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Diffusion in narrow curved channels with dead-ends as in extracellular space in the biological tissues, e.g., brain,
tumors, muscles, etc. is a geometrically induced complex diffusion and is relevant to different kinds of biological, physical,
and chemical systems. In this paper, we study the effects of geometry and confinement on the diffusion process in an ellip-
tical comb-like structure and analyze its statistical properties. The ellipse domain whose boundary has the polar equation
p()= \/ﬁ with 0 < e <1, 8 € [0,27], and b as a constant, can be obtained through stretched radius r such that
Y =rp(0) with r € [0,1]. We suppose that, for fixed radius » = R, an elliptical motion takes place and is interspersed
with a radial motion inward and outward of the ellipse. The probability distribution function (PDF) in the structure and the
marginal PDF and mean square displacement (MSD) along the backbone are obtained numerically. The results show that a
transient sub-diffusion behavior dominates the process for a time followed by a saturating state. The sub-diffusion regime

and saturation threshold are affected by the length of the elliptical channel lateral branch and its curvature.
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1. Introduction

Diffusion is an essential means of transportation in bio-
logical, physical, and chemical systems that is used by indi-
viduals to achieve their functions, for example, but not lim-
ited to, cellular processes, metabolism, and conduction./!!
Realizing the features of diffusion, which depend on its mi-
croscopic dynamics and environmental space, will provide an
important tool to control these processes, besides its possible
applications in nanotechnology and nanomedicine. According
to the theory of Brownian motion, the probability distribution
is Gaussian and mean square displacement (MSD) of the par-
ticle position grows linearly with time (r?(¢)) = 2Dt where D
is the diffusion coefficient. However, deviations from these
usual behaviors have been observed theoretically and experi-
mentally, anomalous (non-Brownian) diffusion, -191 Brown-
ian yet non-Gaussian diffusion,!!'~'3! and anomalous yet non-
Gaussian diffusion.!'*!5] The nonlinear dependence of time
characterizes the MSD in the anomalous dynamics, namely,
(r?(t))] ~ t* with & # 1. The diffusion dynamics with trans-
port exponent 0 < o < 1 correspond to sub-diffusion dynamics
which are observed in artificially crowded liquids, %! lipid bi-

(15171 the cytoplasm of biological cells,!®!

layer membranes,
extracellular space,!'”] and in hydrology, " to mention a few.
Whereas, it defines super-diffusion when o > 1, which is en-
countered in active systems such as molecular motor transport

in cells.[21:22

I Different hypotheses have been suggested to
understand the mechanism underlying sub-diffusion dynam-

ics, which depends on the situation at hand, among them,
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trapping models of energetic (binding sites) or geometric na-
ture, labyrinthine environment (geometrical disorder), tempo-
ral correlation due to slow mode (viscoelastic environments),
space-dependent diffusivity due to the local porosity of the
medium or temperature field in the sense of weak gradi-
ents, which can be modelled by continuous time random walk
(CTRW), random walk on fractals, fractional Brownian mo-
tion (FBM) or fractional Langevin equation (FLE), and het-
erogeneous diffusion process (HDP), respectively. [8:23-27]
Disordered materials in nature are abundant, including
to mention a few the heterogeneous porous media, extracel-
lular space in brain tissue, intra-tissue in muscles, cell cy-
toplasm, and glasses.!?®-33] Diffusion in disordered media is
quite affected by its geometrical structure, for instance, dead
ends, bottlenecks, and backends. Since deterministic fractals
and percolation clusters are elegant models for the geomet-
rical structure of disorder systems, Pierre-Gilles de Gennes
has suggested modelling diffusion in these systems through
performing random walks on percolation clusters and fractals,
and coined the term “ant in the labyrinth”.[?) Random walks
in these structures lead to anomalous diffusion. At the perco-
lation threshold, a percolation structure can be idealized as a
single infinite cluster, consisting of a conducting path, which
corresponds to a backbone, and side branches, or fingers with
dangling bonds. At some level of idealization, this structure
corresponds to a comb. %! Later, the comb-like structure con-
sisting of the one-dimensional axis (backbone) with perpen-
dicular sides branches (fingers) has been used to understand
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the underlying mechanism of anomalous diffusion in percola-
tion clusters: while the particle moving randomly along the
backbone may trap inside the dead-ends (fingers), performing
a Brownian motion, until it returns by chance to the backbone
where it can escape from the finger. Along the y-direction
(the so-called fingers), the particles perform normal diffusion,
while the mean square displacement (MSD) along the back-
bone grows non-linearly with a time (x?(¢)) ~ /7, and sub-
diffusion behavior dominates the process. 263738

To study the transport properties of diffusion process
on comb-like structure, different approaches have been ap-
plied, e.g., a mesoscopic approach used by Weiss and
Havlin,*”] a macroscopic approach used by Arkhincheev and
Baskin,*°! and a microscopic approach used by Méndez et
al." Arkhincheev and Baskin have expressed the diffusion
process in the comb by using the following Fokker—Planck
equation: (3]

IP(x,y,t) ~0?P(x,y,1) . 0?P(x,y,1)
o 0D D

Here, D, = & (y) D and Dy = D are the diffusion coefficients in

the x and y directions, respectively, and the d-function in the
Fokker—Planck operator Lgp = 6 (y)lN)g—;2 + Dg—yzz means that
the diffusion along the x direction (the so called backbone) is

allowed only at y = 0.

Recently, comb-like model has been used to describe
anomalous diffusion in spiny dendrites,*!! the mechanism
of super-diffusion of ultracold atoms in a one-dimensional

1421 a5 well as

as a phenomenology of experimental study,
anomalous diffusion in porous materials.*3 Moreover, sev-
eral complex extensions of comb-like structure, through in-
troducing a modification on the geometry of the backbone
or finger shape of the structure, is introduced to describe
geometrically induced complex diffusion in nature, for ex-
ample, comb with a finite finger length,[*%4+*1 cylindrical
comb,#47] random comb models, *$4°) comb with ramified
teeth, (0411 fractal mesh and grid structures, 9521 and more
complex structure. >3-571 Diffusion along the backbone in both
two and three-dimensional comb-like structures with a finite
finger is a transient sub-diffusion followed by normal diffu-
sion at long times, and the same result is obtained in us-
ing a trap model of energetic nature.’®) Whereas, diffusion
along the backbone in a three-dimensional comb-like structure
with an infinite two-dimensional branch is ultra-slow diffu-
sion/enhanced sub-diffusion if normal/sub-diffusion occurs in-

46,47

side branches. ! 1 In addition, recent theoretical studies have

been demonstrating that performing different microscopic dy-

namics in a comb-like model leads to different types of anoma-

n. [59-63

lous diffusio 1 In most previous studies, the geometric

properties of the backbone have not been considered. How-
ever, the interior of disordered systems are narrow, tortuous,

curved channels, [26:64.63]

In the last decade, the problem of diffusion in curved
confined tubes has attracted remarkable attention of some re-
searchers, as it was found that the behavior of the diffusion
process is affected by its geometrical properties, like curva-
ture and torsion, of these tubes.°6-%° This problem is related
to diverse kinds of phenomena, for example not limited to,
diffusion of biomolecules in biological cell,!’%! transport of
solute in aquifers and porous medium, and fluxon dynamics in

(711 The aim of this paper is to study the

Josephson junction.
diffusive dynamics in branched channels with gradient curva-
ture. Branched elliptical-like channels are common in biol-
ogy, including to mention a few, the extracellular spaces in the
biological tissues (brain, tumors, muscles), intracellular envi-
ronments, and other porous media, 1931727781 in which diffu-
sion process in these structures are important for other biolog-
ical processes like extracellular ionic buffering, and delivery

[79.801 Moreover, they are simple

of drugs and metabolites, etc.
models of curved confined sub-diffusive systems with gradient
curvature. Motivated by the foregoing, we analyze the dynam-
ics of the diffusion process in an elliptical comb-like structure
(see Fig. 1) with reflected boundary conditions. The ellipti-
cal motion takes place only for a fixed radius r = R and is
interspersed with a radial motion inward and outward of the
ellipse. The Brownian radial motion corresponds to diffusion
of particles in dead-end spaces, while elliptical backbone de-
scribes the dynamics along elliptical channels. We investigate
by numerical simulation how probability distribution function
(PDF) and mean square displacement (MSD) are affected by
geometrical constraints in the elliptical comb-like structure.

The rest of the paper is organized as follows. We firstly
formulate the mathematical description of the problem in Sec-
tion 2. The numerical method and example on the verification
of the numerical algorithm are collected in Section 3. Then
results and discussion are illustrated in Section 4. The conclu-
sions are given in Section 5.

2. Mathematical formulation

The structure we study here consists of elliptical channel
with radii dead ends distributed along it and directed in/outside
(see Fig. 1), in which an unbiased diffusion process occurs
inside it. Mathematically, suppose an ellipse whose bound-
ary has the polar equation p(6) = b/v'1—e%cos? 6, where
0 < e < 1 is the eccentricity of ellipse, b is the shortest diame-
ter with constant value, and 6 € [0,2x]. Then, its domain can
be obtained through stretched radius r such that ¥’ = rp(6)
with 6 € [0,2x], and r € [0,1], where we can move from
Cartesian coordinates to stretched polar coordinates through

the transformation (8!

x=rp(0)cosh, y=rp(6)sin6. (1
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The distinctive feature of diffusion process in such structure
is that the particle motion along 0 direction is possible only
when r = R and R is a constant. We mean that the tangent dif-
fusion coefficient Dy is different from zero only at r = R, i.e.,
Dg = D& (r—R) with D is a constant. Whereas, the diffusion is
free in the radial direction situation and its diffusion coefficient
can be written as D, = D. By adjusting the parameter e the el-
liptical channel (backbone) has different shapes, in which the

3
curvature of the ellipse , kK = ab/ (\/a2 sinZ @ + b2 cos? 9)
with a* = b?/(1 — &
(see Fig. 1). In order to assess how particles diffuse in
the structure probability distribution function (PDF) P(r,0,1),
marginal PDF P(r,¢), and mean square displacement (MSD)

), decreases as the value of e increases

along 0 are a useful quantities. In the classical comb model,
PDF P(r,6,t) can be described by Fokker—Planck equation(*”!
0P = 8(y)DOZP + DA}P. The § function in the Fokker—
8(y)Do? + DA} means that the diffu-
sion along the x direction is allowed only at y = 0. In what

Planck operator Lpp =

follows, we derive the diffusion equation in a stretched polar
coordinate system, then find the differential equation that ex-
presses the diffusion process in our structure.

Fig. 1. Schematic picture of an elliptical comb-like structure, where the
radii are continuously distributed over the ellipse of radius R = p(6)
with 6 € [0,27].

2.1. Derivation of diffusion equation in stretched polar co-
ordinates
The gradient operator can be written as follows:
1 4 '(0) 0 1 d
Vi (o) gy (- 2192 =)o
p(0) dr p2(0)dr rp(0) 06

Then, the balance equation and the first Fick’s law can be writ-

ten respectively as follows:

P
o = -V-J
1 dJ, Jr
= —| = or+
p(8) ar ' p(0)
_pP'(0)ds 1 s 3)
2(0) dr  rp(6) 96 |’
J = —DVP
[/ D, 9P
= — ur —_
p(0) ar
. Dgp'(6) dP Dy IP
o (‘ p2(6) ar Tmp@ae)] @

Then the second Fick’s equation reads

P 1 Dop"(8) 9°P
ar‘p%@)(’* () )
I _ Dgp”(8) | 2Dgp”(6)Y P
e >(D’ 0@ | p20) )ar
DeP() Dy %P
T2T03(6) 8r89+r2p2(6)w'

&)

2.2. Diffusion equation in elliptical comb-like structure

The dynamic in the structure can be described by the
b

Vi1-e2cos20’

following diffusion equation (substitute p(6) =

D, =D, and Dg = D§(r — R) into Eq. (5)):

87P7D 1—e%cos?O &Jr 1—e?cos?0 8£
ar b? or? b%r or

4¢?c0s20(1 — €2 cos? B) — e* sin* 20 aP
4b%r(1 —e2cos? 6) ar

D
¢*sin’20 J’P
2(1 —e2cos20) ) dr?
X6 (r

+

e 51n29 %P n 1—e%cos?O 827P
2rdo b2r? 002

(6)
with initial condition
P(I}G,O) = 6(F7R)6(9), (7)
and boundary conditions
d d
aeP(R +7,t) = 30 P(R,—m,t) =0,
iP(L 0,1) = iP(R’ 0,t)=0 ®)
or 7 or T

3. Numerical procedure
3.1. Numerical algorithm

The initial-boundary value problem (6)—(8) can be solved
numerically by using the following procedure: Firstly, in or-
der to divide the spatial and temporal domain into grid, we
define r; = ih,, 6; = jhg, and t; = IT where i = I,N, +1,
j=1,Ng+1, and [ = 1,Ny + 1, besides h, = R'/N,, and
hg = m /Ny are space steps, T = T /Nr is time step. Let Pll]
be the numerical solution of Eq.(6) at point (r;, 6;,1), then the
first and second order derivatives in the governing equation
can be discretized as follows:

A P(ri,0).1)) = (P,{j.l —P,.{j) /1,

0P (11, 65,1) = (Plia = PLy)
(P —PLy) /ho.

03P (ri,6),11) = (Plj —2PL + Py ) /R,
(

2P(ri,0),1)) = (Pl — 2P+ PL lj)/hf,

doP(ri,0),1;) =
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2 ! ! ! !
arep("ivejvtl) = (Pi+1,j+l *Pz‘+l,j*Pi,j+1 +Pi,j)/hrh9'

Now, applying the previous approximate scheme to Eq. (6)
yields the following iterative equations:

PIEU = A 423+ (A2 + AL - A7) 8(ri —R)]
XP-H/ M/l +Aj26(r"_R)Pi[—1
H[1=2A) =A% — A7+ A1 — A0 +248))
<8RR+ (4 =450 —RIFL
+[A’l?j6(rl_ )] lj ]+[ls 6( R)] i+1, j+1’ (9)
where
. D(1—é*cos?0))T
Aj = b2h? ’
) De*sin?(26))t

A‘. =
! 4b?h2 (1 —e%cos? 0))’
D(1—¢?cos? 0))T

A3 =
bl b2rihr ’
14— 4De? cos20;(1 — e? cos? 8;)T — De* sin?(26)
b 4b%rih,(1 — €% cos? 6;) ’
Dé?sin%(20,)t D(1—e?cos?6;)t
W= o). Ay = ( oy T o)
}’,'b h,-hg b r; h@

3.2. Verification of the validity of the numerical solution

In order to test the correctness of numerical solution, we
introduce a source function f(r, ,¢) in Eq. (6), and this yields
the following equation:

@_D 1 —e%cos? 0 &—i— 1—é*cos? O %
ar b? or? b2r or

4e?cos20(1 —e?cos? 0) — e*sin> 26 JaP
4b%r(1 — e2cos? 0) ar

+D
¢*sin?26 I*P
e?cos?0) ) or?

x 8(r

e s1n20 2%p N 1 —e?cos? 0 827P
0ro0 b2r? 002
+f(r 0,1), (11
with initial condition
(r—1)*(r—

P(r,6,0) = L?(0+7m)?(0—n), (12)

and boundary conditions

0 0
EP(L,Q,[) =5 EP(I,G,[) -
0 0
%P( —m,t) = 30 P(r,m,t) =0, (13)
where
f(r6,1) = (r—=1(r—L)*(6 + 1)*(6 — x)?

—2A(t+1)(r—1)(r—L)

X (2r—1—L)(8 +m)*(6 —n)?
—8B(t+1)(r—1)(r—L)
x(2r—1-L)(6+m)(6—m)
—C(t+1)(127% = 12rL— 12/
+8L+2L%+2)(0+1)*(0 —1)?
—4E(t+1)(r—1)*(r—L)*(36% — %),

with

D(1 —¢*cos? )

A= o
D [4e?cos26(1 — e*cos® 0) — e*sin*(20)] §(r —R)
4b%r(1 —e?cos? 0) ’
Dé?sin(20)8(r — R)
B = ,
rb?
C_ D(1—¢*cos?0)  De*sin®(20)8(r —R)
B b2 4b2(1 —e2cos28) '
D(1 —¢e*cos?0)8(r—R)
E = ) .

The exact solution of the equation is given by
P(r,0,1)=(t+1)(r—1)>(r—L)* (6 +71)* (6 —7)*. (14)

The comparison between the exact and numerical solution of
Eq. (13) subject to the initial condition and boundary condi-
tions Egs. (12)—-(15) is shown in Fig. 2. We can see that the
curves in a good agreement which indicates the correctness of
numerical results.

0.3
m 0.2F
& E
Aot — Exact solution
0 3 - Numerical solution

e R S - S
0

Fig. 2. The comparison of the exact solution via Eq.(16) with numeri-
cal solution forb=1,e=0.5,D=D=1,1=10"* h, = 1072, and
hg=m/20atT =1.

4. Results and discussion
4.1. Probability distribution function

The probability distribution function (PDF) P(x,y,7) is a
useful quantity to assess how particles are distributed in the
structure. In case of classical comb with a reflected boundary
conditions, the evolution of PDF P(x,y,7) can be described
by the comb equation 9,P(x,y,t) = 8(y — yo)DIZP(x,y,t) +
D8y2P(x7 y,t) with the following initial and boundary condi-

tions:
P()C,y,()) = 6()(—)60)8(})—}10),
aP(X,ymt) aP(xayat)
—o, ZWWXDE
dx x—+L dy y—+R

The temporal evolution of marginal PDF P(x,t) =
ffRP(x, y,1)dy, which characterizes the distribution of par-
ticle along the backbone, is detailed in Figs. 3 and 4. Figure 3
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shows that, for fixed L, Pj(x,t) converges to the same non-
Gaussian function Pj (x,) as time increases, and the speed of
convergence is inversely proportional to R (the length of the
lateral finger 2R). Moreover, the function P (x,t) is affected
by L, in which the concentration reduces as the length of the
backbone increases, seen in Fig. 4. This means that the par-
ticles diffuse slowly, then they saturate after a period due to
limited of the backbone. Moreover, the stay time in the branch
until they return to the backbone determines the nature of its
diffusion and reaches a saturated state. This will be demon-
strated in the next subsection. Now, we show the effects of
the parameters b and e on the distribution of particles P(r,0,1)
in the whole elliptical comb-like structure, and the marginal
PDF Py (6,t) along 6 direction of the structure. The temporal
evolution of the distribution in the structure is drawn from
the iterative Eq. (9) by using Matlab. The parameters b and e
reflect the geometric properties of the ellipse. The relationship
among the shortest diameter b, the longest diameter a, and
—€*) with
0 < e < 1. Moreover, the curvature of an ellipse is given as
K= ab/(\/a2 sin” 6 4 b2 cos? 9)3
of the ellipse decreases as the value of e increases. Figure 5

the eccentricity of ellipse e reads as a*> = b? / (1

. For fixed b, the curvature

depicts the distribution of particles in the structure with differ-
ent parameter effects at 7 = 1. It shows that the concentration
at the initial position increases as the shortest diameter b and
the eccentricity e of ellipse increases. Namely, the diffusion
of particles slows down as the length of lateral branches and
the curvature of the elliptical channel increase, in which these
increments affect the waiting time and obstruction in the dif-

X104 X104

6i
><10 3
0

_16—01(2%5 2, (b) b=3, c)b 4,(d) b
X104 ><103

X10-3

3 4
2 3
1 2
1
0 0
(d)

D=1,¢=05, (a) b=2 =3, (c) b=4,

O N~ O

== NN
o ot O ut

fusion process.

0.3

0.2

PDF

0.1

0

0.3

0.2

PDF

0.1

Fig. 3. Time evolution of PDF in the backbone of classical comb, along
x direction, forD=D=1,L=5,and (a) R= 1.5, (b) R=6.

—8 4 0 4 8

Fig. 4. Time evolution of PDF in the backbone of classical comb, along
x direction, for D=D=1,R=3,and (a) L =5, (b) L = 10.

XlO 4 x10-3
1.0
0.8
0.6
0.4
0.2
0

XIO 3 x10-3

3
2
1
0

D=1,e=0.3, (a) b 2, (b) b=3, (c) b=4, (d) b=5

X10—4 ><10 3
8

6

4

2

0

><10 3

4
3
2
1
0

D=1,e=0.7,(a) b=2,

b) b=3, (c) b=4, (d) b=5

Fig. 5. Time evolution of probability distribution in the structure for different value of the parameter bat T = 1: (a) D=D =1, ¢ =0.5, and
b=2,b)D=D=1,e=0.5,andb=3,(c)D=D=1,e=05,andb=4,(d)D=D=1,e=0.5,and b =5.
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Figures 6 and 7 depict the temporal evolution of marginal
PDF along 6 direction when R = 1/2, which show a symmet-
rical and non-Gaussian behavior according to different param-
eters. Figure 6 shows that the diffusion process slows down
as the length of lateral branches increases, which can be at-
tributed to the elapsed time in radial dead ends until the parti-
cle returns to the backbone. Besides, as in classical comb, it
converges to a non-Gaussian function after a period that varies
according to the length of the finger b. However, unlike clas-
sical comb, this function also alters according to b. The ef-
fects of the eccentricity of elliptical channel e, for fixed b,
on marginal PDF along 6 direction are detailed in Fig. 7. It
shows that the concentration at the initial position increases
as the eccentricity increases. According to PDF quantity, the
results can be summarized as following: The diffusion in a fi-
nite elliptical comb-like structure is abnormal and reaches a
state of saturation after a period, which varies according to the
stay time in lateral dead ends. Moreover, the concentration
increases with the increase of the curvature of the elliptical
channel, in which the increase of the curvature obstructs parti-
cle diffusion.

0.12} (a) 7= =
&= .08 = 82 1
E 008: T— =05 |

0.04} 1

4 -3 2 -1 0 1 2 3 4
0
0.12f (b) ~T=10,b=8,e=0.5 |
' e e
[ +T= ,b=8,e=0. 4
[ 0.08 Ir=805=8 c=03
@) - T=100,b=8,e=0.5
A& 0.04F 1
0 N )_ﬁj&gj/ N \\\sg_\ 1,

-4 -3 -2 -1 0 1 2 3 4
0

Fig. 6. Time evolution of PDF in the backbone of elliptical comb, along
direction 8, for D=D =1, e = 0.5, and (@b=2,(b)b=2_8.

0.12 ' ' ' : T—1,e=03,b=4
L ~T=1,e=0.3,b= 4
(a) ~T=5e=0.3,b=4
r 0.08f «~T=10,e=0.3,b=4
A L —T=20,e=0.3,b=4 -
& o.04f T=30,e=0.3,b=4 |
-4 -3 -2 -1 0 1 2 3 4
0
0.4 o
o3l (®
E 0.27
r L
0.1f
0y 35 4

Fig. 7. Time evolution of PDF in the backbone of elliptical comb, along
direction 8, forD=D =1,b=4, and (a) e = 0.3, (b) e =0.8.

4.2. Mean square displacement

For more statistical information about this process and
type of diffusion, the temporal evolution of the second mo-

ment (the mean square displacement (MSD) of the particle’s
positions), which describes the speed of particle motion, in the
backbone is calculated as

()~ 20)?)
/:O (x(t) —x0)* dx (/iP(x,y,t)dy), (15)

Firstly, we revisit MSD along x direction in finite classical

MSD

comb with respect to parameters R and L. We use numeri-
cal simulation to obtain ((x(f) —x0)?), in which we assume
xo = 0. As shown in Fig. 8, for fixed L, (x*(t)) grows non-
linearly for a short time, then it converges to a fixed value.
However, the speed of convergence decreases as R increases,
which agrees with the results about PDF in the previous sec-
tion. Besides, (x?(1)) ~ % with a < 1 varies with respect to R
and the transient sub-diffusion regimes dominate the process.
Namely, one sub-diffusion regime will dominate the process
as R tends to infinity. It should be noted that it has been estab-
lished that (x*(r)) ~ /7 for infinite comb model. The effects
of L on (x*(t)) is represented in Fig. 9. It shows that the sat-
uration threshold increases as L increases. Namely, the state
of saturation will go away when L tends infinity. It should
be mentioned that the saturation of the MSD is also found
by considering diffusion in comb structures with stochastic

resetting, [03-87]

—R=15L=5 1
=) —R=3,L=5 ]
n —R=6,L=5 |
= ]

120 160 200
t
201 .
161 —R=15,L=101
9) 12 —R-3 L2710 1
S 8: R=6,3,1.5 —R=6,L=10
4 (b) ]
00 40 80 120 160 200

t

Fig. 8. Temporal evolution of MSD in the backbone of classical comb, along
x direction for D=D = 1,R = {1.5,3,6}, and (a) L= 5, (b) L = 10.

F (2 T
A 16» 7%??:5’ R%?S
212} —L=10,R=15
= 8
g L=5,75,10 ]
0 40 80 120 160 200
t
AT ——
n 167 :figk’f;g(a
m 121 —L=10R=6
= 8r
4 —
o “L=s7500,
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Fig. 9. Temporal evolution of MSD in the backbone of classical comb, along
x direction for D =D =1,L={5,7.5,10},and (a) R= 1.5, (h) R=6.
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Now, we consider the behavior of MSD along 6 direc-
tion in elliptical comb. As in the case of diffusion in classical
comb, Fig. 10 shows a non-linear behavior of MSD along 6
direction, then it converges to constant value and the speed of
convergence decreases as b increases. However, for fixed e,
it does not converge to the same value, except in case of cir-
cle comb, i.e., when e = (. Moreover, the saturating threshold

is reduced as e increases. This can be attributed to increase

and the time of stay in the fingers. For short time, Fig. 10
shows that MSD ~ % with 0 < o < 1, and a sub-diffusion
process occurs in this direction. Besides, the value of expo-
nent o decreases as e increases. Such transient sub-diffusion
behavior was indeed demonstrated, for example, diffusion of
fluorophore-labelled dextran (MW 3000) in granular layers

(GL) of rat and turtle cerebella,!'®! also diffusion in crowded

the perimeter of the elliptical channel, p ~ 27/ (a2 +52)/2,  media of non-inert obstacles.!%’!
b
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Fig. 10. Temporal evolution of MSD in the backbone of classical comb, along 6 direction for D =D =1, b= {2,4,5,6,8,10}, and (a) e = 0,

(b)e=0.2,(c)e=0.5,(d) e=0.8.
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Fig. 11. MSD along 6 direction for short time for D = D=1,e=
{0,0.3,0.5,0.8}, and (a) b=4, (b) b="1.

4.3. Diffusion in the elliptical channel without dead ends

The phenomenon of slow diffusion can be attributed here
to the time the particles spend in the dead ends until they re-
turn to the backbone and the obstruction due to curvature of
the ellipse. For more about the role of eccentricity or curva-
ture of the ellipse, we consider the diffusion in the structure
with the absence of dead ends. MSD along the elliptical chan-
nel is plotted in Fig. 12. In contrast to diffusion in elliptical
comb, MSD grows linearly with time, and the diffusion is nor-

mal, see Fig. 12(a). However, MSD grows non-linearly with

time as the curvature of the channel increases, see Fig. 12(b),
and sub-diffusion process is dominated.

0.08——
L —e=0,b=10 ]
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7 0.04} ]
0.02f _—
% 02 04 06 08 10
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[ ]

0
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Fig. 12. MSD along elliptical channel without constrained geometries

for short time for D =D =1, and (a) e =0, 0.5, 0.8, and » = 10, (b)
e=0.5andb=3,6,8.

5. Conclusion and perspectives

In this paper, we have considered the features of diffusion
process in an elliptical channel with dead ends and discussed
the impact of geometry of the structure on this process. To
manipulate this problem, a modification of comb-like model
has been suggested, in which the backbone and fingers of the
comb correspond to the elliptical channel and radial dead ends
distributed along it, respectively. The Fokker—Planck equation
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that expresses the diffusion process in the structure process has
been derived and solved numerically. The results show a tran-
sient sub-diffusion behavior dominates the process followed
by a saturating state. The sub-diffusion regime and saturation
threshold are affected by the length of the elliptical channel
lateral branch and its curvature. Besides, the concentration of
particles at the initial position increases with the increase in
the curvature of the elliptical channel. These established re-
sults can be added to the results of previous works that refer to
the effects of curvature on diffusion processes in curved chan-
nels.
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