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The core structure, Peierls stress and core energy, etc. are comprehensively investigated for the 90◦ dislocation and
the 60◦ dislocation in metal aluminum using the fully discrete Peierls model, and in particular thermal effects are included
for temperature range 0≤ T ≤ 900 K. For the 90◦ dislocation, the core clearly dissociates into two partial dislocations with
the separating distance D∼ 12 Å, and the Peierls stress is very small σp < 1 kPa. The nearly vanishing Peierls stress results
from the large characteristic width and a small step length of the 90◦ dislocation. The 60◦ dislocation dissociates into 30◦

and 90◦ partial dislocations with the separating distance D∼ 11 Å. The Peierls stress of the 60◦ dislocation grows up from
1 MPa to 2 MPa as the temperature increases from 0 K to 900 K. Temperature influence on the core structures is weak for
both the 90◦ dislocation and the 60◦ dislocation. The core structures theoretically predicted at T = 0 K are also confirmed
by the first principle simulations.

Keywords: dislocation, temperature effect, aluminum

PACS: 61.72.Bb, 61.72.Lk DOI: 10.1088/1674-1056/ac587f

1. Introduction

Great efforts have been made to understanding the dislo-
cation core structure and related properties, and much progress
has been achieved before.[1–11] In experiment, several experi-
mental techniques such as x-ray and neutron scattering, high-
resolution atomic force microscopy, advanced transmission
electron microscopy are applied for probing dislocations core
structure at the atomic scale.[3–6] This leads to directly imag-
ing dislocation cores with single-atom sensitivity. Polymor-
phism of dislocation core structures at the atomic scale was
predicted with a model and observed with bicrystal experi-
ments and systematic atomic-resolution imaging.[5] The close
match of predicted dislocation cores with direct imaging both
geometrically and in quantity offers confidence that the mod-
elling approach represents a reliable routine to pinpointing
all core configurations for even a given dislocation type at
the atomic scale.[5–8] While the core structures of dislocations
are usually modeled and predicted from molecular dynamics
simulations,[7–11] it is necessary to develop analytical theory
adding a new dimension to understanding the properties of dis-
locations in real materials.

In 1940s, Peierls put forward a famous equation and ob-
tained its exact solution that can reveal the characteristic size
of dislocations and predict the strength of materials.[12,13] The
equation is generally named as the Peierls equation and the re-

lated model is called the Peierls model or the Peierls–Nabarro
(P–N) model.[1] In 1970s, Christian and Vitek suggested that
the sinusoidal law in the P–N model should be replaced with
the generalized stacking fault energy (γ-surface), which can
be obtained directly from the interatomic interaction or from
the first principle calculation.[14,15] In order to investigate dis-
locations with both edge and screw components, such as the
dissociated dislocations in the face-centered-cubic (fcc) lat-
tice, the original P–N model was extended to be a so-called
2D model in which the slip displacement is described by a
two-dimensional vector.[16] If the change in space between
two neighboring slip planes is not negligible, the 2D model
should be further extended to a 3D model and in the same
time the γ surface should be replaced by the γ-energy function
(γ-potential).[17] Lejček and Kroupa presented an equation
for the screw dislocation with nonplanar 3-fold structure.[18]

Based on Green’s formula for half-space and conformal map-
ping, Ngan derived the general n-fold equation for nonpla-
nar structure of the screw dislocation.[19] Wang and Hu found
the exact dislocation solution of the n-fold screw dislocation
equation.[20] Merwe extended the Peierls–Nabarro theory to
study the interface at which the lattice constant changes.[21–23]

The P–N model combined with the γ surface has been widely
used to investigate dislocations in a variety of materials.[24–29]

The conventional P–N model is characterized by a non-
linear integro-differential equation that is invariant under con-
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tinuous translation transformation. Obviously, the lattice dis-
creteness is not fully incorporated in the conventional P–N
model. For instance, the Peierls barrier vanishes in the the
continuum theory and thus dislocation as a topology defect
can move freely if there is no ad hoc assumption. In order to
evaluate the Peierls stress, one has to assume that the continu-
ous envelope of the discrete slip field is always identical with
the solution of the Peierls equation. A semidiscrete variational
Peierls framework for dislocation core properties was devel-
oped early to investigate the narrow core dislocations in Si.[30]

The fully discrete peierls equation was initially derived for a
two-dimensional triangular lattice model that can be solved
exactly.[31] Later, it was found that based on the spectrum
analysis the fully discrete Peierls model can be established
in a model-independent way.[32–34] The fully discrete Peierls
model can accurately predict the core structure and explore
dislocation response to the applied external loading.[34–36] In
particular, the Peierls stress can be evaluated in a consistent
way in the fully discrete Peierls model. Furthermore, the fully
discrete Peierls model can reveal the new modes that appear
only in the discrete systems. It is shown that when the lat-
tice discreteness is fully considered, the core of a dislocation
may further display various structures (polymorphism). Actu-
ally, every dislocation in the continuum theory always splits
into two different types with different core.[33–37] The poly-
morphism of dislocation core structures at the atomic scale at-
tracts much attention.[3,4,7,33–38]

Metal aluminum (Al) is widely used in modern engineer-
ing. The mechanical properties of aluminum such as plasticity
and yield strength are mainly dominated by the core structure
of an individual dislocation and the interaction between dis-
locations, or between dislocation and impurity.[1] Similar to
other fcc metals, the most important dislocations in Al are the
90◦ dislocation, the 60◦ dislocation and the screw dislocation.
These dislocations dissociate into two partial dislocations with
a planar core confined to a {111} slip plane.[1,7–9,25,26,36,39–48]

The dislocation core and related properties are deter-
mined by crystal structure type and material mechanical fea-
tures. Because mechanical features of a material are dependent
on temperature, the core structure and related properties of dis-
locations are also temperature-dependent. It is significant to
investigate what the influence of temperature on the disloca-
tion is and how the dislocation properties change with tem-
perature. The P–N model explicitly establishes the relation-
ship among the dislocation core structure, the Peierls stress,
the elastic constants and the generalized stacking fault energy
(γ-surface). Therefore, if changes of the elastic constants and
the γ-surface with temperature are known, temperature influ-
ence on the dislocation core and the Peierls stress can be pre-
dicted theoretically from the P–N model. Recently, the elastic
constants and γ surface at finite temperature were calculated

for Al from the electron density functional theory, and used to
study the 90◦ dislocation in the frame of the analytical P–N
model.[29] Using the data presented in Ref. [29], authors in-
vestigated the evolution of the core structure and change of
the Peierls stress with temperature.[36] It is found that for the
screw dislocation there is stability transformation in the core
structure as temperature increases, and the Peierls stress at the
transformation temperature becomes remarkably smaller. A
question naturally arises: what is the temperature influence on
the core structures and the Peierls stress of the 90◦ dislocation
and the 60◦ dislocation? In this paper, temperature effects on
the core structure, core energy, and Peierls stress, etc. are com-
prehensively investigated for the 90◦ dislocation and the 60◦

dislocation using the fully discrete Peierls model. Instead of
solving the conventional dislocation equation such as Ref. [29]
addressed, the time-dependent dislocation equation (Landau
equation) is used to study the equilibrium core structure, the
structure relaxation, structure stability, and the motion of dis-
locations under applied stress field. The new method enables
us to numerically obtain very accurate solution and precisely
determine dislocation properties. The content is organized as
follows. In Section 2, a brief introduction of the fully discrete
Peierls model is given. In Sections 3 and 4, the core structure
and the Peierls stress calculated from the fully discrete Peierls
model are presented for the 90◦ dislocation and the 60◦ dislo-
cation, respectively, in temperature range 0≤ T ≤ 900 K. The
temperature influence on the dislocation energy is discussed in
Section 5. In Section 6, the stress field is evaluated and plotted
for each kind of individual dislocation. In Section 7, the the-
oretical core structures at the T = 0 K are verified by the first
principle simulation. Finally, we summarize the results.

2. A brief introduction of the fully discrete
Peierls model
Dislocations result from locally relative slip (mismatch

or disregistry) between two neighboring lattice planes. The
two lattice planes involved are usually referred to as the mis-
fit planes. In order to make statement clear and definite, it is
helpful to introduce the cut-plane that locates at the middle of
two misfit planes and divides the crystal into two parts. The
misfit plane above the cut-plane is named as a-plane and the
misfit plane below the cut-plane is named as b-plane. The dis-
location core structure is characterized by the slip (mismatch
or disregistry) field S j(𝑅) that is defined locally as the relative
displacement between the a-plane and b-plane. For the straight
dislocation, the dependence of two-dimensional lattice vector
𝑅 degenerates into a function of a single variable l that mea-
sures the distance from the dislocation center. In terms of the
slip field, the energy functional (energy in a unit length) of a
straight dislocation is[33,34,36]

U = Ui +Uγ ,
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Ui =
1

4λ 2

∞

∑
l=−∞

[βsρ
2
s (l)+βeρ

2
e (l)]

− 1
4πλ

∞

∑
l=−∞

∞

∑
l′=−∞

[Ksρs(l)ρs(l′)

+Keρe(l)ρe(l′)]ψ(0)
(
|l− l′|+ 1

2

)
,

Uγ =
∞

∑
l=−∞

γ(Ss,Se), (1)

where Ss and Se are the screw and edge components of the
slip field, respectively, ρs(l) = Ss(l + 1)− Ss(l) and ρe(l) =
Se(l+1)−Se(l) are the discrete dislocation densities, γ(Ss,Se)

is the generalized stacking-fault energy (γ-surface), λ is the
step length defined by the distance between two neighbor-
ing lattice lines paralleled to the dislocation line, Ks and Ke

are energy factors of the screw and edge dislocations,[1] βs

and βe are the contact-interaction constants,[49] ψ(0)(z) is the
Polygamma function. Generally, the energy given by Ui is
called the interaction energy (self energy) of the dislocation,
or the elastic energy of the dislocation, and the energy given
by Uγ is called the misfit energy. In the isotropic approxima-
tion, Ks = µ and Ke = µ/(1−ν), where µ is the shear modulus
and ν is Poisson’s ratio.

For the fcc metal Al, the most important glide system are
composed of {111} planes with the spacing d = a/

√
3, where

a is the lattice constant. The γ-surface of the {111} plane can
be well described by the following expression:[15,29]

γ(Sx,Sy) = γ1

(
cos

4πSy√
3b

+2cos
2πSx

b
cos

2πSy√
3b

)
+γ2

(
sin

4πSy√
3b
−2cos

2πSx

b
sin

2πSy√
3b

)
+γ3

(
cos

4πSx

b
+2cos

2πSx

b
cos

6πSy√
3b

)
, (2)

where b = a/
√

2 is the magnitude of the Burgers vector (prim-
itive vector) given by the distance between two neighboring
atoms, γ1, γ2 and γ3 are three constants. In Eq. (2), the slip
field is defined in a coordinate system where the most close-
packed lattice line on the plane is selected as the x-axis and
the {111} plane is selected as the xy plane, and the z-axis is
perpendicular to the {111} plane. The relative displacement
Sz does not appear because it is negligible. The physical con-
stants in expression of the energy functional are functions of
temperature.[29,36] In Table 1, all these constants are listed for
some typical temperatures in the range 0≤ T ≤ 900 K.

Table 1. The physical constants of metal aluminum.

T (K) a (Å) ν Ks (GPa) γ1 (J/m2) γ2 (J/m2) γ3 (J/m2) βs (J/m2) βe (J/m2) Ke (GPa)
0 4.053 0.348 28.56 –141.4 –195.2 3.735 4.382 19.61 43.80

100 4.055 0.350 27.89 –140.6 –195.0 3.726 4.285 19.38 42.91
200 4.062 0.352 26.99 –137.4 –190.3 3.693 4.154 19.00 41.65
300 4.071 0.355 25.69 –133.4 –184.5 3.691 3.963 18.45 39.83
400 4.081 0.358 24.28 –129.1 –178.2 3.689 3.754 17.79 37.82
500 4.091 0.363 22.75 –124.4 –171.4 3.683 3.526 17.23 35.71
600 4.103 0.367 21.23 –119.5 –164.3 3.675 3.300 16.54 33.54
700 4.116 0.372 19.69 –114.9 –157.8 3.777 3.071 15.90 31.35
800 4.129 0.377 18.02 –109.5 –150.1 3.732 2.819 15.11 28.92
900 4.144 0.385 16.15 –104.0 –142.4 3.493 2.536 14.41 26.26

For the 90◦ dislocation shown in Fig. 1, the disloca-
tion line is along the 〈1̄1̄2〉 direction, the Burgers vector is
𝑏= 1

2 〈1̄10〉, and thus Ss = Sy and Se = Sx. The boundary con-
ditions of the slip field are

Se(∞)−Se(−∞) = b, Ss(∞)−Ss(−∞) = 0.

For the 60◦ dislocation shown in Fig. 2, the dislocation line is
along the 〈1̄10〉, the Burgers vector is 𝑏 = 1

2 〈1̄01〉, and thus
Ss = Sx, Se = Sy, the boundary conditions are

Se(∞)−Se(−∞) =

√
3b
2

, Ss(∞)−Ss(−∞) =
b
2
.

For the screw dislocation, Ss = Sx, Se = Sy, the boundary con-
ditions are

Ss(∞)−Ss(−∞) = b, Se(∞)−Se(−∞) = 0.

The core structure of a free dislocation is determined by
the minimum energy principle. However, if there is exter-
nal stress σ0 = (σ0

s ,σ
0
e ) (resolved shear stress on the {111}

plane), we should introduce the Gibbs energy

G =U−
∞

∑
l=−∞

(σ0
s Ss +σ

0
e Se), (3)

and the dislocation equation satisfied by the slip field is given
by the following variational principle

δG
δSs

= 0,
δG
δSe

= 0.

In order to study the structure relaxation, structure stabil-
ity, and the motion of dislocations under applied stress field,
we propose to introduce the time-dependent dislocation equa-
tion (Landau equation)

Γ
∂Ss

∂ t
=− δG

δSs
, Γ

∂Se

∂ t
=− δG

δSe
, (4)
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where Γ is the effective damping constant. For mechanical
processes there is a characteristic time, tc = a/ct, a ratio be-
tween the lattice constant a and the transverse wave velocity
ct. It is rational to take the damping time in the same order
with the characteristic time

Γ ∼ 2π

tc
× µ

a
,

where µ = Ks is the shear modulus. The exact value of the
damping constant is of no great importance for the results ob-
tained in this study. In the following, similar to the phase field
theory of dislocations,[50] the time-dependent Landau equa-
tion is employed to obtain the equilibrium core and to deter-
mine the Peierls stress. As an efficient way, the stable equi-
librium slip field can be obtained by relaxing an input solu-
tion with the asymptotic behavior given by the Peierls solution
(boundary condition).[12,33] After the stable equilibrium slip
field is obtained, the external stress field is applied gradually
to explore how the dislocation responds. The Peierls stress is
the critical stress at which the dislocation starts moving.

[110]

[112]

Fig. 1. The atomic configurations of the dissociated 90◦ dislocation at
T = 0 K, where the empty circles and solid circles represent the atoms on
the a-plane (above the cut plane) and the b-plane (below the cut plane), re-
spectively. The symmetric-center line is marked by the solid line and the
partial dislocations are marked by the dashed lines.

90O partial

30O partial

[110]

[112]

Fig. 2. The atom configuration on the a-plane (solid circles) and b-plane
(empty circles) for the 60◦ dislocation) at T = 0 K. The 60◦ dislocation
clearly dissociates into 30◦ and 90◦ partial dislocations separated by
a small stacking fault band. The center of each partial dislocation is
marked with a solid line.

3. The 90◦ dislocation

The 90◦ dislocation is the 1
2 〈110〉{111} edge disloca-

tion. The Burgers vector is b = a/
√

2, and the step length

is λ = a/(2
√

2)≈ 0.35a. There are two different equilibrium

cores. One is the compact core that has no stacking fault band

and no screw slip component Ss = 0. The other is the split-

ting core that has stacking fault band separating two partial

dislocations, and the local screw slip component is not zero,

Ss 6= 0. It is found that even though the compact Peierls so-

lution is input as the initial condition of the time-dependent

dislocation equation (4), the dislocation always spontaneously

evolves into the splitting core. The results indicate that the

compact core is unstable. In the following, we focus on the

stable splitting core. The atomic configurations (T = 0 K) re-

sulting from the stable solution to Eq. (4) is plotted in Fig. 1.

Obviously, there is a stacking fault band separating two partial

dislocations. In Fig. 3, the slip field (Se,Ss) and the density

distribution (ρe,ρs) at T = 0 K are shown. From the density

distribution of the edge component, we see that the 90◦ dislo-

cation symmetrically dissociates into two partial dislocations.

The separate distance is D = 12.8 Å (the distance between the

two peaks), which agrees with data 10.3 Å obtained from the

Peierls–Nabarro model[42] and 15 Å obtained from molecular

dynamics (MD).[51] As a edge dislocation, the screw compo-

nent of the 90◦ dislocation is induced by the edge slip and the

total sum of the screw component is zero. However, as shown

in Fig. 3, the amplitude of the screw component is comparable

to that of the edge component. The screw component can be

viewed as a pair of dislocation and anti-dislocation.

The shear stress produced by the dislocation on the mis-

fit plane (a-plane or b-plane) is evaluated and the results are

shown in Fig. 4. The shear stress (σx) in the (edge) direc-

tion perpendicular to the dislocation line is nearly double of

that (σy) along the (screw) parallel direction. At the positions

of the partial dislocations the shear stress σx has its maximum

0.1µ ≈ 3 GPa. At the center of the dislocation, the shear stress

σy has the maximum 0.05µ ≈ 1.5 GPa. To examine the ac-

curacy, the shear stress originated from the γ-surface is also

evaluated. As shown in Fig. 4, two forces perfectly balance

each other in our calculations. This implies that the solution

obtained is very accurate.

The slip field and the density are plotted in Fig. 5 for tem-

peratures T = 0 K, 500 K, 800 K, 900 K. It is observed that

the slip field and the related density change little as tempera-

ture increases. For the edge dislocation, temperature effect on

the core structure is so weak that it can be neglected safely.
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Fig. 3. The slip field (a) and the dislocation density (b) of the 90◦ dis-
location at T = 0 K. The edge component clearly splits into two partial
dislocations (peaks) while the screw component shows feature of dislo-
cation dipole. The calculated data (scatter points) can be well fitted by
superpositions of dislocations [solid and dashed lines given by fitting
Eqs. (6) and (7)].
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Fig. 4. The shear stress (empty circles in (a) and (b)) produced by the
infinitesimal dislocation distribution on the misfit plane at T = 0 K. The
stress is precisely balanced by that resulting from the γ-surface (solid
circles). The result indicates that the solution obtained is very accurate.

It is useful to obtain an analytical expression for the nu-
merical slip field solution. In order to obtain an analytical ex-
pression, we introduce the standard slip field

S(0)(x,c) =
b

2π

(
arctan

x
ζ
+

cζ x
ζ 2 + x2

)
, ζ =

ζp

1− c
, (5)

where c is a parameter that describes the core structure, ζ

is the characteristic length that can be viewed as the core

width, ζp is the Peierls width (ζp = d/2 for the screw slip and
ζp = d/2(1− ν) for the edge slip, d = a/

√
3 is the spacing

of the {111} planes). The the standard slip field represents
a half-dislocation because the Burgers vector of the standard
slip field is

S(0)(∞,c)−S(0)(−∞,c) =
b
2
.

In the following, we will see that the complex core can be
viewed as a superposition of several standard slip fields with
different core parameters.
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Fig. 5. The slip field (a) and the dislocation density (b) along the Burg-
ers vector direction at temperatures T = 0 K, 500 K, 800 K, 900 K.

The edge component (slip component perpendicular to
the dislocation line) of the numerical solution of the 90◦ dis-
location can be well described by superposition of two partial
dislocations:

Se(x) = S(0)
(

x− De

2
,c
)
+S(0)

(
x+

De

2
,c
)
+

b
2
,

x = ℓλ , (6)

with c and De being the parameters determined by fitting. The
screw component can be well described by superposition of
two dislocation dipoles:

Ss(x) =
2

∑
i=1

1
2

[
S(0)

(
x− Ds

2
,ci

)
−S(0)

(
x+

Ds

2
,ci

)]
,

ζi =
ζp

1− ci
. (7)

In Table 2, the parameters c, ζ , c1, c2, ζ1, ζ2 and the
separation distances De, Ds are listed for various temperature.
The largest effect of the temperature on the core structure fo-
cuses on the separation distance D that decreases with increas-
ing temperature.
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Table 2. The parameters in the fitting solutions of the edge dislocation.

T (K) c ζ (Å) De (Å) c1 c2 ζ1 (Å) ζ2 (Å) Ds (Å)
0 0.784 8.105 12.838 0.824 0.741 9.950 6.762 13.371

100 0.786 8.066 12.929 0.827 0.743 9.971 6.710 13.450
200 0.787 8.077 12.878 0.826 0.744 9.922 6.718 13.397
300 0.788 8.067 12.762 0.826 0.745 9.813 6.710 13.277
400 0.790 8.052 12.617 0.825 0.748 9.682 6.696 13.127
500 0.793 8.049 12.484 0.825 0.750 9.544 6.687 12.985
600 0.795 8.038 12.330 0.825 0.753 9.399 6.675 12.824
700 0.798 8.041 12.214 0.825 0.757 9.264 6.677 12.696
800 0.801 8.005 12.026 0.825 0.761 9.077 6.638 12.495
900 0.807 7.920 11.824 0.827 0.766 8.844 6.526 12.266

In the fully discrete Peierls model, the Peierls stress σp

can be naturally evaluated without any ad hoc assumption.
Applying an external stress σ0 gradually, we can obtain the
critical stress σ0 = σp, at which the dislocation starts mov-
ing through crystal. For the 90◦ dislocation, we find that the
Peierls stress is so small that can hardly be observed in the nu-
merical calculation. The upper limit is about σp < 10−8µ ∼
1 kPa. Such a small upper limit indicates that the Peierls stress
nearly vanishes for the 90◦ dislocation.

In the original P–N model, the width of an edge disloca-
tion and the Peierls stress are given as follows:

ζp =
d

2(1−ν)
, σp =

µ

1−ν
e−

πd
(1−ν)b .

Taking µ = 28.56 GPa, ν = 0.348, a = 4.053 Å, b = a/
√

2,
d = a/

√
3 for T = 0 K, we have

ζp ≈ 1.8 Å, σp ≈ 0.03µ ∼ 800 MPa.

Apparently, the results given in the original P–N model cannot
be simply applied for the 90◦ dislocation in Al. It is instructive
to express the Peierls stress in the term of the width

σp = K e−
2πζ

b ,

where K is the energy factor, K = µ

1−ν
for the edge dislocation,

K = µ for the screw dislocation. Noting that the Burgers vec-
tor b is the characteristic length (period) of the discrete lattice
in the original P–N model, this expression indicates that the
Peierls stress results from competition between the disloca-
tion width ζ and the discrete length b. This explanation gives
a key insight into the Peierls stress. However, if the Burgers
vector b is not the lattice period in the dislocation moving di-
rection, it must be further elucidated. Generally, the discrete
length b should be interpreted as the step length λ that is the
period of the misfit plane along the dislocation moving direc-
tion. For a dislocation, if the step length is much smaller than
the width, λ � ζ , the dislocation will feel little discreteness
and the Peierls stress will be very small no matter how large
the Burgers vector (minimum lattice vector) is. Therefore, the
the Peierls stress formula should be modified as follows:[52]

σp = K e−
2πζ

λ , (8)

i.e., the Peierls stress results from competition between the dis-
location width ζ and the step length λ . For the 90◦ dislocation,
it is reasonable to identify the width ζ with that appearing in
the standard slip field Eq. (5). For T = 0 K, we have ζ ∼ 7 Å,
λ ∼ 1.4 Å, and σp ∼ 10−13µ . The Peierls stress is nearly zero
for the 90◦ dislocation indeed. This estimation qualitatively
explains why the Peierls stress is so small for the 90◦ disloca-
tion.

4. The 60◦ dislocation

The Burgers vector for the 60◦ dislocation is the same in
magnitude as that of the 90◦ dislocation, b = a/

√
2. However,

the step length is almost double of that of the 90◦ dislocation,
λ =
√

6a/4 = 0.61a. The 60◦ dislocation is a mixed disloca-
tion. For the mixed dislocation, instead of the natural frame in
which the slip vector is decomposed into the edge and screw
components, it is more convenient to use the intrinsic frame in
which one axis is given by Burger’s vector.[53] In the intrinsic
frame, the slip vector is decomposed into 𝑆 =𝑆‖+𝑆⊥, where
𝑆‖ is the component along Burger’s vector and 𝑆⊥ is the com-
ponent perpendicular to Burger’s vector. The transformation
relationship between the components in the natural frame and
the intrinsic frame is[53](

S‖
S⊥

)
=

(
sinφ cosφ

−cosφ sinφ

)(
Se
Ss

)
, (9)

where φ = 60◦ is the angle between the dislocation line and
Burger’s vector.

Replacing the edge and screw components (Se,Ss) in the
evolution equation (4) by the parallel and perpendicular com-
ponents (S‖,S⊥), we have the equation satisfied by the compo-
nents (S‖,S⊥). Similarly, the stable dislocation solution of the
equation can be automatically obtained by relaxing an input
solution with the boundary condition

S‖(∞)−S‖(−∞) = b, S⊥(∞)−S⊥(−∞) = 0.

The slip field components S‖ and S⊥ are firstly evaluated at
temperature T = 0 K for the 60◦ dislocation. In Figs. 6 and
7, the slip field components in both the natural and intrinsic
frame are plotted. We see that the density distribution of the
screw component is compact while the density distribution of
the edge component obviously dissociates into two parts. In
Fig. 2, the atom configuration on the a-plane (solid circles)
and the b-plane (empty circles) are explicitly plotted based on
the slip field obtained. Apparently, the 60◦ dislocation clearly
dissociates into 30◦ and 90◦ partial dislocations separated by
a small stacking fault band.
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Fig. 6. The fitting results of the numerical solution (scattered points) at
T = 0 K. The solid and dashed lines are from the fitting equations (10)
and (12). From the density distribution (b), it can be seen that the 60◦

dislocation splits into two asymmetric parts.
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The shear stress produced by the dislocation on the mis-
fit plane (a-plane or b-plane) is shown in Fig. 8 for T = 0 K.
The stress distribution of the 60◦ dislocation is not symmet-
ric. Similar to the 90◦ dislocation, the major shear stress re-
sults from the parallel slip (parallel to Burgers vector). The
maximum shear stress is about 0.1µ ≈ 3 GPa that locates at
the centers of the partial dislocations. The normal shear stress
(perpendicular to Burgers vector) is about 0.6µ ≈ 1.8 GPa. To
verify the accuracy of the solution, the stress that originates
from the γ-surface is also evaluated. As seen in Fig. 8, the

shear stress produced by the dislocation is precisely balanced
by that from the γ-surface.
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Fig. 8. For the numerical solution of 60◦ dislocation at T = 0 K, the
stress resulting from the γ-surface (solid circles) is precisely balanced
by the stress resulting from the distribution of infinitesimal interactions
(empty circles).
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The slip field and the density are plotted in Fig. 9 for
temperatures T = 0 K, 500 K, 800 K, 900 K. It is observed
that similar to the edge dislocation the slip field and the re-
lated density change little as temperature increases. In Fig. 10,
the Peierls stress σp is plotted as a function of temperature.
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Surprisingly, the Peierls stress grows up monotonically from
1 MPa to 2 MPa as temperature increases from 0 K to 900 K.
The order of the Peierls stress is same as the yield strength of
Al observed in experiment.[54] The Peierls stress can also be
estimated from Eq. (8). If the characteristic width is chosen to
the smallest one ζ = 4.735 Å and ζ = 4.271 Å (Table 5), re-
spectively, for T = 0 K and T = 900, the Peierls stresses from
Eq. (8) are σp = 0.17 MPa and σp = 0.4 MPa. The values are
one order smaller than that obtained in our discrete model, but
the increasing tendency with temperature is same.

0 200 400 600 800

Temperature (K)

σ
p
 (

M
P
a
)

1.0

1.2

1.4

1.6

1.8

Fig. 10. The Peierls stress as a function of temperature for the 60◦ dis-
location.

For the 60◦ dislocation, the parallel slip component S‖ of
the numerical solutions can be well described by superposition
of two partial dislocations:

S‖(x) = S(0)(x− x1,c1)+S(0)(x− x2,c2)+
b
2
, (10)

where

ζi =
d

2(1− ν̃)(1− ci)
,

1− ν̃ =
1−ν

(1−ν)cos2 φ + sin2
φ
, i = 1,2. (11)

The fitting parameters are listed in Table 3.
The normal slip component can also be described by su-

perposition of partial dislocations and anti-dislocations:

S⊥(x) =
2

∑
i=1

1
2
[S(0)(x− x′i,c

′
i)−S(0)(x− x′′i ,c

′′
i )], (12)

Due to the asymmetric core of 60◦ dislocation, we need super-
position of four partial dislocations (two partial dislocations
plus two partial anti-dislocation) to fit the data. The fitting pa-
rameters are listed in Table 4. Figure 6 shows the fitting results
of the numerical solution at T = 0 K. The analytical expres-
sion is well coincided with the numerical solution. The two
peaks in the dislocation density implies dissociation of the 60◦

dislocation. The dissociation distance is D≈ 11 Å. This value
is slightly smaller than that (13 Å) of the 90◦ dislocation, but
much larger than that (4 Å) of the screw dislocation.[36] The
splitting width obtained by atomistic simulation is ∼ 10 Å.[55]

From Tables 3 and 5, we see that the widths of partial dislo-
cations slowly decrease as temperature increases. That is why
the Peierls stress grows up with temperature.

Table 3. The fitting parameters for the parallel component of the slip
field.

T (K) c1 c2 x1 (a) x2 (a) ζ1 (Å) ζ2 (Å) D (Å)
0 0.710 0.810 –1.192 1.580 5.506 8.415 11.238

100 0.712 0.812 –1.192 1.598 5.465 8.375 11.313
200 0.712 0.813 –1.193 1.580 5.456 8.387 11.263
300 0.713 0.814 –1.193 1.546 5.425 8.378 11.154
400 0.714 0.816 –1.194 1.506 5.387 8.360 11.020
500 0.716 0.818 –1.195 1.467 5.343 8.358 10.892
600 0.718 0.821 –1.196 1.424 5.299 8.345 10.749
700 0.720 0.824 –1.197 1.387 5.257 8.349 10.638
800 0.722 0.827 –1.199 1.336 5.186 8.310 10.465
900 0.727 0.832 –1.199 1.280 5.054 8.218 10.274

Table 4. The fitting parameters for the normal component of the slip field.

T (K) c′1 c′2 c′′1 c′′2 x′1 (a) x′2 (a) x′′1 (a) x′′2 (a)

0 0.663 0.813 0.815 0.872 –1.258 –0.955 1.630 –0.137
100 0.664 0.814 0.817 0.873 –1.259 –0.951 1.649 –0.144
200 0.664 0.814 0.818 0.873 –1.259 –0.956 1.631 –0.149
300 0.665 0.814 0.820 0.873 –1.259 –0.963 1.595 –0.161
400 0.666 0.813 0.822 0.873 –1.259 –0.972 1.553 –0.173
500 0.668 0.813 0.825 0.874 –1.260 –0.981 1.511 –0.189
600 0.670 0.813 0.827 0.874 –1.260 –0.991 1.465 –0.203
700 0.672 0.813 0.831 0.875 –1.261 –1.001 1.427 –0.217
800 0.675 0.813 0.834 0.876 –1.262 –1.010 1.373 –0.237
900 0.677 0.815 0.840 0.878 –1.262 –1.016 1.316 –0.268

Table 5. The core widths and the separating distances of the partial
dislocations.

T (K) ζ ′1 (Å) ζ ′2 (Å) ζ ′′1 (Å) ζ ′′2 (Å) D (Å)
0 4.735 8.528 8.646 12.430 11.742

100 4.684 8.492 8.598 12.398 11.803
200 4.676 8.448 8.621 12.361 11.750
300 4.648 8.356 8.630 12.264 11.634
400 4.613 8.251 8.631 12.146 11.493
500 4.570 8.119 8.654 12.019 11.352
600 4.530 7.995 8.666 11.885 11.198
700 4.493 7.861 8.698 11.753 11.072
800 4.422 7.695 8.687 11.563 10.880
900 4.271 7.452 8.623 11.280 10.654

5. The self-energy and the misfit energy

In theory, the dislocation energy consists of the interac-
tion energy (self energy) of the infinitesimal dislocations and
the misfit energy. The self energy and the misfit energy can
be straightforwardly evaluated from the functional Ui and Uγ

in Eq. (1) when the solution of the slip field is obtained. In
Fig. 11, as a function of temperature, the self energy Ei and
the misfit energy Eγ are shown for the 90◦ dislocation, the 60◦

dislocation and the screw dislocation, respectively. The self
energy Ei falls off as temperature increase while the misfit en-
ergy Eγ has a peak at temperature T ∼ 200 K. In evaluation
of the self energy, the logarithmic divergence is removed by
truncating the summation of the long range interaction to the
range −52b≤ ℓλ ≤ 52b.
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6. The stress field

In this section, we calculate the stress field and the dis-
placement field in the isotropic approximation. It should be
emphasized that the coordinates system chosen in this section
is the same as that utilized usually in the continuum theory of
dislocations, but different from that used in the previous sec-
tion. Specifically, the coordinates system is chosen so that the

z-axis is parallel to the dislocation line, the xz plane is the glide
plane (the {111} plane) and the normal of the glide plane is the
y-axis.

For an edge dislocation described by the standard slip
field

S(0)(x,c) =
b

2π

(
arctan

x
ζ
+

cζ x
ζ 2 + x2

)
, (13)
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the stress function is[34]

ψ
(0)
x (x,y) =

bµy
8π(1−ν)

{
ln[x2 +(|y|+ζ )2]

− 2cζ (|y|+ζ )

x2 +(|y|+ζ )2

}
. (14)

For a screw dislocation with the standard slip field, it can be
shown that apart from a constant the displacement field is sim-
ply given by replacing ζ → ζ + |y| in Eq. (13),

uz =
b

2π

[(
arctan

x
|y|+ζ

)
+

cζ x
x2 +(|y|+ζ )2

]
+u(0)z . (15)

In addition, for a edge slip field of dislocation dipole

Se(x) =
cζ 2

ζ 2 + x2 ,

it is easy to know that the stress function is

ψe(x,y) =
µζ cxy

2(1−ν)[x2 +(|y|+ζ )2]
. (16)

Obviously, for the slip fields given in superposition of the basic
slip S(0), the related fields can be obtained by the superposition
principle. Therefore, from Eqs. (14)–(16), using the superpo-
sition principle, the stress field and the displacement can be
explicitly evaluated for each individual dislocation discussed
above.[34,56,57] The analytical expressions of the stress fields
are very complex and omitted here. In Figs. 12–14, the stress
fields are plotted for the 90◦ dislocation, the 60◦ dislocation
and the screw dislocation respectively.
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Fig. 14. The stress field on the plane perpendicular to the screw dislocation line (z-axis). The stress is measured by the shear modulus µ and
the length is measured by the lattice constant a. The slip field used is taken from Ref. [36].

7. The dislocation cores from the first principle
calculations
As is well known, the long range feature of the disloca-

tions makes it difficult to simulate the dislocation precisely.
Usually, the periodic array of dislocation dipoles is used in
dislocation simulations. However, when the long range prob-
lem is overcome for the array of dislocation dipoles, the in-
teraction between the dislocation and anti-dislocation is intro-
duced. The interaction between the dislocations falls off in-
versely proportional to the distance, and is not small for the
small periodic cell.

It is efficient to simulate the dislocation core with help
of analytical predictions because the dislocation core actually
involves a few atoms around the center of the dislocation and
the far field can be precisely obtained in the elastic theory. We
suggest to simulate dislocation in the electron density func-
tional theory using the shelled cell given by a pre-calculation
carried out in the fully discrete Peierls theory. The shelled cell
contains an isolated dislocation with a rigid shell in which the

atom positions are given by the theory prediction. As long as
the thickness of the shell is larger than the characteristic length
of the interaction range, the surface effects are negligible and
the relaxation will take place only at the core, and thus an ac-
curate dislocation core can be obtained from the first principle
simulation.

[110]

[112]

Fig. 15. The atom alignments on the a-plane and b-plane of the edge dislo-
cation given by the theory (big empty circles) and the first-principles calcu-
lation (small solid circles). There are 252 atoms in the super-cell used. The
initial total energy is −902.215 eV and the final energy is −902.447 eV.
Theoretical prediction is confirmed satisfactorily.
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In order to confirm the theoretical predictions, the 90◦,
60◦ and screw dislocation cores are relaxed by using the
Vienna ab initio simulation package (VASP) developed at
the Institut fur Materialphysik of Universitat Wien.[58–60]

The Perdew–Burke–Ernzernhof exchange-correlation func-
tional for the generalized gradient-approximation is used in
our calculations. A plane wave basis is employed within
the framework of the projector augmented wave method.
The structure is relaxed with a plane-wave energy cutoff of
450 eV. The iteration convergence is chosen to be 10−4 eV
and 10−3 eV/Å for the energy and the force respectively.

90O partial

30O partial

[110]

[112]

Fig. 16. The atom alignments on the a-plane and b-plane of the 60◦ dis-
location given by the theory (big empty circles) and the first-principles
calculation (small solid circles). There are 204 atoms in the super-cell
used. The initial total energy is −725.666 eV and the final energy is
−726.665 eV. The dotted and the solid lines are respectively used to
label the partial dislocation centers obtained from the theory and the
simulation. It seems that the core has a translation shift after relaxation.

In the first principle simulation, the supercell is con-
structed layer by layer. Firstly the nearest neighboring atom
layer of the cut-plane, the a-layer (a-plane) and the b-layer (b-
plane) are obtained from the slip field or displacement field.
Because the atom aligned periodically along the dislocation
line, we take a period as the width of the layers. The layer size
in direction perpendicular to the dislocation line is taken to be
20b≈ 14a, which is much larger that the core size (∼ 5a). The
layer next to the a-layer (or b-layer) can be obtained similarly
and the other layers can be added one by one continuously.
The total layer number is 6 in our supercell. The supercell con-
structed is a prism that contains an isolated dislocation. Out of
the prism, there is a 10 Å thick vacuum layer. In our calcu-

lations, a fixed out shell is chosen suitably to eliminate the
surface effects, and the interior atoms are fully relaxed. The
final simulation results are shown in Figs. 15–17. It can be
seen that the theoretical predictions are considerably well con-
firmed by the first principle simulation except that the core of
the 60◦ dislocation has a small shift after relaxation.

[110]

[112]

Fig. 17. The atom alignments on the a-plane and b-plane of the
screw dislocation given by the theory (big empty circles) and the first-
principles calculation (small solid circles). There are 108 atoms in the
super-cell used. The initial total energy is −371.286 eV and the final
energy is −371.479 eV. The energy drop is 0.193 eV in the relaxation
process.

8. Conclusions
In summary, for temperature range 0 ≤ T ≤ 900 K the

core structure, the core energy and the Peierls stress are inves-
tigated for the 90◦ dislocation and 60◦ dislocations in Al using
the fully discrete Peierls model. For the 90◦ dislocation, the
core clearly dissociates into two partial dislocations with the
separating distance D ∼ 12 Å, which is larger than that (3b)
obtained in Ref. [29]. The characteristic width of the partial
dislocations is about 8 Å for the edge component. As for the
screw component, there are two characteristic lengthes: one is
about 6.5 Å, and the other is about 9.5 Å. The Peierls stress
is very small σp < 1 kPa due to the large characteristic width
and the small step length of the 90◦ dislocation. The 60◦ dislo-
cation dissociates into the 30◦ and the 90◦ partial dislocations
with the separating distance D∼ 11 Å, and the Peierls stress is
about several MPa. Due to the asymmetric feature of the 60◦

dislocation, the core structure is more complex than that of the
edge dislocation. The minimum characteristic length is about
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5 Å and the maximum characteristic length is about 12 Å. The
stress distribution is calculated by virtue of the superposition
principle. The maximum stress on the misfit plane is as large
as 0.1µ for all types of the dislocations. The core structures
predicted theoretically at T = 0 K are confirmed by numeri-
cal simulation based on the electron density functional theory.
The satisfactory agreement between the theoretical predictions
and the first principle simulations indicates that the results pre-
sented are accurate and reliable. For both the 90◦ dislocation
and 60◦ dislocations, no stability transformation in the core
structure is observed in the temperature range 0≤ T ≤ 900 K
while there is stability transformation at T ∼ 700 K for the
screw dislocation.[36] The reason is unclear and needs to be
explored further. From Table 1, one can see that the physics
parameters in the energy functional change remarkably as tem-
perature increases. However, because the changes of all pa-
rameters have the same tendency to become small and the
equilibrium dislocation core mainly depends on the rescaled
values of those parameters, the characteristic lengths of the
dislocation cores given in Tables 2–5 change a little as tem-
perature increases. Compared to the weak dependence of the
core structure on temperature, the self energy Ei (interaction
energy of the infinitesimal dislocations) and the misfit energy
Eγ fall off significantly as temperature increases. As shown
in Fig. 11, for all the three types of dislocations, the drops in
self energy Ei and the misfit energy Eγ are approximately as
large as one third when temperature increases from T = 0 K
to T = 900 K. Therefore, as a sum of the self energy and the
misfit energy, the dislocation energy at high temperature has
an observable reduction compared with that at low tempera-
ture. In addition, it is notable that the Peierls stress of the 60◦

dislocation grows up from 1 MPa to 2 MPa as the temperature
increases from 0 K to 900 K.
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