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Neighborhood preserving embedding (NPE) is an important linear dimensionality reduction technique that aims at
preserving the local manifold structure. NPE contains three steps, i.e., finding the nearest neighbors of each data point,
constructing the weight matrix, and obtaining the transformation matrix. Liang et al. proposed a variational quantum al-
gorithm (VQA) for NPE [Phys. Rev. A 101 032323 (2020)]. The algorithm consists of three quantum sub-algorithms,
corresponding to the three steps of NPE, and was expected to have an exponential speedup on the dimensionality n. How-
ever, the algorithm has two disadvantages: (i) It is not known how to efficiently obtain the input of the third sub-algorithm
from the output of the second one. (ii) Its complexity cannot be rigorously analyzed because the third sub-algorithm in it is
a VQA. In this paper, we propose a complete quantum algorithm for NPE, in which we redesign the three sub-algorithms
and give a rigorous complexity analysis. It is shown that our algorithm can achieve a polynomial speedup on the number
of data points m and an exponential speedup on the dimensionality » under certain conditions over the classical NPE algo-
rithm, and achieve a significant speedup compared to Liang et al.’s algorithm even without considering the complexity of

the VQA.

Keywords: quantum algorithm, quantum machine learning, amplitude amplification

PACS: 03.67.Ac, 03.67.Lx

1. Introduction

Quantum computing theoretically demonstrates its com-
putational advantages in solving certain problems compared
with classical computing, such as the problem of factoring
integers, ! unstructured data searching problem,?! and matrix
computation problems.*! In recent years, quantum machine
learning has received widespread attention as a method that
successfully combines classical machine learning with quan-
tum physics. An important direction of quantum machine
learning is to design quantum algorithms to accelerate classi-
cal machine learning, including data classification,=! linear

(151 and anomaly

regression,“o"‘” association rules mining,
detection.!6]

Dimensionality reduction (DR) is an important part of
machine learning, which aims to reduce the dimensionality of
the training data set while preserving the structure information
of the data points as well as possible. The DR algorithm of-
ten serves as a preprocessing step in data mining and machine
learning to reduce the time complexity of the algorithm and
avoid a problem called “curse of dimensionality”.['”] Gener-
ally, The DR algorithms can be classified into two categories:
the linear one and the nonlinear one. The most widely used
linear DR algorithms include principal component analysis
(PCA),"8! linear discriminant analysis (LDA),!"1 and neigh-
borhood preserving embedding (NPE),?°! while the typical
nonlinear DR algorithm is locally linear embedding (LLE).?!]

Here, we focus on NPE which can be regarded as the linear

fCorresponding author. E-mail: gaof @bupt.edu.cn
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approximation of LLE. Unlike PCA that tries to preserve the
global Euclidean structure, NPE aims at preserving the local
manifold structure. Furthermore, NPE has a closed-form so-
Iution. Similar to other DR algorithms, NPE requires a large
amount of computational resources in the big-data scenario be-
cause of its high complexity.

In recent years, some researchers successfully combined
DR algorithms with quantum techniques and obtained vari-
ous degrees of speedups. Lloyd et al.[*?! proposed a quantum
PCA algorithm to reveal the large eigenvectors in quantum
form of an unknown low-rank density matrix, which achieves
an exponential speedup on the dimension of the training data.
Latter, Yu et al.”?®! proposed a quantum algorithm that com-
presses training data based on PCA, and achieves an expo-
nential speedup on the dimension over the classical algorithm.
Cong et al.'¥! proposed a quantum LDA algorithm for classi-
fication with exponential speedups on the scales of the train-
ing data over the classical algorithm. Besides, there are some
other quantum DR algorithms, including quantum A-optimal

(24251 quantum kernel PCA?®! and quantum spec-

0. 127.28]

projection,
tral regressio

For NPE, Liang et al.!*! proposed a variational quantum
algorithm (VQA), called VQNPE, and expected to achieve an
exponential speedup on dimensionality n. NPE contains three
steps, i.e., finding the nearest neighbors of each data point,
constructing the weight matrix, and obtaining the transforma-
tion matrix A. VQNPE includes three quantum sub-algorithms

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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with a VQA in the third sub-algorithm, corresponding to the
three steps of NPE. However, VQNPE has two drawbacks: (i)
The algorithm is incomplete. As the authors pointed out, it is
not known how to obtain the input of the third sub-algorithm
from the output of the second one. (ii) It lacks a provable
quantum advantage. Since the advantage of VQA has not been
proved rigorously yet (generally, we say that VQA has poten-
tial advantage!3%-311), it is hard to examine the speedups of the
third sub-algorithm.

In this paper, we propose a complete quantum NPE al-
gorithm with rigorous complexity analysis. Our quantum al-
gorithm also consists of three quantum sub-algorithms, cor-
responding to the three steps of the classical NPE. The first
one is finding the neighbors of each data point by quantum
amplitude estimation and quantum amplitude amplification.
By storing the information of neighbors in a data structure of
QRAM,[32’33J we obtain two oracles. With these oracles, the
second one reveals the classical information of the weight ma-
trix W column by column by quantum matrix inversion tech-
nique. In the third one, we use a quantum version of the spec-
tral regression (SR) method to get the transformation matrix
A. Specifically, we obtain the d (d is the dimension of the low
dimensional space) bottom nonzero eigenvectors of the ma-
trix M = (I —W)T(I —W) at first, and then perform several
times of the quantum ridge regression algorithm to obtain A.
As a conclusion, under certain conditions, our algorithm has a
polynomial speedup on the number of data points m and expo-
nential speedup on the dimension of the data points n over the
classical NPE algorithm, and has a significant speedup com-
pared with VQNPE.

The rest of this paper is organized as follows. In Sec-
tion 2, we review the classical NPE algorithm. In Section 3,
we propose our quantum NPE algorithm and analyze the com-
plexity. Specifically, in Subsection 3.1, we propose a quantum
algorithm to find the nearest neighbors of each data point and
analyze the complexity. In Subsection 3.2, we propose a quan-
tum algorithm to obtain the information of the weight matrix
W and analyze the complexity. The quantum algorithm for
computing the transformation matrix A is proposed in Sub-
section 3.3, together with the complexity analysis. The algo-
rithm procedures and the complexity is concluded in Subsec-
tion 3.4, along with a comparison with VQNPE. The conclu-
sion is given in Section 4.

2. Review of the classical NPE

In this
NPE. [20.21,34]
Suppose X = (xg,x1,...,Tm—1

section, we briefly review the classical

)T is a data matrix with
dimension m x n, where n is the dimension of x; and m is the
number of data points. The objective of NPE is to find a matrix
A (called transformation matrix) embedding the data matrix

into a low-dimensional space (assume the embedding results
is Y0, Y1, Ym—1, ¥i € R? and d < n, we have y; = ATx;,
A € R™9) that the linear relation between each data point and
its nearest neighbors is best preserved. Specifically, suppose
the nearest neighbors of x; are ;,xt, and x;, then x; can be
reconstructed (or approximately reconstructed) by linear com-
bination of x ;, s, x;, that is,

x; = Wijxj+ Wiz + Wiz, M

where W;;, Wy, and W;; are weights that summarize the con-
tribution of x;, xx, and x; to the reconstruction of x;. NPE
trys to preserve the linear relations in Eq. (1) in the low-
dimensional embedding.

NPE consists of the following three steps.

Step 1 Find the nearest neighbors of each data point.
There are two most common techniques to find the nearest
neighbors. One is k-nearest neighbors algorithm (kNN) with
a fixed k, and the other is choosing neighbors within a ball of
fixed radius » based on Euclidean distance for each data point.

Step 2 Construct the weight matrix W € R™*™_where the
(i+1)-th row and (j+ 1)-th column element is W;;. Suppose
the set of the nearest neighbors of the data point x; is denoted
as Q;, then the construction of W is to optimize the following

objective function:
B 2
mul;ng ac,-—AZ Wijz;

i=0 Jje0;

st Y W;=1 )

JjE€Qi

)

Note that the data point x; is only reconstructed by its nearest
neighbors, i.e., the elements in Q;. If x; ¢ Q;, we set W;; =0.
We should mention that || e || is the L, norm of a vector or the
spectral norm of a matrix in this paper. The above optimiza-
tion problem has a closed form solution. Let C¥) denote an
m X m matrix related to x;, called neighborhood correlation
matrix, where

T . .
i R . . , 7k i
o = (i —@)) (@i — @), J ke 3
0, otherwise.

Assume the number of elements of Q; is k9 and k) < m,
then C1) are low-rank matrices for i € {0,1,...,m —1}. Let
cl) = l]‘i)(; ! l](i)u.(ii)uyﬁ, then the pseudo inverse of C(¥) is
[cO)-1 = . Let W; denotes the (i + 1)-th

(i) FU; U
A; #01}) J

row of matrix W, then the solution of the objective function is

y 1 @) ()7

e

W= o
1M[c@)-11

“

where 1= (1,1,...,1)T.
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Step 3 Compute the transformation matrix A. To best
preserve the linear relations in the low-dimensional space, the
optimization problem is designed as follows:

3 2
min Z Yi— Z Wiy,
i=0 JEQ;

)

m—1 1™ T T
S.t. Zyizo, %Zyiyi =1, y=Ax, 5
i=0 i=0

where yo,y1,...,Yn—1 are the low-dimensional embeddings.
The optimization problem can be minimized by solving the
following generalized eigen-problem:

X"MXa =21X"Xa, (6)

where M is a sparse matrix that equates (I — W)T(I —W).
Then the bottom d nonzero eigenvectors ag,ai,...,a;—| of
the above eigen-problem with corresponding eigenvalues 0 <
A <A <...<Ay_yyield A = (ag,ai,...,aq-1).

There are many different methods to solve the eigen-
value problem in Eq. (6). Here we use the method mentioned

in Refs. [35,36], called spectral regression (SR) method.
The eigenvalue problem in Eq. (6) can be solved by two
(I) Solve the follow-
ing eigen-problem to get the bottom non-zero eigenvectors

steps according to the SR method.
20y 2155 2d—1"
Mz=MAz. @)

(IT) Find a; that satisfies

m
a; = argmin (Z(GT% —2;)*+ a|a|2>

=1
= (X"X +a1) ' X"z, 8)

where z;; is the j element of z;, & > 0 is a constant to control
the penalty of the norm of a.

As a conclusion, the detailed procedures of NPE are given
in Algorithm 1.

Algorithm 1 The procedure of NPE

Input: The data set X = (zg,Z1,...,Zm_1);

Output: The transformation matrix A = (ag, @i, ...,

1: Find the set of nearest neighbors Q; of each data point ;

: Decompose the matrix M = (I —W)T(I — W) to get the bottom d nonzero eigenvectors zo, 21, ...,24_1;

2: Construct @) by Eq. 3) fori=0,1,...,m—1;

3: State Obtain W by Eq. (4);

4

5: Compute a; = (XTX+(XI)71XTzi fori=0,1,...,d—1;
6: return A.

As for the time complexity of NPE algorithm, the proce-
dure to find the k nearest neighbors of each data point has com-

271 The com-

plexity O(mnlog, klog, m) by using BallTree.
plexity to construct the weight matrix W is O(mnk®) (gener-
ally, k < m). And the procedure to get the transformation ma-
trix A has complexity O(dm?). Thus the overall complexity of

NPE algorithm is O(mnk> 4+ dm?).

3. Quantum algorithm for NPE

In this section, we introduce our quantum algorithm for
NPE. The quantum algorithm can be divided into three parts,
corresponding to the three parts of the classical algorithm. We
give a quantum algorithm to find the nearest neighbors algo-
rithm in Subsection 3.1, a quantum algorithm to construct the
weight matrix W in Subsection 3.2 and a quantum algorithm
to compute the transformation matrix A in Subsection 3.3. In
Subsection 3.4, we conclude the complexity of our quantum
algorithm and make a comparison with VQNPE.

3.1. Quantum algorithm to find the nearest neighbors

Assume that the data matrix X = (xg, 1, .. .,:cm,l)T is
stored in a structured QRAM[32-3! which allows the follow-

ing mappings to be performed in time O[polylog(mn)] as given

below:

Ox = [))I7)0) = [D17)1Xij),

. 1 &
Us :1010) = T Y Xilis ) = 1)),
el j=1
. 1o o
Vx 1 10)j) — XIr Y IXclli, ), )
i=1

where X;. is the i-th row of X, i.e., x;.

In our quantum algorithm, we choose neighbors within a
ball of fixed radius r based on Euclidean distance for each data
point (our algorithm can also be generalized to kNN to get a
similar speedup). The selection of r is important for the perfor-
mance of this type of algorithm, but how to choose a suitable
r is outside the scope of our discussion. Here we assume that
r is constant that given in advance. Let k() denote the number
of nearest neighbors of x;, the objective of our quantum near-
est neighbors algorithm is to output the index j of all x; € Q;,
where Q; = {xzj|||mi—x;|* <, j#i,j€{0,1,....m—1}}
forie {0,1,...,m—1},|Q;| =k,

060304-3
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3.1.1. Algorithm details

We adopt the quantum amplitude estimation>®! and am-
plitude amplification!>33] to get the neighbors of ;. The al-
gorithm can be decomposed into the following two stages:

Stage 1 Prepare the following quantum state by quantum
amplitude estimation,

1ml

— 2 D)1/ K/m?),

M=o

(10)

where K is the number of the pairs of points that satisfy
[ =)l <.

Stage 2 Prepare quantum state \/p|y) + /T — p|yt),
p > 1/2 by quantum amplitude amplification, where

Y i,

a:jEQ,'

m—1

V) = f Z ) (1)
|yt) is a quantum state that is orthogonal to to |w). Then by
measuring the state in computational basis for several times,
we could obtain the index j of the neighbors of x; for i =
0,1,...,m—1.

Here we list a lemma that will be used in our algorithm:

Lemma 1 (Ref. [39]) Assume that U : Uli)|0) = |i)|v;)
and V : V|j)|0) =
norms of the vectors v; and ¢; are known. Let d*(vj,¢;) =

|7)|c;) can be performed in time 7', and the

|v; — ¢;||*, then a quantum algorithm can compute

[)7)10) = [D)])]d* (vi, €)),

with probability at least 1 — 26 for any 6 with complexity
0(HviHIICjHTIng(l/5))
€

12)

, where ¢ is the error of d*(v;, ;).

We now detail the stage 1.
i an, 0| -
the state 72’"] 1))l —x;|*) by a unitary (denotes as

(max; ||m,||>€1rlog2<1/8>}, where T =

O[polylog(mn)] is the complexity of the mappings in Eq. (9),

We first prepare the state

According to Lemma 1, we can obtain

Up) with complexity 0{

1 — 26 is the successful probability and € is the error of the
value of ||z; — || stored in the third register.

Then, let O; be the unitary that
Ly 1) 2 —2,1) to the state

transforms

S . .
LY (X Wlle-al?) - X 1llke-alR)).
i=0 wj¢Q,~ iltjEQ,'
thus 0 = U;'0U; transforms L X olid]j) to

-
k"

aenr

-y j>) = cos(8)|y/) — sin(6) ),
x;¢Q;

z;€0;

13)

where sin 0 = /K /m?,
lv') =

ZIZ

=0 =;¢0

|w) is defined as Eq. (11). We can perform quantum amplitude
estimation on = Y " _!)1i)]j) with oracle O and Grover opera-
tor G, where

G= H®210g2m(2|0> <0|210g2m _ Im2><m2 )H®210g2m0'

+2i6

Since G has eigenvalues e with corresponding eigenvec-

tors |y ) and

f2|

i,j=0

Oly,)+ e 10y.)
\/i )

(14)

V) Fily)

where |yy) = N the state after quantum amplitude es-

timation is

ey )|Z) + ey )| 520)
v :

Finally, by multiplying the value of the second register of

s)

the above state by 714" and then applying a sine function, [}
we obtain the state |¢) = L i Lt 1)K /m?), the final
output of stage 1.

For the stage 2, based on the output of stage 1, we can
inverse \/W (421 and then multiple /410! to get the state
1) = Ly Ly X ) |e), where £ = [24/™2]. The ceil
operator can be approximated by truncation since the error of ¢
is required to be bounded by /3 (see Subsection 3.1.2). Then
we apply quantum amplitude amplification to |¢;). Specifi-
cally, we apply ¢ times of G operator, which controlled by the
third register of |¢;), i.e

m—1  m—1 m—1  m—1
flt ZI ZIJ G’Zl Z\J (16)
Thus we can obtain the quantum state
) (VA +vT=plvh). (a7

where |yt) is the quantum state that is orthogonal to ). If
the estimation of 7 is sufficiently precise, for example, within
error /3, we have p > 1/2. Finally, by discarding the first

register, we could get \/p|y) +/T— ply™).
3.1.2. Complexity analysis

To guarantee p > 1/2 of Eq. (17), the error of # should be
less than ¢/3. Since t = [(7/4)\/m2 /K], we could make the
error of K no more than %K .

In stage 1, since O; can be implemented in

(max; ||wi||>2T10gz(1/5)} i

€1

O|polylog(mn)] and U; has complexity O [
the complexity of the oracle O = U, lou; is

Toracle = o

(max; ||m,-||>2Tpolylog<mn/6>] .
€l

The number of queries of O in quantum amplitude estimation

is O(Vm2K /ex) = O(/m2 /K), €k = 1K is the estimate error

060304-4



Chin. Phys. B 31, 060304 (2022)

of K. The complexity of multiplication of 7 and the sine gate
O(polylog(vVm?K /€x)). Assume
that the number of neighbors of each point x; is balanced, that
is, k) = @(k) for i = 0,1,...,m — 1, k%) is the number of
neighbors of :cl (we should mention that if we adopt the KNN
= k). Thus K = ¥;k") = @ (mk). Therefore, the
time complexity of stage 1 is

70 _ o [ (maxi||zi]|)>T y/mpolylog(mn/5)
s
81\/]2

In stage 2, the complexity of inversion and multiplication

can be neglected, which is

algorithm, k()

can be neglected. ¢ times of G is implemented in the quantum
amplitude amplification step to obtain the state in Eq. (17),

where 1 = [(/4)\/m? /K] = O(

is less than #/3, we have p > 1/2. We denote the complexity

m/k). Since the error of ¢

to get the state in Eq. (17) as TS(ZI). To reveal all pairs (i, j)
that satisfy ||«; — x| < r, we should measure the state |y) for
O(Klog, K) times. [**!

The § would transform to an error O(y/m/k§) in |y),
let § = O(\/ke2/m), then the final error of |y) is €. The
€1 is related to the actual data set and the choice of r, here
we assume it to be a constant. Let & = max; ||@;||, note that
T = Olpolylog(mn)], the total complexity of this algorithm is

T = 0(Klog, K(T,\" +T.}))
- 0[h2m3/2k1/2p01ylog(mn/e) . (18)

3.2. Quantum algorithm to obtain the weight matrix W

Since we have obtained the indexes of the neighbors of
all the data points in the previous algorithm. These informa-
tion can be represented as a matrix B with B;; = 1 if x; € O;
and B;; = 0 if «; ¢ Q;. To facilitate quantum access in the
subsequent algorithms, we store the matrix B in the structured
QRAM mention in Eq. (9), thus the following two mappings

Up : |'>| > |'>\B'>
Vs s & IB) (19)
\/ ||B
can be implemented in time O[polylog(mn)], where
Z 17)- (20)

wEQ

The size of the data structure is O[Klog3(mn)] =
O[mklog3 (mn)], and the time to store the matrix B in the data
structure is O[K log3 (mn)] = O[mklog3(mn)]. We should men-
tion that the complexity to construct the data structure (that is,
store B in the data structure) can be neglected, since the com-
plexity to obtain the matrix B is much greater.

Let p(;) be a dense matrix that is proportional to C @), that

is Py o< Cl), fori= 0,1,2,...,m— 1. Then the weight matrix

W = (W, Wa,...,W,,) with
011 pg B
L O . e
COT lp Bl

To obtain each W;, we give a quantum algorithm to prepare a
state which is a purification of p) first. Then by means of
this quantum algorithm, we can perform matrix inversion of
Pc) on state |B;) = (1/Vk®) ¥ |}) to obtain [W;). Finally,

ij ;
the quantum state tomography[++—°!

is used to reveal the in-
formation of |W;). Since the state |W;) is sparse, the quantum
tomography step is efficient.

According to Eq. (3), we have

=% ai—jlllei— x| (@i — 2|l — @) ) (K],
T,z €Q0;
where |z; — ;) denotes the quantum state which is propor-
tional to the vector x; — xj, i.e.,
Ti—T
i — ) = o (22)
’ i — ;|
Let
) = i) i — ;[ )i —xj),  (23)
ﬁmJ;Q l J 1 J
where ¢() =Y jeo; lzi— ;l1? is the normalized factor. |y!))

isa purlﬁcatlon of Pci» since by taking partial trace of the first

and third registers, we can obtain

1
Pci) = iy Y i

:l:j,wkEQi
x (@i —xjlzi — )| /) (k] 24
3.2.1. Algorithm details

||z — 2|

The algorithm to obtain each row of the weight matrix W,
i.e., W;, can be decomposed to the following three stages:

Stage 1 Prepare the quantum state |y(?), thus we can
obtain p;.

Stage 2 Prepare quantum state |W;) = pc_(l.l) |B;) by quan-
tum matrix inversion technique.

Stage 3 Perform quantum state tomography on the state
|[W;) to get the information of W;.

Here we list a definition and three lemmas that will be
used in our algorithm:

Definition 1 (Ref. [47]) An (n+ a)-qubit unitary U is
called an (¢t,a,€) block-encoding of a matrix A € C"*" if it
satisfies

(0] @NU(|0)** 1) — Al < &, (25)

where a > 0.

Lemma 2 Given oracle O, O, O}, and O} to ac-
cess the vectors x;, y; and the norm of the vectors in time
O(polylog(mn)), i.e.,

01[0)[0) = (i),  O]i)|0) = [i)][|awil]);

060304-5
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02[i)|0) = 1D)|y),  O31)]0) = [DIllwil),

there exists a quantum algorithm converts

m—1

Y Vpili) IJ%):\/ﬁl )i =y, (26)

i,j=0 i,j=0

h P—
}, € is the error of the output state and

with  complexity O( 8’—10 polylog(mn/g)),  where
max;{ |z, |y:

& = min; ; ||z; — y,].

Proof see Appendix A.
Lemma 3 (Refs. [47,48]) Let G be an (n+ s)-qubit uni-
tary that generate p by tracing out the ancillary register, that

18,
Gl0) = fo\} 1xi)2,

p= TI‘(|G> G‘ 1_Zal|Xj XJ‘Z

Let S be a swap gate between register 2 and an ancillary
system, i.e. register 3, then (G' ® L)(I} ® $23)(G® L) is a
(1,n+s,0) block-encoding of p.

Lemma 4 (Ref. [49]) Let A be an n x n Hermitian ma-
Ul1/x, 1],

K > 2. Assume that we have a unitary U which is an (¢, a, 6)

trix with non-zero eigenvalues lying in [—1,—1/k]

block-encoding of A that can be implemented in time O(Ty ),
where § = O(g/(x>log3
pare the state |») which spans the eigenvectors with non-zero

£)). Also, assume that we can pre-

eigenvalues of A in time O(7p). Then there is a quantum al-

Alb)

with error € in
[a=TiB) ]l

gorithm that output the quantum state
time

0 (K((X(Tu +a)log3 (z) +Tp)log, K'> . 27

Lemma 5 (Refs. [44,45]) Assume that there is a quan-
tum algorithm to prepare the quantum state |x) = Z?;OI xi|i)
in time O(T), then there is a quantum algorithm allows us
to output a classical vector & = (xg,X1,...,xs_1)" that satis-
fies || —|z)|| < & in time O(M
1—1/poly(d).

We now detail the stage 1. We first perform the Up in
Eq. (19) on the state |i}|0) to get the state

) with probability at least

F Y i (28)

z;€0;

According to Lemma 1, we can prepare the state

L) i —ae]12). 29)

wIEQ

Using controlled rotation, we have

r Y, Dl =)

x;€0;

72

. ST
®(|x1r"’31|1>+ 1|oc,a;,|||0>)' (30)

Then by uncomputing the third register and measuring the
last qubit to get \1), we can obtain the state

Z i —2;|/), 31)

wJEQ

where (! =Y, |Ti—; ||? is the normalization factor.

Flnally, according to Lemma 2, we can append |x; — )
to the component marked by |i)|j) of the state in Eq. (31) to
get the state |y(?)).

In stage 2, assume the unitary to prepare the state \w(i)>
is G'. Since Tr(|y") (y¥|), 3 = p) ., according to Lemma 3,
we can obtain a (1,2log,(m) + log,(n),0) block-encoding of
Pc)» that is, (G’T QL)(3®824)(G' ®@L), S is a swap gate
operated on register 2 and an ancillary register 4. According

Pg(t-) |B;)

HPC( ) 1Bl

In stage 3, we perform quantum tomography on |W;) to
get W;. Although |W;) is of dimension n, |W;) is k() sparse and
the positions of the non-zero amplitudes are known. We can

to Lemma 4, we can obtain |W;) =

perform a unitary to transform |W;) to a state |W/) that only
the first k) amplitudes are nonzero. |[W/) can be regarded as a

[og, ('
qubits are |0)s.

))]-dimension state, while the last logn — [log, (k)]
According to the Lemma 5, we can obtain
It should be noted that W/ satisfies
) j Wl/J = 1, thus renormalization is needed after quantum to-

a classical vector W;.

mography. The renormalized vector W/ is actually what we
want since it contains all the information of W;.

3.2.2. Complexity analysis

In stage 1, to prepare the state in Eq. (28), Up is invoked
for one time, thus the complexity is O[polylog(mn)]. Accord-
ing to Lemma 1, the complexity to prepare the state in Eq. (29)
is

(max; ||z;]|)*T log, (1/8)

Ti=0 ,
€]

where g is the error of ||z; —;||*. The complexity of the con-
trolled rotation can be neglected. Let & = min; ; ||x; —

we have ||x; — ;|| /r > €/r, where r is the fixed radius which
can be regarded as a constant. The probability of obtaining |1)
when measuring the last qubit of the state in Eq. (30) is

p(l)="Y

z;€0;

i — 11

2 g/r. (32)

Using quantum amplitude amplification, O(r/gy) = O(1/&)
times of repetition is enough to get the state in Eq. (31).
The last step is to append |x; —x;) to the state in Eq. (31)
to obtain |y(¥). it takes time
O(;iopolylog(mn/e)), Let & =

0(€%€}), 8 = O(&¢), then the error of |y?)) is within O(g).

According to Lemma 2,
where h = max; ||z
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As a conclusion, the complexity of stage 1, i.e., to prepare the
state |y)), is

2
@) h mn
T.” =0 | —=—polyl — 1.
sl |:€283p0y0g<880>:|

For stage 2, since the error to prepare |y')) is O(g), ac-
cording to Lemma 3, we have a (1,2log, m+log, n, &) block-
encoding of p.;). Note that p.; is a sparse matrix that only
k) rows and columns contains non-zero elements, thus the
is at most k(¥).

rank of p. Without loss of generality, let

the nonzero eigenvalues of p.i be Ag <A1 < ... < A4,
we have Z];(:[)(;l Aj=1,max;A; = A5, > l/k ). Assume the
then 4; € [ 77, 1] The state

|B;) can be prepared by oracle Up in tlme O(polylog(mn)).
P IB)
LA

W2k 1)
T2(2) =0 <8polylog< 82) .

In stage 3, according to Lemma 5, we can output the vec-
tor W/ in T = O(T/* kD 1og, k) /€2) with probability at
least 1 —1/poly(d), where ¢ is the error of vector W/. The

condition number of C(¥) is K'(

Thus according to Lemma 4, we can obtain |W;)

in time

complexity of renormalized can be neglected.
As a conclusion, the complexity to obtain the information
of Wis

W mk2,, Km: mn
7@ — o(m7?) = o 2 maxBmax J o) —), 33
(mT3™) ez PovIoe| g (33)

where kp.x = max; k) and Kmax = Max; k@),
3.3. The quantum algorithm to compute the transforma-
tion matrix A

We have obtained the classical information of W in the
above algorithm. Thus we can store the information of the
matrix D = I — W in a data structure that allows the following
two mappings:

Up : [)[0) — \'>\D'>

\/IID

in time Olpolylog(mn)], where |D;) is proportional to the
ith row of D. Note that W is a matrix of K = @(mk)
nonzero elements and the diagonal elements are 0, the space

Vp :10)[j) —

ZII illi)]j) (34)

and time complexity to construct the data structure of D are
O(mkpolylog(mk)), the same as the matrix B.

Let D = ;" 01 ojluj)(vj|, where 0 < oy < o; < ... <
On-1, then M = D'D = ¥,;07|v;)(v;|.  According to
Ref. [50], D is a matrix with rank no more than m — 1. With-
out loss of generality, let the bottom d nonzero eigenvalue
of M be 62 to o

‘vl()>7 ) |vto+d71>

o 2., with corresponding eigenvectors

To simplify the description of the quantum algorithm, we
make a modification of the definition of the matrix X. If m <n,
we add n — m zero rows to get an n X n matrix and vice versa.
Here without loss of generality, we assume m < n, then we get
an n X n matrix X. We should mention that the data structure
does not need to be modified.

Assume we have obtained |vj,) to |vj44—1) Which
y24-1 (see Eq. (7).
log,n —log, m zero states on |v;), we obtain a log, n-qubit
state |v]') = [0)@(0g271-10g2m) |y,

Let X = ¥, plul) (0¥, [v") = ¥, B

are actually =zg,zq,... By appending

|uX), then we have

aj_iy=X"X+al)" XT|'u Zf 7’|X. (35)
Let
g.- [0 X]_ 0 L) (o]
CXT O] T | Tinle) (uf 0
= L Vi) (Vi (36)
where
1 |ux>}
)= —| ¢ +|1
h = 5 | (1| = S50y el 6n

3.3.1. Algorithm details

The algorithm can be decomposed to the following
stages:

1. Perform quantum singular value estimation (QSVE) to
get the state

1 m—1
ly) = Z |v))|vj)|0;)- (38)

2. Use the quantum algorithm for finding the min-
imum to find the d minimized nonzero value of oj, i.e.,
Giy>Oig+1,-- -+ Oig+d—1, and the corresponding |v;) for j =
i, io+1,...,ip+d—1.

3. Perform quantum ridge regression to get |a;_j,) o<
aj iy = (X™X +al) " X, for j=ig,ig+1,...,ig+d — 1.

Here we list three lemmas that will be used in our algo-
rithm:

Lemma 6 (QSVEP233l)  Assume that an m x n matrix
D =Y ;0jlu;)(vj| is stored in a data structure that allows the
two mappings showed in Eq. (34) in time O(polylog(mn)). Let
0 > 0 be the precision number. Then there is a quantum al-
gorithm that transforms Y ; B;|v;)|0) to ¥ ; B;|v;)|G;), where
G; € 0;+ &||D||r with probability at least 1 — 1/poly(n) in
time O(%polylog(mn)) for j=0,1,...,m—1.

Lemma 7 (Ref. [49]) Let A be an m x n matrix stored
in a data structure showed in Eq. (34), then there exists Ur
and Uy, that can be implemented in time O(polylog(mn)/€)
such that U Uy is a (||A||r, [log, (m +n)],€) block-encoding

- 0 A
OfA|:AT ol
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Lemma 8 (Ref. [49]) Suppose that U is an (a,a,€/|2t|)
block-encoding of H, then we can implement e/’ with
O(|ot| +1og,(1/€)) query of U or its inverse and O(a|ot| +
alog,(1/€)) two-qubit gates, where € is the error of e!#’.

In stage 1, since we have no information about the
state |v;) for j =0,1,...,m — 1, we choose the state |yp) =
im Z;”;OI |7)]j) to be the initial state, which can be written as

uniform superposition of |v;)|v;), i.e.,

m—1

lwo) = \F Z lvj)|v;). (39)

Note that we have stored the matrix D in a suitable data struc-
ture and D = Y ' 6;|u;)(v|, according to QSVE (Lemma
6), we can obtam the state |y ).

For stage 2, let U, be the unitary to prepare |y;) from |0)
and O; be the oracle to transform |y) to

\/1 (
lvj)|vj)|o;) —
m (7j>l§(7j:0

where v is a constant.

L lo)lulo). @0
0<o;<v

Given the U, and O,, we can in-
voke the quantum algorithm for finding the minimum®®!! to
find the minimum nonzero value of o}, i.e., ©;,. Assume
that we have obtained i minimum nonzero values of o; for
je{1,2,....m—1},

i.e., Oj, t0 G y;—1, we could make a
small modification on O; to get an oracle 0(2') that

G <

0, = [vj)|vj)|o;)

: \/171 (yj>v()l‘(§§6i0+i—l ’ ! !
- Y |’Uj>|’0j>|0j>>-

Ojg+i—1<0;<v

Then we can perform the quantum algorithm for finding the
minimum to find the i+ Ith minimum nonzero value of ©;.
Thus O(d) times of the quantum algorithm for finding the min-
imum is enough to obtain the o;, to G;, 44— 1. We should men-
tion that when we get a 0; € {0y, Ojy41,- - -, Gjg+d—1}, We also
get two samples of quantum state |v;).

For stage 3, since X is stored in the data structure, accord-

ing to Lemma 7, we can implement an

(IX1[, [logy (2n)], &2)

block-encoding of X. According to Lemma 8, we can imple-
ment e'X’. Then we can perform quantum ridge regression! !
to obtain |a;_;,) for j € {ip,ip+1,...,ip+d —1}. The algo-
rithm proceeds as following steps:

1) Prepare the log,(n) + 1 dimensional quantum state
0,07) = LiB10,uf) = L X B (1wis) + i) by ex-
panding the quantum state |v;).

2) Perform quantum phase estimation on the state |0, v}’}

by simulating e to get the eigenvalues and eigenvectors of

X, i.e., obtain the state
1 .
5 LB lvie) ) (1)

3) Perform controlled rotation and uncompute the phase
estimation to get the state

1 () +C1y: cy?
\?22131'1 V’ii><y —|—a|0> (7’2‘1"70‘)2|1> ;

where C| is a constant.

4) Measure the last qubit to get |0), and project the first
register onto the |v5‘ ) part (i.e., measure the first qubit of |y;1)
to get |1)), we can obtain |a;_;,),

aj i) = f;%wl 5, (42)

where C is the normalized factor.

3.3.2. Complexity analysis

In stage 1, the preparation of |yp) is of time O(log, m).
Let the error of o} to be €, according to Lemma 2, the com-
plexity to get |y) is O( I H‘”polylog(mn))

In stage 2, the O; (or O) ») and U can be implemented in
time O(polylog(m)) and O(HDHF polylog(mn)), respectively.
The quantum algorithm for finding the minimum would out-
put the minimum value with probability larger than 1/2 with
query complexity O(y/m). We should mention that one query
includes two U, and one O, (or O ). Thus to get o, to
Cjy+d—1 and |vj,) to |v;,11-4), O(d) times of the algorithm
for finding the minimum is enough. The total complexity is

O(EIE polylog(mn)).

In stage 3, for the step 1, we can append several |0) to

|vj) to get |0,v7%). For the Step 2, an

(I1X1lF, [ogy (2n)], 2)

block-encoding of X can be implemented in time

O(polylog(mn)/¢&,). According to Lemma 8, we can simulate
X! in time O(||X || ptpolylog(mn/e,)), where error €5 = 2t€.
Let k¥ denote the condition number of X, to ensure the error
of the final state |@;_;,) is within €, the maximum simulation
O(x/€)
and &3 = €/ log,(x/ e)H "‘1‘“hus the complexity of the quantum
( X||Fx

time of the quantum phase estimation should be t =

phase estimation is O polylog(mn/¢€)). The complexity

of Step 3 is the same as Step 3. In Step 4, we could choose
: _ C1% :

C = O(max,(yya)) I thus have y}fa =0(1/x).13 0(x?)

repetitions are needed to get a |0) and it can be improved to

O(x) repetitions by quantum amplitude amplification. The
projection is success with probability 1/2.

As a conclusion, the complexity to get
|a0>7 |a1>, ey |ad,|> is
dv/m||D d||X||px?
(0] (KWpolylog(mn) + %polylog (T) )
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2
o VDI Ly ()

Assume that ||W||max = O(1). Since W is sparse matrix and
D =1—-W, wehave ||D||r = O(Vmk). As for the || X||, since
h=max;||z;||, d||X| F = O(v/'hm). Thus the complexity of the

algorithm is O( S d‘/’Tka polylog(“")).

3.4. The total complexity and discussion

The procedure of the quantum NPE algorithm can be
summarized as follows:

Algorithm 2 The procedure of quantum NPE

Input: The data matrix X is stored in a data structure;
Output: The quantum states |ag),|ai),...,
: Prepare L X771 1)/ % ):

Prepare 17 1) Ea g, i)

: Construct oracle Up and V3,

: Prepare |y)) to obtain Peiys

: Prepare |W;) :p&})|B;> fori=0,1,....m—1;

: Perform quantum singular value estimation to get |y );

O 0 N N AW N =

10: Perform quantum ridge regression to get |a ;) for j=0,1,...,

11: return |ao),|a1),...,|aq—1)-

: Measure the output in computational basis for several times to obtain the index j of the neighbors of @; fori =0,1,...

: Perform quantum state tomography on |W;) to get the information of W; for i = 0,1, ...

|@g—1) which represent each row of matrix A;

ym—1;

m—1;

: Use the quantum algorithm for finding the minimum to find the bottom d nonzero eigenvalues and eigenvectors of M;
d—1.

The quantum algorithm can be divided into three sub-
algorithms and the complexity of each sub-algorithm can be
seen in Table 1. The algorithms 1-3 in Table 1 are the quan-
tum algorithm to find the nearest neighbors, the algorithm to
obtain the weight matrix W and the algorithm for embedding,
(k), k1 is the number of
neighbors of x;, m is the number of training data points, 7 is

the dimension of the data points, € is the error of the algorithm,
€0 = min;j ||z — x|, kmax = max; k"), Knax = max; &, k)
is the condition number of the neighborhood correlation ma-
trix C (i), d is the dimension of the low-dimensional space, K
is the condition number of train data matrix X. Putting it all
together, the complexity of the quantum NPE algorithm is

dR?mk2 Kax K> mn
4 ——max R yoolylog| — ) ).
oy Jpolylog| &

Table 1. The time complexity of the three sub-algorithms of the quantum
NPE.

0 <(h2m3/2k1/2

Sub-algorithm? Time complexity
o <h2 3/2k1/2p01y10g ( mn ) )

: mkm 2 Kmax
Algorithm 2 o ( polylog ( m—%) )

o ( 1‘/7"”’( polylog(%))

Algorithm 1

Algorithm 3

Since the classical algorithm have complexity O(mnk3 +
dmz),
m and an exponential speedup on n when the factors
d,h, kmax, Kmax, €,€& = O[polylog(mn)].
that the output of the quantum NPE algorithm is a matrix

A= (|(1()>,‘CL]>,...7

quantum state.

our algorithm have a polynomial speedup on
We should mention

|ag—1)) with each column outputted as a

Our algorithm has two advantages over VQNPE. (i) Our
algorithm is complete while VQNPE is not. In Ref. [29], the

authors pointed out that it is not known how to obtain the in-
put of the third sub-algorithm from the output of the second
sub-algorithm. Actually, if just consider the completeness, we
can use a VQA technique shown in Ref. [52] after our second
sub-algorithm. (ii) The complexity of our algorithm is less
than the complexity of VQNPE, even without considering the
complexity of the third sub-algorithm of VQNPE. Specifically,
The complexity of the first sub-algorithm is 0('}';—22 log, n), and
the complexity of the second sub-algorithm is Q2 (poly(n)) (we
should mention that the complexity showed here are differ-
ent with the original paper, see Appendix B for details), while
the total complexity of our algorithm is O(m'->polylog(mn))
(only consider the main parameters). The advantage of our
first sub-algorithm is mainly coming from the parallel estima-
As for the
second sub-algorithm, Liang et al. adopted the QSVD to get

tion of the distance of each pair of data points.

the |W;). However, the eigenvalues of .4; are too small to sat-
isfy the conditions to get an efficient algorithm, which causes
the complexities to have polynomial dependence on n. We use
a totally different algorithm to get the |W;) and the complexity
analysis shows that our algorithm has complexity polyloga-
rithmic dependence on n. As for the third sub-algorithm, it is
hard to exam the complexity of the VQA of VQNPE, while
our sub-algorithm has a rigorous complexity analysis.
Recently, derived from the quantum-inspired algorithm
proposed by Tang,53 Chia er al.>* introduced a framework
for applying singular value transformation (SVT) for dequan-
tizing quantum machine learning algorithms. They proved
that in the QRAM data structure input model, the exponen-
tial speedups of quantum SVT can be broke by dequantization
technique. We should mention that the dequantization tech-
nique is not suitable for NPE, although our third sub-algorithm

060304-9
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use QSVE which is a type of SVT. Since ||D||r = Vmk, if we
adopt dequantization technique in our third sub-algorithm, the
dependence on m would be much higher than m?.

Also, we notice that Chen et al. %!

proved a lower bound
of quantum ridge regression algorithm. However, since their
objective is to return a classical vector as the output of ridge re-
gression while our algorithm (the ridge regression algorithm in
the third sub-algorithm) generates a solution vector as a quan-
tum state, the lower bound would not influence the complexity

bound of our algorithm.

4. Conclusion

In this paper, we proposed a complete quantum NPE al-
gorithm with rigorous complexity analysis. It was showed that
when d, h, kmax, Kmax, €, € = O[polylog(mn)], our algorithm
has exponential acceleration on n and polynomial accelera-
tion on m over the classical NPE. Also, our algorithm has a
significant speedup compared with VQNPE.

The Lemma 2 proposed an efficient method to append
a quantum state generated by subtracting two vectors paral-
lelly, which might have a wide range of applications in other
quantum algorithms. Also, in the proof of the Lemma 2, we
proposed a technique called parallel amplitude amplification,
which may be of independent interest. We hope the techniques
used in our algorithm could inspire more DR techniques to get
a quantum advantage, especially the nonlinear DR techniques.
We will explore the possibility in the future.
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Appendix A: The proof of Lemma 2

Proof |x; —y;) is a quantum state that is proportional to

vector x; —Yj,

i —y;) = llzillle:) — llyilllyi)

el Nl
i) — [yl lya) |l
Al: Algorithm details
Let
1 m—1
ly): = Z VPl i —yj), (A2)
lj =0

the process to prepare |y) from ﬁ

i,j= 0\/pl | >‘J> can be

summarized as follows:

l. Given quantum state Z;’fj;lo,/p,'j|i>| J), prepare
Yo vl ) yl)-

2. Prepare the following quantum state by controlled
rotation, 3]

m—1
Z VPl il [[y)]]) (cos 6;50) +sin 6;[1)),  (A3)

117

llill

Vil 2+l

where cos 6;; = and thus

|yl
i1 + [l 12

3. Uncompute the third and the fourth registers, and then

sin Gij =

query the oracles to obtain the state

m—1
Y V/pisli)]j) (cos 6;[0)|a;) +sin6;|1)|y;)).  (Ad)

i,j=0
4. Apply Hadamard gate to the third register to obtain
m—1 1
Y Vpijli)li) == [10)(cos 6;j|ai) + sin 6;5]y,))
i,j=0 V2
+ | ]>(COS 9,'j|£L‘,'> —sin Glj‘y/>)]

m—1
= ), VPijli]j) (coswil) +sinyilo;;), (A5

i =0
where
1 .
cos Y|y ) = 72|0>(COS 6ijlai) +sin 6;5]y;)),
. _ 1 .
sin 19, ) = \72|1>(C05 6ij|xi) — sin6;|y;)).

5. Perform parallel quantum amplitude amplification to

get state
m—1 m—1
Y VeilnIne;) = Y, voild il —y)).  (A6)
i,j=0 i,j=0

6. Discard the third register, the state left is

L5 Pl ) i — ;).

To make the Step 5 (parallel quantum amplitude ampli-
fication) more clear, we give details here. Let U; be the uni-
tary that prepares the state in Eq. (A5) from quantum state
ZZ’/—:IO V/Pijli)|J), and O be the unitary that transforms the state
in Eq. (AS) to

m—1
Y. VPl (cos vl @) —sinwijl9)). (AT

i,j=0
We first perform a parallel quantum amplitude estimation!!>!
to obtain the amplitudes of the target states. And then we per-
form the fixed-point quantum search®®! parallelly to obtain
the final state. We defined the Grover operator of the parallel
quantum amplitude estimation as

Ui(Lp,e @ (2[0) (0] 20 H022n) — s )T O.

F

(A8)
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The parallel quantum amplitude amplification consists of three
steps:

Step 1 Perform quantum amplitude estimation on the
quantum state in Eq. (A5) to get the estimated values of
|siny;j| == %Hcos 0;j|x;) — sin6;j|y;))|| parallelly for each
)] j), i.e., obtain the state

m—1

Y. Vpijli)lj)(cos wijl ;) +sinwijl¢;;) | sin ).

i,j=0

Step 2 LetL;j =2 flOgZ(z/ &) 1, prepare the state

|sinu/,-j\
m—1
Y. Vpijli)lj)(cos wijl i) +sinwilo;)|Li),  (A9)
i,j=0

where 8’ > 0 is a parameter that related to the final error.
Step 3 Controlled by |L;;) and [i}|j), we perform Sy, =

Gloy,By)...Glay,pBr) = HzilG(ak,ﬁk) on the third regis-

ter of the above equation, where [;; = [<5—], for all k =

1,2,....1,

o = —PB_gr1 =2cot”! (tal’l(zﬂk/Lij) 1— 7/2) ,

y = Ty, (1/6"), Tu(x) = cos(Lcos™!(x)) is the Lth Cheby-
shev polynomial of the first kind. We can obtain

m—1 —~
Y. VoildlnIe;),

i,j=0
where [[(6,,16;)I> > 16"
ijlrij - :

A2: Complexity analysis

In Step 1, two times of queries are invoked. The com-
plexity of Step 2 can be neglected. In Step 3, four queries are
invoked. The Hadamard gate in Step 4 is of complexity O(1).

As for the Step 5, we should amplify the amplitudes
sin y;; that satisfies

. 1 .
|sin ;| = IIE\D(COS 6ijlzi) —sin0;j[y;))]|

S EoY )

NN L

&
> Al10
>2, (A10)

where & = min; j ||x; — ||, h = max;{||z;|, |yi||}. The com-
plexity of one query of the Grover operator in Eq. (A8) is
O(polylog(mn)). According to Ref. [56], we should ensure
that Lij > log,(2/8")

We could estimate |siny;;| within er-

[siny;;| - /
ror %|siny;;|, then choose L;; = Zfljggfﬁ,/j )7 to ensure L;; >
!
lo“"zrgzl/_‘_sl). With the error %|siny;;|, the complexity of the
sinyi;

parallel quantum amplitude estimation is 0(%polylog(mn)).
The complexity of each query of G(oy, ) is polylog(mn),

thus the complexity of Step 3) is O(max;; L;jpolylog(mn)) =
O(£ log,(1/8")polylog(mn)).

The complexity of Step 6 can be neglected.

To ensure that the error of |y) is within €, we could just
let 8’ = O(€g). As a conclusion, the complexity of the algo-
rithm is O(S%polylog(mn/s)).

Appendix B: A brief complexity analysis of the
first two sub-algorithms of VQNPE

For the first sub-algorithm of VQNPE, i.e., the algorithm
to find the k-nearest neighbors, the authors used swap test cir-
cuits to obtain the square of the inner product of each pair of
data points, which was regarded as the distance between data
points by the following steps. Here we should mention that
the authors implicitly assumed that ||x;|| = 1, since they de-
fined |x;) = ¥ ;x;;|j). The complexity of this step should be
0(’:—22 log, n), where € is the error of the square of inner prod-
ucts. Here we also point out that this method can not obtain
the distance of the vectors such as (1,0)T and (—1,0)T, thus
we used a different method to get the distance without this

problem.
Let a:y),j €{0,1,2,... ,k(i> — 1} denotes the k" nearest
neighbors of x;, A; = (x; — a:g),a;i — wgi),‘..,m,’ - azl(:(z)il),

Cgi) = AjA,‘. Then CY) is a k) x k) matrix which is actually
the matrix left by deleting the zero rows and columns of C),
i.e. deleting j rows and j columns for z; ¢ Q;.

For the algorithm to obtain |w;), the authors assumed
that there is an oracle to access the element of A; for i =
0,1,...,m—1, thatis,

IDIDI0) = INIDIAG) = ) Db — ),

where Ai-l is the j-th row I-th column element of A;, x;; is the
(i)
lj

(B1)

j-thelement of x; and x; is the j-th element of the /th nearest

neighbor of ;.
With the oracle mentioned above, according to quan-
tum singular value decomposition (QSVD),P" since A; is

A
an n x k matrix, one could simulate e'n#%’ with complexity
2 A
0(%”~AiHF), where
A 0 A
A= (A,T 0 ) '

0j+|Wj+)(Wj+|, similar to Eq. (36). According

(B2)
Let A; = ZI;-=1
to Ref. [57], the necessary condition for this algorithm to be
efficient is that 6. = @ (n+k) for j € {1,2,...,k}.

Let A, j € {1,2,...,n+k} denote all of the eigenvalue
of fli, it is obvious that . is included by the set of 7Lj. Ac-
cording to the Gershgorin circle theorem, for j < n,

k jay)

A< Y A < Y =), (B3)
=1 =1
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since ||z;|| = 1, we have |x;;| < 1, thus [A;] < Y& 2 =2k
Similarly, for j > n,

4| < l; Ay | = ;m W)= fla — 2.

Since ||| = 1, we have ||z; —my)H =Y, (xy —xﬁ.i))2 <2,
where ! is the Jjth nearest neighbor of x;. According to

J

the inequality ||z||; < v/n|x||, we have |A;| < 24/n. Thus we
have |A;| <2y/nforall j € {1,2,...,n+k}, which means that
0ix = 0(y/n) # O(n+k).

Since 0;+ # ©(n+ k), the algorithm is not efficient, thus

the complexity is of Q(poly(n)).
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