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Hyperparameter on-line learning of stochastic resonance
based threshold networks
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Aiming at training the feed-forward threshold neural network consisting of nondifferentiable activation functions, the
approach of noise injection forms a stochastic resonance based threshold network that can be optimized by various gradient-
based optimizers. The introduction of injected noise extends the noise level into the parameter space of the designed
threshold network, but leads to a highly non-convex optimization landscape of the loss function. Thus, the hyperparameter
on-line learning procedure with respective to network weights and noise levels becomes of challenge. It is shown that the
Adam optimizer, as an adaptive variant of stochastic gradient descent, manifests its superior learning ability in training the
stochastic resonance based threshold network effectively. Experimental results demonstrate the significant improvement
of performance of the designed threshold network trained by the Adam optimizer for function approximation and image

classification.

Keywords: noise injection, adaptive stochastic resonance, threshold neural network, hyperparameter learning

PACS: 05.40.Ca, 02.50.—, 84.35.4i

1. Introduction

Gradient-based optimizers are commonly used for train-
ing neural networks, but a necessary condition for successfully
implementing the network performance optimization is the
continuously differentiable activation functions therein. How-
ever, the introduction of the piecewise-linear (e.g., ReLU)!-?!
or the hard-limited (e.g., binarization) activations'>#! has
gained increasing attention in recent years due to the fact of
training much deeper networks or largely saving memory stor-
age and computation.!!8] Therefore, training the neural net-
work with nondifferentiable or zero-gradient activation func-
tions becomes a tricky problem for applications of available
gradient-based optimizers.

A natural way of training threshold neural networks
by the gradient-descent based back-propagation algorithm is
approximating the nondifferentiable threshold neuron to a

n, %9131 but performing the net-

smoothed activation functio
work testing with threshold activation functions and the well
trained network weights. For instance, a conventional method
is to substitute the sigmoid function 1/(14 e ~**) with a large
parameter A > 0 (e.g., A = 10) for the threshold neuron.[*~!!]
Unfortunately, the generalization performance of the thresh-
old neural network is unsatisfactory in testing phase, because
network weights are inadequately trained for the saturated
regimes of the sigmoid function.[6--13]

Recently, the approach of noise injection becomes a
useful alternative option to optimize the artificial neural

network. [4:6:8:12-22

I Tt is interesting to notice that the bene-
fits of injecting noise in threshold neural networks can be

viewed as a type of stochastic resonance effect,??! because
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there is also a nonzero noise level for improving the perfor-

mance of nonlinear systems.®12-1423-33] By

injecting artifi-
cial noise into the saturated regime of activation function*
or smoothing the input-output characteristic of hard-limiting
neurons with an ensemble of mutually independent noise
components,[é’lz’m the non-differentiable threshold networks
own a proper definition of the gradients. Then, the gradient-
based back-propagation algorithm can successfully perform in
finely transformed threshold neural networks. Meanwhile, a
stochastic resonance based threshold neural network on the
distribution of injected noise into the hidden layer is pro-
posed for effectively recycling the back-propagation training

m.[%1213] Furthermore, using a stochastic gradient de-

algorith
scent (SGD) optimizer, we actually realize a noise-boosted
back-propagation training algorithm in this kind of stochas-
tic resonance based threshold networks by adaptively learning
of both weights and noise levels.[!3-2]

The introduction of injected noise into the threshold neu-
ral network extends the order of dimension of the parameter
space, and also poses a challenge to the SGD optimizer for
finding a good optima in the non-convex performance land-
scape of the loss function.3*-381 This is because the SGD op-
timizer is sometimes trapped in a domain of the flat landscape
of the loss function, and the gradients with respect to the noise
level and network weights approach zero.3%381 In this paper,
the noise-boosted Adam optimizer is further demonstrated to
train the stochastic resonance based threshold neural network
more effectively in comparison with the SGD optimizer. It is
shown that, with the powerful hyperparameter on-line learning

capacity of the Adam optimizer, **-38 the designed threshold
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network can attain the much lower mean square error (MSE)
for function approximation or the higher accuracy for image
classification. Moreover, in the testing phase of the stochas-
tic resonance based threshold neural network, the practical re-
alization of the threshold network trained by the Adam opti-
mizer requires less computational cost than that of the opti-
mized threshold network by the SGD optimizer. The benefits
of injected noise manifested by the Adam optimizer in each
hidden neuron with different noise levels also conduce to the
research of exploiting adaptive stochastic resonance effects in
machine learning.

2. Main results
2.1. Stochastic resonance based threshold network

Consider an N x K x M feed-forward threshold neural

6,12,13,29,39.40] The input layer re-

network with three layers. !
ceives the data € RV*! and the weight matrix W € REXN
connects the hidden layer and the input one. The hidden layer

consists of K threshold neurons*!! described as

with an adjustable threshold parameter 6; for k = 1,2,... K.
The weight matrix U € RM*X connects K threshold neurons
in the hidden layer with M linear activation functions in the
output layer, and y € RM*! denotes the network output vec-
tor.

It is seen from Fig. 1(a) that the threshold activation
function y(u) of Eq. (1) is nondifferentiable at u = 6; and
with zero-gradients for u # 6;. Based on the noise injection
method, [6:12:13.29:39.40] e can replace the activation function
y(u) in Eq. (1) with a differentiable one. This process is
formed by injecting a sufficiently large number 7 of mutually
independent noise variables 7, with the common probability
density function (PDF) f;;(n), as shown in Fig. 1(b). Then,
a continuously differentiable activation function is deduced as
the substitution, i.e., the expectation[6’12’13’29]

W) =EqlyCctm= [ pman @

with respect to the injected noise PDF f;,(n). An illustra-

tive example of /(x) with respect to the Gaussian noise PDF

w(u) = L, u>6, 0 fn(x) = exp(—x*/26})/1/2w0} and the noise level o = 1 is
0, u< 6y, plotted in Fig. 1(c).

Lof () ;oo (b) Lof )
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Fig. 1. (a) Threshold activation function y(«) in Eq. (1) with the threshold parameter 6y, (b) an ensemble of T noise samples with a common
level o of the standard deviation and (c) the noise-smoothed activation function /(x) with learnable parameters 6; and G.

It is interesting to note that, for the designed thresh-
old neural network with the hidden neuron given by Eq. (2),
the aforementioned difficulty of training threshold neural net-
works can be overcame, because the activation function A(x) in
Eq. (2) has its finely defined gradient dh(x)/dx = fy (6 — x).
Furthermore, it is emphasized that the effective learning abil-
ity of the designed threshold neural network is also extended
by the introduction of the learnable parameters of noise levels
o and threshold 6 in Eq. (2). During the training process, the
parameters oy and 6, as well as the network weight matrices
W and U, are all optimized by the gradient-based learning
rule. Specially, we here represent the corresponding gradi-
ents as dh(x) /doy = [, dfn(1N)/I0rdn and dh(x)/ 6 =
— fn (6 — x) with respect to oy and 6, respectively. Thus, the
back-propagation learning algorithm can be successfully im-

plemented for training the designed threshold neural network.

2.2. Motivated example

Let {z((),s(¢)},_, denote L examples of the training set
to train the desinged threshold network in a supervised learn-
ing manner, and s € RM*! represents the desired response
vector. The loss function of the empirical mean square error
(MSE) can be calculated as

1 & 1 &
Inse =7 Y, T(0) =7} Is() =y, 3)
(=1 (=1

Let © €
{W.U, 6, o} denote the learnable parameter of the designed

where || - || denotes the Euclidean norm.

threshold network, the plain stochastic gradient descent (SGD)
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optimizer updates the parameter @ by the learning rule

NAC)

O(f) =0~ 00 le=6@-1)

-«

“)

where @(0) is the initial value of ® and the learning rate
a > 0. It is noted that the noise levels o, as learnable network
parameters, can reconstruct the nonlinearity of each neuron of
h(x) across the training phase, and are then expected to im-
prove the performance of the designed threshold network.

For instance, L = 41 input examples x(¢) are generated
equally spaced in the interval [—2,2] and the correspond-
ing function values s(¢) are recorded from an unidimensional
function

f(x) = sin(2x) + 2exp(—10x?). )

Then, the 1 x K x 1 (K = 10) stochastic resonance based
threshold neural network is trained to fit the training set
{x(¢),s(¢)};_, sampled from the target function of Eq. (5).
Here, the learning rate takes o« = 0.01, the initial noise levels
0;(0) = 1, the initial threshold parameters 6;(0) and the ini-
tial weight vectors W (0) and U (0) are uniformly distributed
in the interval [—1,1]. The learning process of Jmnse of the
designed threshold network is shown in Fig. 2 via the SGD
optimizer for different initial values of learnable parameters.
It is important to note in Fig. 2 that the SGD optimizer
is sensitive to the initial values of parameters. For exam-
ple, setting the initial weight Wi ; = —5 and the noise level
os = 1, it is seen in Fig. 2 that the MSE Jjpee (%) of the de-
signed threshold network converges to a local minimum of
Tmse = 1.149 x 103 after 5000 epochs of training. However,
when the initial values of W; | = —2.3 and og = 0.2 are not
properly set, it is shown in Fig. 2 that the learning trajectory
of the MSE Jnse (V) is stuck in a flat landscape of the net-
work performance surface, because the gradient herein is al-
most zero in every direction. Here, besides Wi ; and the noise
level og, other parameters ® € {W U, 6;, 0, } are fixed.
Next, we employ the Adam optimizer to update the pa-
rameter ® of the stochastic resonance based threshold neural

network by the learning rule3*

() = Bun(e—1)+ (=) 5]

oJ NS
V() = ﬁzV(€*1)+(1*ﬁ2)% @([71)9% o(-1)’

(6) = m(0)/(1=B1"), 9() =v(0)/(1-B"),
o) = o(—1)— %m0

NAGET

where B; = 0.9 and 3, = 0.999 are attenuation coefficients,

3

(6)

0 < € < 1 is the regularization parameter, m(¢) denotes the
first-order moment with its corrected value /(¢) and v(¢) is the
second-order moment estimation with its corrected value ¥(¢).

The operator ® denotes the Hadamard product. Likewise,
starting from the initial values of Wy = —2.3 and og = 0.2,
it is seen in Fig. 2 that the MSE Jse (+) of the designed
network trained by the Adam optimizer can escape from the
flat landscape of the network performance surface, and finally
converge to the minimum of Je = 1.109 x 1073, Here, other
parameters @ € {W,U, 6,0;} (not including W; ; and o3)
are fixed as the converged values searched by the SGD op-
timizer. This result clearly shows that the Adam optimizer,
compared with the SGD one, is more efficient for optimizing
the designed stochastic resonance based threshold network.

(a)

/ SGD ‘optimizer

2.5}

2.0

1.5¢

g8

1.0}

0.5¢

A —2 0 2

Fig. 2. (a) Performance surface and (b) the corresponding contour of the
MSE Jmse versus the weight Wy 1 and the noise level oy of the eighth
hidden neuron. The learning curves of Jnse of the designed threshold
network are also illustrated for different optimizers.

Furthermore, it is shown in Fig. 3 that the Adam op-
timizer can optimize the designed threshold network with a
smaller MSE Jmse = 1.137 x 1073 after 1600 epochs of train-
ing. Here, the performance surface is still illustrated versus the
weight W ; and the injected noise level og, but the optimum
value of Jmee = 1.137 x 107 is searched over the the whole
space of the learnable network parameters by the Adam opti-
mizer. The parameters @ € {W U, 6;, 0y} including W) ; and
the noise level og are simultaneously updated by the learning
rule of Eq. (6).

It is emphasized that each hidden neuron in Eq. (2) is as-
sociated with one noise level oy for k = 1,2,...,K. Thus, in
the training process of the designed threshold network, the in-
jected noise will manifest its beneficial role as the convergence
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of the noise level o reaches a non-zero (local) optimum. It is
seen in Figs. 2 and 3 that, for a given weight W} | nearby 1.2,
the conventional stochastic resonance phenomenon can be ob-
served as the noise level og increases. When the noise level og
reaches the corresponding non-zero (local) optimum, the MSE
Jmse attains its minimum. It is noted that the resonant phe-
nomenon of the designed threshold networks characterized by
the MSE Jpnse is induced by a bundle of K noise level oy in the
hidden neurons. The stochastic resonance phenomenon shown
in Fig. 2 or Fig. 3 only describes a slice of the MSE Jse ver-
sus the noise level oy for visualization. In view of the learning
curves of the K noise levels oy, Fig. 4 also presents the distinct
characteristic of the adaptive stochastic resonance effect in the
training phase. The learning curves of the injected noise levels
o in Fig. 4 show that the noise levels oy, start from the same
initial value of unity, and converge to different but non-zero
optima. This fact also validates the practicability of the pro-
posed noise-boosted Adam optimizer in Eq. (6) by adaptively
optimizing the noise level in the training phase.

0
5 T
® I
! iy
3| YOI
& A l
0—6 ;4 —2 0 2
Wia

Fig. 3. (a) Performance surface and (b) the corresponding contour of
the MSE Jnse versus the weight coefficient Wy ; and the noise level
oy of the eighth hidden neuron. The learning curve (x) of Jmse is also
illustrated for the Adam optimizer.

However, the hidden neuron A(x) in Eq. (2) is a limit ex-
pression, which ensures the success of training, but cannot be
realized in practical testing of the threshold neural network. In
testing experiments, the hidden neuron /(x) needs to be real-

ized as

1
T L VieEm), (7

t=1

h(x) =Eqly(x+n)] ~

where a finite number 7 of threshold activation functions in
Eq. (1) are activated by 7 mutually independent and identi-
cally distributed noise components 1, respectively. For 10°
testing data x(¢) equally spaced in the interval [—2,2], the
trained threshold neural network with the hidden neurons A(x)
indicated by Eq. (7) is simulated for 10> times. In each trial,
for the k-th hidden neuron h(x) (k = 1,2,...,K), T indepen-
dent noise components 1), are randomly generated at the con-
verged noise level oy after the training phase. Then, the out-
puts of the designed threshold network are averaged as an ap-
proximation to the target function of Eq. (5).

0
0 1000

2000 3000
Epoch number

4000 5000

Fig. 4. Learning curves of K = 10 noise levels o in the hidden layer
of the designed stochastic resonance based threshold network. Other
parameters are the same as those in Fig. 3.

For different numbers of 7', the experimental results of the
MSE Jse are shown in Fig. 5(a) for testing the trained thresh-
old networks by both optimizers. It is seen from Fig. 5(a) that,
in order to achieve the same MSE Je, the designed thresh-
old network trained by the Adam optimizer needs a smaller
number T of threshold activation functions in Eq. (1) as well
as the noise components 1);. For instance, when the statistical
mean value of the MSE Jmee =4 x 1074, T = 3 x 107 thresh-
old functions in Eq. (1) are required for the designed thresh-
old network trained by the Adam optimizer, whereas 7 = 10*
threshold functions are required for the SGD optimizer. In
Fig. 5(b), using T = 10* threshold functions assisted by the
injected noise with the same size, the output (blue dashed line)
of the well trained threshold network by the Adam optimizer
is plotted. For comparison, the target function (red solid line)
of Eq. (5) is also illustrated. It is seen in Fig. 5(b) that the
trained threshold neural network performs well on approxi-
mating the target unidimensional function in the testing phase.
It is emphasized that, in the practical realization of the de-
signed threshold network, the beneficial role of injected noise
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is accomplished by averaging an ensemble of threshold func-
tions driven by the same size of injected noise samples in each
hidden neuron, whereby the application of adaptive stochastic
resonance in threshold neural networks is evidently confirmed.

10-2¢ ~ Adam optimizer (a) |
- SGD optimizer

104 - - - -
100 2000 4000 6000 8000 10000
T
2.0} (b) 1

1.5¢

1.0¢

— Target function
--- Network output

2 1 0 1 2
X

Fig. 5. (a) Experimental results of the MSE s for 103 testing points of
the target unidimensional function in Eq. (5) versus the number 7. Here,
10? trials are realized for each point of experimental results, and the en-
semble of outputs of 7' threshold functions activated by 7" noise samples is
regarded as the realization of the hidden neuron of Eq. (7). (b) The output
of the trained threshold network by the Adam optimizer as the approxi-
mation (blue dash line) of the target function of Eq. (5). For comparison,
the target function (red solid line) of Eq. (5) is also plotted.

2.3. Two-dimensional function approximation

Furthermore, we consider the test of a two-dimensional

benchmark function

f(x17x2) = 3(1 —xl)ze—X%—(xz-;-l)z
— 10(% —x? f_xg)e—x%—x%
_ le*()ﬂ#’l)zfx%' ®)
3
The stochastic resonance based threshold neural network is
The 16 x 16 training

set of {z(¢),s(¢)}_, sampled from the target function of
Eq. (8) is equally spaced in the range [—3,3] x [-3,3]. Af-

designed with the size 2 x 50 x 1.

ter 2 x 10* training epochs, the MSEs Jise are achieved as
0.1003 and 7 x 10~* for the SGD optimizer and the Adam
optimizer, respectively. The Adam optimizer is still superior
to the SGD optimizer in training the designed threshold net-
work to approximate the two-dimensional function in Eq. (8).
For 32 x 32 testing set sampled from the target function of
Eq. (8) over the range [—3, 3] x [—3, 3], Fig. 6(a) illustrates the
outputs of the trained threshold network as the approximation
(patched surface) of the two-dimensional function f(xj,x) in
Eq. (8). The experimental results of the MSE Jyse are ob-
tained as 0.1012 and 7.5 x 10~* for the SGD optimizer and the
Adam optimizer, respectively. Especially, Fig. 6(b) illustrates
the relative errors |y — f(x1,x2)|/A between the output y of
the trained threshold network by the Adam optimizer and the
testing data. Here, the maximum relative error is obtained as
max |y — f(x1,%2)|/A = 5.188 x 1072 and the maximum dif-
ference A = max f(x1,x2) — min f(x;,x2) = 13.4628 for the
target function in Eq. (8) in the range [—3,3] x [-3,3].

X103

Fig. 6. (a) Network outputs y of the trained threshold neural network by the Adam optimizer as the approximation (patched surface) to the
32 x 32 testing data () of the two-dimensional function f(x,x2) in Eq. (8). (b) The corresponding relative error |y — f(x,x2)|/A between the
threshold network output and the testing data. For reference, the maximum difference A = max f(x1,x;) —min f(x;,x2) = 13.4628 is taken for

the target function in Eq. (8) in the range [—3,3] x [-3,3].
2.4. Real world data set of the function regression

We also validate the trained N x 20 x 1 threshold network
on nine real-world data sets.[*>% The dimension N and the

length L of data sets are listed in Table 1, and the computer is

equipped with CPU of Intel Core i17-6700@3.40 GHz and 16G
RAM DDR4@2133 MHz. Using the two-eight rule, 80% of
data are used for training, while 20% of data are employed to
test the trained threshold neural network. Table 2 reports the
training and testing results of the MSE s of the stochastic
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resonance based threshold neural network for two considered
optimizers. It is seen in Table 2 that the Adam optimizer can
optimize the designed threshold network with a lower MSE
Jmse than the SGD optimizer does in both training and testing
data sets. The hyperparameter on-line learning of stochastic
resonance based threshold networks via the Adam optimizer
enables more precise control of injected noise levels in the
hidden layer, leading to significantly improved performance

of the designed threshold network.

Table 1. Feature dimension and length of data sets.

Training Testing . .

Data set data length  data length Dimension
Airfoil noise 1202 301 5
Auto MPG 319 79 7
Boston house prices 404 102 13
Wine quality 3918 980 11
QSAR fish toxicity 727 181 6
Real estate valuation 331 83 5
Concrete compressive strength 824 206 5
Concrete slump test 80 23 9
Yacht hydrodynamics 246 62 6

Table 2. Experimental results of the MSE Jpnse of designed threshold threshold networks.

Tomse for SGD (1072)

Jinse for Adam (10~2)

Data set — - — -
Training Testing Training Testing
Airfoil noise 1.2650 1.2650 0.1275 0.1629
Auto MPG 0.0528 0.0682 0.0430 0.0631
Boston house prices 0.7080 0.4971 0.1297 0.2269
Wine quality 1.5006 1.4625 1.2325 1.2825
QSAR fish toxicity 0.9467 1.1113 0.6561 0.9843
Real estate valuation 0.9082 1.0081 0.0340 0.2881
Concrete compressive strength 1.5925 1.6628 0.2915 0.7102
Concrete slump test 0.2340 0.3385 0.0001 0.0094
Yacht hydrodynamics 0.0504 0.0807 0.0012 0.0027

2.5. Recognition of handwritten digits

We further incorporate the expectation expression of
Eq. (2) into the deep convolution neural network for image
classification. The architecture of the deep convolution neural
network contains 20 convolutional filters with the size 9 x 9
and the same padding, the hidden layer with 20 neurons in-
dicated by Eq. (2), the factor-2 pooling layer, and the fully
connected layers with 10 neurons. The benchmark data set of
MNIST consists of a training set of 6 x 10* and a testing set
of 10* gray-scale images (28 x 28) representing the handwrit-
ten digits from O to 9. Here, we employ 10* images with the
training set and the test set in a ratio 4 : 1. Using the SGD and
Adam optimizers, the training accuracies of the designed con-
volution neural network versus the training epoch number are
shown in Fig. 7. It is seen in Fig. 7 that the designed convo-
lution neural network optimized by the Adam optimizer gen-
erally achieves a higher accuracy for recognizing handwritten
digits. For the well trained convolution neural network after
50 training epochs, using 7 = 10 threshold functions assisted
by the injected noise with the same size, the experimental ac-
curacy rate in the test set is 98.41% for the Adam optimizer
and 97.63% for the SGD optimizer, respectively. For com-
parison, it is noted that the full-connected backward propaga-
tion network(?>”! and the support vector machine!®!! achieve
the accuracy rates of 97% and 94.1%, respectively. The accu-
racy rate 98.41% obtained by the trained convolution threshold
neural network by the Adam optimizer indicates a very satis-
factory efficiency of the deep learning method. These results
demonstrate that the injection of noise into threshold neurons

facilitates the optimization of the designed deep convolution
neural network, and the hyperparameter on-line learning of
the Adam optimizer can also train the deeper stochastic res-
onance based threshold networks for image classification with
a competitive performance.

100
98}
96
94+
92}
90+
88t
86

Accuracy (%)

— SGD optimizer
84 = Adam optimizer

82 : : - :
0 10 20 30 40 50

Fig. 7. Learning curves of accuracies of the designed convolution neural
network on the MNIST data set.

3. Conclusion

In summary, in order to optimize the threshold neural net-
work in the training phase, we replace the zero-gradient acti-
vation function with the continuously differentiable function
that is based on the PDF of the injected noise. However, this
substitution strategy introduces a group of noise parameters
related to the noise PDF, and poses challenges for the training
algorithm. For function approximation and image classifica-
tion, it is shown that, due to the hyperparameter on-line learn-
ing capacity, the Adam optimizer can speed up the training of
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the designed threshold neural network and overcome the local
convergence problem existing in the SGD optimizer. More in-
terestingly, the injected noise not only extends the dimension
of the parameter space wherein the designed threshold net-
work is optimized, but also converges to a nonzero noise level
in each hidden neuron. This distinguishing feature is closely
related to the adaptive stochastic resonance effect, and also in-
dicates a meaningful application of the stochastic resonance
phenomenon in artificial neural networks.

However, it is noted that the Adam optimizer can train the
artificial neural network to fit the target function well or rec-
ognize labels in classification more correctly. Then, for noisy
observations of a target function or the uncorrected labels, the
overfitting problem may occur for the training process of the
designed threshold network by the Adam optimizer. Noting
the the regularization in the loss function contributed by the

injected noise, 1617

it is much more meaningful to further in-
vestigate the generalization performance of the stochastic res-
onance based threshold neural network, especially for the low
signal-to-noise ratio of the acquired signals by sensors. In
Eq. (2), only the Gaussian noise injected into the designed
feed-forward threshold neural network is considered. It will
be interesting to find the optimal injected noise type to achieve
the improved performance of the designed threshold network
with respect to the noise PDF. In addition, we test the convo-
lution threshold neural network with the injection of noise on
image classification of the MNIST data set, and the potential
applications of this kind of deep convolution threshold neural
networks on more challenging data set, e.g., CIFAR-10 and
ImageNet, also deserve to be explored.
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