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The quantum Hall effect (QHE), which is usually observed in two-dimensional systems, was predicted theoretically
and observed experimentally in three-dimensional (3D) topological semimetal. However, there are some inconsistencies
between the theory and the experiments showing the theory is imperfect. Here, we generalize the theory of the 3D QHE
of Fermi arcs in Weyl semimetal. Through calculating the sheet Hall conductivity of a Weyl semimetal slab, we show
that the 3D QHE of Fermi arcs can occur in a large energy range and the thickness dependences of the QHE in different
Fermi energies are distinct. When the Fermi energy is near the Weyl nodes, the Fermi arcs give rise to the QHE which is
independent of the thickness of the slab. When the Fermi energy is not near the Weyl nodes, the two Fermi arcs form a
complete Fermi loop with the assistance of bulk states giving rise to the QHE which is dependent on the sample thickness.
We also demonstrate how the band anisotropic terms influence the QHE of Fermi arcs. Our theory complements the

imperfections of the present theory of 3D QHE of Fermi arcs.

Keywords: Weyl semimetal, three-dimensional quantum Hall effect, Fermi arcs

PACS: 73.23.—b, 73.50.—h, 73.43.—f

1. Introduction

Quantum Hall effect (QHE), which is discovered in
two-dimensional (2D) electron gases, opens a new era of
condensed matter physics.['! To generalize the QHE to
three-dimensional (3D) systems, tremendous effort has been
made.[®-15] Recently, the 3D QHE has been theoretically pre-
dicted to occur in Weyl semimetals.['®18] Weyl semimetals
are new topological states of matter of which low-energy bulk
excitations can be explicited by Weyl equations.!!%28! The
energy spectrums of Weyl equations touch at discrete points,
called Weyl nodes. The topologically protected surface states
between the Weyl nodes form Fermi arcs, which are the land-
mark feature of Weyl semimetals.!'’! In a Weyl semimetal,
the Fermi arcs at two opposite surfaces can be connected by
the Weyl nodes via a “wormhole” tunneling, forming a com-
plete Fermi loop producing the QHE.!'®! Following the pre-
diction, the quantized Hall plateaus have been experimentally
observed in the 3D topological semimetal Cd3As;.?"-3! In
Ref. [16], the Fermi arcs can support the QHE only when
the Fermi energy is at Weyl nodes and the band anisotropy
terms exist, which is hardly achievable. Meanwhile, the thick-
ness dependence of Fermi-arc 3D QHE is unclear. However,
Ref. [30] showed that the quantum Hall resistance is sensitive
to the sample thickness. These contradictions between theory
and experiments suggest that the present theory of the 3D QHE

of Fermi arcs is imperfect.
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In this paper, we generalize the theory of the 3D QHE
of Fermi arcs in Weyl semimetal. Through calculating the
sheet Hall conductivity of a Weyl semimetal slab, we show
that the 3D QHE of Fermi arcs can occur in a large energy
range and the thickness dependences of the QHE in different
Fermi energies are distinct. When the Fermi energy is near the
Weyl nodes, the Fermi arcs from two surfaces form a complete
Fermi loop needed by QHE. The Fermi arcs give rise to the
QHE which is independent of the thickness of the slab. In this
case, the anisotropic terms are necessary, or the QHE cannot
occur. When the Fermi energy is not at the Weyl nodes and
is not out of the energy range of Fermi arc states, the Fermi
arcs at two surfaces form a complete Fermi loop with the as-
sistance of bulk states. The Fermi arcs and bulk states give rise
to the QHE together which is dependent on the sample thick-
ness. The anisotropic terms are not necessary in this case. The
Fermi arc surface states are essential in both two cases. When
the Fermi energy is out of the energy range of Fermi arcs, only
the bulk states contribute to the Hall conductivity destroying
the quantized plateaus of QHE. Our theory complements the
imperfections of the present theory of 3D QHE of Fermi arcs.

The rest of the paper is organized as follows. In Sec-
tion 2, we introduce the model Hamiltonian. In Section 3, we
plot the energy spectrum for bulk states and Fermi arc states,
and make a brief analysis according to the energy spectrum. In

Section 4, the sheet Hall conductivities in different Fermi en-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

057304-1


http://dx.doi.org/10.1088/1674-1056/ac5c32
mailto:shengli@nju.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 31, 057304 (2022)

ergies are calculated numerically when a y direction magnetic
field B = (0,B,0) is applied. The final section contains a brief
summary.

2. Model

We consider a 3D model of Weyl semimetal with two
Weyl nodes, [16-36-401

H =Dk} + Dy (k; +k2) + A(kOy + ky0y) + M(k3, — k?) o,
(1)
where (0, 0y, 0;) are the Pauli matrices, k = (k, ky, k;) is the
wave vector, and Dy, D, A, M and k, are the model parame-
ters. D1 and D, are anisotropic terms. This model contains all
the topological properties of Weyl semimetals.[*°! The energy
dispersion of this model is

EY = Dik;+Dy(k +k2)
A2 4K+ MR, — K22, @)

with £+ for the conductance and valence bands. The model
has two Weyl nodes at k1 = (0,0, +ky,) with the same energy
Ey = Dyk2,.

The effective Hamiltonian of Fermi arc states in a Weyl
semimetal slab has been calculated in Ref. [16]. The effective
Hamiltonian of the Fermi arc on the y = L/2 surface is

Hye = vk +D1k2, + (D2 — Dy ) (K2 +2), (3)

with v = A\/M? —D? /M. The Fermi arc at the y = L/2 sur-
face is confined in a region defined by the constraint

aky + K2+ K < K2, 4)

with a = AD /M , /M? —D%. Similarly, the effective model
of the Fermi arc state at the opposite surface of the Weyl
semimetal slab is

H},. = —vky+ Dk, + (D2 — Dy) (ks + k7). 5)
The Fermi arc at this surface is confined in a region defined by

the constraint
—aky+ k2 + K < K2, (6)

3. Energy spectrum

In Figs. 1(a) and 1(b), we plot the energy spectra for
bulk states and Fermi arc surface states of the Weyl semimetal
as functions of k, and k, with different anisotropic D terms.
The Fermi arc states are plotted as blue and pink curves
while the bulk states are plotted as red curves. In Fig. 1(a),
when the anisotropic terms are D; = D, = 0, the Fermi arc
states disperse linearly with k, while the Fermi arc is not in
Fig. 1(b), when the anisotropic terms are D; = 2 eV-nm? and
D; =3 eV-nm?2.

In Figs. 1(c) and 1(e), we plot the Fermi arc states and
bulk states on the plane of kx and k, for D1 =D, =0 eV-nm?2.
When the Fermi energy is precisely at the Weyl nodes, the
Fermi arc states of the two surfaces on the plane of k, and k,
form a straight line as shown in Fig. 1(c). However, when the
Fermi energy is not at Weyl nodes, the Fermi arcs at opposite
surfaces can form a complete Fermi loop with the assistance
of bulk states in Fig. 1(e).
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Fig. 1. (a) and (b) Energy spectra for bulk states and Fermi arc states with
(a) D = Dy = 0 eV-nm?2, (b) D; =2 eV-nm?, Dy =3 eV-nm?. (c)—(f)
Fermi arc states and bulk states on the plane of k, and k; for different Fermi
energy. In (c) Er =0 eV and (e) Ep = 0.02 eV, the anisotropic terms are

D; =D, =0 eVnm2. In (d) Ef = 0.27 eV and (f) Eg = 0.29 eV, the

anisotropic terms are Dy = 2 eV~nm2, D, =3 eV-nm?. The blue curves

and pink curves are the Fermi arc states plotted using Egs. (3) and (5) while
the bulk states are plotted as red curves using Eq. (2).

In Figs. 1(d) and 1(f), the situation is different when the
anisotropic terms are D; = 2 eV-nm? and D> = 3 eV-nm?. In
Fig. 1(d), the Fermi arcs at two surfaces can form a complete
Fermi loop themselves when the Fermi energy is precisely at
Weyl nodes. When the Fermi energy is not at Weyl nodes, the
Fermi arcs at two surfaces form a complete Fermi loop with
the assistance of bulk states as shown in Fig. 1(f).

We can make a brief analysis according to Fig. 1. First,
when the Fermi energy is at Weyl nodes, the Fermi arcs at
opposite surfaces can form a complete Fermi loop needed by
QHE only when the anisotropic terms exist. Second, when the
Fermi energy is not at Weyl nodes, the Fermi arcs at two sur-
faces form a complete Fermi loop with the assistance of bulk
states no matter the anisotropic terms exist or not. Therefore,
the Fermi arcs in Weyl semimetal can give rise to the QHE in a
large energy range. On the one hand, when the Fermi energy is
at Weyl nodes and the anisotropic terms exist, the Fermi arcs at
two opposite surfaces form a complete Fermi loop giving rise
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to the QHE. Because the Fermi arcs are independent of the
sample size, the QHE is independent of the thickness of the
sample in this case. On the other hand, when the Fermi energy
is not at Weyl nodes, the Fermi loop needed by QHE is formed
by the cooperation of Fermi arc states and bulk states. In this
situation, the QHE is dependent on the thickness of the sample
because the bulk states are size dependent. In the following,
we calculate the Hall conductivity of a Weyl semimetal slab to
verify our analysis.

4. Hall conductivity

We numerically calculate the Hall conductivity of a
Weyl semimetal slab in a magnetic field using the Kubo

formulal!4-16]
o= (Wo|va|For) (Wor [v| ¥5) [f (Eer) — f(Es)]
iVn’::ff 5,8'46 (E5 —Eg/)(E(; — E5/ + IF) ’

(N
where | W) is the eigenstate of energy E for H in a y-direction
magnetic field with open boundaries at y = +L/2, Vi is the
volume of the slab, vy and v, are the velocity operators, and
f(x) is the Fermi distribution.

The sheet Hall conductivity for the Weyl semimetal slab
is defined by of; = ogL. We numerically calculate the sheet
Hall conductivity at zero temperature using the same method
as in Refs. [16,41].

In Figs. 2(a) and 2(b), we show the sheet Hall conductiv-
ity as a function of Fermi energy Ef for different anisotropic
terms and sample sizes. The sheet Hall conductivity is quan-
tized in units of e? /i no matter the anisotropic terms exist or
not. However, the plateaus of sheet Hall conductivity are ob-
viously different in Figs. 2(a) and 2(b). When the Fermi en-
ergy is near Weyl nodes, 6! is zero for D; = D, = 0 eV-nm?
in Fig. 2(a) while O'SH is nonzero for D; = 2 eV-nm?, D, =
3 eV-nm? in Fig. 2(b). It means that the anisotropic terms are
necessary for the QHE in Weyl semimetal when the Fermi en-
ergy is near the Weyl nodes. Moreover, when the Fermi energy
is near Weyl nodes, o.! is independent of the thickness of the
slab as shown in Fig. 2. When the Fermi energy is not near the
Weyl nodes, the plateaus of sheet Hall conductivity depend on
the sample size. The ol is symmetric about the energy of
Weyl nodes in Fig. 2(a) while is not in Fig. 2(b) because of the
anisotropic terms.

In Fig. 3(a), we plot the sheet Hall conductivity in units
of €?/h as a function of 1/B when the Fermi energy is at
Weyl nodes for different anisotropic terms. When Dy = D, =
0 eV-nm?, the top and bottom Fermi arcs coincide forming a
straight line between two Weyl nodes as shown in Fig. 3(b),
which cannot give rise to the QHE. Therefore, the oy} is zero
as the red line in Fig. 3(a). However, the Fermi arcs at the two
surface connected by Weyl nodes can form a complete Fermi
loop needed by QHE when D =2 eV-nm?, D, =3 eV-nm? as
shown in Fig. 3(b). The oy is quantized in units of % /h as the

green line shown in Fig. 3(a), which is the case in Ref. [16]. In
this situation, the anisotropic terms are necessary for the QHE
in Weyl semimetal.
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Fig. 2. In a Weyl semimetal slab, the sheet Hall conductivity in units of
& /h as a function of Fermi energy with different thicknesses for B =15 T.
The anisotropic terms are (a) Dy = Dy =0 eV-nm?, (b) D; =2 eV-nm?,
D, =3 eV-nm?. The parameters are M = 5 eV-nmz, A =0.5eV-nm, and
kw=0.3nm .

(a) — Bp=0ev

n Ep=0.27 eV
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°
Bottom arc and top arc

k k

T T

Fig. 3. When the Fermi energy is at Weyl nodes. (a) The sheet Hall con-
ductivity o‘P as a function of 1/B for D; =D, =0 eV-nm? (red line),
D; =2 eV-nm?, Dy = 3 eV-nm? (green line). The thickness of the slab
is L =100 nm. Fermi arc states and bulk states on the plane of k, and k;
for (b) Dy = D =0eV-nm?, (c) D; =2 eV-nm?, D, = 3 eV-nm?. The red
point and blue point are Weyl nodes. The blue curves and pink curves are
the Fermi arc states plotted using Eqgs. (3) and (5). The other parameters can
be found in Fig. 2.
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Fig. 4. (a) The sheet Hall conductivity of! as a function of 1/B for
Dy = D, =0 eV-nm? (red line), D; =2 eV-nm2, Dy = 3 eV-nm? (green
line) and L = 100 nm. Fermi arc states and bulk states on the plane of k,
and k; for (b) D; = D> =0 eV-nm? at Eg = 0.02 eV, (c) D; =2 eV-nm?,
D, =3eV-nm? at Eg = 0.29 eV. The other parameters can be found in Fig. 2.
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Fig. 5. (a) The sheet Hall conductivity 6! as a function of 1/B for
Di =D, =0 eV-nm? (red line), D; =2 eV-nm?, D, = 3 eV-nm? (green
line) and L = 100 nm. Fermi arc states and bulk states on the plane of k, and
k. for (b) D; =D, =0 eV-nm? at Ep = 0.4 eV, (c) D; =2 eV-nm?, D, =3
at Er = 0.5 eV. The other parameters can be found in Fig. 2.

We plot the sheet Hall conductivity in units of e?/h as a
function of 1/B when the Fermi energy is not at Weyl nodes
in Fig. 4(a). In this case, the o} shows plateaus no matter

the anisotropic terms exist or not. This can be seen from the
Fermi arc states and bulk states on the plane of &, and k;. In

Figs. 4(b) and 4(c), the Fermi arcs form a complete Fermi loop
needed by QHE with the assistant of bulk states no matter the
anisotropic terms exist or not. The QHE is generated under
the combined action of bulk states and Fermi arc states. The
Fermi loop in Fig. 4(c) is bigger than that in Fig. 4(b). This is
why the green line is above the red line in Fig. 4(a).

In Fig. 5(a), when the Fermi energy is out of the energy
range of the Fermi arc states, we plot the sheet Hall con-
ductivity in units of e?/h as a function of 1/B for different
anisotropic terms. When the Fermi energy is out of the energy
range of the Fermi arc states, the bulk states themselves form
a complete Fermi loop as shown in Figs. 5(b) and 5(c). In this
situation, only the bulk states contribute to the Hall conductiv-
ity. As like a normal metal, the sheet Hall conductivity follows
the usual 1/B dependence in Fig. 5(a). Meanwhile, the Fermi
loop in Fig. 5(b) is bigger than that in Fig. 5(c) causing the
value of oy of red line above the green line in Fig. 5(a).

The above results of Hall conductivity are consistent with
our analysis in Section 3.

5. Summary

In summary, we generalize the theory of the 3D QHE of
Fermi arcs in Weyl semimetal. Through calculating the sheet
Hall conductivity of a Weyl semimetal slab, we show that the
3D QHE of Fermi arcs can occur in a large energy range and
the thickness dependences of the QHE in different Fermi en-
ergies are distinct. The position of Fermi energy plays an im-
portant role. When the Fermi energy is near the Weyl nodes,
the Fermi arcs at two surfaces form a complete Fermi loop
when the anisotropic terms exist giving rise to the QHE. The
anisotropic terms are necessary for the QHE in this situation.
In this situation, the QHE is independent of the sample size
because the Fermi arc states are independent of the sample
thickness. When the Fermi energy is not near the Weyl nodes
and is not out of the energy range of Fermi arc states, the Fermi
arcs form a complete Fermi loop with assistance of bulk states
no matter the anisotropic terms exist or not. The QHE is gen-
erated under the combined action of bulk states and Fermi arc
surface states. Because the bulk states depend on the thickness
of the slab, the QHE is dependent on the sample size. Finally,
when the Fermi energy is out of the energy range of Fermi arc
states, only the bulk states contribute to the Hall conductivity.
The plateaus of of; collapse and the oy follows the usual 1/B
dependence as like a normal metal. In experiment, it is diffi-
cult to distinguish if it is the Fermi arcs producing the QHE
in Weyl semimetal. Using our theory, this can be estimated
through the different thickness dependence in different Fermi
energies.
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