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In a quantum Hall effect, flat Landau levels may be broadened by disorder. However, it has been found that in the
thermodynamic limit, all extended (or current carrying) states shrink to one single energy value within each Landau level.
On the other hand, a quantum anomalous Hall effect consists of dispersive bands with finite widths. We numerically
investigate the picture of current carrying states in this case. With size scaling, the spectrum width of these states in each
bulk band still shrinks to a single energy value in the thermodynamic limit, in a power law way. The magnitude of the
scaling exponent at the intermediate disorder is close to that in the quantum Hall effects. The number of current carrying
states obeys similar scaling rules, so that the density of states of current carrying states is finite. Other states in the bulk
band are localized and may contribute to the formation of a topological Anderson insulator.

Keywords: quantum anomalous Hall effect, Chern number, disordered system, localization
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1. Introduction

A Chern insulator is a two-dimensional (2D) material
without time reversal symmetry, whose occupied bands pos-
sess a nonzero Chern number.!!?! This Chern number gives
rise to topological edge states in the bulk gap, leading to ro-
bust transports against weak disorder. The earliest example
is the integer quantum Hall (IQH) effect in an external mag-
netic field, where energy bands are flat and highly degener-
ate Landau levels.!¥ Disorder introduces localized states and
broadens Landau levels. Taking states associated with nonzero
Chern number as current carrying (CC) or delocalized states,
previous numerical studies show that in the thermodynamic
limit, these CC states shrink into one single energy value in
each disorder broadened Landau level.[*”! In the presence of
a random magnetic field, it takes some endeavors to under-
stand that a similar picture holds.!”="!

Quantum anomalous Hall (QAH) effect corresponds to
a Chern insulator without an external magnetic field, which
was firstly proposed by Haldane!'”! and realized in recent
years.[“‘lsl In the clean limit, instead of flat Landau levels
in IQH systems, the energy bands of a QAH system are dis-
persive and with finite widths. With increasing disorder, the
global route towards localization of QHE effects in the trans-
port picture has been investigated extensively.['%1°1 Very re-
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cent researches shed light on the difference of localization be-
tween QAH and IQH effects.!!>2") However, a detailed picture
of CC states is not clear so far, for example, their distributions
and evolutions under increasing disorder. Moreover, at weak
disorder, will the spectrum width of CC states within each dis-
persive bulk band still vanish in the thermodynamic limit?

To resolve these issues, in this manuscript, we perform a
numerical investigation on a disordered two-band QHA lattice
model with Chern number 1. Based on a real space method of
evaluating Chern numbers, we study the picture of CC states
before localization through size scaling. We find that, in spite
of dispersive bulk bands with finite width, the CC states also
shrink into a single energy value in the thermodynamic limit.
The rate of shrinking during size scaling depends on the dis-
order strength. At the intermediate disorder, it is equal to that
found in the IQH effect.[*]

2. Model and method

We adopt the spin-up component of the Bernevig—
Hughes—Zhang (BHZ) model.[*!! With broken time rever-
sal symmetry, it is a model of QAH effect,?”! which has
been realized in a qubit based synthetic structure recently.>]
It is defined on a square lattice with two orbitals on each

site.  This spinless Hamiltonian has the form as H =

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

097302-1


http://dx.doi.org/10.1088/1674-1056/ac5d2b
yanyang@gzhu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 31, 097302 (2022)

Yh.ap CLaHaB (k)cip, where c};a (cke) creates (annihilates)
an electron with wavevector k = (ky, ky) and orbital o € {1,2}.

The 2 x 2 matrix Hg (k) reads

3
= do(k)hx2+ Y di(k)o;, (D
i=1

do(k) = —2D |2 —cos(ky) — cos(ky)],
di(k) = Asin(ky), dr(k)=Asin(ky),
ds(k) = M —2B[2—cos(k,) —cos(ky)], )

H(k)

where o; are Pauli matrices acting on the orbital space.

When the Fermi energy is in the bulk gap (— ), the
system is in the QAH state with Chern number 1 if B-M > 0.
In this paper we adopt the following model parameters A =
0.3, B=0.2, D=0, and M = 0.2, making a bulk gap region
(—0.2,0.2).

The real space representation of the Hamiltonian

Yijap CjaHaﬁ (i,j)cjp can be yielded by a straightforward in-
verse Fourier transformation, where i and j are indices for lat-
tice sites (also unit cells here). The lattice constant a = 1 is
used as the length unit. The band structure of a ribbon ge-
ometry is shown in Fig. 1(a). In the bulk gap, a pair of edge
states (red lines) can be clearly seen, for which the left-going
(right-going) branch travels on the upper (lower) edge of the
ribbon, respectively.!?!->*l They originate from Chern number

1 of the occupied states, which is a typical manifestation of the
[25]

bulk—edge correspondence of Chern insulators.
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Fig. 1. (a) The band structure of a ribbon geometry with width Ny = 40
and open boundary condition. (b) Chern number at Fermi energy u =0
as a function of disorder strength W, for different sample sizes Ny X Ny.
All data are averaged over at least 100 disorder configurations. The
model parameters are: A = 0.3, B=0.2, D =0, M = 0.2, which will be
used throughout this manuscript.

In real space, the effect of disorder is included as a ran-
dom potential term to the Hamiltonian as
=Y WUicl,cia, 3)
ia
where U; are independent random numbers uniformly dis-
tributed in (—0.5,0.5) and W is the disorder strength.
Topological invariants are usually conveniently defined in

the momentum space.!1->2426-271 However here, disorder de-
stroys the translation invariant symmetry. Therefore it is more

convenient to investigate this problem in the real space. For a
disordered finite-size system, our evaluation of Chern numbers
is based on the real space algorithm of the topological marker

at position 7 = (x,y) and Fermi energy p 252!

C(r) = 4xlm(r|QxPyQ|r), ©)

where P = Y. o, |Wn)(Wul is the projector over occupied
eigenstates {|y,)} of the Hamiltonian, and Q =1 —P. It
has been argued that its value at the sample center tends to
be the Chern number at thermodynamic limit.[>>3) Taking
each energy level as the Fermi level one by one, we can asso-
ciate a quantized Chern number to each level based on reason-
able considerations. Details of this calculation are described
in the Appendix. Following previous spirits and definitions
in Refs. [4,5,7,31], we take the eigenstates associated with
nonzero Chern numbers as CC states, which play the role as
delocalized states. Then, the Chern number resolved density
of states (DOS) is defined to be!*3!]

pc(E) =

ne{levels associated with C}

8(E — En), &)

where the sum is over energy levels associated with the same
Chern number C. Hereafter in this manuscript, all finite sam-
ples are square shaped with lattice sites N = Ny X N,.

For a Chern number resolved DOS, the spectrum width
AE along the energy axis is a key property. In the pioneer
work, this was defined as the standard deviation of the en-
ergy level distribution. This was suitable there because their
calculations were strictly restricted within the lowest Landau
level alone.!*! Here however, we are facing a lattice model
with two bands, and disorder may generate more subbands as
sub-peaks of DOS [see, e.g., Fig. 3(b)]. In this case, the stan-
dard deviation over the whole energy is not a good definition
as AE of a certain band or peak, since far sub-peaks will con-
tribute remarkable but unwanted standard deviation. Instead,
we adopt the width at half height of the main peak as the spec-
trum width AE here.

3. Results

In Fig. 1(b), we plot the disorder averaged Chern number
C as a function of disorder strength W, for different sample
sizes N = N, x N, which is evaluated at Fermi energy y = 0.
Here and in the rest of this paper, we check the convergence of
the averaging by adopting sufficiently number of disorder sam-
ples, which is the most time consuming part of this work. The
Chern number is a well quantized plateau when W < 1, reflect-
ing the robustness of a topological phase against weak disor-
der. We call this range the Chern number plateau region. After
that, the quantization starts to collapse successively, at a larger
W for a larger size. Finally strong disorder leads the system to-
wards an Anderson localization with C = 0 after W 2> 2.5. All
four curves associated with different sizes cross at W, = 2.1,

097302-2



Chin. Phys. B 31, 097302 (2022)

suggesting a critical point of disorder induced topological tran-
sition at the thermodynamic limit, N — oo.l1%32] Although the
transition at infinite size is a single point W, = 2.1, we call
the range W € (1,2.1) the transition region because the Chern
number plateau has collapsed for all finite sizes we calculate
here. This will give rise to some finite size effects in the fol-
lowing. Since the main interests of this manuscript is the CC
or delocalized states, our focus will be situations before the
complete localization, i.e., W < W,.

Now we investigate this process in the picture of CC
states. In Fig. 2, we show the Chern number resolved DOS
as defined in Eq. (5), which are also averaged over disorder
ensembles, for different disorder strengths. From the DOS of
localized states (associated with C = 0) in Figs. 2(a)-2(e), one
can see that disorder expands both bands along the energy axis,
and the bulk gap is filled gradually. In Figs. 2(f)-2(j), the DOS
of delocalized states, i.e., CC states associated with C # 0 of-
fers more information. In the clean limit, two bands possess
opposite Chern numbers respectively. With increasing disor-
der, their centers of mass approach towards each other. Then
these two opposite Chern numbers touch, merge and finally

annihilate into topologically trivial states. This picture is con-
16,17,32]

sistent with previous studies. !

pe (arb. units)

. . 1 sl . N
0.5 ;//—\(e)_ i ) ]
0 [P RPN B B | 0 i - i n i

-2 -1 0 1 2 . .

E (eV) E (eV)

Fig. 2. Chern number resolved DOS pc at different disorder strength
W. The left (right) column corresponds to zero (nonzero) Chern num-
bers. Black, red and blue curves are for Chern numbers 0, —1 and +1

respectively. All data are calculated with the sample size N = 20 x 20
and averaged over 1000 disorder configurations.

The above result was for a finite size sample (20 x 20),
where the spectrum of CC states seemed to be broad and fi-
nite. Now we study their tendency during size scaling. In each
dispersive band, will the CC states shrink to a single energy
point in the thermodynamic limit as well?

To answer this question, we need to scrutinize the size
dependence. Figure 3 presents the Chern number resolved
DOS at a fixed weak disorder strength W = 0.7 (well before
the C = 1 plateau collapses) with different sizes, for localized
(C =0) (a), and CC (C # 0) states (b), respectively. We first
notice remarkably different energy scales in these two panels.
This suggests that, for sufficiently large sizes, there are much
more CC states than localized states. With increasing size,
these two types of states exhibit different dependence on the
size scaling. For the localized states [Fig. 3(a)], the DOS spec-
trum is almost unaffected. On the contrary, the main peaks of
CC states [Fig. 3(b)] become sharper and narrower with size
scaling, for both valance and conduction bands. This result
implies that, although the band widths of QAH effect are fi-
nite at weak disorder, the spectrum widths of CC states still
tend to be very narrow in the thermodynamic limit.

0.8 8 — 10X10

C=0 —30%30 — 1010
—10X10 —40X40 — 20X20 —20%20
ELE i B ]
= P\ =N = _
g 7 =) 50%50 /‘ 50%x50
S 0.4 4 4t C=1 C=-1
= < /
0.2 <2
970 0 o %590 0 1.0
E (eV) E (eV)

Fig. 3. Chern number resolved DOS p¢ for different sample sizes
Ny X Ny, at a definite disorder strength W = 0.7, (a) for zero Chern
number and, (b) for nonzero Chern numbers. All data are averaged over
at least 100 disorder configurations.

To see this narrowing in a more quantitative way, we show
the log-log plot between the spectrum width of CC states AE
and the sample size N = N, x N, in Figs. 4(a) and 4(b), in the
Chern number plateau region W < 1, well before the disor-
der induced localization. For both Chern numbers, C = +1,
approximate linearities suggest that the scaling relation is a
power law

AE=N"", 6)

where x is determined by the absolute value of the slope in
this figure. This is similar to the case of IQH effect.[*! In other
words, in each bulk band of a disordered QAH system, al-
though the total band width is finite, all extended states (CC
states) within this bulk band still shrink to a single energy
point in the thermodynamic limit. We call this energy point
of CC states as the topological center (TC) of each band. All
other bulk states around the TC are localized, which will be
called bulk localized states in the following, since their pres-
ence and properties do not depend on the situation of boundary
conditions. Such a broad distribution of localized states is not
surprising for a 2D system. 33

This leads to a picture illustrated as follows. In a disor-
dered QAH system at the thermodynamic limit, there is one
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TC in each bulk band, with opposite-sign Chern numbers for
the valence and conduction bands respectively. Since they
are CC states, there will always be topological induced cur-
rents when the Fermi energy is between them. From the topo-
logical view this is not surprising because in the presence of
edges, topological edge states always connect TCs with oppo-
site Chern numbers.?*! In the bulk gap without any bulk states,
they give rise to a quantized and robust Hall conductance. On

the other hand, inevitably, some edge states will traverse bulk

AE (eV)

& wW=o0.7

0.3

0.2f

e W=04
0.1l A w=o0.5

AE (eV)

v W=0.6 W=0.9
¢ W=07 ew=1.0
100 200 500 1000 2000
N (a?)

localized states around topological centers. If some of these
bulk localized states are sufficiently flat, then edge states can
exhibit their quantized transports in subgaps between these flat
localized states. This is consistent with our previous observa-
tions in disordered 2D topological insulators, **! where for the
quantized conductance plateau, the larger portion is a topolog-
ical Anderson insulator (edge states living in a mobility gap),
instead of a topological band insulator (edge states living in an

energy gap).

100

10

100

= W=0.3
o W=0.4

W=0.8 AW=0.5
W=0.9 YW=06
_ *W=
10 eW=1.0 W=0.7
100 200 500 1000 2000
N (a?)

Fig. 4. Characteristic quantities of CC states as functions of sample size N = N, x N, in double logarithm scales. (a) and (b) Spectrum width
of CC DOS peak AE. (c) and (d) Number of CC states N.. The upper (lower) row is for Chern number C =1 (C = —1).

Besides the spectrum width AE, another aspect of CC
states is their number N, with respect to the scaling of size
N. In Figs. 4(c) and 4(d), we present the log—log plot of this
relation. Again, the linearities suggest a power law between
them as

Ne =N, (7

where the exponent is determined by the slopes of lines in
Figs. 5(c) and 5(d).

In Fig. 5, we present the dependence of exponents x and y
(solid dotted lines) on the disorder strength W. The depen-
dence is weak and all curves seem to be constant approxi-
mately, especially in the plateau region with weak disorder
W < 1. We attribute the irregular fluctuations to disorders at
finite sizes. At the intermediate disorder, the exponent x ~ 0.2,
close to that found in IQH systems. (41 Moreover, the sum x + y
(dashed lines in Fig. 5) tends to be ~ 1.1. This was found to
be 1 in IQH systems, so that the CC DOS at the TC can be
finite.[*] We believe this should also be the case here in the
thermodynamic limit, because we have checked that for larger
sample sizes, and this sum is really closer to 1. Again, the

discrepancy may come from strong disorder fluctuations and
finite size effects of lattice models. For example, as one can
see from Fig. 1(b), although the critical disorder strength is
believed to be W, ~ 2.1 in the thermodynamic limit, the aver-
aged Chern numbers have lost their quantization after W ~ 1.5,
for all sample sizes within our calculation capability. This will
lead to remarkable finite size effects, and some subsequent sta-
tistical uncertainties exhibited in Figs. 4 and 5.

2.0 . .
sl —m—z (C=1) —A—y (C=1) |
Ol —e—z (C=-1) —v—y(C=-1)
L6r _ —z+y (C=1) 1
1.4} z+y (C=-1)
§12f0 > o -
5 1.0} T (‘1
a, V—vv—Y_
& 0.8 [ S e PV SR S NC) (i) (D Coauli
0.6
0.4@<g=g ]
~a—=0=g=—p—E—p_p—
0.2} 2—9 ] '\=/- '—'<|
0 0.5 1.0 15
W (eV)

Fig. 5. Size scaling exponents of CC states with C = =£1 as functions of the
disorder strength W: x defined in Eq. (6) for the spectrum width AE, and y
defined in Eq. (7) for the number of CC states. Dashed lines are their sums
xX+y.
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4. Summary

As a summary, we numerically investigate the CC states
in a disordered QAH system. Performing the finite-size scal-
ing, we conclude that within the dispersive bulk band, all CC
states converge to a single energy value, similar to what hap-
pens in disorder broadened Landau levels of an IQH system.
At the intermediate disorder, the shrinking rate of the spectrum
width of CC states is close to that in the IQH system. This is
consistent with the previous picture that the topological An-
derson insulator constitutes a large portion of the quantized
conductance plateau in the presence of disorder.

Appendix A: Real space representation of the
BHZ model

Here we present the derivation of BHZ model of spin-up
part in real space. In the momentum space, the spin-up part of
the BHZ Hamiltonian reads!>!]

H=Y choHup(k)ckp- (Al)
k.o
The 2 x 2 matrix Hyg (k) in Eq. (A1) is

3

H(k)=dy(k)h.2+ Y di(k)o;, (A2)
i=1

do(k) = —2D[2 — cos(ky) — cos(ky)],

di(k) =Asin(ky), da(k) =Asin(ky),

ds(k) =M —2B[2 — cos (k) — cos(ky)], (A3)

where o; are Pauli matrices acting on the orbital space.
Now we transform it into the real space representation by
performing the inverse Fourier transform

cka Zexp (—ik- r) Corg> (A4)

(A5)

Cp =y Zexp(ik “T)Crp,

where r = (x,y) is the spatial coordinate of the site, and N
is total number of unit cells of the system. After inserting
Egs. (A4) and (AS5) into Eq. (A1), and simplifying it by noting
the orthogonal relation

1 ik~< _ /)
Z 2 © =9 s
v NV "

we arrive at the final real space representation

" Z (M 4(D+B) —M—é?(D—B))C"

D+B —i%
L0

rv‘+m> _12
D+B 4
+ Z r+y< 2 DiB)Cra

(r,r+39)
h — T
where ¢, = (¢p1,6r2)" -

(A6)

(AT)

Appendix B: Numerical evaluation of Chern
numbers

In this Appendix, we introduce how to associate a quan-
tized Chern numbers to each energy level of a finite size
system, based on the real space algorithm of the topological
marker.!?®! Consider a finite size tight-binding model with to-
tal N orbitals (and therefore N energy levels). If the Fermi
level is E,, i.e., the energy levels are occupied up to the n-th
one, then the ground state projector P and its complement Q

are defined as[28-30]

Pﬂ:Z|Wp><Wp|7 O,=1-F,
p=1

where |y,) = c};\O) is the p-th single-particle energy eigen-
state with eigenenergy E,. Now the real space Chern marker
can be defined to each unit cell (containing only one site here)

ias

Ci(i)=———Im )

acunit cell i

(ict| OnX P,Y Qplict), B

where |ia) = cfa|0>, X and Y are position operators in both
directions respectively, and A, is the area of the unit cell. For
a finite size insulating sample, it has been shown that the av-
erage of C(i) over its central region will converge quickly to
the “real” Chern number in the process of size scaling.!?%-3]
In this sense, we will simply call this spatially averaged Chern
marker C, as that of the whole system when the energy levels
are occupied up to E,,.

So far, the Chern number, as well as the Chern marker, is
associated with the occupied states as a whole. On the other
hand, the current carrying states are defined to be energy levels
with nonzero Chern numbers, so one needs to associate each
level with a quantized Chern number. For example, we need
to investigate the density of states (DOS) from different Chern
numbers separately,*731 i.e., Eq. (5).

However, for a generic Fermi level E,, of a finite size sys-
tem, the ground-state Chern marker C, may deviate from inte-
ger remarkably. This corresponds to the case that the Fermi en-
ergy is within a subband (consisting of a cluster of consecutive
energy levels, which will be explained in the following) and
therefore the integrated Berry curvature is not quantized.>*!
As a result, a quantized Chern number can only be defined to
a cluster of consecutive energy levels which constitute a phys-
ical subband, instead of to a single level. In our numerical
calculations, as illustrated in Fig. B1, we first search all levels
E, (r=1,2,...
marker C,, is well quantized, i.e., the deviation of C,, from an

and n; = 1) at which the ground state Chern

integer is smaller than a tolerance error €. Then, with two ad-
jacent quantization levels as the upper and lower band bound-
ary respectively, a subband consisting of all levels between
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them can be well defined. Consequently, a quantized Chern
number can be naturally attributed to this subband. In other
words, now levels with indices from n,_; + 1 to n, constitute

a subband possessing Chern number C(,) = C,, — C, and

r—1°
all these levels contribute to Pc,, (E) in Eq. (5). We call these
levels as “associated with Chern number C”. Notice the dif-
ference between notations C,, and C(r). The notation C,, corre-
sponds to the Chern marker associated with the lowest n levels,
while C(,) corresponds to the Chern number (which has been

defined to be quantized) associated with the r-th subband.

En

B, ——————— 3\

r-th subband —_— Cir

E7L7.,1+1
jo —Ch,

. Cnv—l

Ey
By ————— J

Fig. B1. Illustration of associating a quantized Chern number to dis-
crete energy levels. All quantization levels E,, are picked out where
the ground state Chern marker C,, are quantized. Then levels from
E, ,+1to E, are defined to be the r-th subband with a quantized
Chern number C(r> =Gy, — Gy,

This picture of a subband (on which a quantized Chern
number can be defined) is equivalent to that defined in the mo-
mentum space of disordered supercells, with the momentum
running over the disorder folded Brillioun zone.['6331 It should
be noted that, although subgaps between these subbands are
finite for a certain finite-size sample, most of them will van-
ish after disorder average and in/or the thermodynamic limit.
Only the gap survives after these two processes is a “truly”
physical gap. Correspondingly, a truly physical band (which
may consists of many subbands) is the set of all energy levels
between two physical gaps.
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