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Large-scale topography, such as a seamount, substantially impacts low-frequency sound propagation in an ocean
waveguide, limiting the application of low-frequency acoustic detecting techniques. A three-dimensional (3D) coupled-
mode model is developed to calculate the acoustic field in an ocean waveguide with seamount topography and analyze the
3D effect. In this model, a correction is introduced in the bottom boundary, theoretically making the acoustic field satisfy
the energy conservation. Furthermore, a large azimuth angle calculation range is obtained by using the operator theory
and higher-order Padé approximation. Additionally, the model has advantages related to the coupling mode and parabolic
equation theory. The couplings corresponding to the effects of range-dependent environment are fully considered, and the
numerical implementation is kept feasible. After verifying the accuracy and reliability of the model, low-frequency sound
propagation characteristics in the seamount environment are analyzed. The results indicate lateral variability in bathymetry
can lead to out-of-plane effects such as the horizontal refraction phenomenon, while the coupling effect tends to restore
the abnormal sound field and produces acoustic field diffraction behind the seamount. This model effectively considers the
effects of the horizontal refraction and coupling, which are proportional to the scale of the seamount.

Keywords: coupled-mode model, three-dimensional sound propagation, seamount topography, horizontal in-
terference structure

PACS: 43.30.Bp, 43.20.El, 43.30.Dr DOI: 10.1088/1674-1056/ac538f

1. Introduction

The presence of a favorable sound channel permits the
ocean waveguide to effectively transmit a low-frequency
sound field over a very long distance. For this reason, the
International Monitoring System, with only six hydrophone
stations, can effectively monitor the global ocean underwa-
ter nuclear emergency.[1] However, as a critical component
of the ocean waveguide boundary, the submarine topogra-
phy significantly influences the low-frequency sound trans-
mission. According to the Wake Island hydrophone station,
the Sarigan volcano eruption on May 29, 2010, was effectively
recorded and analyzed. The result showed that the predicted
blockage from 2D propagation was over 40 dB greater than
the observed blockage, which is caused by ignoring the low-
frequency acoustic diffraction effect in the prediction.[2] The
horizontal refraction phenomenon in the South China Sea ex-
periment was explained by using Bellhop3D, and the acous-
tic field structure in the horizontal refraction area was demon-
strated to be considerably different from the result calculated
by the N×2D model.[3]

In the seamount environment, where horizontal refraction
and diffraction become substantial, the conventional underwa-
ter acoustic field model[4] is also mostly limited, especially
in the low-frequency range. Consequently, various 3D mod-

els, both analytic and numerical, have been researched. For
instance, Y. T. Lin et al.[5,6] developed a 3D parabolic equa-
tion model using a reasonable 3D root operator approxima-
tion. F. Sturm[7] confirmed the necessity of cross terms in the
root operator approximation and showed that a leading-order
cross-term correction could be sufficient to remove phase er-
rors in 3D solutions. By introducing a perfectly matched layer
method, C. X. Xu et al.[8] eliminated the truncated boundary
in the horizontal direction in 3D Cartesian coordinates. The
PE described above can effectively compute the sound field
of the ocean waveguide, but it lacks clear physical meaning,
and can not use directly those methods like mode analysis,[4]

which are often supplemented to explain the propagation phe-
nomena.

The couple-mode method has attracted considerable at-
tention to analyze the low-frequency acoustic propagation
phenomena. It explains the influence of variations in the vol-
ume parameters and topography on sound energy transmis-
sion by coupling normal modes.[9–12] Due to the continuous
vertical displacement is used for the nonhorizontal interface
with distinct sound impedance, the bathymetric contributions
to ocean acoustic mode coupling matric elements are poorly
in the traditional mode coupling theory. In order to solve
this problem, O. A. Godin[13,14] developed a new derivation
based on the reciprocity principle rather than the wave equa-

†Corresponding author. E-mail: moyaxiao@mail.ioa.ac.cn
© 2022 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

084301-1

http://dx.doi.org/10.1088/1674-1056/ac538f
moyaxiao@mail.ioa.ac.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 31, 084301 (2022)

tion. Meanwhile, the acoustic reciprocity and the energy con-
servation are illustrated theoretically, and the results show that
the antisymmetric coupling coefficients are necessary. In ad-
dition to a direct theoretical derivation to obtain the expression
of the coupling coefficient to explain these influences, the deep
network method[15] has also been introduced to build a random
mode coupling matrix. However, for general problems, the nu-
merical implementation for 3D coupled-mode solution is not
as simple as for the 3D PE method. We often ignore the mode
coupling or only use this method on a special topography. For
example, the 3D coupled-mode parabolic equation method has
a high computational efficiency at the expense of ignoring the
coupling of azimuth angles.[16] A 3D coupled-mode model
(FT-CM model) can be obtained by the Fourier transform to
explain the topography effect,[17] but it is only applicable in
the translationally invariant waveguide as wedge topography.
Although the coupled model that does not ignore azimuth cou-
pling in the seamount waveguide has been established,[18,19] it
is still limited to symmetric situations. Therefore, a rigorous
derivation of the 3D coupled-mode model is produced, and all
mode couplings are contained in numerical implementation to
analyze the 3D effect caused by the seamount and determine
the low-frequency acoustic field. This paper is organized as
follows. In Section 2, the coupled-mode model is derived.
Then in Section 3, the model’s accuracy and the coupling is
verified with the range-independent, the wedge and the conical
seamount waveguides. The 3D effects such as horizontal re-
fraction and diffraction caused by the seamount are discussed
in Section 4. Conclusions are provided in Section 5.

2. The 3D coupled-mode model
2.1. Coupled differential eqnarray

In a 3D ocean waveguide with seamount topography
(shown in Fig. 1), the acoustic pressure field p(r,θ ,z) and the
particle displacement vector field 𝑢(r,θ ,z) are excited by a
point source at (0,0,zs). In cylindrical coordinates, the time
factor exp(−iωt) is removed, and these physical fields satisfy

𝑢r =
1

ρω2 ∇r p, (1a)

k2
1,2

ρω2 p =−∇r ·𝑢r− ẑ · ∂𝑢
∂ z

, (1b)

𝑧̂ ·𝑢=
1

ρω2
∂ p
∂ z

, (1c)

where 𝑢r = ur𝑟̂+uθ θ̂ is the horizontal particle displacement
vector. 𝑟̂, θ̂ , and 𝑧̂ represent the unit vectors in the direction
of r, θ , and z, respectively. Subscripts 1 and 2 of wavenum-
ber k1,2 = ω/c1,2 indicate the water and bottom in the ocean
waveguide, respectively. ∇r is the Laplace operator in the (r,

θ ) plane, which acts on the scalar and vector and can be re-
spectively expressed as

∇r p =
∂ p
∂ r

𝑟̂+
1
r

∂ p
∂θ

𝜃̂, (2a)

∇r𝑢r =
1
r

∂

∂ r
(rur)+

1
r

∂uθ

∂θ
. (2b)

The fluid halfspace bottom is considered to analyze the
3D effects such as horizontal refraction and diffraction caused
by the seamount topography from the view of normal mode
coupling, greatly simplifying the theoretical model and its nu-
merical implementation. For the multilayer bottom, it is easy
to obtain the coupled model from the result in this paper.
When the bathymetry is z = H(r,θ), and the outward direc-
tion vector is 𝑛̂ = (∇rH)− 𝑧̂, the boundary conditions at the
bottom can be written as

p(r,θ ,z)
∣∣∣H−H+ = 0 , (3a)

∇rH ·𝑢r(r,θ ,z)
∣∣∣H−H+ = 𝑧̂ ·𝑢(r,θ ,z)

∣∣∣H−H+ . (3b)

 x

zs

y

O

z↼m↽

r

H↼r↪θ↽

θ

Fig. 1. Schematic diagram of 3D ocean waveguide with seamount to-
pography.

According to the normal mode theory, we can use the lo-
cal vertical eigenfunction φn(z;r,θ) as a basis function of the
series expansion. The order of the series is infinite in theory.
However, the leaky modes contribute much less as the order n
increases. As a result, the physical field can be represented by
the finite normal mode

p(r,θ ,z) =
1√
r

N

∑
n=1

ϕn(r,θ)φn(z;r,θ), (4a)

𝑢r(r,θ ,z) =
1

ρ
√

r

N

∑
n=1

ϕ̂n(r,θ)φn(z;r,θ), (4b)

where ϕn(r,θ) and ϕ̂n(r,θ) are the n-order coefficient of
acoustic pressure and horizontal particle displacement vec-
tor in the normal mode expansion, respectively. They repre-
sent the mode amplitude and phase. The local eigenfunction
φn(z;r,θ) satisfies the local differential equation correspond-
ing to the local eigenvalue ξn(r,θ)

∂

∂ z

[
1
ρ

∂φn(z;r,θ)
∂ z

]
+

k2
1,2(r,θ ,z)−ξ 2

n (r,θ)

ρ
φn(z;r,θ) = 0. (5)
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The bottom boundary conditions and the orthonormality satis-
fied by the eigenfunction φn(z;r,θ) can be written as

φn(z;r,θ)
∣∣∣H−
H+

= 0, (6a)

1
ρ

∂φn(z;r,θ)
∂ z

∣∣∣H−
H+

= 0, (6b)

∞∫
0

1
ρ

φm(z;r,θ)φn(z;r,θ)dz = δmn. (6c)

We substitute Eqs. (4a) and (4b) into Eq. (1a), and multiply
the m-order mode expansion coefficient ϕm(r,θ). Based on
the integration along the z-direction from zero to infinity on
both sides of this equation, we can obtain a coupled differen-
tial equation in the following way:

ω
2
ϕ̂m = ∇̃rϕm−

1
2r

ϕm𝑟̂+
N

∑
n=1

𝐵̃mnφn, (7)

where the vector operator ∇̃r is introduced, which is equiva-
lent to the Laplace operator ∇r when it acts on the scalar field.
The coupling coefficient vector 𝐵̃mn is

𝐵̃mn =

∞∫
0

1
ρ

φm(∇̃rφn)dz. (8)

Due to the discontinuity of 𝑧̂ · (∂𝑢/∂ z) in Eq. (1b) at
the nonhorizontal bottom boundary, it cannot be simplified by
an integral similar to the derivation of Eq. (7). Combining
Eq. (1c) and the bottom boundary conditions (3) based on in-
tegration by parts, we can obtain

∞∫
0

φm𝑧̂ ·
∂𝑢

∂ z
dz = (∇rH)φm ·𝑢r

∣∣∣H−
H+

+
1

ω2

∞∫
0

[
∂

∂ z

(
1
ρ

∂φm

∂ z

)
p
]

dz. (9)

Combining Eqs. (5) and (6), we can attain

∞∫
0

φm𝑧̂ ·
∂𝑢

∂ z
dz = (∇rH)φm ·𝑢r

∣∣∣H−
H+

− 1
ω2

∞∫
0

k2
1,2−ξ 2

m

ρ
φm pdz. (10)

The coupled differential equation can be obtained from
Eq. (1b) similar to the process to obtain Eq. (10)

∇̃r · ϕ̂m +
ϕ̂m · 𝑟̂

2r
+

ξ 2
m

ω2 φm +
N

∑
n=1

𝐵mn · ϕ̂n = 0, (11)

where the vector operator ∇̃r is also introduced, but it is not
equivalent to the operator ∇r when it acts on the vector field

∇̃r · ϕ̂m = (∂ φ̂rm/∂ r) + [∂ φ̂θm/(r∂θ)]. The coupling coeffi-
cient vector 𝐵mn is

𝐵mn =

∞∫
0

1
ρ

φm(∇̃rφn)dz+
∞∫

0

(
∇̃r

1
ρ

)
φmφn dz

+(∇̃rH)
φmφn

ρ

∣∣∣H−
H+

. (12)

Equations (7) and (11) have a first-order differential equation
form and are called the fundamental coupled differential equa-
tion in the coupled model. 𝐵̃mn and 𝐵mn are the coupling co-
efficients in this form of the equation, and they are called the
fundamental coupling coefficients, which can be easily ver-
ified to satisfy 𝐵̃mn +𝐵nm = 0. According to the relation
proposed by O. A. Godin et al.,[13,14] we can conclude that
the coupled model represented by the fundamental differential
equations satisfies the reciprocity and energy conservation in
theory.

However, the fundamental coupled differential equations
are difficult to solve numerically. For this reason, these cou-
pled equations should be further simplified. When the vec-
tor operator ∇̃r is applied to both sides of Eq. (7), subtracting
Eq. (11), we can obtain a high-order coupled differential equa-
tion for the m-order mode expansion coefficient ϕm(r,θ) and
can be written as

∇̃
2
r ϕm +ξ

2
mϕm +

1
4r2 ϕm

+2
N

∑
n=1

𝐵̂mn · ∇̃rϕn +
N

∑
n=1

Amnϕn = 0, (13)

where vector 𝐵̂mn and scalar Amn are the coupling coefficients
of the high-order coupled differential equation. They can be
transferred from the fundamental coupling coefficients 𝐵̃mn

and 𝐵mn. The coupling coefficient vector 𝐵̂mn and the high-
order coupling coefficient scalar Amn can be written as

𝐵̂mn =
1
2
(𝐵̃mn +𝐵mn)

=

∞∫
0

1
ρ

φm(∇̃rφn)dz+
1
2

∞∫
0

(
∇̃r

1
ρ

)
φmφn dz

+
1
2
(∇̃rH)

φmφn

ρ

∣∣∣H−
H+

, (14a)

Amn = ∇̃r · 𝐵̃mn +
1
2r

(𝐵̃mn−𝐵mn) · 𝑟̂

+
N

∑
s=1

𝐵ms · 𝐵̃sn. (14b)

In the coupling coefficient vector 𝐵̂mn, the last term was ob-
tained by using the nonhorizontal bottom boundary condition
in Eq. (3b). It indicates that the effect of the bottom topog-
raphy can be accurately considered. As a result, the coupling
coefficient satisfies the antisymmetric relation 𝐵̂mn = −𝐵̂nm.
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This antisymmetric can reduce computational efforts. Mean-
while, it can also guarantee that this model satisfies the energy
conserved and is reciprocal in theory. Based on the definition
of the vector operator ∇̃r, the coupling coefficient vector 𝐵̂mn

can be expressed as the scalar form of the coupling coefficient
in the (r, θ ) plane

𝐵̂mn = Br
mn𝑟̂+Bθ

mn𝜃̂. (15)

The influence of variations can be explained in the volume pa-
rameters and topography on sound energy transmission from
the normal mode coupling by using the coupling coefficients
Br

mn, Bθ
mn, and Amn. Moreover, the influence of the envi-

ronment nonhorizontal variation can be effectively separated
by the coupling coefficients along the orthogonality direction.
This is beneficial for analyzing the sound propagation char-
acteristics along a different horizontal direction. Besides the
m-order mode self-variation caused by the environment non-
horizontal variation, Eq. (13) can influence the coupling trans-
mission from the other mode. When the coupling is neglected,
the differential equation corresponds to the adiabatic approxi-
mation in the acoustic field theory.

2.2. The numerical implementation for the 3D coupled-
mode model

For the 3D coupled-mode model described by Eq. (13), a
matrix differential equation can be obtained and written as

∂ 2ϕ

∂ r2 +2𝐵̂r ∂ϕ

∂ r
+ 𝐵̂r𝐵̂r

ϕ +
∂ 2ϕ

r2∂θ 2

+2𝐵̂θ ∂ϕ

r∂θ
+𝐾2

ϕ + 𝐴̂ϕ = 0, (16)

where ϕ is a column vector composed of the mode expansion
coefficient ϕm(r,θ), m = 1,2, . . . ,N, 𝐵̂r is a coupling matrix
composed of the coupling coefficient Br

mn, and the matrix size
is N×N, 𝐵̂θ is also an N×N coupling matrix, and is com-
posed of the coupling coefficient Bθ

mn. 𝐾 is a diagonal matrix,
and the diagonal element is composed of the local mode eigen-
value ξm(r,θ). 𝐴̂ is a high-order coupling matrix and can be
written as 𝐴̂= 𝐼/(4r2)− 𝐵̂r𝐵̂r +𝐴.

It is possible to consider only the outgoing field by focus-
ing on the 3D effects such as horizontal refraction and diffrac-
tion. Meanwhile, considering the sloping degree of the actual
seamount topography, the high-order coupling term can be ig-
nored to simplify the numerical implementation. We can ob-
tain a coupled equation with a parabolic differential form by
factoring Eq. (16), maintaining the outgoing field, and ignor-
ing higher-order coupling terms as follows:

∂ϕ

∂ r
=−𝐵̂r

ϕ + i

√
1
r2

∂ 2

∂θ 2 +
2𝐵̂θ

r
∂

∂θ
+𝐾2 ϕ. (17)

For the energy conservation[9] requirement and the hori-
zontal recurrence computation, the mode expansion coefficient

can be written as

ϕm(r,θ) =
ũm(r,θ)√

ξm(r,θ)
exp(ik0r). (18)

The coupled-mode equation can be written as

∂ 𝑢̃

∂ r
=−𝐵̂r𝑢̃+ ik0(−𝐼+

√
𝐼+𝑋)𝑢̃, (19)

in which 𝑢̃ is a column vector composed of ũm(r,θ), k0 =

ω/c0, which is a reference wavenumber, and the matrix opera-
tor 𝑋 has a form that is most commonly found in the parabolic
equation method expressed as

k2
0𝑋 =

1
r2

∂ 2

∂θ 2 +
2𝐵̂θ

r
∂

∂θ
+𝐾2− k2

0𝐼. (20)

Based on the split-step method, Eq. (19) can be solved effec-
tively as

∂ 𝑢̃I

∂ r
=−𝐵̂r𝑢̃, (21a)

𝑢̃(r+∆r,θ) = exp[ik0∆r(−𝐼+
√
𝐼+𝑋)]𝑢̃I(r,θ). (21b)

Applying the Crank–Nicolson method[16] and high-order Padé
approximation[20,21] to Eqs. (21a) and (21b), respectively, we
can obtain

𝑢̃I(r,θ) =

[
𝐼+

1
2

∆r𝐵̂r(r,θ)
]−1

×
[
𝐼− 1

2
∆r𝐵̂r(r,θ)

]
𝑢̃(r,θ), (22a)

𝑢̃(r+∆r,θ) =
Np

∏
jp=1

[𝐼+β jp𝑋]−1[𝐼+α jp𝑋]𝑢̃I(r,θ). (22b)

The derivation indicates that this model has the advantages of
the coupled mode and parabolic equation theory. The cou-
plings are fully included and effectively separated, the numer-
ical implementation is also kept feasible. Moreover, by using
higher-order Padé approximations,[20,21] the wide propagation
horizontal angles can be obtained in the 3D result.

We consider the discrete form to solve Eq. (22) numeri-
cally, as shown in Fig. 2. For the horizontal recursion matrix
in Eq. (22a), an N-dimensional matrix equation can be calcu-
lated directly (N is the number of normal modes). However,
it cannot be calculated directly because of the presence of dif-
ferential operators in Eq. (22b).

For this reason, the Galerkin method[8,20] is employed.
When the operator acts on the physical quantity, the operator
can be represented as

1
r2

∂ 2𝑢̃I

∂θ 2

∣∣∣θ=θl =
𝑢̃I

l−1−2𝑢̃I
l + 𝑢̃I

l+1

r2(∆θ)2 , (23a)

2𝐵̂θ

r
∂ 𝑢̃I

∂θ

∣∣∣θ=θl =
−𝐵̂θ

l−1−2𝐵̂θ
l

3r∆θ
𝑢̃I

l−1 +
𝐵̂θ

l−1− 𝐵̂θ
l

3r∆θ
𝑢̃I

l

+
2𝐵̂θ

l + 𝐵̂θ
l+1

3r∆θ
𝑢̃I

l+1, (23b)
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𝑘sq𝑢̃I ∣∣
θ=θl =

𝑘sq
l−1 +𝑘sq

l

12
𝑢̃I

l−1 +
𝑘sq

l−1 +6𝑘sq
l +𝑘sq

l+1

12
𝑢̃I

l

+
𝑘sq

l +𝑘sq
l+1

12
𝑢̃I

l+1, (23c)

k2
0𝐼 ũI ∣∣

θ=θl =
k2

0𝐼

6
𝑢̃I

l−1 +
2k2

0𝐼

3
𝑢̃I

l +
k2

0𝐼

6
𝑢̃I

l+1. (23d)

The azimuth angle period is 2π . As a result, the periodic
boundary condition is applied in the azimuth angle direction,
forming a closed-form matrix equation. For simplicity, we can
choose an angle where the environmental parameters do not
change or vary slowly at the start and end computation points
because only the coupling along the r direction should be con-
sidered. Then, substituting Eq. (23) into Eq. (22b), we can
obtain a tridiagonal matrix for the ease of recurrence calcula-
tions.
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Fig. 2. Discretization of the horizontal plane.

3. Model verification
3.1. Accuracy of the numerical implementation

In order to test the accuracy of the numerical implementa-
tion, we use the 3D coupled-mode model to compute a range-
independent waveguide case, which is shown in Fig. 3, and the
results are compared with those obtained by using the FT-CM
model.[17]
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Fig. 3. Range-independent waveguide.

Although this case does not involve coupling, it is suf-
ficient for the accuracy of the model’s numerical implemen-
tation. This range-independent waveguide consists of a ho-
mogeneous water column with a sound speed of 1500 m/s, a

density of 1 g/cm3, and a water depth of 200 m. It is lim-
ited above by a pressure-release sea surface and below by a
homogeneous fluid half-space bottom with a sound speed of
1700 m/s, a density of 1.5 g/cm3, and attenuation of 0.5 dB/λ .
A point source is located 100 m in the depth direction, and the
source frequency is 25 Hz. Moreover, the receiver depth con-
sidered is 30 m, and the transmission loss (TL) computed by
the two models is shown in Figs. 4 and 5.
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Fig. 4. Comparison of TLs at a 0◦ angle and 30 m depth in the range-
independent waveguide computed by the presented and FT-CM models.
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Fig. 5. The horizontal distribution of acoustic field at a depth of 30 m
for a range-independent waveguide. The left panel is computed by the
FT-CM model, and the right panel is computed by the 3D CM model.

The close agreement between the two models clearly
demonstrates that the numerical implementation is accurate
for 3D acoustic calculations. We can obtain a sufficient az-
imuth angle range to satisfy the computation requirement
based on the high-order Padé approximation and the split-step
method. Meanwhile, the circular interference structure can be
presented on the horizontal plane due to the interference of
different modes in the range-independent waveguide.

3.2. Accuracy of mode coupling

In order to verify the accuracy of mode coupling in the
3D model, a wedge waveguide is considered. Although the
waveguide is a simpler case, it has a topographical variation
along the bearing angle and the radial direction. This wedge
waveguide consists of a water column with a sound speed of
1500 m/s and a density of 1 g/cm3. It is limited above by
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a pressure-release sea surface and below by a fluid half-space
bottom with a sound speed of 1700 m/s, a density of 1.5 g/cm3,
and attenuation of 0.5 dB/λ . A point source is located 100 m in
depth, and the source frequency is 25 Hz. The receiver depth
considered is 30 m. For the up-sloping wedge with 2.86◦,
as shown in Fig. 6, the 3D acoustic fields are computed and
shown in Figs. 7 and 8. Moreover, the down-sloping wedge
waveguide, as shown in Fig. 9, is under consideration, and the
result is shown in Figs. 10 and 11.
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Fig. 6. The geometry of an up-sloping wedge waveguide.
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Fig. 7. Comparison of TLs at a 0◦ angle and 30 m depth in the up-sloping
wedge waveguide computed by the presented and FT-CM models.
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Fig. 8. The horizontal distribution of acoustic field at a depth of 30 m
for the up-sloping wedge. The left panel is computed by the FT-CM
model, and the right panel is computed by the 3D CM model.

The simulation results show that the two model’s close
agreement demonstrates that mode coupling can be effectively
handled in this 3D coupled-mode model. Although a slight
difference is evident from Figs. 7 and 10 because the treatment
of the mode coupling varies. Therefore, the error is acceptable.
Meanwhile, the horizontal interference structure also varies

with the topography because the acoustic field energy moves
toward the direction where the ocean depth increases. The hor-
izontal interference structure diverges into elliptic rings with
the increase in the ocean depth. The interference structure
forms compressed ellipses when the ocean depth decreases.
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Fig. 9. The geometry of a down-sloping wedge waveguide.
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Fig. 10. The comparison of TLs at a 0◦ angle and 30 m depth in the
down-sloping wedge waveguide is computed by the presented and FT-
CM models.
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Fig. 11. The horizontal distribution of the acoustic field at a depth of
30 m for the down-sloping wedge. The left panel is computed by the
FT-CM model, and the right panel is computed by the 3D CM model.

3.3. Range of azimuth angle calculation

Based on the split-step method and high-order Padé ap-
proximation, the 3D coupled-mode model in this paper has
a highly wide-angle azimuth range. For the high-order Padé
square root approximation, the accurate of the angle has been
effectively analyzed in parabolic equation.[20,21] In order to
verify the accuracy of the azimuth angle calculation range in
the 3D model in this study, a conical seamount waveguide case

084301-6



Chin. Phys. B 31, 084301 (2022)

is considered, as shown in Fig. 12. This seamount waveguide
consists of a water column with a sound speed of 1500 m/s
and a density of 1 g/cm3. It is limited above by a pressure-
release sea surface and below by a fluid half-space bottom with
a sound speed of 1700 m/s, a density of 1.5 g/cm3, and atten-
uation of 0.5 dB/λ . The height of the seamount is 100 m, and
the radius of the seamount base is 2 km. A point source is
located 100 m in depth, and the source frequency is 25 Hz.
Additionally, the receiver depth considered is 30 m.
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Fig. 12. The seamount waveguide for azimuth angle analysis.
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Fig. 13. The comparison of TLs at a 0◦ angle and 30 m depth in the
conical seamount waveguide is computed by the presented and 3D PE
models.
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Fig. 14. The horizontal distribution of the acoustic field at a depth of
30 m for the down-sloping wedge. The left panel is computed by the
3D PE model with the cross-term, and the right panel is computed by
the 3D CM model.

As a comparison of the 3D coupled model, a 3D parabolic
equation method and the square root approximation with

the cross-term is used.[5,6,8] This cross-term approximation
method has a high calculation precision on the azimuth of
[−90◦, 90◦]. The TL computed by the two models is shown in
Figs. 13 and 14.

The agreement between the two models signifies that the
numerical implementation is accurate on the wide azimuth an-
gle range. However, a difference is evident because these two
models substantially vary in theory and numerical implemen-
tation. For the coupled model, the accurate solution of the
local eigenvalue and eigenfunction is still a key issue and gen-
erates an error. For the parabolic equation, the operator ex-
pansion with the cross-term is equivalent to the second-order
Taylor series and only partially increases the calculation preci-
sion. The truncation of the cross-term also introduces an error
in the numerical implementation. Therefore, this difference
is inevitable. Meanwhile, from the mathematical perspective,
compared with the second-order Taylor series of the square
root included two horizontal coordinates, the high-order Padé
approximation of the azimuth square root has more precision
on the azimuth.

4. Effect on acoustic field caused by seamount
4.1. Effect of the seamount size

The seamount size obviously affects the low-frequency
acoustic field in the waveguide. In order to analyze the extent
of the effects of the seamount size on sound propagation, var-
ious conical seamounts sizes are considered, as illustrated in
Fig. 15. The height of the seamount Hm, and the radius of the
base of the seamount Rm are (150 m, 500 m), (150 m, 200 m),
and (100 m, 500 m). This seamount waveguide consists of a
water column with a sound speed of 1500 m/s and a density of
1 g/cm3. It is limited above by a pressure-release sea surface
and below by a fluid half-space bottom with a sound speed of
1700 m/s, a density of 1.5 g/cm3, and attenuation of 0.5 dB/λ .
Based on the presented 3D CM model, the TLs are computed
and shown in Fig. 16, and the horizontal distributions of the
acoustic field at a depth of 30 m are shown in Fig. 17.
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Fig. 15. Geometry of the ideal seamount problem.
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Fig. 16. Comparison of TLs at 0◦ azimuth angle and 30 m depth in
waveguides with seamounts of different sizes.

It can be seen from the calculation results that the acous-
tic field after the seamount in case (a) is not only lower by

about 5 dB than the others but also has a larger interference
anomaly region. From the perspective of mode coupling, the
radius of the seamount influences the coupling range of the
normal modes, and the height of the seamount impacts the
normal mode types. When the radius is larger, the mode cou-
pling between the area after the seamount and the no seamount
affected area is weaker, causing the anomaly acoustic field
recovery to be challenging after the seamount. Meanwhile,
the normal mode can be classified into the trapped and leaky
modes according to the critical grazing angle. The seamount is
high, and there are few normal trapped modes. There are two
normal trapped modes in a 100 m height seamount waveguide
mountaintop, whereas only one trapped normal mode exists in
a 150 m height seamount waveguide mountaintop. Though the
energy tends to be stored in the waveguide because of mode
coupling, the leaky modes increase the energy losses.
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Fig. 17. Horizontal distribution of acoustic field at a depth of 30 m in the waveguides with seamounts of height and radius (a) (150 m, 500 m),
(b) (150 m, 200 m), and (c) (100 m, 500 m).

4.2. Mode coupling caused by seamount

In order to analyze the mode coupling effect caused by
the seamount, the acoustic fields are computed by the adia-
batic N×2D and 3D CM methods by ignoring or considering
all the mode couplings in a seamount waveguide. The height
of the seamount is 150 m, the radius is 500 m, and all other en-
vironmental parameters are the same as those of the waveguide
shown in Fig. 15. The horizontal distribution of the acoustic
field at a 30 m depth is shown in Fig. 18.

As shown in Fig. 18, the anomaly region of the acous-
tic field computed by the 3D model is more significant than
that by the adiabatic N × 2D model. The adiabatic N × 2D
model cannot embody the horizontal refraction phenomenon,
meaning that the horizontal refraction caused by the seamount
exists. Meanwhile, the energy after the seamount is calculated
by the 3D CM method by considering that the entire coupling
effect is greater than those of the other two, and the interfer-
ence structure tends to recover in the waveguide without the
seamount. This suggests that the low-frequency acoustic field
can diffract to a certain extent through the seamount.

According to mode coupling theory and parabolic cou-

pled mode of Eq. (13), these two phenomena are not difficult
to explain. The energy transformation between modes, which
is indicated by the radial coupling term, tends to limit the en-
ergy in the waveguide. Meanwhile, the acoustic field reverts to
the situation without the seamount owing to the azimuth cou-
pling behind the seamount and other directions. Except for the
azimuth coupling term, the other terms in the square illustrate
that the horizontal energy propagates toward the increased
ocean depth, which is called horizontal refraction. This term
is ignored in the N×2D method.

In order to analyze the mode coupling and 3D acoustic
field caused by the topography and to eliminate the effects of
the source and receiver location, we define the relative ampli-
tude of the normal mode as

ϕ̄n(r,θ) =
ũn(r,θ)exp(ik0r)/

√
ξn(r,θ)r

ũn(∆r,θ)exp(ik0∆r)/
√

ξn(∆r,θ)∆r
, (24)

where ∆r is the range interval in computation. For the case
depicted in Fig. 18, the distributions of the relative amplitudes
ϕ̄n(r,θ) of the first four orders of normal modes are shown in
Fig. 19.
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Fig. 18. Horizontal distribution of acoustic field at a depth of 30 m in the waveguides with seamounts of height and radius (150 m, 500 m): (a)
adiabatic N×2D model; (b) 3D CM method that ignores all the mode coupling; (c) 3D CM method that considers all the mode coupling.
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Fig. 19. Relative amplitudes of the normal modes: (a) first-order, (b) second-order, (c) third-order, and (d) fourth-order.

The distribution of the local eigenvalues illustrates that at

the starting range where the ocean depth is 200 m, the first

three modes are trapped normal modes, and the fourth-order

mode is the leaky mode. At a range of 2 km, where the moun-

taintop is 50 m from the ocean surface, only the first-order

mode is the trapped normal mode, and the rest are the leaky

normal modes. The relative amplitudes of the normal modes

after the seamount propagates toward the deeper area form a

radiative area after the seamount. Further, dark and bright ra-

dial interference patterns can be seen because of mode cou-

pling, as shown in Fig. 19.

The first-order mode is the trapped constant normal mode,

but the relative amplitude differs before and after the seamount

due to the propagation deflection and mode coupling. The sec-

ond and third modes form a circular weak energy area at the

center of the seamount because of the cutoff of the trapped

normal modes. Furthermore, the fourth-order mode is the con-

stant leaky mode, and its energy theoretically leaks to the bot-

tom. However, there is a noticeable energy distribution change

at the seamount, as shown in Fig. 19(d). This change happens

at the depth where the third-order mode transforms into the

leaky mode from the trapped mode.

5. Conclusions
A three-dimensional coupled-mode (3D CM) model is

built for waveguides with arbitrary topographies to compute
the acoustic fields under restricted nonhorizontal boundary
conditions. In the process of modeling, the couplings along
the radial and azimuthal directions are effectively considered
by the operator theory and high-order rational approximations.
Further, the 3D CM method is easy to implement numeri-
cally and can solve the wide-angle sound propagation prob-
lem. This method has the advantages of the coupling mode
and parabolic equation theory. By simulating in the range-
independent waveguide, the wedge waveguide, and the conical
seamount waveguide, the accuracy of the 3D CM model can
be demonstrated, and the results illustrate that this model can
effectively estimate the horizontal refraction and couplings
along the horizontal direction.

From the view of mode coupling, the low-frequency 3D
sound propagation phenomena caused by the seamount are
discussed based on the 3D CM model. The results indicate
that the topographical changes can cause the acoustic field to
deflect toward the direction of increase of the ocean depth, and
the mode coupling occurs along the horizontal direction of the
topographical variation. The deflection of the acoustic field
causes horizontal refraction and a fan-shaped abnormal acous-
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tic field area after the seamount. While mode coupling occurs
along the radial and azimuth angle directions, the energy tends
to be stored in the waveguide and propagates by diffraction
past the seamount. The influence of the seamount on the low-
frequency acoustic field is related to the height and radius of
the seamount. The height of the seamount limits the number
of the trapped normal modes, and the radius of the seamount
dictates the scope of the coupling effect. The larger the moun-
tain (the seamount is higher and has a larger radius), the more
the effect of the seamount on the acoustic field. In conclu-
sion, the complex waveguide with a seamount cannot ignore
the out-of-plane effects and mode coupling. The horizontal
refraction increases the influence area of the seamount, but the
diffraction from mode coupling weakens the total influence of
the seamount.
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