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Most probable transition paths in eutrophicated lake ecosystem
under Gaussian white noise and periodic force
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The effects of stochastic perturbations and periodic excitations on the eutrophicated lake ecosystem are explored.
Unlike the existing work in detecting early warning signals, this paper presents the most probable transition paths to char-
acterize the regime shifts. The most probable transition paths are obtained by minimizing the Freidlin-Wentzell (FW) action
functional and Onsager—Machlup (OM) action functional, respectively. The most probable path shows the movement trend
of the lake eutrophication system under noise excitation, and describes the global transition behavior of the system. Under
the excitation of Gaussian noise, the results show that the stability of the eutrophic state and the oligotrophic state has
different results from two perspectives of potential well and the most probable transition paths. Under the excitation of
Gaussian white noise and periodic force, we find that the transition occurs near the nearest distance between the stable

periodic solution and the unstable periodic solution.

Keywords: eutrophicated lake ecosystem, Freidlin—Wentzell action functional, Onsager—Machlup action func-

tional, most probable transition path
PACS: 02.50.-, 02.50.Fz, 02.60.Cb

1. Introduction

The evolution of the lake system is a natural process and
may take decades to hundreds of years from the state domi-
nated by phytoplankton to the state governed by higher aquatic
plants. However, disturbances and forces from outside the
ecosystem can quickly break the natural evolution process.!!]
Many investigations have manifested that ecosystem some-
times experience rapid regime shifts, as shown by transition
from one stable state to another. This transition will change
the nature of the ecosystem, leading to the degradation of
ecosystem services.[>! For example, eutrophication due to
excessive inputs of nutrients, mainly phosphorus, is a com-
mon problem in lakes, rivers, estuaries and coastal oceans. [0
Excess phosphorus will cause the clear-water attractor of lake
change to the turbid one, which comes from sewage and in-
dustrial discharges.!”-®! Lake eutrophication has proven to be
a stubborn environmental problem,”) which seriously affects
the ecological balance of the lake system. In addition, it may
induce important social, economic, and environmental conse-
quences.

Eutrophicated lake ecosystems have two stable attractors
for specific parameters, corresponding to the oligotrophic and
eutrophic states. %1% The stable states are generally related to
the circulation of phosphorus between sediment and water. 8!
Recently, an extensive number of researches have been con-
ducted to explore the early warning indicators, in order to
predict and describe the beginning of tipping points or crit-
ical transitions. Carpenter et al. indicated that the increase
in the variance of dynamical variables can predict the upcom-
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ing catastrophic changes in the lake eutrophication model in
advance.l''! Dakos et al. suggested that the flickering could
serve as a warning indicator which could predict the critical

U2.131 Ma et al. considered

transition to the eutrophic state.
the amplitude difference, phase lag, largest Lyapunov expo-
nent and the Shannon entropy to detect early-warning signals
of the regime shifts of the lake eutrophication system. In ad-
dition, Ma et al. showed that it is possible to slow down the
upcoming critical transition in lake eutrophication system by
Gaussian white noise and periodic excitation.['4-10] Unlike the
existing works in detecting the early warning signals, we study
the most probable transition paths to characterize the rapid
regime shifts in lake eutrophication system between the two
stable states as time goes on.

For a system with multiple attractors, the random pertur-
bation will cause the sample trajectories of the system to de-
part from the basin of attraction and cross the boundary of the
attract basin, or even lead to the system to transfer among mul-

(172211 Generally speaking, we utilize the

tiple steady states.
deterministic trajectories to characterize the deterministic sys-
tem. However, it is hard to find useful information from the
trajectories to analyze the dynamics of the stochastic systems.
Consequently, the most probable transition paths!??! will be
introduced to research the dynamics of the stochastic system.
The most probable transition path has been widely applied to
many scientific fields. [23-271 However, for the ecosystem, it has
few documents to research the most probable transition path.
In an attempt to further characterize the state transition mech-

anism between the oligotrophic state and the eutrophic state
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in the lake eutrophication system, we employ the most prob-
able transition path to research the impact of the noise on the
eutrophicated lake ecosystem.

Based on the above researches, it is worthy of further
study on the most probable transition paths of the lake eutroph-
ication system under the random perturbation. This paper is
organized as follows. In Section 2, we introduce the lake eu-
trophication model with and without period force, whose de-
terministic structure are discussed. Furthermore, the system
under white noises is provided. Next, we give two kinds of ac-
tion functionals, that is, Freidlin—Wentzell (FW) and Onsager—
Machlup (OM) action functionals, to obtain the most proba-
ble transition paths in Section 3. Section 4 presents the most
probable transition paths for the lake eutrophication system
under Gaussian white noise and periodic excitations. Finally,
we summarize the above results in Section 5.

2. Lake eutrophication system
2.1. Lake eutrophication model

We firstly introduce the one-dimensional lake eutrophica-
tion model established by Carpenter et al.!®! The lake eutroph-
ication model considers the phosphorus exchange between the
interface of water and sediment in the lake as one of the main
sources of water nutrients, and represents the level of eutroph-
ication with the dynamic changes in the water environment of
the lake. It has the following form:

dx o n xP
— = —sx+r——
dt xP 41’

ey
where the dynamical variable x represents the phosphorus con-
centration, o represents the phosphorus input rate as control
parameter, s denotes the phosphorus sink rate, » denotes the
maximum rate of phosphorus recycling, and p is the Hill coef-
ficient. As in Ref. [13], we select system parameters as s = 1,

r=1, and p = 8. Then system (1) can be rewritten as
dx x8

— =
dr x+x8+l

= f(x). 2)

The bifurcation diagram for the parameter o is given in
Fig. 1(a). Its middle-dashed line indicates the unstable equi-
librium points. In the bistable region (shaded part), Eq. (2) has
three equilibria under certain control parameters ¢o«. We use
Xs to represent the unstable equilibrium point, and use x;, and
xy to represent the oligotrophic state and the eutrophic state,

respectively.
Figure 1(b) shows the potentials of Eq. (2) for three dif-
ferent o, where U(x) = — [ f(x)dx represents the potential

function of system (2). From the perspective of the potential
well, the oligotrophic state is more stable than the eutrophic
state o = 0.40. Nevertheless, the eutrophic state is more stable
than the oligotrophic state at oc = 0.64. Specially, the stability
of x;, and xy is almost the same when o = 0.52.

2.0

(a) Bistable region
;2 L5 Eutrophic state
2 Fold 2 ¢
£ 10 e
g N ~
g Fold 1)
g
O 0.5
Oligotrophic state
0
0.2 0.4 0.6 0.8
Phosphorus input rate «
0.3
(b) — a=0.40
0.2 — a=0.52
a=0.64
0
D
—0.2
—0.4

0 0.5 1.0 1.5 2.0
x

Fig. 1. (a) Bifurcation diagram for the parameter o of the system (2).
The cyan shaded part defines the bistable region, where the system has
three equilibria. (b) The potential of the lake eutrophication system for
different or.

2.2. Lake eutrophication model with period force

The change of season, annual cycle, rainfall and so on all
affect the ecosystem. And research shows that periodic force
can slow down the upcoming critical transition of the lake eu-
trophication system.!'® The effect of the periodic excitation
on the ecosystem is worthy of the further study,

E:()c—x—i—i—kAcos(a)t)éf(x 1) 3)
dt B4+1 ’
in which A cos (@t) represents the periodic force with the am-
plitude A and the frequency ®.

The time history diagram shows that nullclines f(x,#) =0
have different features for different A and , in the (¢,x)-plane
in Fig. 2.

In Fig. 2(a), the nullines consist of three independent
curves and divide the (x,#) plane into four parts, which means
that f (x,7) = O has three different roots at any time. And
given the parameters, the system (3) has two stable periodic
solutions and one unstable periodic solution. Let x{ and xj;
correspond to the oligotrophic stable periodic solution and the
eutrophic stable periodic solution, respectively, and xg corre-
sponds to the unstable periodic solution.

In Figs. 2(b) and 2(c), f(x,t) = 0 has three differ-
ent solutions at some times, and only one solution at other
times. Which means the double well structure of the origi-
nal system is temporarily lost during certain stages. And the
number of periodic solutions is affected by parameter w. In
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Fig. 2(b), the nulline divides the (x,#) plane into two parts by
a curve. In Fig. 2(c), the nullines are composed of several
independent curves, among which one nulline always exists,
while other closed curves only appear in certain periods.
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Fig. 2. The nullclines (f(x,#) = 0) of the system (3) with @ = 0.2. (a)
A=0.1,a=0.52;(b)A=0.15, a =0.52; (c) A =0.1, x = 0.58; (d)
A=0.1,a=0.8.

In Fig. 2(d), a nulline divides the (x,#) plane into two parts
by a curve. In this region, f (x,f) = 0 there is only one root at
any time, and the system has only one eutrophic stable peri-
odic solution.

2.3. Lake eutrophication system with Gaussian white

In order to describe the ecological model of lake eutroph-
ication more accurately, the influence of environmental dis-
turbance must be considered. Environmental disturbance has
always been considered as an important factor in ecosystem
modeling. On the one hand, it is the inherent uncertainty of the
ecosystem. On the other hand, anthropogenic disturbances add
to the uncertainty of the ecosystem.?®! In lake eutrophication
system, Carpenter and Brock!?°! pointed out that phosphorus
input rates are affected by external fluctuations. This means
that the phosphorus input rate ¢ is a random variable. Con-
sequently, we consider the systems (2) and (3) with Gaussian
white noise

dx X

T = a—xt T+ E (), @
gfa,x+i+Acos(wt)+§(t) ®)
dti x8-|-1 ,

where & (¢) satisfies (£ (1)) =0, (£ (1) E(t+ 1)) = 66 (7).
With three representative potentials as shown in Fig. 2,
we consider the most probable transition paths under Gaus-
sian white noise. For system with periodic excitation, the dou-
ble well structure is temporarily lost and the periodic solution

is affected by parameters. Hence, we choose two groups of
appropriate parameters to study the most probable paths of the
periodic excitation system.

3. Two kinds of action functionals
3.1. Freidlin—-Wentzell action functional

For the stochastic bistable system, noise could lead to
transitions from one stable state to another stable state. If
the noise intensity ¢ is small, the large deviation theory is a
powerful method to study the noise induced transition. Frei-
dlin and Wentzell introduced the action functional with path
as the variable, which describes the probability of sample
trajectory 2!

P{por (X°,9) < &} ~exp{—0"Sor(9)}, (6)

where o represents the noise intensity, X is the sample tra-
jectory of the disturbed system, @ is the absolutely continuous
function in Cy 7 (R"), p represents the distance on the function
space C[0,T], and Sor(¢) is the action functional. According
to Eq. (6), the trajectory corresponding to the minimum of the
action functional has an overwhelming probability, while the
probability of other trajectories decreases exponentially. The
quasi-potential has the following form:

S(x1,x2) = inf inf  {Sor(9)|9(0) =x1,¢(T) =x2}, (7)
T>0¢eC[0,1)

where x; is the starting point of the path, and x; is the ending
point of the path. The trajectory corresponding to the quasi-
potential is the most probable path of the system from the ini-
tial position x; to the end point x;.

In order to obtain the most probable transition path, we

use an approximate solution in WKB form when ¢ — 0,30-31]
S(x
P(CC)NZ(CC)eXP{—(G)}, ®

where z () denotes the prefactor function that is not studied
in this literature, and the FW action functional S (x) represents
the activation energy of fluctuations in the stochastic system.
Substituting Eq. (8) into the Fokker—Planck equation leads to

Glexp{—si,"”)}zm) [s’<m>f<w> +s (s’(;c))z]

o

—o%exp { _S(=) } {f(ac)z’(w) +f(z)z(x)

+H(@)S (@) + 52@)5" (@)

+O(Gexp{—S(:)}> =0. 9)

And keeping only the terms of lowest order in o, we acquire
the Hamilton—Jacobi equation for S (x)

1
H(x,p)=b(x)p+ EPTPZO’
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_as
p_am?

where p stands for momentum. In order to solve Eq. (10), we

(10)

utilize the method of characteristics!*?! to derive the following

equations:
. O0H
w*%*b(x)‘f'l’a
. oH _ [db(x)]"
Paw[ Iz ] ! (b

and the evolution equation of S along the characteristic line

% =px. 12)

Equation (11) is an auxiliary Hamiltonian system, *3 and
p represents the disturbance term in the original equation.
Thus, the most probable transition path can be obtained from
Eq. (11). If the original fixed point is a stable equilibrium
point, the noise disturbance can add an unstable manifold; if
the original fixed point is an unstable equilibrium point, the
noise disturbance can lead to a stable manifold. We apply
the action plot to get the FW action functionals of the escape
paths. From this we can acquire the minimum of the FW ac-
tion functional and the corresponding most probable transition
path.

3.2. Onsager-Machlup action functional

The noise intensity also has an important effect on lake
eutrophication system, so it is worthy to further discuss the
most probable transition paths under different noise intensi-
ties. We obtain the most probable transition path by minimiz-
ing the OM action functional®4-3%! for the stochastic lake eu-
trophication systems (4) and (5). According to the principle of
least action principle, the most probable transition path x;, can
be obtained by

T
5/ OM (,x) di = 0, (13)
0
where the integral f; OM (x,x)dr is the OM action functional,
and 0 stands for the functional differentiation defined as
6F .. Flf(x)+e8(x—x)]—F[f(x)]

Sf(x) lim € - U9

According to Eq. (13), it can be deduced that OM functional
satisfies the Euler—Lagrange equation

d JOM (x,x) _ JOM (x,x)
d a9x Ix

15)
where the OM function OM (x,x) of system (4) is defined by

OM (%,x) = <f(xc)7_x>2+f’(x). (16)

Therefore, the most probable transition path xn, (¢) satisfies the
following equation:

2
i (1) = %f”(xm) + ' (xm) f (),

xm(0) =x1, xm(T) =xg,

A7)

where 0 represents noise intensity, x, is the initial value of the
most probable paths, xy is the final value of the most probable
path, and T is the total time. By solving Eq. (17), the most
probable paths of system (4) under different noise intensities
can be obtained.

For the stochastic system (5), xp, (7) satisfies the following
equation: 7]

o2
¥ (1) = fox (Xms 1) + fx (Xmst) f (Xm,2) + fi (X, 1) , (18)
xin (0) =.(0), xm (T) = 2 (T),

where o represents noise intensity, x; (0) is a point on the peri-
odic solution, xj is the initial value of the most probable paths,
x7(0) is a point on the periodic solution, xj; as the final value
of the most probable path, and 7 is the total time. By solving
Eq. (18), the most probable paths of system (5) under different

noise intensities can be obtained.

4. Results

In this section, we use the above two methods to com-
pute the most probable transition paths. The characteristics
of the most probable transition path can help analyze how the
lake transfers between the oligotrophic state and the eutrophic
state. For stochastic systems, we utilize FW action functional
to get the most probable transition paths in weak noise. In ad-
dition, we use the OM action functional to study the influence
of the noise intensity on the most probable transition path.

4.1. Lake eutrophication system under Gaussian white
noise

For system (4), we display the most probable transition
paths between xp, and xy for different . According to the FW
large deviation theory, we acquire the most probable transition
paths and the momentum required to transition from x, to xy
with different parameters. Furthermore, by minimizing OM
functional, the most probable transition paths between x, and
xy under different noise intensity can be obtained.

As can be seen from Fig. 3, the changes of the most prob-
able path and momentum have same characteristics. The most
probable transition paths start at the stable equilibrium point
xr, and it wanders in the basins of x; and the momentum p
starts at zero and grows slowly. As time goes on, the momen-
tum p suddenly increases and the large momentum makes the
system transition from x, to xs. Then the momentum p rapidly
decreases to zero, while the system stays at xg (unstable state)
for a long time. But because of the attraction of xy, the system
will eventually reach xy.

060203-4
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Under different parametersc, the relative stability be-
tween the attractors is different, and the maximum momentum
required for transition are different. The value of the Y-axis
on the right of Fig. 3 represents the momentum of the sys-

tem. The larger momentum p is, the more energy is needed

to escape from the stable equilibrium point. By comparing
Figs. 3(a)-3(c), it can be seen that the maximum momentum
decreases successively, indicating that within a certain range,
with the increase of parameter ¢, the lake system is easier to

transition from the oligotrophic state to the eutrophic state.

2 1.0 15 0.4 2.0 0.06
(a) a=0.40 (b) a=0.52 (c) a=0.64
15 0.04
g 1 05 a 51.0 0.2 o g -
1.0 0.02
0 0 0 0
0 20 40 60 80 100 0.57 20 10 60 05050 40 60 80

t

t

Fig. 3. The most probable paths and momentum of lake eutrophication system from xi, to xy under different parameters &. The black lines
represent the most probable escape paths, and the red lines represents the momentum change during transition. (a) o = 0.40; (b) o = 0.52; (c)

o =0.64.

In Fig. 4, it is easy to understand that the most probable
transition path is a heteroclinic orbit connecting three fixed
points. Heterotonic orbitals visually show that the momentum
p changes the topology of the original system. The most prob-
able paths connect the three equilibrium points of the system,
but not just along the x-axis. Because of the influence of p,
the system transition occurs. The most probable path of the

system from xi, to xg is an arc orbit containing the manifold of

(b)

0.3

0

Momentum p
Momentum p

the auxiliary Hamiltonian system. Once the system reaches xs,
the disturbance force p becomes zero and the system will relax
to another equilibrium point. With the increase of parameter
a, the heteroclinic orbitals from xi, to xy are shrinking, while
the heteroclinic orbitals from xg to x;, are increasing. With the
increase of parameter «, the lake system transition from the
oligotrophic state to the eutrophic state requiring less energy.

The results of Fig. 4 confirm the conclusion of Fig. 3.

a=0.52

Q\\ :

Momentum p

—0.6

Concentration x

Concentration x

0 0.5 1.0 1.5 2.0
Concentration x

Fig. 4. Phase portrait of the Hamilton equation. The green and magenta curves represent the most probable paths from xi, to xy and from xy to

XL, respectively. (a) a = 0.40; (b) oo = 0.52; (c) a = 0.64.

In Fig. 5, we obtain the most probable transition paths
Xm () beginning at the oligotrophic state x; and ending at
the eutrophic state xg with different noise intensities. On the
whole, the residence time of the system in oligotrophic state
became shorter with the increase of parameter . And with
the increase of noise intensity, the transition time occurs earlier
and the residence time in the unstable equilibrium xg becomes
shorter.

The inset diagrams of Figs. 5(a) and 5(b) show that the
most probable paths transition between the two stable equilib-
rium states. When o = 0.40, although the potential well in the

eutrophic state is not deep, the system will still stay in the eu-
trophic state for some time. When o = 0.52, the system will
wander in the eutrophic state for a longer time. Although the
difference between the depths of potential well is not great, the
eutrophic state is more stable than the oligotrophic state from
the perspective of the transition path. That is, eutrophication
is a very difficult problem to solve. When o = 0.64, the sys-
tem switches from the oligotrophic state xp, to the eutrophic
state xg quickly, because eutrophic state is more stable at this

parameter.
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—o0=0 '
2 (@) S
— 0=0.03
—oa=0.03
= -
E 0.8fF =
0.4 L L2
0 50 100 150 200 250

Tm(t)

Ccm(t)

10 20 30
t

Fig. 5. Most probable transition paths xp, () starting at the oligotrophic
state x;, and ending at the eutrophic state xy for different noise inten-
sities. (a) a = 0.40, the inset figure displays the most probable path
between x;, and xg at o = 0.03. (b) ov = 0.52, the inset figure displays
the most probable path between x. and xyy at 6 = 0.01. (c) ¢ = 0.64.

4.2. Lake eutrophication system under Gaussian white

noise and periodic excitations

Now, we consider not only white Gaussian noise but also
periodic excitation on the most probable transition path be-
tween the oligotrophic state and the eutrophic state. Based on
the characteristic of the nullines of the periodic system, the
most probable paths of the system with two sets of parameters
are considered in this paper.

According to Subsection 3.1, we have the Hamiltonian
for Eq. (4) as follows:
8

H(x,p) = <(xx+ +Acos(w9)) 12

1+x8
1
+p1+ 503, (19)
and the auxiliary Hamiltonian system

8
P= -t —— +Acos(w6) + pa,

1+x8
=1,
p1 =Awsin(w8)p,
. 8x’
P2 = (1+(1+xg)2>172- (20)

We choose (x,0) = (x{ (0)+6,6(t)) as the initial values,
where x; () are the coordinates of the stable period solution,

0(7) can help us parameterize the escape paths, ranging from
[0,207), and & is a small displacement.

14+ (a)
12}
=
a
.2
g 8y
=]
£
a
2
T 4
) ‘
| X I
I
% 2 4 6
0
(b)
0.12
=
a
]
£ 0.08}
O
[=]
£
[=]
2
T 0.04f
<
/
% 2 4 6
0

Fig. 6. Freidlin-Wentzell action functionals of escape paths from xj to
xj;. The minimum of Freidlin-Wentzell action functional is marked by
the red asterisk. (a) @ =0.52,A=0.1, ®=0.1; (b) x = 0.58, A =0.1,
w=0.5.

Figure 6 shows the action functional for different (x, 6).
Its global minimum, indicated by a red asterisk, corresponds
to the most probable path of the system.

In Fig. 7, the thick solid red line represents the most prob-
able escape path. It can be seen that the transition of the most
probable path occurs at the closest distance between x{ and
xg. And the most probable path to xj; is near the intersection
of the nulline and periodic solution.

For Fig. 7(a), the most probable path does not move along
the unstable periodic solution after exiting from x; to xj;, but
directly reaches xj;. As can be seen from other escape paths,
they firstly move towards the unstable periodic solution xg but
their momenta are too small to escape. Then they will fluctu-
ate between the original stable periodic solution and the unsta-
ble periodic solution to prepare for a next trial to escape. For
Fig. 7(b), after the most probable path switches from xj to xg,
it moves along the unstable periodic solution xg, and the most
probable path begins to transition to xj; near the intersection
of the unstable periodic solution and the nulline.
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L =1.4693
—Most pro

Fig. 7. Escape paths from x{ to xj;. The solid cyan lines represent
the two stable periodic solutions and the dotted cyan line represents the
unstable periodic solutions. The black lines represent the nullclines.
The red thick line represents most probable transition path, and the
other lines for other escape paths. (a) o =0.52, A=0.1, ® =0.1;
(b)a=0.58,A=0.1, »=0.5.

In Fig. 8, we compare the most probable transition paths
obtained from Eq. (19) for various values of o. Herein, for all
the most probable transition paths, we choose the same start
point x7 (0), the same end point xj;(T) and the total time for
five periods. Given the parameters, the nullines are very close
to the periodic solutions but they do not overlap. The nullines
only intersect the highest and lowest points of the periodic so-
lutions. The insets in Fig. 8 indicate that the transition occurs
in the gap between the stable periodic solution and nullcline,
where the flow of the period solutions will change directions.

1.5}
A NS »W“'—o=0
5\ R —o

1.0 1 /
2

( X
g ; B

o s

0.01
—o =005

wm(t)

100 150 200 250 300
t

Fig. 8. Most probable transition paths for different ¢ with o = 0.52,
A =0.1, ® =0.1. The solid cyan lines represent the two stable periodic
solutions and the dotted cyan line represents the unstable periodic so-
lution, the black lines represent the nullclines. The arrow-1 to arrow-3
mark where paths arrive at x§, and the arrow-4 to arrow-6 mark where
paths leave x{ and xj;. And the insets indicate that the transition occurs
in the gap between the stable periodic solution and the nullcline.

We observe that the transition of the system occurs be-
tween two stable periodic solutions three times in five periods.
The first transition is from x{ to xj;, and the places leaving x{
and reaching xg are not different with the change of noise in-
tensity. The second transition is from xjj to x{ . The residence

time in x and xj; varies greatly under different noise intensi-
ties. When o= 0.05, the most probable path stays longer in
xjy, while for 0 = 0 and o = 0.01, the most probable paths
stay longer in xj . The third transition is from xj to xj;. Every
transition indicates that the transition occurs near the nearest
distance between the stable periodic solution and the unstable
periodic solution.

When o = 0, the most probable transition path moves
along xg for a half cycle after reaching the unstable peri-
odic solution. Nevertheless, the most probable transition paths
switch quickly to the other stable period solution for ¢ = 0.01
and o = 0.05. And there have interesting phenomenon for
o =0 and o = 0.01. For each transition, the most probable
transition paths follow a similar trajectory to the unstable pe-
riodic solution xg, marked by arrow-1 to arrow-3. And the
transitions begin at a similar point at stable periodic solutions,
that is, they all leave the stable periodic solution x; and xj
around the same phase, marked by arrow-4 to arrow-6.

In Fig. 9, we compare the most probable transition paths
obtained from Eq. (15) for various values of o. Herein, for all
the most probable transition paths, we choose the same start
point xj (0), the same end point x{;(7") and the total time for
four periods.

As shown in Fig. 9, the influence of noise intensity on
the most probable paths is not very large. Basically, the most
probable paths move along xf to the red square and transition
to xj;. The place where the most probable paths transition is
the same, and the higher the noise intensity, the earlier the sys-
tem reaches xj;. When ¢ = 0, the most probable transition
path moves along xg for a half cycle, while when ¢ # 0, the
most probable paths hardly stay at x3.

Tm(t)

1 1 1 1

0 20 40 60 80 100 120

Fig. 9. Most probable transition paths for different o with ¢ =0.58, A =0.1,
® = 0.5. The solid cyan lines represent the two stable periodic solutions and
the dotted cyan line represents the unstable periodic solution, the black lines
represent the nullclines. The red square indicates the most probable paths
transition occurs at the same place under different noise intensity.

The most probable paths will deviate from x; where the
double-well structure disappears. In particular, where the
double-well structure of the system disappears, the most prob-
able path at ¢ = 0 initially moves up to xg and along it. After
the unstable periodic solution intersects the nulline, the system
begins to move down to x; under the action of the determin-

istic vector field. It can be seen that when the double-well

060203-7



Chin. Phys. B 31, 060203 (2022)

structure disappears, the distance between x; and x§ is closest,

and the system is prone to transition.

5. Conclusions

In this paper, we have investigated the most probable tran-
sition paths of the lake eutrophication system under Gaussian
white noise and the periodic force. The characterization of the
most probable paths provides a new perspective for the study
of the lake eutrophication system. We visualized transitions
between the eutrophic state and the oligotrophic state. We in-
troduced two kinds of action functionals, FW action functional
and OM action functional, for the calculation of the most prob-
able transition paths under different noise intensities.

Firstly, the influence of noise is only considered. We used
large deviation theory to observe the most probable transition
paths. In weak noise intensity, the Hamilton—Jacobi equation
is obtained by using WKB approximation for the system, and
the FW action functional is obtained by using the method of
characteristics. We used the minimum of the FW action func-
tional to obtain the most probable transition paths between the
oligotrophic state the eutrophic state. Further, we examined
the most probable transition paths xy, (¢) from the oligotrophic
state x, to the eutrophic state xy with different noise intensities
by minimizing the OM action functional. By characterizing
the most probable transition paths under certain parameters,
we have found that the stability of the eutrophic state and the
oligotrophic state has different results from the two perspec-
tives of potential well and the most probable transition path.

Then, Gaussian white noise and periodic excitation were
considered. Considering the influence of parameters on the
periodic solutions and nullines of the system, we have chosen
two groups of parameters to study the most probable path of
the system with periodic excitation. The most probable tran-
sition paths from x{ to xj; were obtained by using the large
deviation theory. In addition, by minimizing the OM func-
tional, we obtained the most probable transition paths starting
at the same initial point on x{ and terminating on xj; for dif-
ferent noise intensities. The transition points in periodic lake
eutrophication system have same characteristics, and the tran-
sition is more likely to occur near the closest distance between

stable and unstable periodic solutions.
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