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We propose schemes of direct concurrence measurement for two-qubit phononic states from quantized mechanical
vibration. By combining the Mach–Zehnder interferometer with the optomechanical cross-Kerr nonlinear effect, direct
concurrence measurement schemes for two-qubit phononic entangled states are achieved with the help of photon detection
with respect to the output of the interferometer. For different types of entangled states, diversified quantum devices and op-
erations are designed accordingly. The final analysis shows reasonable performance under the current parameter conditions.
Our schemes may be useful for potential phonon-based quantum computation and information in the future.
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1. Introduction
Entanglement plays a vital role in quantum physics be-

cause of its applications in quantum information science and
testing the fundamental principles of quantum mechanics.[1–4]

As the earliest proposed two-qubit entangled states, Bell-
states, which violate the locality inequalities at the extreme,
have great significance for the quantum information process-
ing (QIP) because more entanglement means a better perfor-
mance (a higher success probability or fidelity). Therefore, in
most of early research, the maximally entangled pure states,
such as Bell states, attracted a great deal of attention.[5,6] Nev-
ertheless, owing to the ambient noise, a Bell state is easy to be
disturbed and eventually degenerates to a nonmaximally en-
tangled state or even a mixed state. It is natural to consider re-
alizing QIP with specific nonmaximally entangled states. Re-
cent research on the nonmaximally entangled states as funda-
mental physical resources have found some interesting appli-
cations in QIP tasks. More and more research on nonmaxi-
mally entangled pure states or mixed states are invested.[7–10]

Specifically, under the influence of external environment, typ-
ical maximally entangled Bell states might become nonmax-
imally entangled Bell-like states, or mixed states, e.g., the
Werner states[10,11] or the Collins–Gisin states.[12,13] Since
different degrees of entanglement can have different potential
applications, to quantify the various entangled states is of im-
portant significance in QIP applications.

There have been several methods to quantify an entangled

state, such as Bell inequalities,[14] logarithmic negativity,[15]

Duan criterion,[16] entanglement witnesses[17] and quantum
state tomographic reconstruction.[18] For an entangled state
whose compositions are known, its entanglement can be cal-
culated by the state parameters, regardless of which entangle-
ment measure criterion is adopted. But for an entangled state
with unknown parameters, a method named entanglement of
formation (EOF), which was introduced by Bennett et al. in
1996, could be one alternative way for its easy-to-operate
feature.[9,19] Based on EOF, Wootters et al.[20,21] proposed an
exactly calculable quantity, i.e., concurrence, to quantify the
entanglement of an arbitrary two-qubit state ρ12. According to
Ref. [20], there is an explicit formula for concurrence as

C = max{0, λ1−λ2−λ3−λ4}, (1)

where λi (i = 1,2,3,4) are the square roots of the eigenval-
ues of the operator ρ12(σ

y
1 ⊗σ

y
2)ρ

∗
12(σ

y
1 ⊗σ

y
2) in decreasing

order.[21,22] In recent years, a number of theoretical and exper-
imental schemes have been presented for direct measurement
of concurrence for two-qubit entangled states,[23–28] including
pure states and mixed states. So far, most existing studies paid
attention to measurement entanglement for atomic entangled
states with cavity quantum electrodynamics system[29–33] or
photonic entangled states with optical elements.[34,35]

In recent years, mechanical resonators are considered
as important platforms for performing QIP tasks owing
to their unique features, such as low-dissipation, tunable
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coupling to other quantum systems.[36,37] Optomechanical
system,[36–47] a composite structure of mechanical resonators,
has been applied to QIP tasks such as storage,[48] sensors,[49]

transducers,[50] entanglement generation[51,52] and entangle-
ment concentration.[53] Compared to photons, phonons move
much slowly, and consequently, they are more apposite for
storing and transferring quantum information. Recent research
showed phonons of quantized mechanical vibration modes
can be confined in mechanical resonators[54,55] and propa-
gate in phononic waveguides.[56] Besides, with the help of
phononic crystal, the mechanical Q-factor can be effectively
enhanced.[54,55] These new progresses pave the way for real-
izing the applicable QIP tasks with optomechanical systems.

In this paper, we put forward schemes of directly mea-
suring concurrence for two-qubit phononic entangled states,
including two-qubit nonmaximally entangled Bell-like states,
the Werner states and the Collins–Gisin states. In our schemes,
since phonons cannot be operated as photons, the original
phononic entangled states are measured with the help of cross-
Kerr nonlinearity in an optomechanical system. Firstly, com-
bining the cross-Kerr optomechanical systems and a Mach–
Zehnder interferometer, we propose a scheme for measuring
phononic Bell-like state with the aid of optomechanical non-
linear interactions. As a result of this concurrence measure-
ment scheme, a nonlocal four-phonon maximally entangled
state is shared between two spatially separated participants.
Furthermore, by postselecting the odd parity state of phonons,
we present the direct measurement schemes for two classes
of two-phonon mixed states, Werner states and Collins–Gisin
states. Finally, we analyze the influence of less-than-ideal
experimental parameters and evaluate the feasibility of our
schemes.

2. Cross-Kerr optomechanical system
We consider an optomechanical system to realize a cross-

Kerr optomechanical interaction between the photon and the
mechanical oscillator.[57–59] Here a membrane mode (de-
noted as b′ with frequency ωm′ ) is quadratically coupled to
a Fabry–Pérot cavity mode (denoted as c with frequency ωc)
with the “membrane-in-the-middle” configuration, as shown
in Fig. 1. The cavity couples with the mechanical membrane
with strength g. The mechanical membrane tunneling cou-
ples to the target mechanical oscillator (denoted as b with fre-
quency ωm) with strength V , and this interaction can be re-
alized by a resonator interacting with a transmission line res-
onator via a capacitance C.[60] Under the condition ωm′ � g,
b′2 and b′†

2
can be ignored by rotating wave approximation.

Meanwhile, when the dissipation rate of mechanical oscilla-
tors is weak enough and the dynamic time of the oscillators
is much smaller than that for cavity field, we can regard pho-
ton number Nc as independent of time t in the phonon evolu-
tion period. Under the weak driving condition, the occupation

number of the system is rather small. Besides, we consider the
dissipation of the mechanical membrane is much larger than
that of the target mechanical oscillator. As detailed in the Ap-
pendix of Ref. [57], under these conditions, one can obtain the
effective interaction between the optomechanical cavity and
the oscillator mode b as

H = ωc,effc†c+ωm,effb†b+geffc†cb†b. (2)

Here ωc,eff and ωm,eff are the effective frequencies of the cav-
ity and the mechanical oscillator, respectively, and geff is the
effective nonlinear coupling strength. Here

ωm,eff = ωm−
V 2(ωm′ −ωm)

|A|2
,

ωc,eff = ωc−ωd−g,

geff =
2gV 2

|A|2
,

A = i(ωm′ −ωm)+(γ1− γ2)/2, (3)

with ωd the frequency of the driving laser, γ1 and γ2 the de-
cay rates of mode b′ and b. We can see that it is actual
the membrane-in-the-middle connecting the mechanical mode
outside the cavity with the cavity mode, and leading to this
effective cross-Kerr Hamiltonian. By using the Fock states of
photon in the cavity as the signal mode, and the excited-(|1〉m)
(ground-(|0〉m)) state of the oscillator states as the target mode,
with Hamiltonian (2), the system evolves as[57]

|0〉c|0〉m→ |0〉c|0〉m,
|0〉c|1〉m→ e−iθ01 |0〉c|1〉m,
|1〉c|0〉m→ e−iθ10 |1〉c|0〉m,
|1〉c|1〉m→ e−iθ11 |1〉c|1〉m. (4)

Here the accumulated phases θ01 = ωm,efft, θ10 = ωc,efft and
θ11 = (ωm,eff +ωc,eff−geff)t.

input

Membrane

C

ωm↪b
ωc↪c

ωm′↪b′

Fig. 1. Schematic illustration of an optomechanical system consists
of a membrane quadratically coupled to an optical cavity mode. The
membrane is in the middle of the cavity and interacted to the target me-
chanical oscillator through the medium of capacitance C.

3. Direct measurement of nonlocal two-phonon
entangled Bell-like states
In this section, we show the process for measuring nonlo-

cal phononic Bell-like states. This kind of states might decay
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from an initial maximally entangled Bell state since the atmo-
spheric turbulence or fibre birefringence in the entanglement
distribution process. As shown in Fig. 2, four mechanical os-
cillators a1, b1, a2, and b2 are coupled to four cavities A1, B1,
A2, and B2, respectively. Initially, assume two participants Al-
ice and Bob share two pairs of entangled oscillator modes (a1,
b1) and (a2, b2) with the form

|ψ〉a1b1 = α|00〉a1b1 +β |11〉a1b1,

|ψ〉a2b2 = α|00〉a2b2 +β |11〉a2b2, (5)

where |α|2 + |β |2 = 1, and |k1k2〉µν (k1,k2 = 0,1 and µ,ν =

a1,b1,a2,b2) is the phonon number state with k1 phonons in
the oscillator mode µ and k2 phonons in the oscillator mode
ν . Alice introduces a single photon pulse into the import of
a beam splitter (BS1), which applies Hadamard operation on
the spatial mode of the photon. That is, letting a photon enter
the cavity A1 or A2 with the same probability. By applying the
nonlinear interaction shown in Eq. (4) to the phonon–photon
composite state, it evolves as

|Ψ〉1 =
1√
2
(|10〉A1A2 + |01〉A1A2)

⊗(α|00〉+β |11〉)a1b1⊗ (α|00〉+β |11〉)a2b2

−→ 1√
2
[|10〉A1A2⊗ (α e−iθ10 |00〉+β e−iθ11 |11〉)a1b1

⊗(α|00〉+β e−iθ01 |11〉)a2b2

+ |01〉A1A2⊗ (α|00〉+β e−iθ01 |11〉)a1b1

⊗(α e−iθ10 |00〉+β e−iθ11 |11〉)a2b2], (6)

where |k1k2〉A1A2 (k1,k2 = 0,1) denotes the Fock state with
k1 (k2) photons in cavity A1 (A2). Then the photon will in-
terfere at the outer beam splitter BS2. If the photon is de-
tected at the dark port of BS2, the single-photon state |ψ〉p =
(|10〉A1A2 − |01〉A1A2)/

√
2 is orthogonal postselected. Then,

the final state of the mechanical oscillators will collapse into

|Ψ〉2 =
1
2
[(α e−iθ10 |00〉+β e−iθ11 |11〉)a1b1

⊗(α|00〉+β e−iθ01 |11〉)a2b2

−(α|00〉+β e−iθ01 |11〉)a1b1

⊗(α e−iθ10 |00〉+β e−iθ11 |11〉)a2b2]

=
1
2

αβξ (t)(|0101〉− |1010〉)a1a2b1b2, (7)

where ξ (t) = e−i(ωm,eff+ωc,eff)t(1− e igefft). Therefore, the four
mechanical oscillators a1, a2, b1 and b2 collapse to a maxi-
mally entangled Greenberger–Horne–Zeilinger (GHZ) state

|GHZ〉1 =
1√
2
(|0101〉− |1010〉)a1a2b1b2. (8)

Direct calculation gives the successful probability

P(|ψ〉) = 2|αβ |2 sin2
(

gefft
2

)
(9)

with |ψ〉 the nonmaximally entangled Bell state in Eq. (5). At
time t = (2n+1)π/geff, the maximal probability is

P(|ψ〉)max = 2|αβ |2. (10)

From Eq. (7), one can see that by performing an orthogonal
postselection with the photon state, the state with oscillator
modes a1 and a2 in odd parity is postselected. What’s more,
the single-photon detection projects the phonons to a four-
qubit maximally entangled state, which makes it possible to
carry out other subsequent phonon-based quantum QIP tasks.

BS1 BS2

Bob Alice

Dark

b

b

a

a

in

Cavity A

Cavity A

Bright

Cavity B

Cavity B

Fig. 2. Schematic of direct concurrence measurement scheme for two-
phonon Bell-like state. aj (bj) ( j = 1, 2) are four mechanical oscillators.
The dotted wavy lines indicate the initially entanglements between the os-
cillator modes. BS is a beam splitter which splits the photon pulse into two
spatial modes at equal probability. BS2 together with BS1 and two cavities
constitute a Mach–Zehnder interferometer.

Otherwise, if the photon exits the bright port of BS2, the
single-photon state |ψ ′〉p = (|10〉A1A2 + |01〉A1A2)/

√
2 is or-

thogonal postselected, and the final state of the mechanical
oscillators will collapse into

|Φ〉 = 1
2
[2α

2 e−iθ10 |0000〉a1a2b1b2

+αβξ (t)(|0101〉a1a2b1b2 + |1010〉a1a2b1b2)

+2β
2 e−i(θ01+θ11)|1111〉a1a2b1b2]. (11)

This result shows that if the photon exits the bright port, the
postselection process fails because the terms with the two
phonons in even parity will not cancel each other out.

Based on Eq. (1), we can conclude the concurrence of the
entangled Bell-like state by the above detection event as

C(|ψ〉) = 2|αβ |=
√

2P(|ψ〉)max. (12)

That is, the concurrence of the initial phononic entangled state
|ψ〉 can be obtained by the relevant detection probability of
the single-photon state. Besides, this concurrence measure-
ment scheme for Bell-like state |ψ〉 should be also applicable
for the other three ones.

4. Direct measurement of two-phonon entangled
Werner states
In an actual physical situation, because of ambient noise,

a maximally entangled Bell state could easily decay into a
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Werner state, which therefore will inevitably be faced by re-
searchers in practical QIP tasks. From now on, we design
the single-copy direct entanglement measurement scheme of
an unknown Werner state. The density operator of a common
two-qubit Werner state takes the form

ρW =
1− f

4
I + f |φ〉〈φ |, (13)

where f is the mixing proportion parameter, I is the 4×4 iden-
tity matrix and |φ〉 = (|01〉+ |10〉)/

√
2 is a maximally entan-

gled Bell state.

a

a

BS1 BS2

in

Bright 

Dark

Cavity A

Cavity A

Fig. 3. Schematic of single-copy entanglement measurement scheme
for phononic Werner states. The wavy dotted line represents entangle-
ment between phonons.

We now explore the entanglement measurement of me-
chanical oscillators’ Werner states with single-photon pulse as
auxiliary, as depicted in Fig. 3. The initial state of the en-
tire system can be expressed as |1〉in〈1|⊗ρW, which consists
of five components. After the photon split by the inner beam
splitter BS1, according to the cross-Kerr nonlinearity process
described in Eq. (4), each component of the initial system
evolves as

1√
2
(|01〉a1a2 + |10〉a1a2)⊗|1〉in

→ 1
2
[|10〉A1A2⊗ (e−i(θ10+θ01)|01〉+ e−iθ11 |10〉)a1a2

+|01〉A1A2⊗ (e−iθ11 |01〉+ e−i(θ01+θ10)|10〉)a1a2],

|01〉a1a2⊗|1〉in

→ 1√
2
[|10〉A1A2⊗ e−i(θ10+θ01)|01〉a1a2

+|01〉A1A2⊗ e−iθ11 |01〉a1a2],

|10〉a1a2⊗|1〉in

→ 1√
2
[|10〉A1A2⊗ e−iθ11 |10〉a1a2

+|01〉A1A2⊗ e−i(θ01+θ10)|10〉a1a2],

|00〉a1a2⊗|1〉in

→ 1√
2
[|10〉A1A2⊗ e−iθ10 |00〉a1a2

+|01〉A1A2⊗ e−iθ10 |00〉a1a2],

|11〉a1a2⊗|1〉in

→ 1√
2
[|10〉A1A2⊗ e−i(θ01+θ11)|11〉a1a2

+|01〉A1A2⊗ e−i(θ11+θ01)|11〉a1a2]. (14)

Finally, after the photon interferes at the second beam split-
ter BS2, the dark port detection is identified. If a photon
is detected at the dark port, an orthogonal postselection is
performed with the single-photon state |ψ〉p = (|10〉A1A2 −
|01〉A1A2)/

√
2, three of the five components of initial Werner

state together with input photon evolve as

1√
2
(|01〉a1a2 + |10〉a1a2)|1〉in

→ 1
2
√

2
ξ (t)(|01〉a1a2−|10〉a1a2),

|01〉a1a2|1〉in→
1
2

ξ (t)|01〉a1a2,

|10〉a1a2|1〉in→−
1
2

ξ (t)|10〉a1a2, (15)

and the probabilities of these three interactions are f , (1−
f )/4, and (1− f )/4, respectively. While the terms with
|00〉a1a2 and |11〉a1a2 will not be detected at the dark port be-
cause of destructive interference. Direct calculations show the
maximal total dark port detection probability is

PW,max =
1+ f

2
. (16)

Combining the aforementioned concurrence formula, we can
get the concurrence of initial Werner state as

C(ρW) =
3 f −1

2
= 3PW,max−2. (17)

So far, we have accomplished the direct entanglement
measurement of unknown two-qubit phononic Werner state
with one copy initial state and an auxiliary photon pulse. As
it should be, this scheme is also applicable to other parallel
Werner states when |φ〉 is replaced by other Bell states.

5. Direct measurement of two-phonon Collins–
Gisin states
Subsequently, we consider to measure the concurrence

of another two-qubit mixed states called Collins–Gisin states,
which can be expressed as

ρCG = f |ψ〉〈ψ|+(1− f )|01〉〈01|. (18)

Concretely speaking, assume Alice and Bob share two identi-
cal phononic Collins–Gisin states ρa1b1 and ρa2b2. The joint
state of the four oscillator modes can be expressed as

ρa1a2b1b2 = f 2|ψ〉a1b1〈ψ|⊗ |ψ〉a2b2〈ψ|
+ f (1− f )|ψ〉a1b1〈ψ|⊗ |01〉a2b2〈01|
+ f (1− f )|01〉a1b1〈01|⊗ |ψ〉a2b2〈ψ|
+(1− f )2|01〉a1b1〈01|⊗ |01〉a2b2〈01|. (19)

080307-4



Chin. Phys. B 31, 080307 (2022)

As shown in Fig. 4, single-photon pulses 1 and 2 are intro-
duced by Alice and Bob respectively. Similar to the discus-
sions in Eqs. (6) and (7), if the two photons are both detected
at the dark port after the outer beam splitters BS2 and BS4, one
component of the photon–phonon composite system evolves
as

|ψ〉a1b1|ψ〉a2b2|1〉in1|1〉in2

→ 1
4

αβξ
2(t)(|0101〉+ |1010〉)a1a2b1b2. (20)

While the other components |ψ〉a1b1|01〉a2b2, |01〉a1b1|ψ〉a2b2

and |01〉a1b1|01〉a2b2 will not result in dark port detection on
both participants. So the coincidence dark port detections will

collapse state ρa1a2b1b2 into a nonlocal four-qubit GHZ state

|GHZ〉2 =
1√
2
(|0101〉a1a2b1b2 + |1010〉a1a2b1b2) (21)

with a maximal probability

PCG,max = 2|αβ |2× f 2. (22)

As the concurrence of ρCG is 2 f |αβ |, we can get the concur-
rence

C(ρCG) =
√

2PCG,max (23)

accordingly.

a

a

b

b

BS1 BS2

in1in2

BS3BS4

AliceBob

BrightBright 

DarkDark

Cavity A

Cavity A

Cavity B

Cavity B

Fig. 4. Schematic of direct concurrence measurement scheme for a class of two-qubit phonon mixed state, the Collins–Gisin states. The wavy
dotted lines represent entanglements between phonons.

So far, as shown in Figs. 2–4, we have designed differ-
ent schemes for measuring concurrence of different phononic
entangled states. Therefore, in the case of knowing the types
of entangled states, we can choose a pertinent measurement
scheme for concurrence measurement.

6. Analysis and discussion
In the presented schemes, since the quantum nonde-

molition operation for phonons is difficult, phononic en-
tanglements are measured with the aid of photon pulses
via photon-phonon cross-Kerr nonlinearity interactions. Re-
cent investigations have confirmed this controllable photon–
phonon cross-Kerr nonlinearity via optomechanical interac-
tion with high fidelity.[57] In the quadratically coupled op-
tomechanical system, the optomechanical oscillator can be
realized by a suspended film bulk acoustic resonator with
∼ GHz frequency[61] and the target oscillator by nanoob-
jects with ∼ MHz frequency.[62] Meanwhile the interaction
between them can be controlled by LC circuits and piezoelec-
tric ceramics.[60,61] Besides, the coefficients ωm,eff and geff are
affected by the frequency difference between two oscillators
|ωm′ −ωm| and mechanical coupling rate V.[57] The effective
frequency of the mechanical oscillator ωm,eff can also be de-
creased by adjusting |ωm′ −ωm|, and geff decreases with in-
creasing of |ωm′ −ωm|. Although {ωm′ , ωm} � V , g, one
can keep |ωm′ −ωm| small so that effective Kerr nonlinearity

will be large. What is more, phonon entanglement is gen-
erated with quantized mechanical vibration modes, and, on
this subject, there are already some theoretical schemes[51,53]

and experimental realizations.[63,64] For example, Riedinger et
al.[64] reported experimental generation of entanglement be-
tween two remote micromechanical oscillators by an optical
field. Besides, in Ref. [53], they detailed a theoretical scheme
for the preparation of a maximally entangled Bell state be-
tween two mechanical oscillators with the help of two low-
energy pump pulses and single photon detection.

Moreover, the Mach–Zehnder interferometer is used for
postselecting two-phonon maximally entangled states by de-
tecting the output photon at the dark port of a beam splitter.
For the sake of estimating the probability of a successful posts-
election, we can use the quantity the photon arrival probability
density, which can be calculated with the formula[65]

Qpapd = 2sin2
(gefft

2

)
κ e−κt

(
1+

κ2

g2
eff

)
, (24)

where κ is the decay rate of the cavity. The photon arrival
probability density against dimensionless arrival time gefft/2π

is plotted in Fig. 5, from which it can be seen that ωm,eff ≥ 90κ

is requested to observe oscillations of the arrival rate in an op-
tomechanical cavity. Besides, the noises from the dark count
rate would decrease the success probability of our schemes, so
resolved-sideband regime should be satisfied for the schemes.
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In our schemes, as the window for detectors receiving pho-
tons is approximately 1/κ , |αβ |2 ≥ 3.184× 10−8 should be
satisfied when considering a state-of-the-art silicon avalanche
photodiodes with a dark count rate of ∼ 2 Hz.[53] In addition,
an efficient source with 10000 high quality single photons per
second ensures our schemes can be accomplished within the
valid duration.[66]
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Fig. 6. The deviation of the actually obtained concurrence of Bell-like
state from the ideal one (a) ∆C1 and (b) the ratio ∆C1/C as a function of
coefficient α and reflection coefficient of the beam splitters γ .

We should note that, in the present schemes, suboptimal
beam splitters will affect the performance of the parity check
process. For example, in the scheme for measurement of Bell-
like states in Fig. 2, if we consider two common beam splitters
with the reflection coefficient γ , once the dark port detector
fires, the final state of the system can be derived as

|Ψ〉′2 = αβ [(1− γ)e−i(θ01+θ10)− γ e−iθ11 ]|0101〉a1a2b1b2

−αβ [γ e−i(θ01+θ10)

−(1− γ)e−iθ11 ]|1010〉a1a2b1b2 (25)

with the maximal probability

P′max = 2|αβ |2[γ2 +(1− γ)2]. (26)

We plot the concurrence deviation ∆C1 = |
√

2P′max−
√

2Pmax|
and the ratio ∆C1/C against the coefficients α and γ in
Figs. 6(a) and 6(b), respectively. From Fig. 6(a) one can see
that the actual obtained concurrence deviates from the ideal
concurrence slightly when |γ − 1/2| is not very large. Mean-
while, Fig. 6(b) shows that the ratio ∆C1/C increases with
|γ − 1/2|, and when γ ∈ (0.3,0.7), the ratio ∆C1/C ≤ 0.08.
In this case, before photon arrives at the detectors, we may
employ adjustable beam splitters to correct the errors coming
from the non-ideal beam splitters.

In the measurement of Bell-like state, two perfect copies
of the state are assumed in each measurement round. How-
ever, such perfect copy is almost impossible in a practical sit-
uation, so it is necessary to discuss the case with two imper-
fect copies of the state. Assume the entanglement between
phonons a2 and b2 has a slight deviation from that of phonons
a1 and b1, for example, |ψ〉a1b1 = α|00〉a1b1 + β |11〉a1b1,
|ψ〉′′a2b2 = ε|ψ〉a2b2 +

√
1−ε2(α|10〉a2b2 +β |01〉a2b2). When

the photon is detected at the dark port detector, the state of the
four phonons becomes

|Ψ〉′′2 =
1
2
[εαβξ (t)(|0101〉a1a2b1b2−|1010〉a1a2b1b2)

+
√

1−ε2ξ (t)(|α|2|0100〉a1a2b1b2

−|β |2|1011〉a1a2b1b2)] (27)

with the maximal probability

P′′max = (4ε2−2)|αβ |2 +1−ε2. (28)

We plot the deviation of the concurrences ∆C2 = |
√

2P′′max−√
2Pmax| and the ratio ∆C2/C against the coefficient α and the

scale factor ε in Figs. 7(a) and 7(b), respectively. As long as
the difference between the two copies is not very large, the
deviation of the concurrences is not so far. We can find that
the ratio is increasing as |α − 1/

√
2| increases. This is be-

cause when |α−1/
√

2| increases, the entanglement of the ini-
tial state decreases, i.e., the ideal concurrence C approaches
0, leading to a big ratio ∆C2/C. Direct calculation shows
that, when α ∈ (0.6,0.8) the ratio ∆C2/C ≤ 0.16. It is worth
pointing out that, the schematic in Fig. 4 can not only directly
measure the concurrence of mixed states but also a pure state.
From Eq. (27), if this scheme is used to measure the concur-
rence of a Bell-like state, it will be more robust against the
copy error at the expense of more physical resource.[23,33] Us-
ing the similar method, we can also analyze the influence of
the differences between initial coefficients on the concurrence
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measurement of the Collins–Gisin states. From Eq. (19), the
detection probability increases with the rise of the mixing pro-
portion parameter f. Because the calculated concurrence relies
on the probability of dark port detection on both participants,
and the conclusive components corresponding to this detec-
tion result exist in the first term of Collins–Gisin states, we
can decrease the deviation between the actual concurrence and
the ideal concurrence by decreasing the proportion of the first
term, and vice verse.[31,33]
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Fig. 7. The deviation of the actually obtained concurrence of Bell-like
state from the ideal one (a) ∆C2 and (b) the ratio ∆C2/C as a function of
coefficient α and scale factor ε.

Recently, several schemes for directly measuring
concurrence of atomic entanglements[30–33] and photonic
entanglements[23] have been proposed. In those schemes,
two copies of initial entanglement and Bell-state analysis are
needed. Different from Refs. [30–33], in the present schemes,
the photon interacts with two cavities simultaneously but in
sequence, so our schemes work in a parallel style rather than
a cascaded one. Meanwhile, strict controlled-phase-flip gate
is not needed in the present schemes, therefore the values of
the effective frequencies for the cavity (ωc,eff) and mechan-
ical oscillator (ωm,eff) are not strictly required. Meanwhile,
like most existing schemes, the quantity of entanglement is
structured by detection probabilities of certain states of inci-
dent photons in the present schemes. Therefore, although the
detection probability P is time-dependent, we should use the
maximal successful probability Pmax to get the genuine con-
currence C in Eqs. (12), (17) and (23). Meanwhile, for the
sake of getting the maximal successful probability Pmax, we
should know the effective nonlinear coupling strength geff and

detect the output photon at time t = (2n+ 1)π/geff. Besides,
in a practical experiment, we should perform the entanglement
measurement process many times to obtain the maximal suc-
cess probabilities to calculate the concurrence. At the same
time, we should emphasize that it is still a challenge to gen-
erate two almost identical copies of the same phononic entan-
glement, and the post-selection measurement will decrease the
efficiencies of the present schemes. Therefore, although great
progress has been made in experiments, more advanced tech-
niques are expected for practical entanglement preparation of
nonlocal mechanical oscillators. It should note that, there are
other entanglement measurement methods, for example, Log-
arithmic negativity[15] and Duan criterion,[16] which are suffi-
cient conditions for estimating entanglement of any two-party
states. However, in our schemes, we should design appropri-
ate quantum devices and operations to obtain the concurrence
of entanglement by using the detection probabilities of certain
states of incident photons. Therefore, the presented schemes
are not applicable for measurement the Logarithmic negativity
and Duan criterion.

7. Summary
In summary, we proposed several schemes of phononic

entanglement measurement for the Bell-like states, Werner
states and Collins–Gisin states. Based on the optomechani-
cal cross-Kerr interaction, we perform measurement by detect-
ing the output photon at the dark port of the Mach–Zehnder
interferometer. In virtue of the optomichanical interaction
and orthogonal postselection on the output photons, the orig-
inal systems collapse to phononic maximally entangled states
shared by remote users instead of being completely destroyed.
The analyses suggest that our schemes maybe feasible in the
near future and these schemes show promising applications for
phonon-based QIP tasks.
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