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The dynamic polarizabilities of 3s2 1S0 and 3s3p3Po
0 states of Al+ are calculated using the hybrid configuration

interaction and many-body perturbation theory method, and multiconfiguration Dirac–Hartree–Fock method in this work.
Five ultraviolet magic wavelengths for the Al+ clock transition 3s2 1S0–3s3p3Po

0 are predicted. Although the suitable lasers
are not available presently, the potential precision measurement on these magic wavelengths for the Al+ clock transition
would be used to extract the ratios of several certain transition matrix elements with high accuracy, and then help to
improve the precision and reliability of the estimate of the BBR shift of the Al+ clock transition. The differential dynamic
polarizabilities at certain wavelengths are evaluated, which are useful to assess the ac Stark shift of the Al+ clock transition
frequency and helpful in the clock experiments to suppress the ac Stark shift of the clock transition as possible as it can.

Keywords: dynamic polarizability, Al+ optical clock
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1. Introduction
Optical frequency standards have important application

prospects in local timekeeping, deep space satellite navigation
and the test of the fundamental theory of physics.[1–4] In recent
years, the optical frequency standards based on neutral atoms
or trapped ions have made great development[5–9] and some
of them have demonstrated fractional frequency uncertainties
of a few parts in 10−18 or even 10−19. Among them, the Al+

optical clock based on the trapped Al+ ion has been well de-
veloped in the past decades due to the application of the sym-
pathetic cooling and quantum-logic technologies.[10] In 2010,
NIST researchers realized the comparison of two aluminum
ion optical clocks and the frequency uncertainty reached
8.6×10−18.[11] They improved their experimental setups in
2019 and achieved the systematic uncertainty of 9.4×10−19.[9]

The Al+ optical clock is working on the highly forbid-
den 3s2 1S0–3s3p 3Po

0 transition and the black-body radiation
(BBR) shift of this transition is predicted to be very small.[12]

Not only the intrinsic characters of Al+, which are insensitive
to environmental perturbations, but also the delicate technolo-
gies of sympathetic cooling and quantum logic spectroscopy,
make the Al+ optical clock capable of achieving extreme pre-
cisions. To provide the reliable systematic uncertainty budget
for the Al+ optical clock, all the perturbations to the clock

transition should be carefully considered, including the mo-
tional effects of the working ions, BBR shift of the clock
transitions, frequency shifts due to the external electromag-
netic fields, and so on. The BBR shift is generally associated
with the differential static polarizabilities of the clock working
states.[13] In the Al+ clock, Mg+ or Ca+ is usually adopted for
the sympathetic cooling of Al+.[9,11,14] The Doppler cooling
laser beam of Mg+ or Ca+ maintains the Al+–Mg+ or Al+–
Ca+ pair at a constant motional temperature during the clock
interrogation pulse. Because it is also shed on the Al+ ions, it
causes an ac Stark shift to the clock transition, which is associ-
ated with the differential dynamic polarizabilities of the clock
working states.

The polarizability of an atomic system describes the dis-
tortion in the charge distribution and gives a measure of the
energy shift of the atomic system when it is exposed in an
electromagnetic field.[12,15] Since precise measurement of po-
larizabilities is quite challenging, the reliable and accurate the-
oretical studies of atomic and ionic polarizabilities are of par-
ticular interest. In the case of Al+, the previous studies are
mainly focused on the static polarizabilities[16–19] to evalu-
ate the BBR contribution to the fractional frequency uncer-
tainty of the clock transtion. Rosenband et al. used an ex-
trapolation expression to estimate the dynamic polarizabili-
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ties of the 3s2 1S0 and 3s3p 3Po
0 states of Al+ at the wave-

length λ = 1126 nm.[20] Although their results agreed with
the later theoretical calculations using the configuration inter-
action plus core polarization (CICP) method[16] and the con-
figuration interaction plus all-order (CI+all-order) method,[18]

the wavelength of the electromagnetic radiation adopted in the
extrapolation method is required to be far-detuned from all
transitions connecting to either clock states. The study on the
dynamic polarizabilities over large range of electromagnetic
spectrum of Al+ is still scarce. Such study would not only
be useful in the potential experiments based on Al+, but also
lead to the prediction and identification of the magic wave-
lengths of Al+ clock transition. The magic wavelength for a
transition is the wavelength at which the ac Stark shift of the
transition energy is zero,[21] and it means that, for the upper
and lower energy levels of the transition concerned, the dif-
ference of the dynamic polarizabilities is zero. A notable ap-
plication of the magic wavelengths is the optical lattice clocks
operated on the neutral atoms.[1] As for the atomic ions, the
magic wavelengths for the 4s1/2–3d5/2 transition in Ca+ have
been observed, and meanwhile the ratio of the matrix elements
for the 4s1/2–4p1/2 and 4s1/2–4p3/2 has been determined.[22]

The identification of magic wavelength for ion clock tran-
sition pave the milestone for establishing all-optical trapped
ion clocks and the precision values of the transition matrix
elements extracted from the magic wavelength measurement
could be used to improve the precision of the estimation of the
BBR shift.

For these motivations, we made calculations of the dy-
namic polarizabilities of the 3s2 1S0 and 3s3p 3Po

0 states in
Al+ based on sum-over-states (SOS) approach. The transi-
tion matrix elements were obtained using the method com-
bining configuration interaction and the many-body perturba-
tion theory (CI+MBPT),[23] and the multiconfiguration Dirac–
Hartree–Fock (MCDHF) method.[24] A brief introduction of
the theoretical methods and computational details is given in
Section 2. The computation results of the energy levels, tran-
sition matrix elements, polarizabilities and magic wavelengths
are given and discussed in Section 3.

2. Method of calculations
2.1. Polarizability

The dynamic electric dipole (E1) polarizability of a quan-
tum state ν in an electromagnetic radiation generally con-
sists of three contributions from scalar, vector and tensor
polarizabilities.[25] Both contributions from vector and ten-
sor polarizabilities are related with the magnetic angular mo-
mentum quantum numbers of the atomic state. In this work,
3s2 1S0 and 3s3p 3Po

0 states in Al+ will be considered, and to-
tal angular momentum quantum numbers J for both states are

zero. Thus, only the scalar polarizability will be taken into
account, and it can be conveniently divided into three parts:

αν(ω) = αν ,v(ω)+αν ,core(ω)+αν ,cv(ω), (1)

where αν ,v(ω), αν ,core(ω), and αν ,cv(ω) represent the contri-
butions from valence, atomic core and the interaction between
core-valence; and αν ,v(ω) can be expresses as

αν ,v(ω) =
2

3(2 jν +1) ∑
jκ

|〈ψν‖D‖ψκ〉|2∆Eκν

∆E2
κν −ω2 , (2)

where |〈ψν‖D‖ψk〉| is the reduced matrix element (RME) of
E1 transition. ∆Eκν = Eκ −Eν is the energy difference be-
tween quantum states ν and κ . The value of the dynamic po-
larizability in ω → 0 limit is the static polarizability.

For an ion in a single-model laser field, the energy shift
of a given atomic state ν can be written as

∆Eν =−αν(ω)I +O(I2), (3)

where I is the laser intensity, and O(I2) represents the resid-
ual high-order Stark shift which is usually small and can be
omitted under the weak intensity limit. The frequency shift of
a certain transition caused by the electromagnetic field can be
written as

h∆ν = ∆Eκ(ω)−∆Eν(ω) =−∆α(ω)I +∆O(I2), (4)

where ∆α(ω) is the differential dynamic polarizability of
states κ and ν . Thus, by ignoring all nonlinear Stark shifts,
the magic wavelength can be theoretically given by the condi-
tion ∆α(ω) = 0.[1]

2.2. CI+MBPT calculations

In the present work, CI+MBPT calculations are per-
formed to get the energy levels and RMEs for Al+ using
the program package developed by Kozlov et al.[23] The
CI+MBPT method is based on a combination of a conven-
tional configuration interaction (CI) method and many-body
perturbation theory (MBPT). The former explicitly contains
the interaction between valence electrons, while the latter in-
cludes core–core and core–valence correlations. The calcula-
tions start from the numerical solution of Hartree–Fock–Dirac
(HFD) equations using finite difference method to get single-
electron HFD energies and wavefunctions for the core and va-
lence electrons. Here, 1s–4s, 2p–4p, 3d–4d and 4f orbitals
are taken into account in this step. The virtual orbitals are
then constructed by an automatic generation subroutine which
is embedded in the package. The maximal principal quan-
tum number nmax and the maximal orbital quantum number
lmax are set to be 30 and 4, respectively. The HFD orbitals
and the auto-generated virtual orbitals form the basis set (or
say, the orbital space) for the later CI and MBPT calculations.
The electron configuration of Al+ can be treated as a close-
shell core [1s22s22p6] and two valence electrons outside the
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core. The effective Hamiltonian for two valence electrons in
the CI+MBPT method can be written as

Ĥeff = ĥ1(r1)+ ĥ1(r2)+ ĥ2(r1,r2), (5)

where ĥ1 and ĥ2 are the single-electron and two-electron in-
teraction terms of the relativistic Hamiltonian, respectively.
In the standard CI method, ĥ1 includes the kinetic energy of
the electron, Coulomb interaction with the nucleus and the
HFD potential of the close-shell atomic core. The CI space
is formed by a set of configuration with all possible single (S)
and double (D) excitations of the valence electrons in a given
basis set. We first set the basis set of orbitals as {16s, 16p,
16d, 16f, 16g}, and then increase it up to {26s, 26p, 26d, 26f,
26g} and {29s, 29p, 29d, 29f, 29g}, which leads to the en-
ergy change with the expansion of the CI space lower than
0.01% and the matrix elements of the allowed E1 transitions
change at most 0.03%. ĥ2 is the interaction between the va-
lence electrons. In the CI+MBPT procedure, a single-electron
operator which represents the correlation interaction of a par-
ticular valence electron with the atomic core is added into ĥ1.
A two-electron operator which represents the screening of the
Coulomb interaction between the two valence electrons by the
core electrons is added into ĥ2. Both additional operators are
treated in the second order of MBPT.

2.3. MCDHF calculations

To verify the hybrid CI+MBPT calculations, the MCDHF
method is used in this work, as it is another form of CI method
and based on the variational principle with both expansion co-
efficients and the orbitals to be variational parameters so that
take into account correlations in a different way. The MCDHF
calculations in this work are performed using the GRASP2018
package.[24]

In the MCDHF method, the calculation starts with the
many-electron Dirac–Coulomb Hamiltonian

ĤDC =
N

∑
i

(
c𝛼i ·𝑝i +(𝛽i−1)c2 +Vi

)
+

N

∑
j>i

1
ri j

, (6)

where 𝛼i and 𝛽i are usual 4× 4 Dirac matrices, and 𝑝i is
the one-electron momentum operator, c is the speed of light,
Vi is the electron–nucleus Coulomb attraction for a finite nu-
cleus. The nuclear charge distribution is modeled by the two-
component Fermi function.[26] An atomic state wavefunction
(ASF) Ψ is constructed as a linear combination of configura-
tion state functions (CSFs) Φ of the same parity P, the total
angular momentum J and its projection MJ , which is written
as

Ψ(γPJMJ) =
NCSF

∑
i=1

ciΦ(γiPJMJ). (7)

where ci is expansion (mixing) coefficient, γi stands for the re-
maining quantum numbers of the CSFs. Each CSF is a lin-
ear combination of products of one-electron Dirac orbitals.
Both mixing coefficients and orbitals are optimized in the self-
consistent field calculation. After a set of orbitals is obtained,
the relativistic configuration interaction (RCI) calculations are
used to capture more electron correlations. In addition to the
Coulomb interactions, our RCI calculations also include the
Breit interaction in the low-frequency approximation and the
quantum electrodynamic (QED) corrections.

In the present MCDHF calculations, the CSF space of a
specified P and J symmetry is generated following the active
set (AS) approach[27,28] by virtual excitations from the orbitals
in multireference (MR) configurations to an active set of or-
bitals. By extending the AS systematically, the CSF space is
increased and thereby approaches the complete representation
of the ASF with Eq. (7). The ASFs of even and odd states are
optimized separately and the MR configuration sets for even
and odd parities include

even : 3s2, 3p2, 3s4s, 3s5s, 3s3d, 3s4d,

odd : 3s3p, 3s4p, 3s5p, 3s4f.

Initial MCDHF calculations in the RSCF procedure are
performed to determine simultaneously all the orbitals of the
MR sets without any excitations. Subsequently, the CSFs ex-
pansions are obtained through single and double excitations
from the orbitals in the MR sets of configurations up to an AS
of orbitals with n≤ 13, l ≤ 4. The AS is increased with layer
by layer in 8 steps from n = 6 up to 13, i.e., AS1–AS8, so that
the basis set convergence in the calculations can be demon-
strated. In each step, only the orbitals in newly added layer are
optimized and the other orbitals are kept to be fixed. We treat
the orbitals with n≤ 2 as the core, and the other orbitals as the
valence orbitals. We have allowed single and double excita-
tions from the valence orbitals and single excitations from the
core so that both the valence–valence (VV) and core–valence
(CV) correlations have been taken into account in the RSCF
procedure. In our test calculations, it was found that the con-
tributions from 1s and 2s excitations are not important to the
atomic parameters concerned, so these orbitals are kept to be
fixed as an inactive core in the final calculational model. The
differences between the energy levels obtained with the last
two basis set, AS7 and AS8, do not exceed 15 cm−1 for any
level.

Here we also include higher-order correlation effects with
a further extended CSF space enlarged by allowing triple (T)
excitations from the orbitals in the MR sets to an ASi (i≤ 5) of
orbitals obtained in the previous RSCF procedure. It is conve-
nient to define the CSF space in each step of SD-excitations
as sdASi (i ≤ 8) and in each step of SDT-excitations as
sdAS8+triASi (i ≤ 5). The differences between the energy
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levels obtained with sdAS8+triAS4 and sdAS8+triAS5 do not
exceed 10 cm−1 for any level. Therefore, the ASFs for ev-
ery atomic states concerned are finally expanded with the CSF
space sdAS8+triAS5 by Eq. (7).

Once the ASFs are obtained, the multipole-radiative tran-
sition matrix element from an initial state Ψ(γPJM) to a final
state Ψ(γ ′P′J′M′), 〈Ψ(γPJM)‖Ô(k)‖Ψ(γ ′P′J′M′)〉 can be ob-
tained.

3. Results and discussion
3.1. Energy levels and E1 matrix elements

In the present work, the energy levels and the E1 transi-
tion matrix elements of Al+ are calculated using CI+MBPT
method and MCDHF method. The computational details of
each method are described in Section 2. The results of the ex-
citation energies from the ground 3s2 1S0 state to the low-lying
states of Al+ obtained using CI+MBPT method with the ba-
sis set {29s, 29p, 29d, 29f, 29g}, and using MCDHF method
with sdAS8+triAS5 are tabulated in Table 1. It includes 16

odd-parity states with 3s3p, 3s4p, 3s4f and 3s5p configura-
tions, and 17 even-parity states with 3p2, 3s4s, 3s3d, 3s5s,
and 3s4d configurations. The final results of both CI+MBPT
and MCDHF methods show good agreement with the val-
ues listed in National Institute of Standards and Technology
(NIST) database.[29] It is noted that the discrepancies between
the results of CI+MBPT method and NIST data are below
124 cm−1 and the relative deviation to NIST data is lower
than 0.13%. The energies of CI+MBPT method using pure CI,
CI+MBPT without and with Breit interaction procedures are
presented. It shows that the combination of CI and MBPT im-
proves the accuracy notably. Although the double excitations
from core orbitals are neglected in our MCDHF calculations,
the discrepancies between the calculated excitation energies
and NIST data are below 400 cm−1 and the relative deviation
to NIST data is lower than 0.4%. This shows the importance
of the VV and CV correlations in the MCDHF calculations on
the transition properties of Al+. The contributions of the triple
excitation, Breit interaction, self-energy and vacuum polariza-
tion to the final MCDHF results are also listed in the table.

Table 1. The excitation energies (in cm−1) of the low-lying levels of Al+, obtained by using the CI+MBPT and MCDHF methods and compared with the
available values listed in NIST database.[29] T, B., SE and VP denote the triple excitation, Breit interaction, self-energy and vacuum polarization, respectively.
∆1 ≡ ECI+MBPT+B.−ENIST and ∆2 ≡ EMCDHF−ENIST.

State NIST
CI+MBPT method MCDHF method

CI CI+MBPT CI+MBPT+B. ∆1 MCDHF Contri. T Contri. B. Contri. SE Contri. VP ∆2

3s3p 3Po
0 37393.03 36256 37342 37344 –49 37441 –3.30 9.83 –14.33 0.71 48

3s3p 3Po
1 37453.91 36318 37407 37405 –49 37501 6.88 5.00 –14.25 0.72 47

3s3p 3Po
2 37577.79 36443 37539 37530 –48 37623 1.01 –3.34 –14.11 0.72 46

3s3p 1Po
1 59852.02 59538 59905 59893 41 60064 –113.30 –3.56 –14.96 0.69 212

3p2 1D2 85481.35 83515 85404 85384 –97 85745 22.25 –5.68 –23.15 1.17 264
3s4s 3S1 91274.50 90008 91254 91233 –41 91529 20.33 –7.65 –12.17 0.42 254
3p2 3P0 94084.96 92597 94041 94034 –51 94228 13.17 5.86 –30.63 1.58 143
3p2 3P1 94147.46 92660 94107 94097 –50 94289 20.77 1.91 –30.53 1.58 142
3p2 3P2 94268.68 92782 94236 94219 –49 94409 29.10 –6.65 –30.33 1.57 141
3s4s 1S0 95350.60 94007 95289 95268 –83 95597 –24.91 –7.84 –12.39 0.45 246
3s3d 3D3 95549.42 94169 95490 95461 –89 95944 3.05 –12.68 –14.77 0.65 395
3s3d 3D2 95550.51 94170 95490 95462 –89 95945 19.82 –12.25 –14.79 0.64 395
3s3d 3D1 95551.44 94171 95491 95462 –89 95946 17.57 –11.72 –14.79 0.64 395
3s4p 3Po

0 105427.52 103961 105372 105352 –75 105688 18.64 –4.97 –14.17 0.57 261
3s4p 3Po

1 105441.50 103975 105387 105366 –75 105702 23.25 –6.05 –14.11 0.58 261
3s4p 3Po

2 105470.93 104005 105418 105396 –75 105731 20.79 –8.01 –14.02 0.57 260
3s4p 1Po

1 106920.56 105574 106880 106858 –62 107197 –48.07 –7.14 –13.00 0.63 276
3s3d 1D2 110089.83 108816 110122 110099 9 110425 –56.15 –8.33 –19.77 0.88 335
3p2 1S0 111637.33 110488 111779 111761 124 112014 –134.56 –5.59 –29.01 1.48 376
3s5s 3S1 120092.919 118590 120047 120022 –70 120394 28.97 –9.29 –13.18 0.50 301
3s5s 1S0 121366.725 119827 121305 121281 –86 121664 19.49 –9.25 –13.64 0.53 297
3s4d 3D3 121483.50 119970 121420 121392 –91 121833 19.11 –11.23 –14.63 0.58 350
3s4d 3D2 121483.92 119971 121421 121394 –90 121833 26.49 –11.04 –14.63 0.59 349
3s4d 3D1 121484.252 119971 121422 121395 –89 121834 25.93 –10.85 –14.64 0.59 349
3s4f 3Fo

2 123418.48 121693 123358 123331 –88 123759 –17.84 –9.48 –14.77 0.59 340
3s4f 3Fo

3 123420.45 121696 123361 123333 –87 123761 –23.94 –9.71 –14.77 0.58 341
3s4f 3Fo

4 123423.36 121699 123364 123336 –87 123764 –23.15 –9.96 –14.74 0.59 341
3s4f 1Fo

3 123470.5 121775 123413 123385 –85 123810 –11.25 –9.80 –14.59 0.58 339
3s4d 1D2 124794.13 123377 124784 124757 –37 125190 –60.72 –10.72 –16.09 0.67 396
3s5p 3Po

0 125703.14 124136 125641 125617 –86 126004 27.68 –7.66 –14.20 0.56 301
3s5p 3Po

1 125708.828 124142 125648 125624 –85 126010 31.40 –8.08 –14.17 0.56 301
3s5p 3Po

2 125721.703 124155 125662 125637 –84 126023 29.55 –8.95 –14.14 0.56 301
3s5p 1Po

1 125869.015 124322 125814 125790 –79 126175 –19.07 –8.55 –12.84 0.59 306
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Table 2. The reduced matrix elements of E1 transition for the 3s2 1S0 and 3s3p 3Po
0 clock states of Al+, obtained by using the CI+MBPT and

MCDHF methods.

Method Guage
CI+MBPT MCDHF

Recommend Reference
Length Velocity Length Velocity

3s2 1S0−3s3p 3Po
1 0.0098 0.0105 0.0058 0.0159 0.010(6)

3s2 1S0−3s3p 1Po
1 3.1156 3.1688 3.1188 3.1323 3.115(54) 3.112[18]

3s2 1S0−3s4p 3Po
1 0.0022 0.0018 2.5×10−5 0.0031 0.002(3)

3s2 1S0−3s4p 1Po
1 0.0460 0.0737 0.0419 0.0547 0.046(28) 0.045[18]

3s2 1S0−3s5p 3Po
1 0.0051 0.0043 0.0032 0.0053 0.005(3)

3s2 1S0−3s5p 1Po
1 0.0662 0.0491 0.0674 0.0609 0.066(17)

3s2 1S0−3s6p 1Po
1 0.0704 0.0586 0.070(12)

3s2 1S0−3s6p 3Po
1 0.0023 0.0017 0.002(1)

3s2 1S0−3s7p 1Po
1 0.0638 0.0551 0.064(9)

3s2 1S0−3s7p 3Po
1 0.0022 0.0019 0.002(1)

3s2 1S0−3s8p 1Po
1 0.0505 0.0448 0.051(6)

3s2 1S0−3s8p 3Po
1 0.0250 0.0220 0.025(3)

3s2 1S0−3s9p 1Po
1 0.0784 0.0718 0.078(7)

3s3p 3Po
0−3s4s 3S1 0.8979 0.8926 0.8959 0.9015 0.898(8) 0.900[18]

3s3p 3Po
0−3p2 3P1 1.8394 1.8789 1.8318 1.8590 1.840(39) 1.836[18]

3s3p 3Po
0−3s3d 3D1 2.2350 2.2626 2.2267 2.2252 2.235(28) 2.236[18]

3s3p 3Po
0−3s5s 3S1 0.2690 0.2661 0.2687 0.2706 0.269(3)

3s3p 3Po
0−3s4d 3D1 0.4456 0.4612 0.4495 0.4498 0.446(16)

3s3p 3Po
0−3s6s 3S1 0.1505 0.1486 0.151(2)

3s3p 3Po
0−3s5d 3D1 0.1921 0.2029 0.192(11)

3s3p 3Po
0−3s7s 3S1 0.0414 0.0422 0.041(1)

3s3p 3Po
0−3s6d 3D1 0.1097 0.1178 0.110(8)

3s3p 3Po
0−3s8s 3S1 0.1027 0.1005 0.103(2)

3s3p 3Po
0−3s7d 3D1 0.0722 0.0787 0.072(6)

3s3p 3Po
0−3s9s 3S1 0.0991 0.0986 0.099(1)

3s3p 3Po
0−3s8d 3D1 0.0571 0.0630 0.057(6)

The E1 RMEs involving the 3s2 1S0 and 3s3p 3Po
0 clock

states of Al+ obtained using CI+MBPT and MCDHF meth-
ods are presented in Table 2. The results in both length and
velocity gauge are listed. The CI+MBPT results in the length
gauge agree well with the counterparts obtained using CI+all-
order method.[18] The E1 RMEs involving 3s3p 3Po

0 state of
CI+MBPT and MCDHF method in the same gauge have good
agreement with each other, and the relative differences are be-
low 2%. The agreement of the E1 RMEs involving 3s2 1S0

state of both methods in the same gauge is not as good as
the E1 RMEs involving 3s3p 3Po

0 state and the relative dif-
ferences span from 0.1% to over 50%. However, we would
like to emphasize here that large discrepancies only occur for
those RMEs involving weak transitions, which contribute frac-
tionally to the polarizabilities discussed in this work. The dis-
crepancy in the length and velocity gauge of E1 RMEs can
be noted for the same theoretical method. Although it can be
shown that the length and velocity form of the electric mul-
tipole transition operators yield the same line strength for an
exact solution in the non-relativistic theory, it is not exactly
same in the relativistic Dirac theory.[30,31] It is pointed out that
the discrepancies in the length and velocity gauge of the calcu-
lated line strengths (SO

νκ = |〈ν‖Ô‖κ〉|2) for E1 transition is an
important uncertainty indicator.[31,32] Thus, we also give the
recommended values of E1 RMEs in Table 2, and the uncer-
tainties are given following the above suggestion.

3.2. Polorizabilities

The static and dynamic E1 polarizabilities are calculated
using Eqs. (1) and (2). The transition energies used in Eq. (2)
are cited from NIST data. For the choice of the static polariz-
ability of Al3+ core, αcore, Mitroy et al. adopted the value of
0.268 a.u. which is the scaled result obtained from a perturbed
HF calculations[16] and Safronova et al. adopted 0.265 a.u. in
their evaluation the BBR shift of the clock transition in Al+

using CI+all-order method.[18] We apply the coupled-cluster
method with single and double excitations (CCSD) which
is implemented in Gaussian09 package[33] associated with a
large basis set (aug-cc-pv6z basis set) and get 0.260 a.u. for
the Al close-shell core. This result should capture sufficient
correlation contribution, but the relativistic effect is absent.
In the present work, αcore = 0.265(5) a.u. is adopted. Core-
valence contributions to the polarizability is usually small, and
they are cited from Ref. [18] with a “safe” uncertainty of 50%.
The dynamic corrections to αcore and αcv follow the extrapo-
lation method used by Brewer et al.[9] Static E1 polarizabili-
ties for 3s2 1S0 and 3s3p3Po

0 states are listed in Table 3. The
SOS method is adopted for the polarizability calculations in
this work. Our calculated values for the static polarizabilities
agree with the results from other theoretical work. The uncer-
tainties for the calculated static polarizabilities come from the
uncertainties of the E1 RMEs, core and core-valence contribu-
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tions. The present differential polarizability also agrees with
the experimental result,[9] which is derived from the ac Stark
shift measurement using an extrapolation method.

Table 3. The static E1 polarizabilities (in a.u.) of 3s2 1S0 and 3s3p3Po
0 states

in Al+, and the differential polarizabilities.

Method α0 (3s2 1S0) α0 (3s3p3Po
0) ∆α0

Present 24.11(82) 24.58(50) 0.47(1.32)
CICP[16] 24.1396 24.6223 0.4827
RCC[17] 24.14(8) 24.61(12) 0.48(8)
CI+all-order[18] 24.048 24.543 0.495(48)
MRCI/MRCC[19] 24.065(410) 24.552(742) 0.487(1.152)
Expt.[9] 0.426(57)

The dynamic polarizabilities α(ω) of the 3s2 1S0 and
3s3p 3Po

0 states in Al+ are shown in Fig. 1. The photon en-
ergies of the electromagnetic radiation from 0 to 0.43 a.u.
are taken into account, which is equivalent to the wavelength
varying from ∞ down to 106 nm. Five magic wavelengths
of the Al+ 3s2 1S0–3s3p 3Po

0 clock transition are identified, as
267.01(10) nm, 183.18(2) nm, 173.68(2) nm, 120.50(2) nm,
and 113.33(48) nm. All magic wavelengths are located in the
ultraviolet region. In the our numerical procedures, the magic
wavelength is obtained when the dynamic differential polariz-
ability ∆α(ω) of 3s2 1S0 and 3s3p 3Po

0 states is zero. It can be
noted that the core polarizability is same for both clock states
and it will not affect the position of the magic wavelength.
The uncertainty of the magic wavelength is evaluated by tak-
ing account of the uncertainties of the E1 RMEs in the magic

wavelength identification procedure.
The contributions of individual transitions to the static

and dynamical polarizabilities of the 3s2 1S0 and 3s3p 3Po
0

states at the magic wavelengths for the 3s2 1S0–3s3p 3Po
0

clock transition in Al+ are tabulated in Table 4. It is noted
that the contribution of 3s2 1S0–3s3p 1Po

1 transition solely
dominates the static and the five dynamic polarizabilities of
3s2 1S0 state at the magic wavelengths, and it contributes no
less than 92%. For the static and dynamic polarizabilities
of 3s3p 3Po

0 state at three magic wavelengths (267.01 nm,
183.18 nm and 173.68 nm), the contributions of three tran-
sitions, 3s3p 3Po

0–3s4s 3S1, 3s3p 3Po
0–3p2 3P1, and 3s3p 3Po

0–
3s3d 3D1, are over 95%. Tang et al. suggested that the ra-
tio of two oscillator strengths could be determined via the
precision measurement of magic wavelength for Ca+,[34]

and it was practiced successfully.[22] By taking similar pro-
cedure in Ref. [22] and taking into account the RME of
the strongest E1 transition 3s2 1S0–3s3p 1Po

1, the measure-
ment on the magic wavelengths of Al+ clock transition at
267.01 nm, 183.18 nm, and 173.68 nm would be helpful to
obtain three ratios of the E1 RMEs for the four transitions
mentioned above, RME(3s2 1S0–3s3p 1Po

1):RME(3s3p 3Po
0–

3s4s 3S1), RME(3s2 1S0–3s3p 1Po
1):RME(3s3p 3Po

0–3p2 3P1),
and RME(3s2 1S0–3s3p 1Po

1):RME(3s3p 3Po
0–3s3d 3D1). It can

act as a calibration with the experimental input to the calcu-
lated RMEs, and then improve the reliability and the precision
of the estimate of the BBR shift for the clock transition.
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Fig. 1. The dynamic polarizabilities α(ω) of the 3s2 1S0 and 3s3p 3Po
0 states in Al+, in a photon energy of the electromagnetic radiation from 0.0 to

0.43 a.u., which is equivalent to the wavelength from ∞ down to 106 nm. The magic wavelengths are identified by arrows in (b)–(d).
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Table 4. The breakdown of the contributions of individual transitions to the static and dynamical polarizabilities of the 3s2 1S0 and 3s3p 3Po
0 states at the

magic wavelengths for the 3s2 1S0–3s3p 3Po
0 clock transition in Al+. The numbers in parentheses are uncertainties in the digits calculated by adopting the

recommended uncertainties of E1 RMEs in the present work.

λm (nm) ∞ 267.01(10) 183.18(2) 173.68(2) 120.50(1) 113.33(48)
ωm (a.u.) 0 0.170642(65) 0.248739(33) 0.262338(29) 0.378115(44) 0.402028(1709)

α(ω) (3s2 1S0)

3s2 1S0−3s3p 3Po
1 0.0004 3.0500 –0.0003 –0.0003 –0.0001 -0.0001

3s2 1S0−3s3p 1Po
1 23.7209 38.9854 141.1584 318.0193 –25.7146 –20.2169

3s2 1S0−3s4p 3Po
1 6.0×10−6 6.0×10−6 8.0×10−6 8.0×10−6 1.5×10−5 1.9×10−5

3s2 1S0−3s4p 1Po
1 0.0029 0.0033 0.0039 0.0041 0.0073 0.0091

3s2 1S0−3s5p 3Po
1 2.9×10−5 3.2×10−5 3.6×10−5 3.7E-05 0.0001 0.0001

3s2 1S0−3s5p 1Po
1 0.0051 0.0056 0.0062 0.0064 0.0090 0.0100

Others 0.1325 0.1421 0.1547 0.1576 0.1980 0.2116
Core 0.2650 0.2651 0.2657 0.2658 0.2671 0.2671
VC –0.0190 –0.0191 –0.0191 –0.0192 –0.0193 –0.0194
Total 24.1078 42.4323 141.5690 318.4332 –25.2544 –19.7402

α(ω) (3s3p 3Po
0)

3s3p 3Po
0−3s4s 3S1 2.1898 4.2366 –82.4867 –15.4363 –1.5959 –1.3022

3s3p 3Po
0−3p2 3P1 8.7283 15.4606 116.7639 –299.0884 –7.6696 –6.1596

3s3p 3Po
0−3s3d 3D1 12.5671 21.4705 105.7086 631.2767 –12.1297 –9.6541

3s3p 3Po
0−3s5s 3S1 0.1280 0.1611 0.2269 0.2485 –18.4314 –0.9254

3s3p 3Po
0−3s4d 3D1 0.3461 0.4317 0.5982 0.6516 13.2613 –3.4274

Others 0.3619 0.4167 0.5029 0.5261 1.0559 1.4735
Core 0.2650 0.2651 0.2657 0.2658 0.2671 0.2671
VC –0.0100 -0.0100 –0.0101 –0.0101 –0.0102 –0.0102
Total 24.5762 42.4323 141.5690 318.4332 –25.2544 –19.7402

Table 5. The differential dynamic polarizabilities (in a.u.) of the clock states in Al+.

Wavelength (nm) 1126 976 267.4 397 866

α(ω)[3s2 1S0] 24.64(84) 24.82(85) 39.44(1.41) 29.22(1.00) 25.03(85)

α(ω)[3s3p 3Po
0] 25.16(51) 25.37(52) 42.34(86) 30.30(62) 25.59(52)

∆α(ω) (a.u.) 0.52(1.35) 0.54(1.37) 2.90(2.27) 1.08(1.62) 0.56(1.37)

The calculated dynamic polarizabilities can be used to
evaluate the ac Stark shifts due to the clock interrogation,
cooling, and repumping laser beams of the Al+ optical clock.
Based on the knowledge of the dynamic prolarizabilities ob-
tained in this work, the calculated differential polarizabilities
of the Al+ clock transition at several specific wavelengths are
given in Table 5. Rosenband et al. measured the ac Stack
shift of the Al+ clock transition using an infrared light at
1126 nm[20] and obtained ∆α(ω)= 1.08(34) a.u. CI+all-order
method gives this value as 0.549(55) a.u. and CICP method
gives as 0.54(41) a.u. Our result agrees with theirs. Brewer et
al. obtained ∆α(976 nm) = 0.499(57) a.u. in their experiment
and our result also agree with it. The wavelength of the clock
interrogation beam is 267.4 nm. The cooling (397 nm) and
repumping beams (866 nm) are kept on in same experiments
to maintain a stable cooling.[35] According to the data in Ta-
ble 5 and assuming all the laser beams to be Gaussian beams,
the contributions of ac Stark shift to the fractional frequencey
shift (∆νac-Stark/νclock) of Al+ clock transition at 267.4, 397
and 866 nm are (1.54±1.21)×10−20 Ĩ, (5.74±8.61)×10−20 Ĩ,
and (2.98±7.28)×10−21 Ĩ, respectively, where the effective in-

tensity Ĩ = P/r2, P is the power of the laser in units of W and
r is the radius of beam waist in units of m.

4. Conclusions

In summary, the dynamic polarizabilities of 3s2 1S0 and
3s3p 3Po

0 states in Al+ are calculated using CI+MBPT and
MCDHF methods in this work. The magic wavelengths for
the Al+ clock transition 3s2 1S0–3s3p 3Po

0 are identified. All
the magic wavelengths predicted in this work are in the ultra-
violet region. The potential precision measurement on these
magic wavelengths of Al+ near 267 nm, 183 nm and 173 nm
would be useful to extract the ratios of several certain transi-
tion matrix elements with high accuracy, and then to improve
the precision of the estimate of the BBR shift for the Al+ clock
transition. The differential dynamic polarizabilities at certain
wavelengths are evaluated using the knowledge of the calcu-
lated dynamic polarizabilities, which are useful to assess the
ac Stark shift of the Al+ clock transition frequency and helpful
in the clock experiments to suppress the ac Stark shift of the
clock transition as possible as it can.
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