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The lattice Boltzmann method is used to study the inertial focusing and rotating characteristics of two-dimensional
elliptical particles and rectangular particles in channel flow. The results show that both elliptical particles and rectangular
particles initially located on one side and two sides of channel centerline migrate first towards the equilibrium position.
Then, the single-line particle train with an increasing spacing and the staggered particle train with stable spacing are
formed. The axial spacing of the staggered particle pair increases with aspect ratio and Reynolds number increasing. The
staggered elliptical or rectangular particle pairs form perpendicular orientation angles, which will be more obvious at larger
aspect ratio and lower Reynolds number. The single-line particle trains with different shapes seldom form the perpendicular
orientation angle.
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1. Introduction

The migration of particles in inertial microfluidics has
gained much attention for manipulating and detecting the par-
ticles or cells in microfluidics.[1–4] The self-organization of
the particle train with uniformly interparticle spacing was dis-
covered in microchannel, which has be used for counting and
screening of particles, or evenly dispersing particles into emul-
sions to facilitate accurate metering of drugs.[5–7] In practi-
cal biology and industry, many particles possess a variety of
shapes, such as biconcave disk-like red blood cells, and cylin-
drical Escherichia coli,[8] the more in-depth study of the par-
ticle trains self-organization with different shapes is important
in understanding the mechanism of particle train formation
and improving the design of medical diagnostics and cytome-
try.

The mechanism of the spherical particles or the two-
dimensional (2D) circular particles to form the trains in mi-
crochannel flow is gradually clear. Matas et al.[7] first discov-
ered the long-lived particle trains that had formed at the equi-
librium positions, in which the force balance of the lift force
and the wall repulsion acting on the neutrally buoyant particle
was realized. Hur et al.[9] experimentally discovered that the
rigid particles in microchannel would form some single-line
particle trains and staggered particle trains along the flow di-
rection simultaneously. Hood and Roper[10] referred to those
formed particle trains as the one-dimensional (1D) crystal or
2D microfluidic crystal at the equilibrium position, and de-
veloped an asymptotic theory to describe the formation of a
spherical particle pair at low Reynolds number. Gao et al.[11]

studied the formation of single-line particle trains, and found
that the particle train was formed after particles migrated to the
equilibrium position, and the interparticle spacing of single-
line particle trains was affected by the Reynolds number (Re).
Kahkeshani et al.[12] proposed that the average spacings of the
single-line particle trains were 5D and 2.6D (D was the parti-
cle diameter), the larger the Reynolds number, the smaller the
mean spacing in single-line particle train was. Pan et al.[13]

found that the spacing of single-line particle trains increased
with Re increasing, which was unstable when Re > 105 or
Re < 21. Recently, Gupta et al.[14] and Hu et al.[15] concluded
that the leading particle would leave the train, the interparticle
spacing increased continuously when particles migrated fur-
ther downstream. For the self-organization of staggered par-
ticle trains, Schaaf and Stark[16] found that the staggered par-
ticle pairs would form three types of particle trajectories, de-
pending on the initial position. Pan et al.[13] experimentally
found that the formed staggered particle trains would be af-
fected by the initial particle position and Reynolds number.
Hu et al.[17] concluded that there were four types of stabil-
ity conditions for forming the 2D staggered particle train in
a channel flow, i.e., stable, sub-stable, dynamic, and unstable
conditions.

The above studies are mainly focused on the migration of
spherical particles or 2D circular particles. Owing to the rota-
tional motion of non-circular particles, the inertial focusing
and rotating characteristics are complicated.[18,19] The self-
organization mechanism of non-circular particle trains is still
insufficient. Chen and Nie[20] reported the power-law relation-
ship between the rotation period of 2D elliptical particle and
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aspect ratio in a shear flow. The rotation period of an elliptical
particle in shear flow increased rapidly with Reynolds num-
ber increasing.[21] For the migration of elliptical particles in
channel flow, Masaeli et al.[22] experimentally found that the
ellipsoid particle rotated around a conserved axis following the
Jeffery orbits, the rotation was random at low Reynolds num-
ber. Chen et al.[23] showed that the migration process of the
2D elliptical particle in plane Poiseuille flow was dependent
on the particle aspect ratio and Re. Hu et al.[24] found that
the 2D elliptical particles could form the single-line and stag-
gered particle trains near walls. Huang and Lu[25] found that
the rotational mode of inertial migration of ellipsoidal parti-
cles in a circular tube is significantly affected by the pipe scale
and Reynolds number. Several studies about the motion of
rectangular particles have been reported. Lin et al.[26] discov-
ered that the sedimentation of the short 2D rectangular parti-
cles would form the inverted “T” structures, and there existed
the preferential orientations from 35◦ to 75◦. Hur et al.[27]

experimental discovered that the rectangular, circular and tri-
angle particles flowed with a periodically motion, they classi-
fied them as “focused”, “bouncing”, and “translating”, respec-
tively. Su et al.[28] reported that the cylindrical particles had
four stable equilibrium positions in a square channel, while
two or four equilibrium positions were found in a rectangular
channel, depending on the Reynolds number.

Based on the literature reviewed above, the researches
about the effects of particle shape on the particle trains self-
organization are still lacking. Therefore, the lattice Boltzmann
method is used to investigate the inertial focusing and rotating
characteristics of the elliptical particle pairs and rectangular
particle pairs in channel flow. The interparticle spacing, equi-
librium position, orientation angle in a stable rotation period
are studied for the particles with different values of aspect ratio
(α), and Reynolds numbers (Re), respectively. Those results
will be helpful in understanding the self-organization of parti-
cle trains with various shapes in channel flow.

2. Numerical methods
2.1. Lattice Boltzmann scheme

The lattice Boltzmann method (LBM) is an efficient di-
rect numerical simulation method to deal with the complicated
geometry of the moving particles.[29–33] The single-relaxation-
time LBGK model (D2Q9) with external force is adopted to
obtain the channel flow:

fi (𝑥+∆t𝑒i, t +∆t) = fi (𝑥, t)+
1
τ

[
f eq
i (𝑥, t)− fi (𝑥, t)

]
+Fp (𝑥, t)∆t, (1)

f eq
i (𝑥, t) = ρωi

[
1+

3
c2 𝑒i ·𝑢+

9
2c4 (𝑒i ·𝑢)2− 3𝑢2

2c2

]
, (2)

Fp (𝑥, t) =
(

1− 1
2τ

)
ωi

[
ei−𝑢

c2
s

+
𝑒i ·𝑢

c4
s

𝑒i

]
·𝑓 (𝑥, t) , (3)

where fi(𝑥, t) is the distribution function at position 𝑥 and
time t; ∆t is the unit time step; τ is the relaxation time;
f eq
i (𝑟, t) is the equilibrium distribution function; Fp is the split

force, 𝑓 is the body force;[34] cs is sound speed; wi is a weight
factor.

The discrete velocities in nine directions are

𝑒0=0; 𝑒i = {cos [π (i−1)/2] , sin [π (i−1)/2]} ,
i = 1–4,

𝑒i =
√

2{cos [π (i−4.5)/2] , sin [π (i−4.5)/2]} ,
i = 5–8. (4)

The fluid density and velocity are calculated from

ρ = ∑ fi, 𝑢=
1
ρ

∑ fi𝑒i +
∆t
2ρ

𝑓 . (5)

The modified bounce-back rule[35] is adopted here to en-
sure the no-slip boundary condition on the surface of moving
particles. The hydrodynamic force and torque exerted on the
particle by fluid are calculated by the momentum exchange
scheme, and the force and torque exerted on the particles,
when the particles cover and uncover the fluid node, are cal-
culated by the method proposed by Aidun et al.[21] Then, the
Newton’s second law is used to calculate the particle motion.
The present method was described in detail and successfully
verified in our previous publication.[24]

2.2. Problem definition

Now, the neutral buoyant staggered elliptical particle pair
migrating in a 2D parallel plate channel is taken for exam-
ple. Typical particle shapes in the present study are shown
in the dashed line sided boxes in Fig. 1. The elliptical parti-
cle pair and the rectangular particle pair are abreast initially
along one side or both sides of the centerline. The aspect ra-
tio α = a/b is defined to describe the particle shape; 2a and
2b denote the long axis and short axis of elliptical particle,
or the length and width of rectangular particle, respectively.
The periodic boundary and no-slip boundary condition are im-
posed in the x direction and on the channel walls. The channel
height is H = 140∆x (∆x = 1), it is insensitive to the trajecto-
ries of particle migration when channel length is changed from
2000∆x to 2500∆x. Thus, the smaller value of L = 2000∆x is
used. The blockage ratio k is calculated from k = 2a/H for
the elliptical particle and k = 2(a2 + b2)0.5/H for the rectan-
gular particle, respectively. The same blockage ratio is taken
as 0.33. Reynolds number Re = ρUmaxH/µ , where ρ , µ , and
Umax are the fluid density, viscosity, and the maximum veloc-
ity, respectively. The particles are numbered as P1 and P2, and
the orientation angles are represented as θ1 and θ2 along the
flow direction. The equilibrium position is defined as the di-
mensionless distance from the wall (yeq/H).
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Fig. 1. Schematic diagram of non-circular particle pair migration in channel
flow.

2.3. Validation

The motion of a neutrally buoyant rectangular particle in
Couette flow is calculated, and the evolution of orientation an-
gle θ is compared with the theoretical solution from the Jef-
fery’s model[36] as shown in Fig. 2. The result of orientation
angle given by Jeffery is also valid for almost any fore-aft sym-
metry particle. The equation of orientation angle θ is solved
theoretically and the evolution of θ with time is

tanθ =
1
re

tan
[
−γt

re

r2
e +1

+ tan−1 (re tanθ0)

]
, (6)

where θ0 is the initial orientation angle, γ is the shear rate,
re = 7.99, and the blockage ratio is 0.33.

We can see that the present result is in excellent agree-
ment with the Jeffery’s theoretical result.[36]

0 10 20 30 40 50

0

45

90

θ 
(Ο

)

Gt

 Jeffery
 Present

Fig. 2. Orientation of rectangular particle.

3. Results and discussion
3.1. Migration of single particle

Effect of aspect ratio α on the trajectory for elliptical par-
ticle and for rectangular particle in channel flow are shown
in Figs. 3(a) and 3(b). The particles with different initial po-
sitions (yin/H = 0.25 and 0.4) but the same aspect ratio will
finally oscillate at an identical equilibrium position, i.e., the
Segré–Silberberg effect is valid for the migration of elliptical
particle and rectangular particle in a 2D parallel plate channel.
The circular particle has a smooth trajectory, the non-circular
particle has an oscillatory trajectory due to the periodic rota-
tion, and the amplitude of oscillatory trajectory decreases with
aspect ratio decreasing. The phenomenon that the equilibrium
position is closer to the wall at larger aspect ratio is more obvi-
ous for the elliptical particle than for the rectangular particle.

  
.

.

.

.

y
/
H

y
/
H

α/. α/.
α/. α/.

  
.

.

.

.

x/H

x/H

Ellip Re/

α/. α/.
α/. α/.

Rect Re/

(a)

(b)

Fig. 3. Trajectories of single particle migration with different initial posi-
tions (yin/H = 0.25 and 0.4, Re = 32): (a) elliptical particle with different
aspect ratios; (b) rectangular particle with different aspect ratios.

3.2. Self-organizing of particle pair

It has been observed that circular or spherical particles
tend to form the particle train with particles evenly spaced
in between in the flow direction after migrating to the equi-
librium position. For the inertial migration of non-circular
particles in channel flow, the evolutions of particle spacing
between two particles with different initial distributions are
shown in Fig. 4. Comparing with the smooth curve of the
circular particles, the evolution of spacing between two neigh-
boring non-circular particles shows a periodic curve, and fluc-
tuates within a certain range. The upper part of Fig. 4 shows
that the spacing of the formed single-line particle pair is un-
stable (Re = 32, yin = 0.25, and ds0 = 2.5), and the spacing
increases with travel distance (x/H) increasing. When the as-
pect ratio increases, the spacing of elliptical particles changes
slowly, and the change in spacing with the aspect ratio is not
obvious for the rectangular particles.

Two lines of particles are distributed initially and abreast
along both sides of the centerline at vertical heights of yin =

0.25H and 0.75H, respectively. The spacing between the stag-
gered elliptical or rectangular particles in the lower part of
Fig. 4 tends to stabilize after the particles have migrated to
the equilibrium positions. The same stable interparticle spac-
ing can be achieved, no matter the initial spacing din is 2.5 or
5.0. The travel distance to form a staggered particle pair with
stable spacing increases with aspect ratio increasing.
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Fig. 4. Evolution of particle spacing (Re = 32) in (a) elliptical particle pair and (b) rectangular particle pair, with upper panels showing initial single-line
distribution particle pairs, and lower panels describing initial staggered distribution particle pairs.
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Fig. 5. Evolution of orientation angle of particle in (a) staggered elliptical particle pair, (b) staggered rectangular particle pair, (c) single-line elliptical
particle pair, and (d) single-line rectangular particle pair, in a stable rotation period.

(d)(c)(b)(a)

Fig. 6. Typical image of formed staggered particle train for (a) elliptical particles with α = 2.0, (b) rectangular particles with α = 2.0, (c) circular
particles with α = 1.0, and (d) square particles with α = 1.0.

For the pair of particles that are initially abreast on both

sides of the channel centerline, non-circular particles will ro-

tate around the equilibrium position along the flow direction

after reaching the equilibrium position. As shown in Figs. 6(a)

and 6(b), the elliptical and rectangular particle pairs form the

perpendicular orientation angle, i.e., |cos(θ1)|= |sin((0.5n+

1)π ± θ1)| ≈ |sin(θ2)|, where n = 0, 1, 2, . . . , n. Thus, the

cosine value of θ1 (the leading particle) and the sine value

of θ2 (the lagging particle) will be mainly compared in the

following to analyze the rotational characteristics in a stable

rotation period. For the circular particles and square particles

with α = 1, figures 5(a) and 5(b) show that the relationship be-
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tween the orientation angles follows the regular elliptic curve.
The formation of the perpendicular orientation angle between
two particles is not presented in Fig. 6(c) nor in Fig. 6(d). For
the elliptical particle pair with α = 2.0, the curve of the ori-
entation angles is closer to the diagonal line (the dotted line in
Fig. 5) than for the circular particle pair, which means that the
formation of the perpendicular orientation angle between the
leading and lagging particles can be observed. For the rect-
angular particles with α = 2.0, the curve of the orientation
angle is partially bent. The larger the aspect ratio, the longer
the time of the horizontal orientation angle (cos(θ1)≈±1) is,
that is, rectangular particles prefer the horizontal orientation in
a rotation period, which is consistent with the single particle
migating.[37]

Figure 7 shows the typical images of the formed single-
line particle train, in which the interparticle spacing is signifi-
cantly greater than the formed staggered particle train.

(d)(c)

(b)(a)

Fig. 7. Typical image of formed single-line particle train for (a) elliptical
particles with α = 2.0, (b) rectangular particles with α = 2.0, (c) circular
particles with α = 1.0, and (d) square particles with α = 1.0.

In Figs. 5(c) and 5(d), evolutions of orientation angles of
the single-line circular particle pairs and square particle pairs
are similar to the regular elliptic curve of staggered particle
pair (in Figs. 5(a) and 5(b)). For the elliptical and rectangu-
lar particles in Figs. 7(a) and 7(b) and Figs. 5(c) and 5(d), the
curve of the particle orientation angle is different from the re-
sult of the staggered particle pair. The formation of the per-
pendicular orientation angle between two particles disappears.
The curve of the orientation angle will be far from the diago-
nal line (the dotted line in Fig. 5), which further illustrates that

the single-line particle pair to form a perpendicular orientation
angle is less obvious.

3.3. Effect of aspect ratio

The spacing of the single-line particle pair is unstable,
only the inertial focusing and rotating characteristics of the
particle pairs that are initially arranged on both sides of the
centerline are analyzed at different aspect ratios (Re = 32).
Regardless of the aspect ratio, the rectangular particles and
elliptical particles can form the staggered particle trains with
stable spacing. The equilibrium positions of the particle pair
are compared with the result of the single particle migration
as indicated in Fig. 8(a). The result shows that the equilib-
rium positions spreading range of the staggered particle pair
is smaller than the single particle migrating area. The equi-
librium positions are closer to the wall as the aspect ratio in-
creases.

When the staggered particle pair with a stable spacing is
formed, the the spacing varying with the aspect ratio is shown
in Fig. 8(b). It can be seen that the spacing of the staggered
particle pair is increased with the augment of aspect ratio, i.e.,
the slender particles will have the larger interparticle spacing.
The particle spacing in the elliptical particle pair is larger than
in the rectangular particle pair.

The effect of aspect ratio on the orientation angle in a sta-
ble rotation period is shown in Fig. 9. With the increase of
the aspect ratio of the elliptical particles, the curve of orien-
tation angle turns closer to the diagonal line (the dotted line
in Fig. 9). The curve for rectangular particles with larger as-
pect ratio also becomes closer to the diagonal line, the curve
still remains partially bent. Figure 9 shows that the slender the
particles, the easier the particle pair is to form a perpendicu-
lar orientation angle when a stable staggered particle train is
formed.
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Fig. 8. Effect of aspect ratio on formation of staggered particle trains for (a) equilibrium position and (b) interparticle spacing.
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3.4. Effect of Reynolds number

The effect of Reynolds number on the equilibrium po-
sition and the interparticle spacing of the formed staggered
particle train are further compared in Fig. 10. As shown in
Fig. 10(a), the equilibrium position spreading range of the

staggered particle pair is smaller than the area of single particle
migrating area. The equilibrium positions of circular paticles
and rectangular particles are close to the wall with the increase
of the Reynolds number, while the Reynolds number has little
effect on the equilibrium position of elliptical particles.
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Fig. 10. Effect of Reynolds number on formation of staggered particle trains, for (a) equilibrium position and (b) interparticle spacing.
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during stable rotation period.

When the staggered particle pair with a stable spacing is

formed, the effect of Reynolds number on the change of the

interparticle spacing is shown in Fig. 10(b). It can be seen that

the interparticle spacing increases with Reynolds number in-

creasing, i.e., the higher the Reynolds number, the larger the

interparticle spacing is. For the circular paticles and the square

particles with α = 1.0, the spacing of the circular particle pair

is always greater than that of the square particles. For the el-
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liptical particles, the particle spacing is greater than that of the
rectangular particles when the Reynolds number is small. The
rectangular particle pair will have a larger interparticle spacing
than the elliptical particle pair at a higher Reynolds number.

The influence of Reynolds number on the orientation an-
gle of particles during a stable rotation period is shown in
Fig. 11. For the elliptical particle pair and the rectangular par-
ticle pair, the curves of the orientation angle are away from the
diagonal line (the dotted line in Fig. 11) with the increase of
Reynolds number. When the Reynolds number is 100, the ori-
entation angle of the elliptical particles is consistent with the
curve of the circular particles in Fig. 5(a). For the rectangular
particles, the curves are observed to be similar to each other
in Fig. 11(b) at different Reynolds numbers, and the rectangu-
lar particles will maintain a longer horizontal orientation an-
gle (cos(θ1) ≈ ±1) as Reynolds number increases. Figure 11
shows that the formation of the perpendicular orientation an-
gle between the elliptical particle pair and rectangular particle
pair is less obvious as the Reynolds number increases.

4. Conclusions
In this work, the lattice Boltzmann method is used to

study the inertial focusing and rotating characteristics of ellip-
tical and rectangular particle pairs in 2D parallel plate channel.
The effects of particle shape, aspect ratio, Reynolds number on
the particle rotation and train self-organization are explored.
The main conclusions are obtained below.

Both elliptical and rectangular particles initially located
on one side and two sides of channel centerline migrate to-
wards the equilibrium position, forming a single-line particle
train with an increasing interparticle spacing and a staggered
particle train with stable interparticle spacing. The equilib-
rium position spreading range of the staggered particle pair
is smaller than the single particle migrating area. The equilib-
rium position gets closer to the wall with the increase of aspect
ratio and Reynolds number. The axial spacing of the stag-
gered particle pair increases with aspect ratio and Reynolds
number increasing. The staggered elliptical and rectangular
particle pair can form perpendicular orientation angle, which
will be more obvious at larger aspect ratio and lower Reynolds
number. The single-line particles with different shapes seldom
form the perpendicular orientation angles.
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