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The finite temperature Lanczos method (FTLM), which is an exact diagonalization method intensively used in quan-
tum many-body calculations, is formulated in the framework of orthogonal polynomials and Gauss quadrature. The main
idea is to reduce finite temperature static and dynamic quantities into weighted summations related to one- and two-
dimensional Gauss quadratures. Then lower order Gauss quadrature, which is generated from Lanczos iteration, can be
applied to approximate the initial weighted summation. This framework fills the conceptual gap between FTLM and kernel
polynomial method, and makes it easy to apply orthogonal polynomial techniques in the FTLM calculation.
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1. Introduction
In the study of quantum many-body systems, the ex-

act diagonalization (ED) method is intensively used to cal-
culate static and dynamic quantities.[1–4] Since the dimension
of many-body Hilbert space increases exponentially with sys-
tem size, ED is only appliable on systems of relatively small
size. But ED is still an effective method since it can always get
unbiased result compared with other variational methods like
density matrix renormalization group,[5–7] and does not suffer
from sign problem in quantum Monte Carlo simulations.[8–10]

To solve the problem of large matrix dimension, ED is of-
ten based on algorithms from sparse matrix calculation, espe-
cially Lanczos method[11–14] and kernel polynomial method
(KPM).[15–18]

The Lanczos method is originally used in the calcula-
tion of ground state properties, since only extreme eigenval-
ues and eigenvectors converge well. With the introduction
of finite temperature Lanczos method (FTLM) by Jaklič and
Prelovšek,[19,20] finite temperature static and dynamic quanti-
ties can be calculated accurately. In FTLM, the true Hamil-
tonian H is represented by an effective Hamiltonian Ĥ in the
Krylov subspace generated by Lanczos iteration. Then by ex-
panding exp(−βH) into Taylor series, the calculation is re-
duced to evaluating quadratic forms of the type 〈n|HkBH lA|n〉,
which can be achieved using effective Hamiltonian Ĥ.

KPM is another method used in the calculation of finite
temperature properties. The main idea behind KPM is using
Chebyshev polynomials to expand quantities like density of
states, static and dynamic correlation functions. KPM con-
verges very well at high temperature. But when temperature
comes to zero, the low lying states, which KPM does not cal-
culate very accurately, contribute an important part in thermo-

dynamic quantities. To overcome this, the KPM should run
several Lanczos iterations to get accurate low lying states, and
projects these states out in later calculations. Despite the in-
accuracy at low lying states, KPM is believed to be simpler
and faster than Lanczos method, and does not suffer from the
problem of losing orthogonality occurred in high order Lanc-
zos iteration.[15]

Recently there have been numerical experiments bench-
marking the accuracy of FTLM and KPM,[21,22] but the re-
lationship between these two classes of ED methods has not
been well explored yet. In this paper, we develop and for-
mulate FTLM in the framework of Gauss quadrature and or-
thogonal polynomials. In this framework, the Lanczos iter-
ation in FTLM is regarded as a procedure to generate a se-
ries of orthogonal polynomials by which different functions
of Hamiltonian is expanded. These orthogonal polynomials
play the same role as that of Chebyshev polynomials in KPM.
The combination of Gauss quadrature and Lanczos iteration
has been used in the matrix computation community,[23,24] for
example, to give error estimate of solution of linear equations,
which is related to the quadratic forms u†A−iu for i = 1,2.
Here we generalized this method to the calculation of more
general form u† f (H)Ag(H)v, which needs the notion of two-
dimensional Gauss quadrature and can be applied in the cal-
culation of finite temperature dynamic correlation functions.
This Gauss quadrature based framework fills the conceptual
gap between FTLM and KPM, which makes it easy to apply
orthogonal polynomial techniques commonly used by KPM
in the FTLM calculation. The implementation of FTLM is re-
duced to one- or two-dimensional Gauss quadratures, which is
similar to that of KPM, and is simpler than the procedure of
Taylor series expansion.
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2. Fundamental theory
In large scale exact diagonalization of quantum many-

body systems, the Hamiltonian H is given as a sparse Her-
mitian matrix of dimension N. Usually the study of static and
dynamic quantities involves calculating trace of f (H), where
f is a smooth function. For example, f (H) = exp(−βH) for
the calculation of partition function, and f (H) = exp(−iHt)
for the calculation of real time evolution. As we will see in
Section 3, we can get many static and dynamic quantities by
a suitable choice of f (H), and an effective way to calculate
following quantities:

1. u† f (H)u,
2. u† f (H)v where u 6= v,
3. u† f (H)Ag(H)v.

Here u and v are N-dimensional vectors representing quan-
tum many-body states. As developed in following sections,
the first quantity is related to one-dimensional Gauss quadra-
ture, and the second and third quantities can be calculated by
two-dimensional Gauss quadrature.

2.1. Weighted summation and Gauss quadrature

Let H be a Hermitian matrix of dimension N with follow-
ing eigenvalue decomposition:

H = XΛX†, (1)

where Λ = diag(λ0,λ1, . . . ,λN−1) is a diagonal matrix with N
real eigenvalues, and X is an unitary matrix. Given any smooth
function f , the matrix f (H) is defined as

f (H) = X diag( f (λ0), f (λ1), . . . , f (λN−1))X† = X f (Λ)X†. (2)

Now consider the quadratic form u† f (H)u, where u is
a N-dimensional vector representing a quantum many-body
state. The quadratic form can be written as

u† f (H)u = (X†u)† · f (Λ) · (X†u)

=
N−1

∑
i=0
|(X†u)i|2 · f (λi)

≡
N−1

∑
i=0

wi f (λi). (3)

We can see that u† f (H)u can be seen as a weighted summa-
tion with weights wi = |(X†u)i|2 and evaluation points λi being
the eigenvalue of H. This form is exactly the same as that of
Gauss quadrature,[25] which is extensively used in numerical
calculation of integrals.

To be more specific, Gauss quadrature is an approxima-
tion method to calculate integrals numerically. It transforms
the integral

I( f ) =
∫ b

a
f (x)w(x)dx (4)

into a weighted summation

IG( f ) =
n−1

∑
i=0

wi f (xi), (5)

where the nodes xi and weights wi are determined by a specific
Gauss quadrature rule. For a given n and correctly calculated
xi and wi, I( f ) = IG( f ) for all polynomials f that have degree
2n−1 or less.

Equation (3) can be seen as a high order Gauss quadra-
ture where the order N is exponentially large. The idea behind
FTLM is to find a lower order approximation of this high or-
der quadrature. The nodes and weights of the optimal lower
order Gauss quadrature can be generated by Lanczos iteration,
which leads to following algorithm:[24,26]

1. With normalized starting vector q0 = u/||u||, run Lanc-
zos iteration M steps to get tridiagonal matrix TM (defined in
Eq. (13)).

2. Compute the eigenvalue decomposition

S†TMS = diag(λ0, . . . ,λM−1). (6)

3. Compute

IG( f ) =
M−1

∑
j=0
|S0, j|2 f (λ j). (7)

4. u† f (H)u≈ IG( f ) · ||u||2.
To validate the algorithm of FTLM above, we need to

dig into the mathematical principles behind Gauss quadrature,
which leads us to the theory of orthogonal polynomials. Fur-
thermore, theory of orthogonal polynomials can give error es-
timates of FTLM, which is essential in numerical simulation.

2.2. Theory of orthogonal polynomials

The theory of orthogonal polynomials[27] is fundamen-
tal in the implementation and analysis of Gauss quadrature.
Given interval (a,b), define inner product of any two functions
f and g in (a,b) as

〈 f ,g〉 :=
∫ b

a
f (x)g(x)w(x)dx, (8)

where w is a fixed positive weight function in (a,b), and with-
out loss of generality we set the following restriction on w(x):∫ b

a
w(x)dx = 1. (9)

Let {pn}∞
n=0 denote a series of orthogonal polynomials in

(a,b). Here n denotes the degree of polynomial. We further
require that pn is normalized, namely,

〈pi, p j〉= δi j for i, j ≥ 0. (10)

In general {pn}∞
n=0 can ge generated by following 3-term

recurrence relation with p0 = 1 and β0 = 0:

βn+1 pn+1(x) = (x−αn)pn(x)−βn pn−1(x). (11)
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Here αn = 〈xpn, pn〉, and βn+1 is introduced to normalize
pn+1, namely,

βn+1 = ||(x−αn)pn(x)−βn pn−1(x)||. (12)

The αi and βi for 0 ≤ i < n can be used to construct a
n×n tridiagonal matrix Tn as follows:

Tn =



α0 β1 0 . . . 0

β1 α1 β2
. . .

...

0
. . . . . . . . . 0

...
. . . . . . αn−2 βn−1

0 . . . 0 βn−1 αn−1


. (13)

The Tn is important in the study of orthogonal polynomi-
als and Lanczos algorithm. Given the eigenvalue decomposi-
tion Tn = SΛS† where Λ = diag(x0,x1, . . . ,xn−1), it turns out
that x0,x1, . . . ,xn−1 are the zeros of pn(x), and

S =


p0(x0)

a0

p0(x1)
a1

· · · p0(xn−1)
an−1

p1(x0)
a0

p1(x1)
a1

· · · p1(xn−1)
an−1

...
...

. . .
...

pn−1(x0)
a0

pn−1(x1)
a1

· · · pn−1(xn−1)
an−1

 , (14)

where

a j = e iφ j

√
n−1

∑
i=0

p2
i (x j) (15)

and e iφ j is a phase factor for each eigenvector.
If we define

wi = |S0,i|2, (16)

then for any polynomial p(x) of degree less than 2n, we have

n−1

∑
i=0

p(xi)wi = 〈p(x), p0〉 . (17)

Equation (17) is the fundamental result of Gauss quadra-
ture, which states that we can choose a set of n nodes and
weights to construct a quadrature rule of order 2n− 1. One
can find detailed proof of Eqs. (14) and (17) in Appendix A.

We can restate Gauss quadrature in the language of dis-
crete inner product. Given the nodes xi and weights wi defined
above, we can define a discrete inner product in [a,b] and its
associated norm by

(u,v)n,w =
n−1

∑
j=0

u(x j)v(x j)w j, (18)

||u||n,w =
√
(u,u)n,w. (19)

And according to Eq. (17) we have

(u,v)n,w = 〈u,v〉, (pi, p j)n,w = δi j (20)

for all degree(u)+degree(v)≤ 2n−1 and i, j ≤ n−1.

2.3. Relationship with Lanczos iteration

Lanczos iteration is a standard method to transform a Her-
mitian matrix into tridiagonal form by an unitary transforma-
tion. For a given matrix H and a starting normalized vector u,
the Lanczos iteration is given by

βn+1qn+1 = (H−αn)qn−βnqn−1 (21)

with q0 = u,β0 = 0, and

αn = q†
nHqn,

βn+1 = ||(H−αn)qn−βnqn−1||. (22)

The transformed tridiagonal matrix is exactly the same as Tn

defined in Eq. (13).
We can see many similarities between Eqs. (11) and (21).

Actually Lanczos iteration does its transformation according
to a sequence of orthogonal polynomials.[24] To see this, let
us define qi = pi(H)q0, where pi is a polynomial of degree i.
According to Eq. (21), we have

βn+1 pn+1(H)q0 = (H−αn)pn(H)q0−βn pn−1(H)q0. (23)

So pn(x) satisfies the recurrence

βn+1 pn+1(x) = (x−αn)pn(x)−βn pn−1(x), (24)

which is the same recurrence relation of pn in Eq. (11).
Here for simplicity we assume that for the Hermitian ma-

trix H of dimension N, we can transform it into a tridiagonal
matrix TN of the same dimension by Lanczos iteration with
a suitable normalized starting vector u. Note that Lanczos
tridiagonalization procedure is generally an unitary transfor-
mation, namely,

H =UTNU†, (25)

where

U = [q0 = u,q1, . . . ,qN−1], q j = p j(H)q0. (26)

Given the eigenvalue decomposition H = XΛX† and TN =

SΛS†, we get

S =U†X ,

|S0,i|2 = |S†
i,0|

2 = |(X†u)i|2.

Thus in the weighted summation (see Eq. (3))

u† f (H)u =
N−1

∑
i=0

wi f (λi)

we have

wi = |S0,i|2,
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which is the same weight as that of Gauss quadrature in
Eq. (16).

Now we can explain more explicitly the algorithm of
FTLM in Subsection 2.1 using the language of discrete inner
product. Suppose f is a smooth function and u is a normalized
vector, by definition, we have

u† f (H)u = ( f , p0)N,w. (27)

Then the idea is to approximate ( f , p0)N,w by a lower or-
der discrete inner product (or equivalently, lower order Gauss
quadrature), namely ( f , p0)M,w̃, where M� N is the number
of Lanczos iterations we run. We need to give an error esti-
mate of this method. To be more specific, the error is defined
as

r = ( f , p0)N,w− ( f , p0)M,w̃. (28)

The f can be expand by orthogonal polynomials

f =
∞

∑
i=0

ci pi, ci = 〈 f , pi〉 . (29)

Considering N is very large, and also pi for i ≥ N is not well
defined, the expansion of f can be cut off at N−1, which leads
to[28]

f =
N−1

∑
i=0

ci pi, ci = ( f , pi)N,w. (30)

Then ( f , p0)N,w = c0, and

( f , p0)M,w̃ =
N−1

∑
i=0

ci(pi, p0)M,w̃ = c0 +
N−1

∑
i=2M

ci(pi, p0)M,w̃. (31)

So

r =−
N−1

∑
i=2M

ci(pi, p0)M,w̃ =−
N−1

∑
i=2M

( f , pi)N,w(pi, p0)M,w̃, (32)

which means that M Lanczos iterations will give approxima-
tion up to order of 2M.

2.4. Two-dimensional Gauss quadrature

Here comes to the question of how to calculate the fol-
lowing quantities:

1. u† f (H)v where u 6= v,
2. u† f (H)Ag(H)v.
We can see that the second quantity is a general form of

the first one given A = g(H) = 1. As for the first case, if u,v
are real vectors and H is a real symmetric matrix, we can use
the following identity[23] to calculate uT f (H)v:

uT f (H)v =
1
4
[(u+ v)T f (H)(u+ v)

−(u− v)T f (H)(u− v)]. (33)

Then we can use the method talked before to calculate
uT f (H)v, the only difference is that we need to run Lanczos
iteration twice.

But for the general case, namely, u† f (H)Ag(H)v, we
need a different method, which needs the notion of two-
dimensional Gauss quadrature, as will be discussed below.

Two-dimensional Gauss quadrature, and also two-
dimensional orthogonal polynomials, can be easily con-
structed from a tensor product of two one-dimensional Gauss
quadratures and orthogonal polynomials respectively. For-
mally, given two weighted Hilbert space L2

w(a,b) and L2
ŵ(a,b),

we can construct a Hilbert space on (a,b)× (a,b) by defining
the following inner product:

〈 f ,g〉2 :=
∫∫

f (x,y)g(x,y)w(x)ŵ(y)dxdy. (34)

Given two sequences of orthogonal polynomials
{pm}∞

m=0 and {qn}∞
n=0 with weight functions w and ŵ in (a,b),

it can be verified that pm(x)qn(y) forms a orthogonal and com-
plete basis in (a,b)× (a,b), with the property

〈pm(x)qi(y), pn(x)q j(y)〉2 = δmnδi j. (35)

Same as one-dimensional discrete inner product, we can
define two-dimensional discrete inner product as

( f ,g)n,ŵ
m,w =

m−1

∑
i=0

n−1

∑
j=0

wiŵ j f (xi,y j)g(xi,y j), (36)

where (xi,wi), 0 ≤ i ≤ m− 1 and (y j, ŵ j),0 ≤ j ≤ n− 1 are
nodes and weights for pm and qn, respectively.

It can be verified that

(pm(x)qi(y), pn(x)q j(y))
N,ŵ
M,w = 〈pm(x)qi(y), pn(x)q j(y)〉2

= δmnδi j (37)

for all m+n≤ 2M−1 and i+ j ≤ 2N−1.
Now we can transform u† f (H)Ag(H)v to a two-

dimensional discrete inner product, and similar to the one-
dimensional case, we can use a lower order discrete inner
product to approximate the high order one.

As before, given H = XΛX†, we have

u† f (H)Ag(H)v

= u†X f (Λ)X†AXg(Λ)X†v

= ∑
i, j
(X†u)†

i f (λi)(X†AX)i jg(λ j)(X†v) j

= ∑
i, j
|(X†u)i|2 f (λi)

(X†AX)i j

(X†u)i(X†v)†
j

g(λ j)|(X†v) j|2

≡ ∑
i, j
|(X†u)i|2 f (λi)C(λi,λ j)g(λ j)|(X†v) j|2

= ( f (x)C(x,y),g(y))N,ŵ
N,w, (38)
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in which we have introduced an auxiliary function C(x,y). It
is only defined at some discrete points as follows:

C(λi,λ j) =
(X†AX)i j

(X†u)i(X†v)†
j

. (39)

It is now clear that u† f (H)Ag(H)v is a two-dimensional
discrete inner product. The next step is to expand C(x,y) as
summation of orthogonal polynomials up to order N×N,[29]

C(x,y) =
N−1

∑
m=0

N−1

∑
n=0

µmn pm(x)qn(y). (40)

The expansion coefficients µmn can be calculated as

µmn = 〈C(x,y), pm(x)qn(y)〉2
= (C(x,y), pm(x)qn(y))

N,ŵ
N,w

= ∑
i, j
|(X†u)i|2 pm(λi)C(λi,λ j)qn(λ j)|(X†v) j|2

= ∑
i, j
(X†u)†

i pm(λi)(X†AX)i jqn(λ j)(X†v) j

= u† pm(H)Aqn(H)v

= u†
mAvn, (41)

where um = pm(H)u and vn = qn(H)v are vectors generated by
Lanczos iteration with starting vector u and v, respectively.

The last step is to use a lower order discrete inner product
to approximate u† f (H)Ag(H)v. Suppose we run two Lanczos
iterations with starting vector u for M1 steps and starting vec-
tor v for M2 steps, which generates tridiagonal matrix TM1 and
T̂M2 , respectively. The nodes and weights associated with TM1

and T̂M2 are (λi,wi) and (λ̂ j, ŵ j) respectively, then we have

u† f (H)Ag(H)v

≈ ∑
i, j

wi f (λi)C(λi, λ̂ j)g(λ̂ j)ŵ j

= ∑
m,n

µmn ∑
i, j

wi f (λi)pm(λi)qn(λ̂ j)g(λ̂ j)ŵ j

= ∑
m,n

µmn

(
∑

i
wi f (λi)pm(λi)

)(
∑

j
ŵ jg(λ̂ j)qn(λ̂ j)

)
= ∑

m,n
µmn( f , pm)M1,w(g,qn)M2,ŵ. (42)

Here we need to calculate pm(λi) (and also qn(λ̂ j)) for
each m and i. This can be achieved by using the eigenvectors
of TM1 . From Eq. (14) we can see that each row of matrix S
divided by the first row of S respectively just gives pm(λi).

For a special case, when g(x) = 1 = q0, we have
(g,qn)M2,ŵ = δn0, then

u† f (H)Ag(H)v = u† f (H)Av

= ∑
m,n

µmn( f , pm)M1,wδn0

= ∑
m

µm0( f , pm)M1,w, (43)

which means that we only need to run one Lanczos iteration
for M1 steps. In general case, the numerical effort for the cal-
culation of µmn ranges between N(M1 +M2) and NM1M2 op-
erations, depending on whether memory is available for saving
M1 (or M2) vectors of dimension N.

3. Formulas for static and dynamic quantities
Until now we have not discussed how to calculate static

and dynamic quantities for a real quantum system. Actually
the routines in FTLM share many similarities as in KPM,[15,17]

thus can be expressed in a unified form.
In this section and later Dirac bra–ket notations will be

used to denote matrix vector multiplication, this notation is
inconvenient in previous sections but more suitable when it
comes to physical applications.

3.1. Stochastic evaluation of traces

Although we have the method to calculate 〈u| f (H)|u〉, in
many cases we need to evaluate the trace of a given operator.
For example, the partition function is given by a trace

Z = tr[e−βH ] = ∑
i
〈i|e−βH |i〉, (44)

where {|i〉} is a complete set of basis.
At first glance it seems impossible to evaluate since the

Lanczos iteration needs to be repeated for all N states of a
given basis, which makes the total computational effort pro-
portional to N2. It turns out that extremely good approxi-
mation of the trace can be obtained with a much simpler ap-
proach: stochastic evaluation of trace, in which estimate of
trace is based on the average over a small number R� N of
randomly chosen vectors[15,30]

tr[ f (H)]≈ N
R

R−1

∑
r=0
〈r| f (H)|r〉, (45)

where {|r〉} is a set of random vectors with the i-th element
being ξri, and ξri ∈ C are a set of independent identically dis-
tributed random variables fulfill

〈ξri〉= 0, (46)

〈ξriξr′ j〉= 0, (47)

〈ξ ∗riξr′ j〉= δrr′δi j, (48)

here we use the notation 〈·〉 to denote the statistical average.
It can be proved that equation (45) is an unbiased esti-

mate of tr[ f (H)] and the relative error of the estimate is of
order O(1/

√
RN). So for large matrix where N� 1, R can be

kept small.
The ξri can also be real and fulfill

〈ξri〉= 0, (49)
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〈ξriξr′ j〉= δrr′δi j. (50)

Typical chosen of ξri can be Gaussian distribution with aver-
age 0 and standard deviation 1.

3.2. Thermal average and density of states

Given partition function Z = tr[e−βH ], the thermal aver-
age of operator A is

〈A〉= 1
Z

tr[e−βHA]. (51)

We can use stochastic evaluation of traces to calculate
these quantities. From Eq. (43) we can see that only one
Gauss quadrature rule is need to calculate both 〈r|e−βH |r〉 and
〈r|e−βHA|r〉 for each given random vector |r〉, so only one
Lanczos iteration is need for the given random vector. This
can be generalized to many operators if we want to calculate
thermal average of these operators at the same time.

Here we consider two limiting cases to illustrate the ac-
curacy of FTLM.

1. β → 0. This is the high temperature limit, where

e−βx→ 1 = p0

and according to Eq. (32), few Lanczos iteration will give ac-
curate result.

2. β → ∞. This is the low temperature limit, e−βx will
be sharply dominated at x = Emin. From the theory of orthog-
onal polynomial expansion, many high order expansion will
contribute to this nearly discontinuous function. Furthermore,
Gibbs oscillation[17,31] will creep into the expanded function,
which introduces numerical instability. In this case, low tem-
perature Lanczos method[32] have been proposed to address
this problem. One can also use ground state Lanczos method
in this super low temperature regime, which is generally more
accurate.

As for density of states, it is defined as

ρ(E) =
1
N

N−1

∑
k=0

δ (E−Ek). (52)

The Dirac δ (x) function above is difficult for numerical inte-
gration, we can approximate it by a Lorentz function, namely,

δ (x) = lim
ε→0+

1
π

ε

ε2 + x2 ≡ lim
ε→0+

l(x;ε). (53)

Then we set ε as a small positive number and rewrite ρ(E) as

ρ(E) ≈ 1
N

N−1

∑
k=0

l(E−Ek;ε)

=
1
N

N−1

∑
k=0
〈k|l(E−H;ε)|k〉

=
1
N

tr[l(E−H;ε)]

≈ 1
R

R−1

∑
r=0
〈r|l(E−H;ε)|r〉, (54)

where |k〉 is the k-th eigenvector of H and |r〉 is a random vec-
tor.

It is numerically more stable to calculate cumulative den-
sity of states c(E) instead of ρ(E). c(E) is defined as

c(E) =
∫ E

E0

ρ(E ′)dE ′ =
1
N

N−1

∑
k=0

h(E−Ek), (55)

where h(x) is a step function defined as

h(x) =

{
1, x≥ 0,
0, x < 0

= lim
ε→0+

1
1+ e−x/ε

≡ lim
ε→0+

g(x;ε). (56)

Similar to the calculation of ρ(E), we set ε as a small
positive number and rewrite c(E) as

c(E) ≈ 1
N

N−1

∑
k=0

g(E−Ek;ε)

=
1
N

N−1

∑
k=0
〈k|g(E−H;ε)|k〉

=
1
N

tr[g(E−H;ε)]

≈ 1
R

R−1

∑
r=0
〈r|g(E−H;ε)|r〉. (57)

3.3. Real time evolution

As a studying case, here we consider real time evolution.
Specifically, we are interested in the quantity

I = 〈u|e−iHt |v〉. (58)

From Eq. (43) we can see that

I = ∑
m
〈u|pm(H)|v〉(e−itx, pm(x))M,w

= ∑
m
〈u|pm(H)|v〉[(cos(tx), pm(x))M,w

− i(sin(tx), pm(x))M,w]. (59)

Here we consider two limiting cases:
1. t→ 0. In this case

sin(tx)→ 0, cos(tx)→ 1 = p0(x),

equation (59) is accurate for very few Lanczos iteration.
2. t → ∞. In this case both sin(tx) and cos(tx) will os-

cillate badly in the integration interval [Emin,Emax], and Gauss
quadrature based integration rule will fail to converge.

So the real time evaluation is different from imaginary
time evaluation in the sense that real time evaluation will fail
to converge in the t → ∞ limit, while imaginary time evalu-
ation will admit accurate results in both β → 0 and β → ∞

limits.
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3.4. Dynamic correlation function

Before we dig into the calculation of finite temperature
correlation function, we may first give a glance for the zero
temperature case. For zero temperature, the dynamic correla-
tion function for two operator A and B is

〈A;B〉±
ω
= lim

ε→0+
〈0|A 1

ω + iε∓H
B|0〉. (60)

From the viewpoint of FTLM, equation (60) is in the form of
〈u| f (H)|v〉 that can be handled by Gauss quadrature, and the
computational complexity is the same as standard Lanczos and
KPM.

The finite temperature response function is given by

C(t) = 〈A(t)A〉

=
1
Z

tr[e(−β+it)HAe−iHtA]

≈ N
ZR

R−1

∑
r=0
〈r|e(−β+it)HAe−iHtA|r〉 (61)

in which the term 〈r|e(−β+it)HAe−iHtA|r〉 follows the general
form 〈u| f (H)Ag(H)|v〉 with f (x; t) = e(−β+it)x and g(x; t) =
e−itx, and needs a two-dimensional Gauss quadrature to cal-
culate.

As mentioned in real time evolution, Gauss quadrature
based FTLM is not accurate for evolution time t being large,
this is also true in Eq. (61). In this case it is better to calculate
the Fourier transform of C(t)

D(ω) =
1√
2π

∫
∞

−∞

e iωtC(t)dt. (62)

In the language of two-dimensional discrete inner prod-
uct, we can write C(t) as

C(t) ≈ N
ZR

R−1

∑
r=0
〈r| f (H)Ag(H)A|r〉

=
N
ZR

R−1

∑
r=0

( f (x; t)C(x,y),g(y; t))N,ŵ
N,w. (63)

So its Fourier transform is

D(ω) =
N
ZR

R−1

∑
r=0

(C(x,y),G(x,y;ω))N,ŵ
N,w, (64)

where

G(x,y;ω) =
1√
2π

∫
∞

−∞

e iωt f (x; t)g(y; t)dt

=
√

2π e−βx
δ (ω− (y− x))

≈
√

2π e−βxl(ω− (y− x);ε), (65)

and l is the Lorentz function defined in Eq. (53).
In general case, the two-dimensional Gauss quadrature

(C(x,y),G(x,y))N,ŵ
N,w in Eq. (64) can be calculated as follows:

(C(x,y),G(x,y))N,ŵ
N,w = ∑

m,n
µmn(pm(x)G(x,y),qn(y))

N,ŵ
N,w

≡ ∑
m,n

µmnGmn, (66)

where

Gmn = (pm(x)G(x,y),qn(y))
N,ŵ
N,w

= ∑
i, j

wi pm(λi)G(λi, λ̂ j)qn(λ̂ j)ŵ j. (67)

4. Numerical results of 1D XY model
In this section we give numerical results to illustrate the

idea of Gauss quadrature based finite temperature Lanczos
method. The numerical calculation is carried out on the one-
dimensional XY model.

The XY model is introduced by Lieb, Schultz and Mattis
in 1961,[33] they considered a chain of N 1/2-spins, governed
by the Hamiltonian

H = ∑
j

[
(1+ γ)Sx

jS
x
j+1 +(1− γ)Sy

jS
y
j+1−hSz

j

]
. (68)

This model can be exactly solved by Jordan–Wigner
transformation. To make the exact solution simpler, here we
consider open boundary condition, and calculate the exact so-
lution for finite lattice, then compare with numerical results
come from FTLM. All the calculations are carried out on a
lattice of 20 sites (N = 20), with γ = 0.2 and h = 0.6.

First we consider specific heat. Specific heat is defined as

CV =
β 2

N

(〈
H2〉−〈H〉2) . (69)

Both
〈
H2
〉

and 〈H〉 can be calculated by a symmetrical Gauss
quadrature of the form 〈u| f (H)|u〉. The numerical results are
shown in Fig. 1(a).

0.25

0.15

0.05

0

0.20

0.10

C
V

χ

(a) R=20
R=100
Exact

0

1

2

3

4 (b) R=20
R=100
Exact

T

-3 -2 -1 0 1 2

T

-3 -2 -1 0 1 2

Fig. 1. (a) specific heat and (b) magnetic susceptibility of 1D XY model.
In both figures the Lanczos iteration steps is set to 100, and the number
of random vectors (denoted by R) is set to 20 and 100 respectively.

The second quantity we consider is magnetic susceptibil-
ity, which is defined as

χ = β

(〈
m2

z
〉
−〈mz〉2

)
, (70)

where mz is the average magnetization in z direction

mz =
1
N ∑

j
Sz

j. (71)
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Both 〈m2
z 〉 and 〈mz〉 can be calculated by an unsymmetrical

Gauss quadrature of the form 〈u| f (H)|v〉. The numerical re-
sults are shown in Fig. 1(b).

The computational effort to calculate CV and χ are ap-
proximately same, since only one Lanczos iteration is needed
to calculate the symmetric Gauss quadrature 〈u| f (H)|u〉 and
the unsymmetrical Gauss quadrature 〈u| f (H)|v〉. In both case
the Lanczos iteration steps is set to 100, and the number of ran-
dom vectors (denoted by R) is set to 20 and 100 respectively.
From Fig. 1 we can see that FTLM is accurate at high temper-
ature, while the accuracy at low temperature is influenced by
statistical fluctuations from random vectors.

The third quantity we calculate is the dynamic correlation
function of the average magnetization in z direction,[34] which
is defined as

χ(t) = 〈mz(t)mz〉= 〈e iHtmz e−iHtmz〉. (72)

This quantity can be calculated by a two-dimensional Gauss
quadrature of the form 〈u| f (H)Ag(H)|v〉. The numerical re-
sults are shown in Fig. 2(a).
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0.05

0

0.20

0.10

χ
(ω
)

Im
χ
(t
)

(a) FTLM
Exact

(b)
FTLM
Exact

t

-4

-2

0

2

4
T10-5

T10-2

-1 2

-2 -1 0 1 2
ω

t

-3 -2 -1 0 1 2
0.6

0.7

0.8

0.9

1.0

1.1

1.2

1.3

R
e
χ
(t
)

Fig. 2. (a) Dynamic correlation function χ(t). The main plot shows the
real part of χ(t) while the inset shows the imaginary part of χ(t). (b)
Fourier transform of χ(t), denoted as χ(ω). In both figures the temper-
ature T in the calculation is set to 10. Lanczos iteration steps is set to
300, and the number of random vectors is set to 100.

We can see that numerical result agrees well with exact
result when t < 10. But for lager t, the numerical result is
very inaccurate. As discussed in real time evolution (see Sub-
section 3.3), Gauss quadrature based integration will fail to

converge for highly oscillate functions such as e itH for large
t.

It is usually more convenient to study the Fourier trans-
form of χ(t) defined as follows:

χ(ω) =
1√
2π

∫
∞

−∞

e iωt
χ(t)dt. (73)

The numerical results are shown in Fig. 2(b).
The calculation of χ(ω) also involves two-dimensional

Gauss quadrature in which the Dirac δ functions are replaced
by Lorentz functions (see Eq. (65)). Since the time scale that
FTLM can accurately calculate can not be large, the resolu-
tion in ω space, which is represented by the parameter ε in
Lorentz function, is also limited due to the time-energy uncer-
tainty principle. As shown in Fig. 2(b), the parameter ε is set
to 0.01. Smaller ε will lead to negative χ(ω) values, which
indicates the failure of convergence.

5. Conclusion

This paper has shown the tight relationship between
Lanczos algorithm and orthogonal polynomials, and devel-
oped finite temperature Lanczos method in the framework of
Gauss quadrature. The Lanczos algorithm can be regarded
as a procedure to generate a series of orthogonal polynomials
by which different functions of Hamiltonian H are expanded.
These orthogonal polynomials also define Gauss quadrature
rules. The nodes and weights of Gauss quadrature are given by
the eigenvalues and eigenvectors of tridiagonal matrix which
is generated by the Lanczos iteration. Given the Gauss quadra-
ture rule, the calculation of quadratic form u† f (H)u, which is
the main part of finite temperature Lanczos method, can be
reduced to a one-dimensional Gauss quadrature. The calcula-
tion of more general form u† f (H)Ag(H)v can be reduced to
a two-dimensional Gauss quadrature. Then we showed that
many finite temperature static and dynamic quantities can be
calculated by one- or two-dimensional Gauss quadratures.

Our development of FTLM is not to improve numerically
the original FTLM introduced by Jaklič and Prelovšek, since
both methods admit same numerical results. The advantage
of this Gauss quadrature based framework is that it fills the
conceptual gap between FTLM and KPM, and makes it easy
to apply orthogonal polynomial techniques commonly used by
KPM in the FTLM calculation. One unexplored extension of
this framework is applying different kernels in FTLM to re-
duce Gibbs oscillation in the expansion of incontinuous func-
tions. We believe that after this development, FTLM will find
more applications in the calculations of quantum many-body
systems.
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Appendix A: Two theorems on orthogonal poly-
nomials

Theorem 1 The zeros of pn(x) are the eigenvalues of the
tridiagonal matrix

Tn =



α0 β1 0 . . . 0

β1 α1 β2
. . .

...

0
. . . . . . . . . 0

...
. . . . . . αn−2 βn−1

0 . . . 0 βn−1 αn−1


. (A1)

Proof Define two vectors of length n

𝑃 (x) = (p0(x), p1(x), . . . , pn−1(x))T,

𝐸n = (0,0, . . . ,0,1)T,

then the recurrence relation

βn+1 pn+1(x) = (x−αn)pn(x)−βn pn−1(x) (A2)

can be written in a vector form

x𝑃 (x) = Tn𝑃 (x)+βn pn(x)𝐸n. (A3)

Since pn(x j) = 0 for all 0≤ j ≤ n−1, equation (A3) at x = x j

becomes

x j𝑃 (x j) = Tn𝑃 (x j), 0≤ j ≤ n−1. (A4)

Hence the zeros of pn(x) are the eigenvalues of Tn.
Theorem 2 Let x0,x1, . . . ,xn−1 be the zeros of pn, then

there exists w j > 0 for j = 0,1, . . . ,n−1 such that

n−1

∑
j=0

p(x j)w j = 〈p(x), p0〉 (A5)

for all degree(p)≤ 2n−1.
Proof Since Tn is a symmetric matrix, it has the following

eigenvalue decomposition:

Tn = SΛS†, (A6)

where Λ = diag(x0,x1, . . . ,xn−1) and S is a unitary matrix, hav-
ing the form

S =


p0(x0)

a0

p0(x1)
a1

· · · p0(xn−1)
an−1

p1(x0)
a0

p1(x1)
a1

· · · p1(xn−1)
an−1

...
...

. . .
...

pn−1(x0)
a0

pn−1(x1)
a1

· · · pn−1(xn−1)
an−1

 . (A7)

Here

a j = e iφ j

√
n−1

∑
i=0

p2
i (x j) (A8)

and e iφ j is a phase factor for each eigenvector.
If we define w j as

w j =
p0(x j)

|a j|2
=

1
|a j|2

= |S0, j|2, (A9)

it can be varified that for 0≤ k ≤ n−1, we have

n−1

∑
j=0

pk(x j)w j =
n−1

∑
j=0

pk(x j)p0(x j)

|a j|2

=
n−1

∑
j=0

S∗k, jS0, j = δk0, (A10)

which indicates that equation (A5) holds true for degree(p)≤
n− 1. Now suppose n ≤ degree(p) ≤ 2n− 1, according to
polynomial remainder theorem p can be written as

p = pnqm + rl , (A11)

where

degree(qm) = m≤ n−1,

degree(rl) = l < m, (A12)

then since pn is orthogonal to polynomials of degree less than
n, we have

〈p, p0〉= 〈pnqm, p0〉+ 〈rl , p0〉
= 〈pn,qm p0〉+ 〈rl , p0〉
= 〈rl , p0〉. (A13)

On the other hand, since x j is the root of pn, we have

n−1

∑
j=0

p(x j)w j =
n−1

∑
j=0

[
pn(x j)qm(x j)+ rl(x j)

]
w j

=
n−1

∑
j=0

rl(x j)w j

= 〈rl , p0〉= 〈p, p0〉, (A14)

which completes the proof of Eq. (A5).

Acknowledgements
This work is supported by the National Natural Science

Foundation of China (Grant Nos. 11734002 and U1930402).
All numerical computations were carried out on the Tianhe-
2JK at the Beijing Computational Science Research Center
(CSRC).

References
[1] Lin H Q 1990 Phys. Rev. B 42 6561
[2] Lin H Q and Gubernatis J 1993 Comput. Phys. 7 400
[3] Zhang J M and Dong R X 2010 European Journal of Physics 31 591
[4] Nataf P and Mila F 2014 Phys. Rev. Lett. 113 127204
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