {Aα}, α = 1,2, . . . of non-commuting ob-
servables, as they do not share any simultaneous eigenstate,
i.e., for non-commuting observables {Aα}, α = 1,2, . . ., the
following inequality holds good:[6]

∑
α

(∆Aα)
2 ≥ 𝒰 . (4)

The lower bound 𝒰 in the sum uncertainty relation (4) cor-
responds to the absolute minimum value

[
∑α(∆Aα)

2
]

min for
any quantum state ρ . While it is tough to determine 𝒰 for
any arbitrary set {Aα} of non-commuting observables in gen-
eral, there are some important physical examples in finite di-
mensional Hilbert spaces, where the limiting value 𝒰 can be
readily identified. For example, in the case of a spin- j quan-
tum system the components of angular momentum operators
{J1,J2,J3} satisfy the following conditions:〈(

J2
1 + J2

2 + J2
3
)〉

= j( j+1),

⟨J1⟩2 + ⟨J2⟩2 + ⟨J3⟩2 ≤ j2.

Thus, one obtains a variance based sum uncertainty rela-
tion for the components (J1,J2,J3) of angular momentum
operator:[6]

(∆J1)
2 +(∆J2)

2 +(∆J3)
2 ≥ j, (5)

imposing a limit on the measurement precision of more than
one of the angular momentum components.

In the specific example of j = 1/2 (i.e., for a qubit),
we have Jα = σα/2, α = 1,2,3, where σα denote the Pauli
matrices. One then obtains the sum uncertainty relation for
qubits:[6]

(∆σ1)
2 +(∆σ2)

2 +(∆σ3)
2 ≥ 2. (6)

Given an arbitrary single qubit density matrix ρ , expressed in
the standard basis {|0⟩, |1⟩} as

ρ =
1
2

(
I +

3

∑
α=1

sα σα

)
, α = Tr[ρσα ]; ∑

α

s2
α ≤ 1, (7)

one obtains (∆σ1)
2+(∆σ2)

2+(∆σ3)
2 = 3−∑α s2

α ≥ 2, in ac-
cordance with the sum uncertainty relation (6). Equality sign
holds when ∑α s2

α = 1, i.e., for pure states of qubit.

2.2. Local sum uncertainty relations for bipartite systems

Let us consider angular momentum operators JAα , JBα

acting on the Hilbert spaces ℋA, ℋB of dimensions dA =

(2 jA + 1), dB = (2 jB + 1) respectively. They satisfy the sum
uncertainty relations

3

∑
α=1

(∆JAα)
2 ≥ jA,

3

∑
α=1

(∆JBα)
2 ≥ jB. (8)

Then, the LSUR[6]

3

∑
α=1

[∆(JAα + JBα)]
2 ≥ jA + jB (9)

is necessarily satisfied by the set of all bipartite separable
states ρ

(sep)
AB =∑k pk (ρAk ⊗ρBk) in the Hilbert space ℋA⊗ℋB.

Violation of the LSUR (9) serves as a clear signature of entan-
glement. This is readily seen by considering a bipartite system
with jA = jB = j prepared in a spin singlet state

|Ψ singlet
AB ⟩= 1√

2 j+1

j

∑
m=− j

(−1) j−m| j,m⟩A ⊗| j,−m⟩B,

in which one obtains

(JAα + JBα) |Ψ singlet
AB ⟩ ≡ 0, α = 1,2,3,

leading to
3

∑
α=1

[∆(JAα + JBα)]
2 = 0.

In other words, the LSUR (9) gets violated in a spin singlet
state |Ψ singlet

AB ⟩, thus highlighting the entanglement property
that local observables of the subsystem A can be determined

060301-2
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by performing measurements on the other subsystem B. More
specifically, violation of LSUR signifies in general that corre-
lations between subsystems in an entangled state can be deter-
mined with enhanced precision than those in a separable state.

It is of interest to explore if violation of local sum uncer-
tainty relations is both necessary and sufficient to detect entan-
glement in some special classes of bipartite quantum systems.
To this end, Hoffmann and Takeuchi[6] considered the follow-
ing two-qubit LSUR:

3

∑
α=1

[∆(σα ⊗ I + I ⊗σα)]
2 ≥ 4, (10)

obtained by substituting jA = jB = 1/2 and JAα = (σα ⊗ I)/2,
JBα = (I ⊗ σα)/2, α = 1,2,3 in relation (9). In the one-
parameter family of two-qubit Werner states,

ρ
Werner
AB =

(1− x)
4

(I2 ⊗ I2)+ x|Ψ⟩AB⟨Ψ |, (11)

where |Ψ⟩AB = 1√
2
(|0A1B⟩−|1A0B⟩ and 0≤ x≤ 1. It is readily

seen that

[∆(σα ⊗ I + I ⊗σα)]
2 = 2(1− x), α = 1,2,3.

Thus, the left-hand side of LSUR (10) is given by

3

∑
α=1

[∆(σα ⊗ I + I ⊗σα)]
2 = 6(1− x) (12)

in the Werner class of two-qubit states, which are known to
be entangled for x > 1/3. From Eq. (12) it is evident that the
LSUR (10) is violated in the parameter range 1/3 < x ≤ 1.
Thus, violation of the two-qubit LSUR (10) is both necessary
and sufficient for detecting entanglement in the one-parameter
family of two-qubit Werner states.

In the next section we discuss violation of LSUR in per-
mutation symmetric N-qubit states.

3. Violation of LSUR by permutation symmetric
N-qubit states
Permutation symmetric N-qubit states draw attention due

to their experimental feasibility and for the mathematical sim-
plicity offered by them.[45–48] This class of states belongs to
the d = 2 j+1 = N+1 dimensional subspace of the 2N dimen-
sional Hilbert space, which corresponds to the maximum value
j = N/2 of angular momentum of N-qubit system. Invariance
under exchange of particles labeled by α , β in a multiparty
state ρsym is exhibited by the property

Παβ ρ
sym = ρ

sym
Παβ = ρ

sym, (13)

where Παβ denotes the permutation operator corresponding to
the interchange of labels α,β .

We focus our attention on permutation symmetric N-qubit
states ρ

sym
AB with even N, i.e., N = 2n with n being an integer

(which corresponds to the value j = N/2 = n associated with
the set {Jtotal

α = Jα ⊗ I⊗n
2 + I⊗n

2 ⊗ Jα , α = 1,2,3} of collec-
tive angular momentum operators of the N-qubit system) and
explore the LSUR (9) for bipartite divisions A, B character-
ized respectively by jA = jB = n/2. The angular momentum
operators of the bipartitions A and B are explicitly given by

JAα = Jα ⊗ I⊗n
2 =

1
2

n

∑
k=1

σkα ⊗ I⊗n
2 ,

JBα = I⊗n
2 ⊗ Jα = I⊗n

2 ⊗ 1
2

n

∑
k=1

σkα , (14)

where I⊗n
2 = I2⊗ I2⊗·· ·⊗ I2 denotes n-th order tensor product

of 2×2 identity matrix I2 and

σkα = I2 ⊗ I2 ⊗·· ·⊗σα ⊗ I2 ⊗·· ·⊗ I2 (15)

with σα , α = 1,2,3 appearing at the position k ≤ n in the
nth order tensor product. Using angular momentum algebra it
readily follows

3

∑
α=1

〈
J2

Aα

〉
ρ

sym
AB

= jA( jA +1) =
n(n+2)

4
, (16)

3

∑
α=1

〈
J2

Bα

〉
ρ

sym
AB

= jB( jB +1) =
n(n+2)

4
. (17)

Furthermore, the expectation values ⟨JAα⟩ρ
sym
AB

, ⟨JBα⟩ρ
sym
AB

,

⟨JAα JBα⟩ρ
sym
AB

evaluated in the N-qubit symmetric state ρ
sym
AB

can be expressed in terms of two-qubit averages as follows:

⟨JAα⟩ρ
sym
AB

=
〈
Jα ⊗ I⊗n

2
〉

ρ
sym
AB

=
1
2

n

∑
k=1

〈
σkα ⊗ I⊗n

2
〉

ρ
sym
AB

=
n
2
⟨σα ⊗ I2⟩ρsym , (18)

⟨JBα⟩ρ
sym
AB

=
〈
I⊗n
2 ⊗ Jα

〉
ρ

sym
AB

=
1
2

n

∑
l=1

〈
I⊗n
2 ⊗σlα

〉
ρ

sym
AB

=
n
2
⟨I2 ⊗σα⟩ρsym , (19)

⟨JAα JBα⟩ρ
sym
AB

=
〈
Jα ⊗ Jβ

〉
ρ

sym
AB

=
1
4

n

∑
k,l=1

⟨σkα ⊗σlα⟩ρ
sym
AB

=
n2

4
⟨σα ⊗σα⟩ρsym . (20)

Here we may notice〈
σkα ⊗ I⊗n

2
〉

ρ
sym
AB

= ⟨σα ⊗ I2⟩ρsym ,〈
I⊗n
2 ⊗σlα

〉
ρ

sym
AB

= ⟨I2 ⊗σα⟩ρsym ,

⟨σkα ⊗σlα⟩ρ
sym
AB

= ⟨σα ⊗σα⟩ρsym ,

irrespective of the qubit labels k, l = 1,2, . . . ,n (because
the system is symmetric under interchange of constituent
qubits),[47–49] with ρsym denoting the two-qubit reduced state
of any random pair (k, l) of qubits, drawn from the n-qubit
partitions A and B of the N = 2n-qubit state ρ

sym
AB .
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Expressing the two-qubit symmetric density matrix

ρ
sym =

1
4

(
I2 ⊗ I2 +

3

∑
α=1

(σα ⊗ I2 + I2 ⊗σα)sα

+
3

∑
α,β=1

(σα ⊗σβ )tαβ

)
, (21)

in terms of its eight real state parameters[47–49]

sα = ⟨σα ⊗ I2⟩ρsym = ⟨I2 ⊗σα⟩ρsym , (22)

tαβ =
〈
σα ⊗σβ

〉
ρsym =

〈
σβ ⊗σα

〉
ρsym = tβα ,

t11 + t22 + t33 = 1, (23)

leads to the following identifications for the expectation values
⟨JAα⟩ρ

sym
AB

, ⟨JBα⟩ρ
sym
AB

, ⟨JAα JBα⟩ρ
sym
AB

(see Eqs. (18)–(20)):

⟨JAα⟩ρ
sym
AB

=
n
2

sα = ⟨JBα⟩ρ
sym
AB

, (24)

⟨JAα JBα⟩ρ
sym
AB

=
n2

4
tαα . (25)

It may be noted that under identical local unitary trans-
formation ρsym →U⊗2ρsym

(
U†
)⊗2, U ∈ SU(2), the qubit ori-

entation vector s = (s1,s2,s3)
T (see Eq. (24)) and the 3× 3

real symmetric two-qubit correlation matrix T =(tαβ ), α,β =

1,2,3 (see Eq. (25)) transform as[48]

s → s′ = Rs, T → T ′ = RT RT, (26)

where R ∈ SO(3) denotes the 3×3 rotation matrix.
Let us consider the angular momentum operators of the

partitions A and B of the even N-qubit density matrix ρ
sym
AB

(see Eq. (14))

JAα = Jα ⊗ I⊗n
2 =

1
2

n

∑
k=1

σkα ⊗ I⊗n
2 ,

J′Bα = I⊗n
2 ⊗

{[
U†(â,θ)

]⊗n
Jα [U(â,θ)]⊗n

}
= I⊗n

2 ⊗ 1
2

n

∑
k=1

{[
U†(â,θ)

]⊗n
σkα [U(â,θ)]⊗n

}
= I⊗n

2 ⊗ 1
2

n

∑
k=1

{
3

∑
β=1

Rαβ (â,θ)σkβ

}

=
3

∑
β=1

Rαβ (â,θ)JBβ , (27)

where U(â,θ) = exp
(
−i(σ ·â)θ

2

)
∈ SU(2) denotes local unitary

operation and Rαβ (â,θ), α,β = 1,2,3 denote the elements
of the corresponding 3× 3 proper orthogonal rotation matrix
R(â,θ) ∈ SO(3), with â, θ being the axis, angle parameters.

In a symmetric even N-qubit state, the angular momen-
tum operators JAα , J′Bα

, α = 1,2,3 obey the following sum
uncertainty relations (see Eq. (8)):

3

∑
α=1

(∆JAα)
2 ≥ n

2
,

3

∑
α=1

(∆J′Bα)
2 ≥ n

2
, (28)

where n = N/2. Then the ensuing LSUR (see Eq. (9))

3

∑
α=1

[
∆
(
JAα + J′Bα

)]2 ≥ n (29)

is satisfied by the set of all separable symmetric states.
Violation of the LSUR (29), i.e., ∑

3
α=1 [∆(JAα + J′Bα

)]2 <

n, reveals that the bipartite state ρ
sym
AB is entangled.

We define

χ(â,θ) =
1
n2

(
3

∑
α=1

{
∆
[
JAα + J′Bα

]}2 −n

)

=
1
n2

( 3

∑
α=1

{
∆

[
JAα +

3

∑
β=1

Rαβ (â,θ)JBβ

]}2

−n
)

(30)

and observe that χ(â,θ) < 0 =⇒ the LSUR (29) is violated.
This in turn implies that ρ

sym
AB is entangled.

We now proceed to prove the following Lemma.
Lemma 1 In an even N-qubit permutation symmetric

state ρ
sym
AB it is seen that

χ(â,θ) =
1
2
(
1− s2

0 +Tr[R(â,θ)C]
)
, (31)

where C = T − ssT is the 3 × 3 real symmetric covariance
matrix[48,49] defined in terms of the two-qubit correlation ma-
trix T = (tαβ ), α,β = 1,2,3,Tr[T ] = 1 (see Eq. (23)) and the
qubit orientation vector s = (s1,s2,s3)

T (see Eq. (22)). The
squared magnitude of the qubit orientation vector is denoted
by s2

0 = sTs = s2
1 + s2

2 + s2
3.

Proof Let us express[
∆(JAα + J′Bα)

]2
= [∆(JAα)]

2 +
[
∆(J′Bα)

]2
+2⟨JAα J′Bα⟩−2⟨JAα⟩⟨J′Bα⟩

and simplify the left-hand side of the LSUR (29) by substitut-
ing Eqs. (18)–(20), (22), (23) to obtain

3

∑
α=1

[
∆(JAα + J′Bα)

]2
=

n(n+2)
2

− n2

2
s2

0 +
n2

2
Tr [R(â,θ)C] . (32)

It readily follows that χ(â,θ) defined in Eq. (30) reduces to
the simple form given by Eq. (31).

Our main result is presented in the form of the following
theorem.

Theorem 1 Permutation symmetric even N-qubit state
violates the angular momentum LSUR (29) if the associated
two-qubit covariance matrix C = T − ssT has a strictly nega-
tive eigenvalue.

Proof Violation of the LSUR (29) is ensured when-
ever there exist axis-angle parameters a = (a1,a2,a3)

T, aTa =

a2
1 +a2

2 +a2
3 = 1, 0 ≤ θ ≤ 2π such that χ(â,θ)< 0. We show
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in the following that it is possible to choose these parameters
such that χ(â,θ) < 0 ensuring violation of LSUR (29) when
the two-qubit covariance matrix C = T − ssT is not positive-
definite possessing at least one negative eigenvalue.

Substituting the explicit form[59] for the elements of the
rotation matrix R(â,θ), i.e.,

Rαβ = cosθδαβ +(1− cosθ)aα aβ − sinθεαβγ aγ ,

α,β ,γ = 1,2,3 (33)

in terms of the axis-angle parameters and using the property
cαβ = cβα of the covariance matrix C = T − ssT, we obtain

Tr[R(â,θ)C] = cosθTr[C]+ (1− cosθ)aTCa

= cosθ(1− s2
0)+(1− cosθ)aTCa, (34)

where we have substituted

Tr[C] = (1− s2
0). (35)

Furthermore, choosing the rotation axis a = (a1,a2,a3)
T to be

the eigenvector of the two-qubit covariance matrix C, corre-
sponding to its least eigenvalue cL, and setting the rotation
angle to be θ = π in Eq. (34) we get

Tr[R(â,θ = π)C] = −(1− s2
0)+2cL. (36)

Substituting Eq. (36) in Eq. (31) leads to

χ(â,θ = π) = cL. (37)

It is thus evident that the LSUR (29) is violated, whenever
cL < 0, hence proving the theorem.

In Ref. [48] it has been established by some of us that
a two-qubit symmetric state ρsym is entangled (negative un-
der partial transpose) if and only if its associated covariance
matrix C = T −ssT is negative. Thus the above theorem draws
attention to the fact that entanglement in the two-qubit reduced
state ρsym of the whole symmetric even N-qubit system ρ

sym
AB

reflects itself in the violation of the LSUR (29).
Substituting Eq. (36) in Eq. (32), the left-hand side of

LSUR, one obtains

3

∑
α=1

[
∆(JAα + J′Bα)

]2
= n(1+ncL). (38)

Thus
3

∑
α=1

[
∆(JAα + J′Bα)

]2 ≥ n ⇒ (1+ncL)≥ 1, (39)

where LSUR (29) is expressed in terms of the least eigen-
value of the two-qubit covariance matrix C. As long as cL ≥ 0
(which happens to be the case for separable symmetric states)
the LSUR (39) is obeyed.

We discuss two specific physical examples of N-qubit
symmetric states which violate relation (39) in the following
section.

4. Examples of N-qubit symmetric states violat-
ing the angular momentum LSUR

4.1. Symmetric multiqubit state generated by one-axis
twisting Hamiltonian

Kitagawa and Ueda[60] proposed a nonlinear Hamiltonian

Ĥ = χJ2
1 ,

referred to as the one-axis twisting Hamiltonian for generat-
ing multiqubit spin squeezed states, where J1 denotes one of
the components of the collective angular momentum operator
of the N-qubit system.

Dynamical evolution of an initially spin-down state
| j,− j⟩ of the N = 2 j qubit system, governed by the one-axis
twisting Hamiltonian, results in[60]

|ΨKU⟩ = exp(−iHt)| j,− j⟩, j =
N
2
. (40)

In Refs. [47,52], authored by some of us, the mean spin
vector s = (s1,s2,s3)

T and the correlation matrix T of a ran-
dom pair of qubits drawn from the state |ΨKU⟩ were explicitly
given: The mean spin vector is given by

sT =
(

0,0,−cos(N−1)(χt)
)

(41)

and the nonzero elements of the 3×3 real symmetric matrix T
take the form

t11 = t13 = t23 = 0, t12 = cos(N−2)(χt)sin(χt),

t22 =
1
2

[
1− cos(N−2)(2χt)

]
, t33 = 1− t22. (42)

We then construct the covariance matrix C = T −ssT and eval-
uate its eigenvalues as a function of the number of qubits N
and the dimensionless dynamical parameter χt. Figure 1 il-
lustrates the behavior of the left-hand side of the LSUR (39)
with respect to χt for different choices of n = N/2. Violation
of LSUR (39) is clearly seen in Fig. 1, as 1+ ncL < 1 and it
is a signature of entanglement in the symmetric N-qubit state
(40), where bipartite divisions are characterized by the collec-
tive angular momenta jA = jB = n/2.

0
0

0.1 0.2 0.3

χt/π

n/

n/

n/

n/

n/

.

.


⇁
n
c
L

Fig. 1. A plot of (1+ncL), the left-hand side of the LSUR (39), in the
N-qubit symmetric state |ΨKU⟩ given in Eq. (40), as a function of the di-
mensionless dynamical parameter χt for different choices of n = N/2.
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4.2. One-parameter family of W-class N-qubit states

We consider the one-parameter N-qubit symmetric state
of the W-class:[61]

|Ψ⟩W = a|01,02, . . . ,0N⟩+
√

1−a2|W ⟩, 0 < a < 1, (43)

where

|W ⟩ =
1√
N
(|11,02, . . . ,0N⟩+ |01,12,03, . . . ,0N⟩+ · · ·

+ |01,02, . . . ,1N⟩) (44)

denotes the symmetric N-qubit W state.
Reduced two-qubit density matrix ρsym =

TrN−2[|Ψ⟩W⟨Ψ |] obtained by tracing any of the N − 2 qubits
is found to be[61]

ρ
sym =

1
A+2D


A B B 0
B D D 0
B D D 0
0 0 0 0

 , (45)

where

A =
N2a2 +(N −2)(1−a2)

N2a2 +N(1−a2)
, B =

a
√

1−a2

1+a2(N −1)
,

D =
1−a2

N2a2 +N(1−a2)
. (46)

The covariance matrix elements cαβ = tαβ − sα sβ are read-
ily evaluated in the two-qubit symmetric state ρsym =

TrN−2[|Ψ⟩W⟨Ψ |] and the associated 3×3 matrix C = T − ssT

takes the form

C =
1

(A+2D)2

×

 2D(A+2D)−4B2 0 4BD
0 2D(A+2D) 0

4BD 0 −4D2

 . (47)

We have plotted the left-hand side of the LSUR (39) as a func-
tion of the parameter a, for different choices of the angular
momenta jA = jB = n/2 in Fig. 2. Violation of the LSUR, i.e.,
(1+ ncL) ≤ 1, is manifestly seen in Fig. 2, revealing entan-
glement in the bipartite divisions (characterized by collective
angular momenta jA = jB = n/2) of the W-class N-qubit state
(43).

a


⇁
n
c
L

n/

n/

n/

n/

n/

1.00

0.95

0.85

0.90

0 0.2 0.4 0.6 0.8 1.0

Fig. 2. Plot of (1+ ncL), i.e., the left-hand side of relation (39) of the
LSUR, in the W-class N-qubit symmetric state (43), as a function of the
parameter a for different values of n = N/2. Here cL denotes the min-
imum eigenvalue of the covariance matrix C (see Eq. (47)) associated
with the W-class state.

5. Concluding remarks
In this paper, we have shown that angular momentum

LSUR in bipartitions of symmetric multiqubit states with even
number of qubits are violated when the covariance matrix of
the two-qubit subsystem is not positive-definite. Entanglement
between equal bipartitions is ensured when the LSUR in angu-
lar momentum operators of an even N-qubit symmetric state is
violated or equivalently the covariance matrix of the two-qubit
subsystem possesses at least one negative eigenvalue. Our il-
lustration of this result in two important classes of symmet-
ric multiqubit states helps in discerning entanglement in their
equal bipartitions through the parameters of two-qubit reduced
system.

One of the main advantages of employing LSUR is the
fact that it is possible to detect entanglement without a com-
plete knowledge of the quantum state and it suffices to de-
termine experimental friendly variances of local angular mo-
mentum observables for this purpose. As violation of LSUR
is a collective feature of entanglement in symmetric multiqubit
states, it is of interest to contrast this with another experimen-
tal friendly feature namely, spin squeezing.[62,63] Spin squeez-
ing is only a sufficient collective criterion for pairwise (two-
qubit) entanglement in multiqubit symmetric states. Not all
entangled symmetric states are spin squeezed. On the other
hand, violation of LSUR reflects itself as a collective feature
which is both necessary and sufficient for pairwise entangle-
ment. A promising future direction lies in formulating LSUR
for higher rank irreducible tensors constructed from angular
momentum operators[64] so that their violation brings forth
genuine entanglement beyond two-qubit quantum correlations
in the global symmetric system.
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