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The quantum search on the graph is a very important topic. In this work, we develop a theoretic method on searching
of single vertex on the graph [Phys. Rev. Lett. 114 110503 (2015)], and systematically study the search of many vertices
on one low-connectivity graph, the joined complete graph. Our results reveal that, with the optimal jumping rate obtained
from the theoretical method, we can find such target vertices at the time O

(√
N
)
, where N is the number of total vertices.

Therefore, the search of many vertices on the joined complete graph possessing quantum advantage has been achieved.
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1. Introduction
The search problem concerns about the finding of the tar-

get data point in one unsorted database. When the number
of the data point is N, the success probability to find the tar-
get data point is 1/N with one random guess. So the aver-
age times of queries in finding the target data point is N/2,
which includes one time of query in the best case and N
times of queries in the worst case. The Grover algorithm
was firstly proposed as a discrete-time algorithm, which can
be described as a method of searching N unsorted databases
in times of queries O

(√
N
)
.[1–3] Given a black-box func-

tion f (x) : {1, . . . ,N} → {0,1} satisfying f (x) =
{

0,x 6=w,
1,x=w, the

Grover algorithm can find the target w that makes the function
value equal to 1 in time O

(√
N
)
. A modified Grover algorithm

improves the success probability to 1, which has the better per-
formance than that of the original algorithm.[2,3] The Grover
algorithm can be used not only for combinatorial search, but
also as a subroutine of various other quantum algorithms.[4,5]

The experimental studies of such quantum search algorithm
have also been provided.[6–10]

Although the Grover algorithm has achieved great suc-
cess in the quantum search problem, the direct application of
this algorithm in physical databases, e.g., the graph structure,
cannot work well. In many circumstances, the relations among
these physical databases are described by the Hamiltonians.
Some efforts have been devoted to applying the Grover algo-
rithm to such databases, but the evolutions governed by these
Hamiltonians cannot be easily designed as the requirements
of the Grover algorithm. In order to realize the fast quantum
search in physical databases described by the Hamiltonians,
Childs and Goldstone proposed a graph-based continuous-
time quantum walk search algorithm.[11] Random walk is
widely employed in designing the classical algorithms, so it is

natural to extend the algorithm of random walk from classic to
quantum version. The studies of the quantum algorithms based
on the graphs have attracted lots of attention.[12–19] Quantum
algorithms based on continuous-time quantum walks have re-
vealed an exponential acceleration that surpasses any classi-
cal algorithm in solving a certain black-box problem, and can
provide a corresponding framework for designing new algo-
rithms, modeling quantum transmission and state transition
problems.[20–33] Considering that the graph structure can rep-
resent different connections between the vertices, the quantum
search algorithms on the graph are also very important. The
viewpoint about the success of searching the vertices in the
graph depending on the connectivity in the graph lasted over
one decade.[34,35] Recent researches point out that through the
design of the jumping rate between the adjacent vertices in the
graph, the quantum search of the target vertex can be realized
in the low-connectivity graphs, which exhibits the quantum
advantage over the classical algorithm.[36–40] In these works,
the researchers concern about the searching one vertex and
such vertex does not locate at the “specific” position (i.e., not
on the positions with different connectivity).

In our work, we study the quantum search on one low-
connectivity graph-the joined complete graph. The number
of target vertices is not limited to one. Our results reveal that,
when the target vertices have the same connectivity, the time to
reach the maximum success probability has the same expres-
sion as that of searching one vertex. When the target vertices
have different connectivity, the time to reach the maximum
success probability is different from that of searching one ver-
tex. We show that, the times to reach the maximum success
probability for different cases belong to O

(√
N
)
, where N is

the number of total vertices. Therefore, such quantum search
algorithms also display the quantum advantage.

In the following, we firstly provide different cases in
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which the target vertices locate at different positions. Then, we
derive and show the general expressions for quantum search in
these cases. Graphs with different numbers of vertices are pre-
sented to verify the success of quantum search. We conclude
at the end of this paper.

2. General descriptions of the joined complete
graph
The joined complete graph is addressed below (Fig. 1),

which contains N vertices. There are N/2 vertices in the left
complete graph and the other N/2 vertices belong to the right
complete graph. The degree of jth vertex (deg( j)) is defined
as the number of connecting vertices. So it is clear that the ver-
tices in red, blue, gray and white have the same degrees, but
the vertices in yellow and green have the same degrees, which
are not the same as above.

1

2

N

1
2

N
- N

11
2

N
k k+ + -

1-N

1
2

N
+

1-1k

Fig. 1. The schematic representation of the joined complete graph. The
vertices in red, blue, gray and white have the same degree deg( j). The
yellow (green) vertex that connect to the other complete graph has dif-
ferent degree. In our discussions, the target vertices may be the red,
gray, yellow and green ones. The detailed study is addressed below.

To describe the quantum dynamics of these N vertices,
we can use the N dimensional basis {|1〉 , |2〉 , . . . , |N〉} in the
Hilbert space. The jth vertex is expressed as a N dimensional
column vector | j〉 = (0, . . . ,1, . . . ,0)T with the jth element is
non-zero. The superscript T represents the transposition op-
eration. The Laplacian matrix L = D− A where the diago-
nal degree matrix is expressed as D. The element in D is
D j, j = deg( j). The adjacent matrix A describes the connec-
tion between vertices in the graph. When the jth vertex is (not)
connected to the qth vertex, the corresponding element in the
matrix A j,q = 1(0). The time-independent Hamiltonian to de-
scribe the connection among such joined complete graph can
be expressed as γL. The parameter γ represents the jumping
rate of the particle from one vertex to another vertex.

In the quantum search problem, the oracle is able to dis-
tinguish the “target” and “not-target” vertices. The oracle
Hamiltonian H j = −| j〉〈 j| is introduced to highlight the spe-
cial characteristics of target vertex expressed as | j〉.[11,34–40]

For the state | j〉, this external potential field −| j〉〈 j| is ap-
plied; no external fields for other states. In the studies
before,[11,34–40] the researchers focused on the search of sin-
gle vertex, so the number of target vertices k is one. In our

study here, we pay attention to the search of many vertices,
so the number of target vertices k is larger than one, but still
far smaller than the number of total vertices N. To reveal
the effect of the oracle, the external fields are also applied
on these k vertices. The corresponding oracle Hamiltonian

is expressed as −
j=1,...,k

∑
j∈marked

| j〉〈 j|. The total time-independent

Hamiltonian for the quantum search in the joined complete

graph can be expressed as H = γL−
j=1,...,k

∑
j∈marked

| j〉〈 j|. When

the number of vertices is large enough (it is commonly seen
in the realistic search scene), the elements in D are viewed
the same and the effect of D can be safely neglected when
deriving the optimal jumping rate. Therefore, the Hamil-

tonian changes to H = −γA−
j=1,...,k

∑
j∈marked

| j〉〈 j|. In the quan-

tum search problem of the graph, we aim to find the opti-
mal jumping rate and realize the search of target vertices in
a short time. The initial state in the search process is assumed

as |s〉 = 1√
N

j=1,...,N
∑
j
| j〉 = 1√

N
(1,1, . . . ,1,1)T which means no

knowledge about the target vertices. When the target vertices
belong to the red, yellow, green and gray ones, the success
probabilities are totally different. In the following, we will dis-
cuss the quantum search of many target vertices in the joined
complete graph in detail.

3. The quantum search of many vertices in the
joined complete graph
The positions of target vertices can be grouped into sev-

eral different cases. In the below, we will provide the deriva-
tion of optimal jumping rate in each case and verify the suc-
cess of the quantum search of these target vertices. As shown
in Fig. 1, the joined complete graph is composed by one com-
plete graph in the left and the other complete graph in the right.
Therefore, the successful search with the maximum probabil-
ity relies on the distribution of the target vertices. If target
vertices are all located at the left or right complete graph, the
successful search is defined as the search probability of target
vertices being very close to 1/2. This value 1/2 results from the
low connectivity between the left and right complete graphs.
The evolution of search starts from the equal superposition of
all vertices. In the search process, when the target vertices
are only located on one complete graph, the probabilities on
the other complete graph cannot fully flow into the adjacent
complete graph by going through the only one connection be-
tween these two complete graphs. The simplest case is finding
only one vertex in the joined complete graph.[35] As the target
vertex is only on one of the complete graphs, the successful
search is defined with the probability of finding the target ver-
tex as 1/2. In comparison, if some target vertices are located at
the left and the others are located at the right complete graph,
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the successful search is defined as the search probability of
target vertices being very close to 1. In this scenario, the prob-
abilities on each complete graph are accumulated to the target
vertices on the corresponding graph during the search process.

In realistic conditions, the number of target vertices k is
commonly far smaller than the number of total vertices N. In
our discussion, we assume such condition is satisfied in all
cases.

3.1. All the target vertices are red ones

Here, we study the case when k target vertices are all red
ones. In this case, all the target vertices are located on the
left complete graph. All vertices are grouped according to the
connectivity on the graph. The target vertices are grouped to-
gether, and the other vertices can be grouped based on the con-
nection with the target vertices and the location on the graph.
The reason to group all vertices into different categories is for
finding the optimal value of γ conveniently. The details are

addressed below. In this case, the vertices in gray and white in
the right complete graph can be seen as the vertices possess-
ing the same properties. According to the method shown in
Ref. [35], we can group the N vertices into five categories as

|a〉= 1√
k

∑
j∈red
| j〉, |b〉= 1√

N
2 − k−1

∑
j∈blue

| j〉,

|c〉= |yellow〉 , |d〉= |green〉 ,

|e〉= 1√
N
2 −1

∑
j∈gary

&white

| j〉. (1)

In Eq. (1), the “yellow” and “green” in “| 〉” represent the
vertices in yellow and green colors in Fig. 1, respectively. The
vertex in yellow is the N

2 th vertex in the graph, and the state is
|yellow〉=

∣∣N
2

〉
. The vertex in green is the

(N
2 +1

)
th vertex in

the graph, and the state is |green〉=
∣∣N

2 +1
〉
. The Hamiltonian

H can be expanded by these five bases (Eq. (1)) as

H =−γ



k−1+ 1
γ

√
k(N

2 − k−1)
√

k 0 0√
k(N

2 − k−1) N
2 − k−2

√
N
2 − k−1 0 0

√
k

√
N
2 − k−1 0 1 0

0 0 1 0
√

N
2 −1

0 0 0
√

N
2 −1 N

2 −2


. (2)

When the number of target vertices k is commonly far smaller

than the number of total vertices N, we simplify H to

H =−γ



1
γ

√
kN
2

√
k 0 0√

kN
2

N
2

√
N
2 0 0

√
k
√

N
2 0 1 0

0 0 1 0
√

N
2

0 0 0
√

N
2

N
2


. (3)

To find the optimal jumping rate, we can decompose this

Hamiltonian in Eq. (3) as H = H0 +H1 +H2 where the lead-

ing order matrix elements in H0, H1 and H2 are N,
√

N and 1,

respectively. The details of H0, H1 and H2 are addressed as

H0 =−γ



1
γ

0 0 0 0

0 N
2 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 N

2

 ,

H1 =−γ



0
√

kN
2 0 0 0√

kN
2 0

√
N
2 0 0

0
√

N
2 0 0 0

0 0 0 0
√

N
2

0 0 0
√

N
2 0


,

H2 =−γ


0 0

√
k 0 0

0 0 0 0 0√
k 0 0 1 0

0 0 1 0 0
0 0 0 0 0

 . (4)

When N is large enough, the elements in H0 are far larger than
those in H1 and H2, and the elements in H1 are far larger than
those in H2. So the effect from H2 can be neglected safely.
Considering there is no knowledge about target vertices at the
beginning, the initial state of quantum search is

|s〉= 1√
N ∑

j
| j〉=

√
k√
N
|a〉+

√
N
2 − k−1
√

N
|b〉

+
1√
N
|c〉+ 1√

N
|d〉+

√
N
2 −1
√

N
|e〉 .

The state |s〉 is mainly composed by |b〉 and |e〉 with large N.
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As revealed in Eq. (4), the Hamiltonian H0 is only spanned by
|a〉, |b〉 and |e〉. If the relation 1

γ
= N

2 is assumed, the cor-
responding eigenstates |a〉, |b〉 and |e〉 become degenerated
states. When these states |a〉, |b〉 and |e〉 are degenerated, H1

plays the role as the perturbation to transit the probability from
|b〉 and |e〉 to |a〉. During the search process, the probability is
accumulated in the state |a〉, we can find such state with a non-
negligible probability and finish the search. If the eigenstates
|a〉, |b〉 and |e〉 are non-degenerated, the system evolution will
be confined to the initial state, and the probability for the target
state |a〉will not be large. The terms in H0+H1 which describe
the connection between |a〉, |b〉 and |e〉 can be re-expressed in
one matrix spanned by these three bases as

H0 +H1 =

 −1 −
√

2k
N 0

−
√

2k
N −1 0

0 0 −1

 . (5)

The eigenstates are |ϕ1〉 = 1√
2
(|a〉+ |b〉) |ϕ2〉 = |e〉 and

|ϕ3〉 = 1√
2
(−|a〉+ |b〉), and the corresponding eigenvalues

are E1 = −1−
√

2k
N , E2 = −1 and E3 = −1 +

√
2k
N , re-

spectively. Therefore, the initial state is |s〉 = 1√
N ∑

j
| j〉 =

√
k√
N
|a〉+

√
N
2 −k−1
√

N
|b〉+ 1√

N
|c〉+ 1√

N
|d〉+

√
N
2 −1
√

N
|e〉, and it be-

comes |s〉 ≈ 1√
2
(|b〉+ |e〉) = 1√

2

[
1√
2
(|ϕ1〉+ |ϕ3〉)+ |ϕ2〉

]
=

1
2 (|ϕ1〉+ |ϕ3〉)+ 1√

2
|ϕ2〉 when N is large. The target vertices

are expressed as |a〉, and the success amplitude of finding |a〉
with time is 〈a |ϕ(t)〉 = 〈a| e−i(H0+H1)t |s〉= 1√

2
e it i sin

√
2k
N t.

So the searching probability of |a〉 is p = |〈a| ϕ(t)〉|2 =
1
2 sin2

√
2k
N t. Our goal in the quantum search is to find these

target vertices, which are grouped into the state |a〉. There-
fore, such probability p = |〈a| ϕ(t)〉|2 is the success probabil-
ity in the search process. It is clearly found that the maximum

searching probability 1/2 is achieved at time t = π

2

√
N
2k , which

means the successful search has been realized.

In Fig. 2, we provide the searching results. In Fig. 2(a),
we discuss the scenario that the total number of vertices is
N = 128 and the target vertices is k = 5. The blue line rep-
resents the numerical results obtained from the quantum walk
evolution under N dimensional Hilbert space, and red dots are
depicted from the expression of searching probability p pro-
vided above. As revealed from our theoretical derivation, the
maximum searching probability 1/2 can be reached at the first

time at t = π

2

√
N
2k ≈ 5.62. The time obtained from the nu-

merical simulation and the theoretical derivation are the same.
The only difference between the numerical simulation and the
theoretical derivation comes from the beginning of the evolu-
tion. For the theoretical derivation assumes that the number
of total vertices is rather large. The simulation results and the
theoretical derivation agree well in Fig. 2(b), and the maxi-
mum searching probability 1/2 can be reached at the first time

at t = π

2

√
N
2k ≈ 7.95. Due to large number of vertices, the dif-

ference between the numerical simulation and the theoretical
derivation at the beginning of the evolution is smaller than that
in Fig. 2(a).
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N/↪ k/

γ// γ//√ γ//
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(c) (d)
γ//√

Fig. 2. The success search probability of target vertices in the joined complete graph. In this case, all red vertices in Fig. 1 are target vertices.
The total number of vertices in (a) and (b) are 128 and 1024, respectively. The number of target vertices in (a) and (b) are 5 and 20, respectively.
The value of γ = 2/N. In two panels, the red dots are the theoretic derivation of probability above. Blue solid lines represent the numerical
results obtained by quantum walk evolution under N dimensional Hilbert space. In (c), the black (green) solid line represents the evolution
of probability over time when γ = 1/N (γ = 2/

√
N) in the model with N = 128 and k = 5. In (d), the black (green) solid line represents the

evolution of probability over time when γ = 1/N (γ = 2/
√

N) in the model with N = 1024 and k = 20.
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In the demonstration of the optimal value for γ , we also

provide the search results with different γs. In Figs. 2(c) and

2(d), we take the values of γ as γ = 1
N and γ = 2√

N
. The for-

mer (latter) value is smaller (larger) than the optimal value of

γ . We can find that maximum search probabilities for these

two cases are smaller than that in the search with γ = 2
N .

3.2. The k1 target vertices in red and (k−k1) target ver-
tices in gray

When the target vertices are not all in red, the situation

will be different. For the second case, it is assumed that there

are k1 target vertices in red and (k− k1) target vertices in gray.

In this case, the vertices in the joined complete graph can be

grounded into six categories in Eq. (6) as

|a〉= 1√
k1

∑
j∈red
| j〉, |b〉= 1√

N
2 − k1−1

∑
j∈blue

| j〉,

|c〉= |yellow〉 , |d〉= |green〉 , |e〉= 1√
k− k1

∑
j∈gray

| j〉,

| f 〉= 1√
N
2 − k+ k1−1

∑
j∈white

| j〉. (6)

In Eq. (6), the “yellow” and “green” in “|〉” represent the
vertices in yellow and green colors in Fig. 1, respectively. The
vertex in yellow is the N

2 th vertex in the graph, and the state is
|yellow〉=

∣∣N
2

〉
. The vertex in green is the

(N
2 +1

)
th vertex in

the graph, and the state is |green〉=
∣∣N

2 +1
〉
. The Hamiltonian

H can be expanded by these six bases as

H=−γ



k1−1+ 1
γ

√
k1(

N
2 − k1−1)

√
k1 0 0 0√

k1(
N
2 − k1−1) N

2 − k1−2
√

N
2 − k1−1 0 0 0

√
k1

√
N
2 − k1−1 0 1 0 0

0 0 1 0
√

k− k1

√
N
2 − k+ k1−1

0 0 0
√

k− k1 k− k1−1+ 1
γ

√
(k− k1)(

N
2 − k+ k1−1)

0 0 0
√

N
2 − k+ k1−1

√
(k− k1)(

N
2 − k+ k1−1) N

2 − k+ k1−2


.

(7)

When the number of target vertices k is commonly far smaller than the number of total vertices N, we simplify H to

H =−γ



1
γ

√
k1N

2

√
k1 0 0 0√

k1N
2

N
2

√
N
2 0 0 0

√
k1

√
N
2 0 1 0 0

0 0 1 0
√

k− k1

√
N
2

0 0 0
√

k− k1
1
γ

√
N
2 (k− k1)

0 0 0
√

N
2

√
N
2 (k− k1)

N
2


. (8)

We also decompose this Hamiltonian as H = H0 +H1 +H2 where the leading order matrix elements in H0, H1 and H2 are
N,
√

N and 1, respectively. For the elements in H2 are rather small when N is large, so we can neglect H2 and provide the details
of H0 and H1 as below:

H0 =−γ



1
γ

0 0 0 0 0

0 N
2 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1

γ
0

0 0 0 0 0 N
2


, H1 =−γ



0
√

k1N
2 0 0 0 0√

k1N
2 0

√
N
2 0 0 0

0
√

N
2 0 0 0 0

0 0 0 0 0
√

N
2

0 0 0 0 0
√

N
2 (k− k1)

0 0 0
√

N
2

√
N
2 (k− k1) 0


. (9)

070504-5



Chin. Phys. B 31, 070504 (2022)

t

t

P
ro
b
a
b
il
it
y

P
ro
b
a
b
il
it
y

N/↪ k/↪ k1/

0 4 8 12 16 20
0

0.2

0.4

0.6

0.8

1.0
Simulation
Theory

0 10 20 30 40
0

0.2

0.4

0.6

0.8

1.0
Simulation
Theory

N/↪ k/↪ k1/

(b)

(a)

Fig. 3. The success search probability of target vertices in the joined
complete graph. In this case, k1 target vertices in red and (k− k1) target
vertices in gray. The total number of vertices in (a) and (b) are 128 and
1024, respectively. The number of target vertices in red (gray) in (a) and
(b) are 5 (5) and 10 (10), respectively. The value of γ = 2/N. In two
panels, the red dots are the theoretic derivation of probability above.
Blue solid lines represent the numerical results obtained by quantum
walk evolution under N dimensional Hilbert space.

For the Hamiltonian H0, it is assumed that 1
γ
= N

2 which
makes the corresponding states |a〉, |b〉, |e〉 and | f 〉 be-
come degenerated states. So we set γ = 2

N . The terms in
H0 + H1 which describe the connections between |a〉, |b〉,
|e〉 and | f 〉 can be re-expressed in one matrix spanned by
these four bases. The corresponding eigenstates of such ma-
trix are |ϕ1〉 = 1√

2
(|e〉+ | f 〉) |ϕ2〉 = 1√

2
(|a〉+ |b〉), |ϕ3〉 =

1√
2
(−|a〉+ |b〉) and |ϕ4〉 = 1√

2
(−|e〉+ | f 〉). The correspond-

ing eigenvalues are E1 = −
√

2(k−k1)
N − 1, E2 = −

√
2k1
N − 1,

E3 =
√

2k1
N −1 and E4 =

√
2(k−k1)

N −1, respectively. The ini-

tial state |s〉 ≈ 1√
2
(|b〉+ | f 〉) = 1

2 (|ϕ1〉+ |ϕ2〉+ |ϕ3〉+ |ϕ4〉)
when N is large. In this case, the target vertices are represented
by |a+ e〉 = 1√

2
|a〉 + 1√

2
|e〉, so the success amplitude of

finding target state is 〈a+ e |ϕ(t) 〉 = 〈a+ e| e−i(H0+H1)t |s〉 =
1
2 e it i(sin

√
2(k−k1)

N t + sin
√

2k1
N t). The success probability is

P =
∣∣∣ 1

2 e it i(sin
√

2(k−k1)
N t + sin

√
2k1
N t)

∣∣∣2.
In Fig. 3, we provide the numerical (blue lines) and the-

oretic (red dots) results in the search of red and gray vertices.
As reflected from these two panels, the numerical and theoret-
ical results coincide with each other well. For case B with the
target vertices locating at two complete graphs, the maximum
searching probability reaches 1 with the optimal jumping rate,
which means the successful search has been realized. Com-
pared with Figs. 3(a) and 3(b), we can find that the difference
between the numerical and theoretical results becomes smaller
when the number of vertices is larger. When the total number
of vertices is N = 128(1024), the maximum success proba-
bility in finding these vertices is achieved at the first time at
t = 5.6(11.2). So this time is proportional to

√
N.

3.3. The (k−1) target vertices in red and one target vertex
in yellow

In this case, the situations are different from above. One
of the target vertices locates at the position in the graph pos-
sessing different connectivity with the other target vertices.
Here we assume there are (k− 1) target vertices in red and
the remaining one target vertex in yellow. So the vertices in
gray and in white can be viewed as one type of vertices having
the same properties. We can group the total vertices into five
categories as follows:

|a〉= 1√
k−1 ∑

j∈red
| j〉, |b〉= 1√

N
2 − k

∑
j∈blue

| j〉,

|c〉= |yellow〉 , |d〉= |green〉 ,

|e〉= 1√
N
2 −1

∑
j∈white
&gray

| j〉. (10)

In Eq. (10), the “yellow” and “green” in “| 〉” represent
the vertices in yellow and green colors in Fig. 1, respectively.
The vertex in yellow is the N

2 th vertex in the graph, and the
state is |yellow〉 =

∣∣N
2

〉
. The vertex in green is the

(N
2 +1

)
th

vertex in the graph, and the state is |green〉 =
∣∣N

2 +1
〉
. The

searching Hamiltonian can be obtained with these five bases
as

H =−γ



k−2+ 1
γ

√
(k−1)(N

2 − k)
√

k−1 0 0√
(k−1)(N

2 − k) N
2 − k−1

√
N
2 − k 0 0

√
k−1

√
N
2 − k 1

γ
1 0

0 0 1 0
√

N
2 −1

0 0 0
√

N
2 −1 N

2 −2


. (11)
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When the number of target vertices k is commonly far smaller
than the number of total vertices N, we simplify H to

H =−γ



1
γ

√
(k−1)N

2

√
k−1 0 0√

(k−1)N
2

N
2

√
N
2 0 0

√
k−1

√
N
2

1
γ

1 0

0 0 1 0
√

N
2

0 0 0
√

N
2

N
2


. (12)

We also decompose this Hamiltonian as H = H0 +H1 +

H2 where the leading order matrix elements in H0, H1 and H2

are N,
√

N and 1, respectively. For the elements in H2 are
rather small when N is large, so we can neglect H2 and pro-
vide the details of H0 and H1 as below:

H0 =−γ


1
γ

0 0 0 0
0 N

2 0 0 0
0 0 1

γ
0 0

0 0 0 0 0
0 0 0 0 N

2

 ,

H1 =−γ



0
√

N
2 (k−1) 0 0 0√

N
2 (k−1) 0

√
N
2 0 0

0
√

N
2 0 0 0

0 0 0 0
√

N
2

0 0 0
√

N
2 0


. (13)

For the Hamiltonian H0, it is assumed that 1
γ
= N

2 which
makes the corresponding states |a〉, |b〉, |c〉 and |e〉 become
degenerated states. So we set γ = 2

N . The terms in H0 +H1

which describe the connections between |a〉, |b〉, |c〉 and |e〉
can be re-expressed in one matrix spanned by these four
bases. The corresponding eigenstates of such matrix are
|ϕ1〉 = 1√

2k
(
√

k−1 |a〉 +
√

k |b〉 + |c〉), |ϕ2〉 = |e〉, |ϕ3〉 =√
k−1

k (− 1√
k−1
|a〉+ |c〉) and |ϕ4〉= 1√

2k
(
√

k−1 |a〉−
√

k |b〉+

|c〉). The corresponding eigenvalues are E1 = −1−
√

2k
N ,

E2 =−1, E3 =−1 and E4 =−1+
√

2k
N , respectively. The ini-

tial state |s〉 ≈ 1√
2
(|b〉+ |e〉) = 1

2 (|ϕ1〉− |ϕ4〉)+ 1√
2
|ϕ2〉 when

N is large. In this case, the target vertices are represented
by |a+ c〉 = 1√

2
|a〉 + 1√

2
|c〉, so the success amplitude of

finding target state is 〈a+ c |ϕ(t) 〉 = 〈a+ c| e−i(H0+H1)t |s〉 =
1

2
√

k
(
√

k−1 + 1)e it i sin
√

2k
N t. The success probability is

P = |〈a+ c |ϕ(t)〉 |2 = 1
4k (
√

k−1+ 1)2 sin2
√

2k
N t. The time

to achieve the maximum searching probability is t = π

2

√
N
2k .

In Fig. 4, we provide the numerical (blue lines) and the-
oretical (red dots) results. Here, the target vertices are com-
posed by the red vertices and the yellow vertex. The total
number of target vertices are both 4 in these two scenarios.

As reflected from these two panels, the numerical and theo-
retical results agree with each other well. For case C with the
target vertices locating at the left complete graph, the maxi-
mum searching probability reaches 1/2 with the optimal jump-
ing rate, which means the successful search has been realized.
Compared with Figs. 4(a) and 4(b), we can find that the dif-
ference between the numerical and theoretical results becomes
smaller when the number of vertices is larger. When the total
number of vertices is N = 128(1024), the maximum success
probability in finding these vertices is achieved at the first time
at t = 6.28(17.77).
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Fig. 4. The success search probability of target vertices in the joined
complete graph. In this case, (k−1) target vertices in red and the re-
maining target vertex in yellow. The total number of vertices in (a) and
(b) are 128 and 1024, respectively. The number of target vertices in red
in (a) and (b) are both k−1 = 3. The value of γ = 2/N. In two panels,
red dots are theoretic derivations of probability above. Blue solid lines
represent numerical results obtained by quantum walk evolution under
N dimensional Hilbert space.

3.4. The (k1−1) target vertices in red, one in yellow and
(k−k1) target vertices in gray

Here, the target vertices are distributed into two complete
graphs and one of them locates at the position with different
connectivity. There are (k1−1) target vertices in red, one tar-
get vertex in yellow, and (k− k1) target vertices in gray. So we
can group these vertices into six categories

|a〉= 1√
k1−1 ∑

j∈red
| j〉, |b〉= 1√

N
2 − k1

∑
j∈blue

| j〉,

|c〉= |yellow〉 , |d〉= |green〉 , |e〉= 1√
k− k1

∑
j∈gray

| j〉,
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| f 〉= 1√
N
2 − k+ k1−1

∑
j∈white

| j〉. (14)

In Eq. (14), the “yellow” and “green” in “|〉” represent the
vertices in yellow and green colors in Fig. 1, respectively. The

vertex in yellow is the N
2 th vertex in the graph, and the state

is |yellow〉=
∣∣N

2

〉
. The vertex in green is the

(N
2 +1

)
th vertex

in the graph, and the state is |green〉=
∣∣N

2 +1
〉
. The searching

Hamiltonian can be obtained with these six bases as

H =

−γ



k1−2+ 1
γ

√
(N

2 − k1)(k1−1)
√

k1−1 0 0 0√
(N

2 − k1)(k1−1) N
2 − k1−1

√
N
2 − k1 0 0 0

√
k1−1

√
N
2 − k1

1
γ

1 0 0

0 0 1 0
√

k− k1

√
N
2 − k+ k1−1

0 0 0
√

k− k1 k− k1−1+ 1
γ

√
(N

2 − k+ k1−1)(k− k1)

0 0 0
√

N
2 − k+ k1−1

√
(N

2 − k+ k1−1)(k− k1)
N
2 − k+ k1−2


. (15)

When the number of target vertices k is commonly far smaller than the number of total vertices N, we simplify H to

H =−γ



1
γ

√
N
2 (k1−1)

√
k1−1 0 0 0√

N
2 (k1−1) N

2

√
N
2 0 0 0

√
k1−1

√
N
2

1
γ

1 0 0

0 0 1 0
√

k− k1

√
N
2

0 0 0
√

k− k1
1
γ

√
N
2 (k− k1)

0 0 0
√

N
2

√
N
2 (k− k1)

N
2


. (16)

We also decompose this Hamiltonian as H = H0 +H1 +H2 where the leading order matrix elements in H0, H1 and H2 are
N,
√

N and 1, respectively. For the elements in H2 are rather small when N is large, so we can neglect H2 and provide the details
of H0 and H1 in as below:

H0 =−γ



1
γ

0 0 0 0 0
0 N

2 0 0 0 0
0 0 1

γ
0 0 0

0 0 0 0 0 0
0 0 0 0 1

γ
0

0 0 0 0 0 N
2


, H1 =−γ



0
√

N
2 (k1−1) 0 0 0 0√

N
2 (k1−1) 0

√
N
2 0 0 0

0
√

N
2 0 0 0 0

0 0 0 0 0
√

N
2

0 0 0 0 0
√

N
2 (k− k1)

0 0 0
√

N
2

√
N
2 (k− k1) 0


. (17)

For the Hamiltonian H0, it is assumed that 1
γ
= N

2 which

makes the corresponding states |a〉, |b〉, |c〉, |e〉 and | f 〉 be-

come degenerated states. So we set γ = 2
N . The terms in

H0 +H1 which describe the connections between |a〉, |b〉, |c〉,
|e〉 and | f 〉 can be re-expressed in one matrix spanned by

these five bases. The corresponding eigenstates of such matrix

are |ϕ1〉= 1√
2
(|e〉+ | f 〉), |ϕ2〉= 1√

2k1
(
√

k1−1 |a〉+
√

k1 |b〉+
|c〉), |ϕ3〉 = 1√

2
(−|a〉 + |c〉), |ϕ4〉 = 1√

2k1
(
√

k1−1 |a〉 −
√

k1 |b〉 + |c〉) and |ϕ5〉 = 1√
2
(−|e〉 + | f 〉). The corre-

sponding eigenvalues are E1 = −1 −
√

2
N (k− k1), E2 =

−1−
√

2k1
N , E3 = −1, E4 = −1 +

√
2k1
N and E5 = −1 +

√
2
N (k− k1), respectively. The initial state |s〉 ≈ 1√

2
(|b〉+

| f 〉) = 1
2 (|ϕ2〉 − |ϕ4〉 + |ϕ1〉 + |ϕ5〉) when N is large. In

this case, the target vertices are represented by |a+ c+ e〉 =
1√
3
|a〉+ 1√

3
|c〉+ 1√

3
|e〉, so the success amplitude of finding

target state is 〈a+ c+ e |ϕ(t) 〉 = 〈a+ c+ e| e−i(H0+H1)t |s〉 =
1√
6k1

(
√

k1−1+1)e it i sin
√

2k1
N t + 1√

6
e it i sin

√
2(k−k1)

N t. The
success probability is

P =

∣∣∣∣ 1√
6k1

(
√

k1−1+1)e it i sin

√
2k1

N
t

+
1√
6

e it i sin

√
2(k− k1)

N
t
∣∣∣∣2.
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Fig. 5. The success search probability of target vertices in the joined
complete graph. In this case, (k1−1) target vertices in red, one target
vertex in yellow and (k− k1) target vertices in gray. The total number
of vertices in (a) and (b) are 128 and 1024, respectively. The number of
target vertices in red (gray) in (a) and (b) are both 2 (3). The value of
γ = 2/N. In two panels, the red dots are the theoretic derivation of prob-
ability above. Blue solid lines represent the numerical results obtained
by quantum walk evolution under N dimensional Hilbert space.

In Fig. 5, we provide the numerical (blue lines) and the-
oretical (red dots) results. In this case, the target vertices are
(k1−1) in red, one in yellow and (k− k1) in gray. As re-
flected from these two panels, the numerical and theoretical
results coincide with each other well. For case D with the

target vertices locating at two complete graphs, the maximum
searching probability reaches 1 with the optimal jumping rate,
which means the successful search has been realized. Com-
pared with Figs. 5(a) and 5(b), we can find that the difference
between the numerical and theoretic results becomes smaller
when the number of vertices is larger. When the total number
of vertices is N = 128(1024), the maximum success proba-
bility in finding these vertices is achieved at the first time at
t = 7.2(20.5). So this time is proportional to

√
N.

3.5. The (k1−1) target vertices in red, one in yellow, one
in green, and the remaining (k−k1−1) in gray

Here, we consider another case that the target vertices lo-
cate at each complete graph. There are (k1−1) target vertices
in red, one in yellow, one in green, and (k− k1−1) target ver-
tices in gray. All of the vertices can be grouped into six cate-
gories as

|a〉= 1√
k1−1 ∑

j∈red
| j〉, |b〉= 1√

N
2 − k1

∑
j∈blue

| j〉,

|c〉= |yellow〉 , |d〉= |green〉 , |e〉= 1√
k− k1−1 ∑

j∈gray
| j〉,

| f 〉= 1√
N
2 − k+ k1

∑
j∈white

| j〉. (18)

In Eq. (18), the “yellow” and “green” in “|〉” represent the
vertices in yellow and green colors in Fig. 1, respectively. The
vertex in yellow is the N

2 th vertex in the graph, and the state
is |yellow〉=

∣∣N
2

〉
. The vertex in green is the

(N
2 +1

)
th vertex

in the graph, and the state is |green〉=
∣∣N

2 +1
〉
. The searching

Hamiltonian can be obtained with these six bases as

H =−γ



k1−2+ 1
γ

√
(k1−1)(N

2 − k1)
√

k1−1 0 0 0√
(k1−1)(N

2 − k1)
N
2 − k1−1

√
N
2 − k1 0 0 0

√
k1−1

√
N
2 − k1

1
γ

1 0 0

0 0 1 1
γ

√
k− k1−1

√
N
2 − k+ k1

0 0 0
√

k− k1−1 k− k1−2+ 1
γ

√
(k− k1−1)(N

2 − k+ k1)

0 0 0
√

N
2 − k+ k1

√
(k− k1−1)(N

2 − k+ k1)
N
2 − k+ k1−1


. (19)

When the number of target vertices k is commonly far smaller than the number of total vertices N, we simplify H to

H =−γ



1
γ

√
(k1−1)N

2

√
k1−1 0 0 0√

(k1−1)N
2

N
2

√
N
2 0 0 0

√
k1−1

√
N
2

1
γ

1 0 0

0 0 1 1
γ

√
k− k1−1

√
N
2

0 0 0
√

k− k1−1 1
γ

√
(k− k1−1)N

2

0 0 0
√

N
2

√
(k− k1−1)N

2
N
2


. (20)
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We also decompose this Hamiltonian as H = H0 +H1 +H2 where the leading order matrix elements in H0, H1 and H2 are
N,
√

N and 1, respectively. For the elements in H2 are rather small when N is large, so we can neglect H2 and provide the details
of H0 and H1 as below:

H0 =−γ



1
γ

0 0 0 0 0
0 N

2 0 0 0 0
0 0 1

γ
0 0 0

0 0 0 1
γ

0 0
0 0 0 0 1

γ
0

0 0 0 0 0 N
2


, H1 =−γ



0
√
(k1−1)N

2 0 0 0 0√
(k1−1)N

2 0
√

N
2 0 0 0

0
√

N
2 0 0 0 0

0 0 0 0 0
√

N
2

0 0 0 0 0
√
(k− k1−1)N

2

0 0 0
√

N
2

√
(k− k1−1)N

2 0


. (21)

For the Hamiltonian H0, it is assumed that 1
γ
= N

2 which
makes the corresponding states |a〉, |b〉, |c〉, |d〉, |e〉 and
| f 〉 become degenerated states. So we set γ = 2

N . The
terms in H0 +H1 which describe the connections between |a〉,
|b〉, |c〉, |d〉, |e〉 and | f 〉 can be re-expressed in one matrix
spanned by these six bases. The corresponding eigenstates
of such matrix are |ϕ1〉 = 1√

2
( 1√

k−k1
|d〉+

√
1− 1

k−k1
|e〉+

| f 〉), |ϕ2〉 = 1√
2k1

(
√

k1−1 |a〉 +
√

k1 |b〉 + |c〉), |ϕ3〉 =√
k1−1

k1
(− 1√

k1−1 |a〉+ |c〉), |ϕ4〉 = 1√
k−k1

(−
√

k− k1−1 |d〉+
|e〉), |ϕ5〉 = 1√

2k1
(
√

k1−1 |a〉 −
√

k1 |b〉 + |c〉) and |ϕ6〉 =
1√
2
(− 1√

k−k1
|d〉 −

√
1− 1

k−k1
|e〉+ | f 〉). The corresponding

eigenvalues are E1 =−1−
√

2(k−k1)
N , E2 =−1−

√
2k1
N , E3 =

−1, E4 =−1, E5 =−1+
√

2k1
N and E6 =−1+

√
2(k−k1)

N , re-

spectively. The initial state |s〉 ≈ 1√
2
(|b〉+ | f 〉) = 1

2 (|ϕ2〉 −
|ϕ5〉+ |ϕ1〉+ |ϕ6〉) when N is large. In this case, the target ver-
tices are represented by |a+ c+d + e〉= 1

2 |a〉+
1
2 |c〉+

1
2 |d〉+

1
2 |e〉, so the success amplitude of finding target state is

〈a+ c+d + e |ϕ(t) 〉

=
1

2
√

2k1
(
√

k1−1+1)e it i sin

√
2k1

N
t

+
1

2
√

2

(
1√

k− k1
+

√
1− 1

k− k1

)
e it i sin

√
2(k− k1)

N
t.

The success probability is

P =

∣∣∣∣ 1
2
√

2k1
(
√

k1−1+1)e it i sin

√
2k1

N
t

+
1

2
√

2

(
1√

k− k1
+

√
1− 1

k− k1

)
e it i sin

√
2(k− k1)

N
t
∣∣∣∣2.

In Fig. 6, we provide the numerical (blue lines) and the-
oretic (red dots) results. In this case, the target vertices are
(k1−1) in red, one in yellow, one in green and (k− k1−1) in
gray. As revealed from these two panels, the numerical and
theoretic results coincide with each other well. For case E
with the target vertices locating at two complete graphs, the

maximum searching probability reaches 1 with the optimal
jumping rate, which means the successful search has been re-
alized. Compared with Figs. 6(a) and 6(b), we can find that
the difference between the numerical and theoretical results
becomes smaller at the beginning of the evolution when the
number of vertices is larger. When the total number of vertices
is N = 128(1024), the maximum success probability in find-
ing these vertices is achieved at the first time at t = 7.2(17.8).

In the following, we provide a table to summarize the re-
sults of the above derivation.

t

t

N/↪ k/↪ k1/

P
ro
b
a
b
il
it
y

P
ro
b
a
b
il
it
y

N/↪ k/↪ k1/

(b)

(a)

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1.0
Simulation
Theory

0 10 20 30 40 50 60 70
0

0.2

0.4

0.6

0.8

1.0
Simulation

Theory

Fig. 6. The success search probability of target vertices in the joined
complete graph. In this case, (k1−1) target vertices in red, one target
vertex in yellow, one in green and (k− k1−1) target vertices in gray.
The total number of vertices in (a) and (b) are 128 and 1024, respec-
tively. The number of target vertices in red (gray) in (a) and (b) are 2
and 3 (2 and 3), respectively. The value of γ = 2/N. In two panels,
the red dots are the theoretic derivation of probability above. Blue solid
lines represent the numerical results obtained by quantum walk evolu-
tion under N dimensional Hilbert space.
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Table 1. The quantum search on the joined complete graph. The colors for the target vertices are shown in cases A–E.

Model

1

2

N

1
2

N
- N

11
2

N
k k+ + -

1-N

1
2

N
+

1-1k

Cases Maximum success probability Runtime N, k and k1 (example)

Case A: red p = 1
2 sin2

√
2k
N t

t ∝
√

N

N = 128
k = 5

t = 5.62

N = 1024
k = 20

t = 7.95

Case B: red and gray P =

∣∣∣∣ 1
2 e it i

(
sin
√

2(k−k1)
N t + sin

√
2k1
N t
)∣∣∣∣2

N = 128
k = 10
k1 = 5

t = 5.6

N = 1024
k = 20
k1 = 10

t = 11.2

Case C: red and yellow p =
[

1
2
√

k
(
√

k−1+1)
]2

N = 128
k = 4

t = 6.28

N = 1024
k = 4

t = 17.77

Case D: red, yellow and gray p =

∣∣∣∣ 1√
6

[
1√
k1
(
√

k1−1+1)sin
√

2k1
N t + sin

√
2(k−k1)

N t
]∣∣∣∣2

N = 128
k = 6
k1 = 3

t = 7.2

N = 1024
k = 6
k1 = 3

t = 20.5

Case E: red, yellow, green and gray
p =

∣∣∣ 1
2
√

2

[
1√
k1
(
√

k1−1+1)sin
√

2k1
N t

+
( 1√

k−k1
+
√

1− 1
k−k1

)
sin
√

2(k−k1)
N t

]∣∣∣2
N = 128
k = 6
k1 = 3

t = 7.2

N = 1024
k = 8
k1 = 4

t = 17.8

4. Conclusion

In our work, we study the quantum search in one low-

connectivity graph, which is the joined complete graph. The

target vertices in the search is not limited one, and the possi-

bilities of their distributions in the graph are analyzed in de-

tail. Following the method presented in Ref. [30], we find

that, when the target vertices distribute in the graph differ-

ently, the success probability of finding these vertices and the

corresponding required time are also different. Whatever the

positions of the target vertices, these vertices can be found in

the time O
(√

N
)

with the optimal jumping rate. Our theo-

retical results verify that for such low-connectivity graph, the

search of many vertices possessing quantum advantage appear.

Moreover, our results might be applicable for other graphs. It

will provide strong evidence for practical quantum search al-

gorithms.
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