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Gap solitons of spin—orbit-coupled Bose—Einstein condensates
in P77 periodic potential
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We numerically investigate the gap solitons in Bose—Einstein condensates (BECs) with spin—orbit coupling (SOC) in
the parity—time (P77 )-symmetric periodic potential. We find that the depths and periods of the imaginary lattice have an
important influence on the shape and stability of these single-peak gap solitons and double-peak gap solitons in the first
band gap. The dynamics of these gap solitons are checked by the split-time-step Crank—Nicolson method. It is proved that
the depths of the imaginary part of the P77 -symmetric periodic potential gradually increase, and the gap solitons become
unstable. But the different periods of imaginary part hardly affect the stability of the gap solitons in the corresponding

parameter interval.

Keywords: gap solitons, spin—orbit coupling, P7T -symmetric periodic potential
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1. Introduction

Spin—orbit coupling (SOC) is a fundamental effect in
quantum mechanics and plays an indispensable role in con-
densed matter physics.[!3] However, because of the diffi-
culty of adjusting the coupling in practical materials, there
are certain limitations to the adjustable region of SOC
strength. As Rashba and Dresselhaus have achieved SOC
experimentally, ! more and more works are enthusiastic about
studying SOC effects in BECs system. The new door to
the ultra-cold atom quantum system is thus opened, which
creates many new possibilities for observing and analyz-
The SOC-

BEC:s effect also shows many interesting localization phenom-
10~

ing quantum phenomena at the macro level.

ena, such as solitons,>! band gap solitons!1%12 and vortex

structures. 13141

The concept of the P77 periodic potential firstly appeared
in the study of quantum operators and their spectra.!!>16] Tn
1998, Bender and Boettcher proposed the idea that some non-
Hermitian Hamiltonian can have a real spectrum in the spe-

U7 Even if the Hamiltonian has a non-

cific parameter domain.
Hermitian property, it has a complex potential that follows
the PT periodic potential. The specified potential satisfies
U(x) = U*(—x), thus Hamiltonian can also have a completely
real eigen spectrum.['® The operator P is the parity reflec-
tion operator, representing the space inversion transformation
of the quantum state, and 7 is the time inversion operator.
The effects of the two operators on the coordinate operator
x and the momentum operator p are defined as P : x — —x,
p——p,T:i——i,t = —t,and p — —p.[" The PT peri-
odic potential requires that the complex potential must satisfy
the real part as an even function and the imaginary part an
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odd function. The most interesting feature of this Hamiltonian
is the existence of a critical threshold. Beyond this thresh-
old, the PT symmetry will be broken and the system will un-

(20211 The pioneering work of

dergo a sudden phase transition.
Bender and Boettcher has broadened the way for the develop-
ment of symmetric quantum mechanics. The unique property
of PT symmetry has been introduced into many important
fields of physics.[>>-2’! It has already been realized in opti-
cal systems!?®2°1 and developed into BECs system in recent
years.130-32]

In this article, we carefully analyze the properties of the
gap solitons in the SOC-BECs system with the P77 periodic
potential. We have discovered a new type of gap solitons in
the SOC-BECs system in the P7 periodic potential by the
Newton method. The single-peak and double-peak band gap
solitons in the first band gap are investigated for their space
distribution and stability. We have also researched the influ-
ence of the depths and periods of the imaginary part of PT
periodic potential on these gap solitons. We prove that the
band gap solitons in the SOC-BECs system with the P7T pe-
riodic potential exist steadily in the corresponding band gap.
The depth of the imaginary part of the P7T periodic potential
affects the stability of the gap solitons in the first band gap, but
the period does not produce important influence.

This article is organized as follows. In Section 2, we use
the dimensionless coupled Gross—Pitaevskii equation to illus-
trate the system. In Section 3, we get the linear Bloch spec-
trum and Bloch waves by solving the equations, and determine
the position of the linear band gap. In Section 4, we show the
characteristics of the gap solitons with different depths and pe-
riods of the imaginary part of the P77 -symmetric potential. In
Section 5, we discuss the influence of the depths and periods
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of the imaginary part on the stability of the gap solitons. Sec-
tion 6 is a summary.

2. Theoretical model

Our mean-field model of the SOC-BECs system is given
by the one-dimensional coupled Gross—Pitaevskii (GP) equa-

tion
0P 1 Jd . 0 < ~
1hW = —%(ha—1ma;t)2—1y$crz+6cz+!26x P
~ Amha,
+Virap @ + (1P P+ @) @, 1)

where @ = (@, ®;)7T is the total wave function, ®; for up
spin component and &, for down spin component. Here, m
is the atom mass and ma; represents the force of the vector
gauge. The SOC effect occurs in the same direction, and {o;}
are the Pauli matrices. The parameter ¥ = fikr,m /m represents
the SOC coefficient, which is proportional to the wave num-
ber of Raman beams kr,m. The parameter Q is the Raman
coupling strength, which can be easily adjusted by altering
the intensity of the Raman beams. S is the energy detuning.
The related s-wave scattering lengths are quantified by as, and
because the minor difference between the s-wave scattering
lengths can be ignored, we have taken as = a5,, = ds,, = ds,,.
‘Zrap stands for P7T periodic potential, which takes the form
‘Zmp = 11 o8 (kjaex) + iv5 sin(2gkjax) throughout this paper.
vy is the depth of real part potential and v; is the depth of
imaginary part potential, kj, represents the wave number of
lattice beams, and ¢ means the integer wave number multiple
of the real and imaginary parts.

To facilitate the calculation, we set Eq. (1) as a dimen-
sionless dynamic equation

Lo0Y [ 1,9 . 5, . d

1h§ = ‘5%““”) —1)/5624—6@—&—.(2@ b4
+ (v1 cos?(x) + iva sin(2gx) ) ¥
(| Drf + |2 ) . )

The parameter ¢ = 47nods/k%, in Eq. (2) indicates the non-
linear coefficient between two components. These quantities
V1, 2, £ and & are the reduced version of the corresponding
parameters. The dimensionless parameters ¥ = kram kit With
1%k, /m? as the unit of the reduced accelerated speed a;. The
dimensionless wave-function satisfies [ dx(|®;|*> + |®2?) =
1, and is given by ¥ = @/, /ng with the number density of
atoms ny = %f dx(|¥|* + |¥)?). From the above definition,
we can get Ejy; = 2Eec as the units of time, Ee = /‘121{12at (2m)
as the units of energy and 7/Ej, as the units of length, and
E..c represents recoil energy of lattice. The amplitude com-
ponent @ (x) is submitted to the time-independent nonlinear
Schroédinger equations
»? 9
Heo = _Eﬁ - 1Y$Gz+361+96x ¢

+ (v1 cos?(x) 4 ivy sin(2gx) ) @

+e(loi) + g2 . 3)

The energy spectrum of the above coupled nonlinear
Schrodinger equation consists of this form of Bloch mode
¥(x,t) = @(x)exp(ia;tx — ipt), where u represents the chem-
ical potential. The above Eq. (3) can be applied for the case of
very small reduced accelerated speed q;.

3. Linear Bloch spectrum and Bloch waves

Gap solitons exist exclusively in the linear energy gaps,
so it is significant to determine these band gaps.
to achieve the band, we use the Bloch’s theorem ¢(x) =
un i (x)exp(ikx) for the linear version of Eq. (3). Here, u,

In order

means a periodic function, k is the Bloch wave vector and n
is the band index. The equation satisfied by u,y is then in the
form of

YA
Hp iUt e = 2\ ox Un k

+ [—iy (3 + ik) o, +9d0; +.chx} Uy k
dx ’
+ (v1 cos?(x) + iva sin(2gx) )y, - 4

Solving the above equation by using the plane wave ex-
pansion method

N ) N ) T
Unk (x) = ( Z amel2m)c7 Z bmeﬂmx) ,
m=—N m=—N
we can get the linear Bloch spectrum. When the integer
wavenumber multiples of the real and imaginary parts are g =
1, ¢ =2 and g = 3, the band structure of the P7 -symmetric
potential can all be obtained by solving the following eigen-

value equation:

(& 5)(5)mm(5) @

where the tridiagonal matrix element A4 (j, j) = 1 (2m+k)* £
5iy(2m+k) +V1/2, Ai<j,j—|— 1) = V1/4—‘1-V2/27 Ai(j—‘r
1,j) =v1/4—v2/2 and the non-diagonal matrix element
C(j.j) = .

Figure 1(a) represents the linear Bloch spectrum of the
real part of the eigenvalue U,;. In the case of the integer
wavenumber multiple ¢ = 1, ¢ = 2 and g = 3, it is obvious
to see that the curves almost overlap except the individual lo-
cal part. Figure 1(b) is the spectrum of the imaginary part of
the eigenvalue, and shows that the imaginary part of the eigen-
value is 0, which means the energy spectrum is totally real.
When the depth of the imaginary part potential v, increases
to 2, the situation becomes different. As shown in Fig. 2, the
real parts of energy spectrum no longer overlap, and the imag-
inary parts of the eigenvalue have a non-zero value when the
integer wavenumber multiples are ¢ = 2 and ¢ = 3, so the PT
symmetry is spontaneously broken.
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Fig. 1. Linear Bloch spectrum and Bloch waves at the points of the spectrum. (a) and (b) The linear Bloch spectrum for the depth of imaginary
part v = 0.3. The Bloch waves in the lowest two bands are stated in (c)—(f), the corresponding points shown in (a). Blue lines are for ¢;, while
red lines are for ¢,. The other parameters 2 =1, § = 0.5, y =1 and v; = 6 remain the same in this paper.
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Fig. 2. Linear Bloch spectrum and Bloch waves at the points of the spectrum. (a) and (b) The linear Bloch spectrum for the imaginary potential
depth vo = 2. The Bloch waves in the lowest two bands are indicated in (c)—(f), the corresponding points shown in panel (a). The other

parameters are identical to Fig. 1.

In Figs. 1(c)—(f), it can be observed that when the depth of
the imaginary part potential is v, = 0.3, the linear Bloch waves
at the spectral symmetry mark points exhibit a weak spin po-
larization phenomenon. The first component ¢; dominates in
the second band, and the second component ¢, dominates in
the first band. In Figs. 2(c)-2(f), we show the results for the

depth of the imaginary part v, = 2. The spin polarization phe-
nomenon of Bloch waves becomes more obvious for the differ-
ent value of ¢, while the spin polarization at k =0 and k = 1
of the same energy bands maintains the same. We also ana-
lyze the change of v, on the spectrum for the different integer
wavenumber multiple g, as shown in Fig. 3. It can be observed
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from the figure that in the case of the integer wavenumber mul-
tiple ¢ = 1, with the gradual increase of the depth of imag-
inary part potential v, the bandwidths of the first band gap
and the second band gap gradually narrow. When the integer

wavenumber multiple is ¢ = 2, the first band gap constantly
narrows and the second band gap widens step by step. For the
case of the integer wavenumber multiple g = 3, the first two
bands are separated totally with the increase of v,.

(a)

Re(“)/Elat

)] °

max(Im(p))/ Eat

v2/E1at

UQ/Elat

Va/ Elay

Fig. 3. Linear Bloch spectrum. The filled areas represent the energy bands, the blank areas represent the gaps. (a)-(c) The spectrum of the
depth of imaginary part potential v, for the integer wavenumber multiple ¢ = 1, ¢ = 2 and g = 3, respectively.

It can be seen from the red dotted line in Fig. 3 that when
the integer wavenumber multiple is ¢ = 1, the P77 symmetry
still exists in the interval v, < 3, so the energy eigenvalue can
have a completely real energy spectrum for the case. When the
integer wavenumber multiple is ¢ = 2, the symmetry is main-
tained in the interval of v, < 1.5. When the integer wavenum-
ber multiple is ¢ = 3, the interval that satisfies the P77 symme-
try is getting smaller and smaller. The above analysis results
are in full agreement with Fig. 2(b). We can conclude that the
broken critical value of P77 symmetry will gradually become
smaller with the decrease of the period of the imaginary part
potential. In the following content, we will study the existence
of the gap solitons in the first band gap for the three cases
(g=1,9=2, and g = 3) in Fig. 3.

4. Gap solitons

The Newton relaxation method is used to numerically cal-
culate the gap soliton solutions of Eq. (3). First of all, we dis-
cretize Eq. (3), set the initial solution, and then fix the chem-
ical potential in the band gap region with the zero boundary
condition. The gap solitons of the first and second gaps in the
case of the depth of imaginary part v, = 0.3 and v, = 2 have
been described in Fig. 4. In the first band gap region, there ex-
ists one family of fundamental single-peak band gap solitons,
named as the first family solitons. 33! In addition, a class of
high-order fundamental solitons are also found, which can be
understood to advance from the fundamental mode to the com-
posite mode, named as the double-peak gap solitons. With the
increase of the depth of the imaginary part v,, both single-peak
gap soliton modes and double-peak soliton modes have bigger

norm than when v, = 0.3, and the norm of the double-peak
gap solitons is always stronger than the one of single-peak gap
solitons in the (N, ) plane.

(a) 12
Gap 1 Gap 2
101
Z 8f
o
o
2 g Double-peak
= solitons »
Z At family = x
= o
Single-peak
2t solitons
family
9% 1 2 3
w (units of Elut)
20
(b)
Gap 1 Gap 2
15+
z
G
S]
2 10+f
E P
Z 5 [ o)
0 @

1.0 1.5 20 25 3.0
w (units of Ejay)

Fig. 4. Gap solitons in the first and second gaps in the (N, p) plane. The
color areas are corresponding to the linear bands. The solid line repre-
sents the double-peak gap solitons family, the dotted line represents the
single-peak gap solitons family. Panel (a) for the depth of imaginary
part vo = 0.3 and panel (b) for v, = 2.
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Fig. 5. The density distribution of single-peak gap solitons in the first gap for the case of the integer wavenumber multiple ¢ = 1, ¢ = 2 and
q = 3. Here, the depth of imaginary part v, = 0.3 is used in panel (a). In panel (b) the depth of the imaginary part is v, = 2.
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Fig. 6. The density distribution of double-peak gap solitons in the first gap for the case of the integer wavenumber multiple g = 1, ¢ = 2 and

g = 3. Here, the depth of imaginary part v, = 0.3 is used in panel (a). In panel (b) the depth of the imaginary part is v, = 2.

The density distribution of the single-peak gap solitons is
shown in Fig. 5. It is very obvious that the single-peak gap
solitons have parity symmetry in Fig. 5(a). As the depth of the
imaginary part v, increases to 2, the gap solitons transform
into spin polarization, as shown in Fig. 5(b). Figure 6 shows
the density distribution of double-peak gap solitons. We can
see that this dipole mode is a composite structure comprising
two modes of the same phase. When the depth of the imag-
inary part is vy = 2, the double-peak gap solitons have also
been polarized. It can be observed from Figs. 5 and 6 that the
amplitude of the gap solitons grows with the increase of the
depth of the imaginary part v,, but the parity symmetry does

not change.

5. Analysis of solitons stability

The stability analysis is crucial for the gap soliton solu-
tions. Because it is about whether it is observable in the ex-
periment. In this chapter, the influence of the depth and period
of the imaginary part of the P77 -symmetric potential on the
stability of the gap solitons is mainly analyzed by using the
split-step Crank—Nicolson method.** In order to excite the
perturbation, a Gaussian random noise is superimposed on the
gap solitons, then the overall waveform is used as the initial
value and begins to evolve in Eq. (3). We first set the integer
wavenumber multiple ¢ = 1 for the single-peak gap solitons
family of the first band gap, and the stability analysis results
are shown in Figs. 7(a) and 7(b). It can be clearly seen that
when the depth of the imaginary part is vy = 0.3, the first fam-
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ily gap solitons are linearly stable in Fig. 7(a). As the depth of
imaginary part v, increases to 2, the gap solitons are linearly
unstable in Fig. 7(b). The result is as the same for the double-
peak gap solitons as shown in Figs. 7(c) and 7(d). Dynamic
evolution is stable for the depth of the imaginary part v, = 0.3
and unstable for vy = 2. Through precise analysis, it is found
that this situation also applies to the integer wavenumber mul-
tiples g =2 and g = 3.

6

(Z?L) (a)

B —

0 250 500

0 125 250 0 125 250
t t

Fig. 7. Time evolution of gap solitons in the first gap. The initial wave func-
tions are the gap solitons solutions with Gaussian distributed noise added
on. (a) A stable evolution of single-peak gap solitons in the first band gap at
vp = 0.3. (b) An unstable evolution of single-peak gap solitons in the first
band gap at v = 2. (c) A stable evolution of double-peak gap solitons in
the first band gap at vo = 0.3. (d) An unstable evolution of double-peak gap
solitons in the first band gap at v, = 2. For all panels, the chemical potential
isu=1.

6. Conclusion

We have researched the properties of gap solitons in SOC-
BECs system with P77 -symmetric potential. The linear energy
spectrum and Bloch waves for the different depths and periods
of the imaginary part of P77 -symmetric potential are carefully
investigated. Two types of gap solitons are obtained numeri-
cally in the first band gap, namely, the single-peak gap soli-
tons and double-peak gap solitons. The increase of the depth
of the imaginary potential causes the two kinds of gap soli-
tons to become spin-polarized notably and grow in amplitude.
Finally, the method of the real-time evolution with the noise
is used to analyze the dynamic evolution of the corresponding
gap solitons. It is found that when the depth of imaginary part
of PT -symmetric potential increases, the gap solitons gradu-
ally become unstable. While the variation of the period of the
imaginary part does not change the stability of the gap solitons
for the parameter interval.
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