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Neighborhood preserving embedding (NPE) is an important linear dimensionality reduction technique that aims at
preserving the local manifold structure. NPE contains three steps, i.e., finding the nearest neighbors of each data point,
constructing the weight matrix, and obtaining the transformation matrix. Liang et al. proposed a variational quantum al-
gorithm (VQA) for NPE [Phys. Rev. A 101 032323 (2020)]. The algorithm consists of three quantum sub-algorithms,
corresponding to the three steps of NPE, and was expected to have an exponential speedup on the dimensionality n. How-
ever, the algorithm has two disadvantages: (i) It is not known how to efficiently obtain the input of the third sub-algorithm
from the output of the second one. (ii) Its complexity cannot be rigorously analyzed because the third sub-algorithm in it is
a VQA. In this paper, we propose a complete quantum algorithm for NPE, in which we redesign the three sub-algorithms
and give a rigorous complexity analysis. It is shown that our algorithm can achieve a polynomial speedup on the number
of data points m and an exponential speedup on the dimensionality n under certain conditions over the classical NPE algo-
rithm, and achieve a significant speedup compared to Liang et al.’s algorithm even without considering the complexity of
the VQA.

Keywords: quantum algorithm, quantum machine learning, amplitude amplification
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1. Introduction
Quantum computing theoretically demonstrates its com-

putational advantages in solving certain problems compared
with classical computing, such as the problem of factoring
integers,[1] unstructured data searching problem,[2] and matrix
computation problems.[3–5] In recent years, quantum machine
learning has received widespread attention as a method that
successfully combines classical machine learning with quan-
tum physics. An important direction of quantum machine
learning is to design quantum algorithms to accelerate classi-
cal machine learning, including data classification,[6–9] linear
regression,[10–14] association rules mining,[15] and anomaly
detection.[16]

Dimensionality reduction (DR) is an important part of
machine learning, which aims to reduce the dimensionality of
the training data set while preserving the structure information
of the data points as well as possible. The DR algorithm of-
ten serves as a preprocessing step in data mining and machine
learning to reduce the time complexity of the algorithm and
avoid a problem called “curse of dimensionality”.[17] Gener-
ally, The DR algorithms can be classified into two categories:
the linear one and the nonlinear one. The most widely used
linear DR algorithms include principal component analysis
(PCA),[18] linear discriminant analysis (LDA),[19] and neigh-
borhood preserving embedding (NPE),[20] while the typical
nonlinear DR algorithm is locally linear embedding (LLE).[21]

Here, we focus on NPE which can be regarded as the linear

approximation of LLE. Unlike PCA that tries to preserve the
global Euclidean structure, NPE aims at preserving the local
manifold structure. Furthermore, NPE has a closed-form so-
lution. Similar to other DR algorithms, NPE requires a large
amount of computational resources in the big-data scenario be-
cause of its high complexity.

In recent years, some researchers successfully combined
DR algorithms with quantum techniques and obtained vari-
ous degrees of speedups. Lloyd et al.[22] proposed a quantum
PCA algorithm to reveal the large eigenvectors in quantum
form of an unknown low-rank density matrix, which achieves
an exponential speedup on the dimension of the training data.
Latter, Yu et al.[23] proposed a quantum algorithm that com-
presses training data based on PCA, and achieves an expo-
nential speedup on the dimension over the classical algorithm.
Cong et al.[8] proposed a quantum LDA algorithm for classi-
fication with exponential speedups on the scales of the train-
ing data over the classical algorithm. Besides, there are some
other quantum DR algorithms, including quantum A-optimal
projection,[24,25] quantum kernel PCA[26] and quantum spec-
tral regression.[27,28]

For NPE, Liang et al.[29] proposed a variational quantum
algorithm (VQA), called VQNPE, and expected to achieve an
exponential speedup on dimensionality n. NPE contains three
steps, i.e., finding the nearest neighbors of each data point,
constructing the weight matrix, and obtaining the transforma-
tion matrix A. VQNPE includes three quantum sub-algorithms
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with a VQA in the third sub-algorithm, corresponding to the
three steps of NPE. However, VQNPE has two drawbacks: (i)
The algorithm is incomplete. As the authors pointed out, it is
not known how to obtain the input of the third sub-algorithm
from the output of the second one. (ii) It lacks a provable
quantum advantage. Since the advantage of VQA has not been
proved rigorously yet (generally, we say that VQA has poten-
tial advantage[30,31]), it is hard to examine the speedups of the
third sub-algorithm.

In this paper, we propose a complete quantum NPE al-
gorithm with rigorous complexity analysis. Our quantum al-
gorithm also consists of three quantum sub-algorithms, cor-
responding to the three steps of the classical NPE. The first
one is finding the neighbors of each data point by quantum
amplitude estimation and quantum amplitude amplification.
By storing the information of neighbors in a data structure of
QRAM,[32,33] we obtain two oracles. With these oracles, the
second one reveals the classical information of the weight ma-
trix W column by column by quantum matrix inversion tech-
nique. In the third one, we use a quantum version of the spec-
tral regression (SR) method to get the transformation matrix
A. Specifically, we obtain the d (d is the dimension of the low
dimensional space) bottom nonzero eigenvectors of the ma-
trix M = (I −W )T(I −W ) at first, and then perform several
times of the quantum ridge regression algorithm to obtain A.
As a conclusion, under certain conditions, our algorithm has a
polynomial speedup on the number of data points m and expo-
nential speedup on the dimension of the data points n over the
classical NPE algorithm, and has a significant speedup com-
pared with VQNPE.

The rest of this paper is organized as follows. In Sec-
tion 2, we review the classical NPE algorithm. In Section 3,
we propose our quantum NPE algorithm and analyze the com-
plexity. Specifically, in Subsection 3.1, we propose a quantum
algorithm to find the nearest neighbors of each data point and
analyze the complexity. In Subsection 3.2, we propose a quan-
tum algorithm to obtain the information of the weight matrix
W and analyze the complexity. The quantum algorithm for
computing the transformation matrix A is proposed in Sub-
section 3.3, together with the complexity analysis. The algo-
rithm procedures and the complexity is concluded in Subsec-
tion 3.4, along with a comparison with VQNPE. The conclu-
sion is given in Section 4.

2. Review of the classical NPE
In this section, we briefly review the classical

NPE.[20,21,34]

Suppose 𝑋 = (𝑥0,𝑥1, . . . ,𝑥m−1)
T is a data matrix with

dimension m×n, where n is the dimension of 𝑥i and m is the
number of data points. The objective of NPE is to find a matrix
A (called transformation matrix) embedding the data matrix

into a low-dimensional space (assume the embedding results
is 𝑦0,𝑦1, . . . ,𝑦m−1, 𝑦i ∈ Rd and d ≪ n, we have 𝑦i = AT𝑥i,
A ∈Rn×d) that the linear relation between each data point and
its nearest neighbors is best preserved. Specifically, suppose
the nearest neighbors of 𝑥i are 𝑥 j,𝑥k, and 𝑥l , then 𝑥i can be
reconstructed (or approximately reconstructed) by linear com-
bination of 𝑥 j,𝑥k,𝑥l , that is,

𝑥i =Wi j𝑥 j +Wik𝑥k +Wil𝑥l , (1)

where Wi j, Wik, and Wil are weights that summarize the con-
tribution of 𝑥 j, 𝑥k, and 𝑥l to the reconstruction of 𝑥i. NPE
trys to preserve the linear relations in Eq. (1) in the low-
dimensional embedding.

NPE consists of the following three steps.
Step 1 Find the nearest neighbors of each data point.

There are two most common techniques to find the nearest
neighbors. One is k-nearest neighbors algorithm (kNN) with
a fixed k, and the other is choosing neighbors within a ball of
fixed radius r based on Euclidean distance for each data point.

Step 2 Construct the weight matrix W ∈Rm×m, where the
(i+1)-th row and ( j+1)-th column element is Wi j. Suppose
the set of the nearest neighbors of the data point 𝑥i is denoted
as Qi, then the construction of W is to optimize the following
objective function:

min
W

m−1

∑
i=0

∥∥∥∥∥𝑥i − ∑
j∈Qi

Wi j𝑥 j

∥∥∥∥∥
2

,

s.t. ∑
j∈Qi

Wi j = 1. (2)

Note that the data point 𝑥i is only reconstructed by its nearest
neighbors, i.e., the elements in Qi. If 𝑥 j /∈ Qi, we set Wi j = 0.
We should mention that ‖∙‖ is the L2 norm of a vector or the
spectral norm of a matrix in this paper. The above optimiza-
tion problem has a closed form solution. Let C(i) denote an
m×m matrix related to 𝑥i, called neighborhood correlation
matrix, where

C(i)
jk =

{
(𝑥i −𝑥 j)

T(𝑥i −𝑥k), j,k ∈ Qi;
0, otherwise.

(3)

Assume the number of elements of Qi is k(i) and k(i) ≪ m,
then C(i) are low-rank matrices for i ∈ {0,1, . . . ,m− 1}. Let
C(i) = ∑

k(i)−1
j=0 λ

(i)
j 𝑢

(i)
j 𝑢

(i)†
j , then the pseudo inverse of C(i) is

[C(i)]−1 = ∑
λ
(i)
j ̸=0

1
λ
(i)
j

𝑢
(i)
j 𝑢

(i)†
j . Let Wi denotes the (i+ 1)-th

row of matrix W , then the solution of the objective function is

Wi =
[C(i)]−11

1T[C(i)]−11
, (4)

where 1 = (1,1, . . . ,1)T.
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Step 3 Compute the transformation matrix A. To best
preserve the linear relations in the low-dimensional space, the
optimization problem is designed as follows:

min
A

m−1

∑
i=0

∥∥∥∥∥𝑦i − ∑
j∈Qi

Wi j𝑦 j

∥∥∥∥∥
2

,

s.t.
m−1

∑
i=0

𝑦i = 0,
1
m

m

∑
i=0

𝑦i𝑦
T
i = I, 𝑦i = AT𝑥i, (5)

where 𝑦0,𝑦1, . . . ,𝑦m−1 are the low-dimensional embeddings.
The optimization problem can be minimized by solving the
following generalized eigen-problem:

XTMX𝑎= λXTX𝑎, (6)

where M is a sparse matrix that equates (I −W )T(I −W ).
Then the bottom d nonzero eigenvectors 𝑎0,𝑎1, . . . ,𝑎d−1 of
the above eigen-problem with corresponding eigenvalues 0 <

λ0 ≤ λ1 ≤ . . .≤ λd−1 yield A = (𝑎0,𝑎1, . . . ,𝑎d−1).
There are many different methods to solve the eigen-

value problem in Eq. (6). Here we use the method mentioned

in Refs. [35,36], called spectral regression (SR) method.
The eigenvalue problem in Eq. (6) can be solved by two
steps according to the SR method. (I) Solve the follow-
ing eigen-problem to get the bottom non-zero eigenvectors
𝑧0,𝑧1, . . . ,𝑧d−1:

M𝑧 = λ𝑧. (7)

(II) Find 𝑎i that satisfies

𝑎i = argmin
𝑎

(
m

∑
j=1

(𝑎T𝑥 j −𝑧i j)
2 +α‖𝑎‖2

)
=
(
XTX +αI

)−1
XT𝑧i, (8)

where 𝑧i j is the j element of 𝑧i, α ≥ 0 is a constant to control
the penalty of the norm of 𝑎.

As a conclusion, the detailed procedures of NPE are given
in Algorithm 1.

Algorithm 1 The procedure of NPE

Input: The data set X = (𝑥0,𝑥1, . . . ,𝑥m−1)
T;

Output: The transformation matrix A = (𝑎0,𝑎1, . . . ,𝑎d−1);
1: Find the set of nearest neighbors Qi of each data point i;
2: Construct C(i) by Eq. (3) for i = 0,1, . . . ,m−1;
3: State Obtain W by Eq. (4);
4: Decompose the matrix M = (I −W )T(I −W ) to get the bottom d nonzero eigenvectors 𝑧0,𝑧1, . . . ,𝑧d−1;
5: Compute 𝑎i =

(
XTX +αI

)−1 XT𝑧i for i = 0,1, . . . ,d −1;
6: return A.

As for the time complexity of NPE algorithm, the proce-
dure to find the k nearest neighbors of each data point has com-
plexity O(mn log2 k log2 m) by using BallTree.[27] The com-
plexity to construct the weight matrix W is O(mnk3) (gener-
ally, k ≪ m). And the procedure to get the transformation ma-
trix A has complexity O(dm2). Thus the overall complexity of
NPE algorithm is O(mnk3 +dm2).

3. Quantum algorithm for NPE
In this section, we introduce our quantum algorithm for

NPE. The quantum algorithm can be divided into three parts,
corresponding to the three parts of the classical algorithm. We
give a quantum algorithm to find the nearest neighbors algo-
rithm in Subsection 3.1, a quantum algorithm to construct the
weight matrix W in Subsection 3.2 and a quantum algorithm
to compute the transformation matrix A in Subsection 3.3. In
Subsection 3.4, we conclude the complexity of our quantum
algorithm and make a comparison with VQNPE.

3.1. Quantum algorithm to find the nearest neighbors

Assume that the data matrix X = (𝑥0,𝑥1, . . . ,𝑥m−1)
T is

stored in a structured QRAM[32,33] which allows the follow-

ing mappings to be performed in time O[polylog(mn)] as given
below:

OX : |i⟩| j⟩|0⟩ → |i⟩| j⟩|Xi j⟩,

UX : |i⟩|0⟩ → 1
‖Xi·‖

n

∑
j=1

Xi j|i, j⟩= |i⟩|𝑥i⟩,

VX : |0⟩| j⟩ → 1
‖X‖F

m

∑
i=1

‖Xi·‖|i, j⟩, (9)

where Xi· is the i-th row of X , i.e., 𝑥i.

In our quantum algorithm, we choose neighbors within a
ball of fixed radius r based on Euclidean distance for each data
point (our algorithm can also be generalized to kNN to get a
similar speedup). The selection of r is important for the perfor-
mance of this type of algorithm, but how to choose a suitable
r is outside the scope of our discussion. Here we assume that
r is constant that given in advance. Let k(i) denote the number
of nearest neighbors of 𝑥i, the objective of our quantum near-
est neighbors algorithm is to output the index j of all 𝑥 j ∈ Qi,
where Qi = {𝑥 j

∣∣‖𝑥i −𝑥 j‖2 ≤ r2, j ̸= i, j ∈ {0,1, . . . ,m−1}}
for i ∈ {0,1, . . . ,m−1}, |Qi|= k(i).
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3.1.1. Algorithm details

We adopt the quantum amplitude estimation[38] and am-
plitude amplification[2,38] to get the neighbors of 𝑥i. The al-
gorithm can be decomposed into the following two stages:

Stage 1 Prepare the following quantum state by quantum
amplitude estimation,

|φ⟩= 1
m

m−1

∑
i, j=0

|i⟩| j⟩|
√

K/m2⟩, (10)

where K is the number of the pairs of points that satisfy
‖𝑥i −𝑥 j‖ ≤ r.

Stage 2 Prepare quantum state
√

p|ψ⟩+
√

1− p|ψ⊥⟩,
p > 1/2 by quantum amplitude amplification, where

|ψ⟩= 1√
K

m−1

∑
i=0

|i⟩ ∑
𝑥 j∈Qi

| j⟩, (11)

|ψ⊥⟩ is a quantum state that is orthogonal to to |ψ⟩. Then by
measuring the state in computational basis for several times,
we could obtain the index j of the neighbors of 𝑥i for i =
0,1, . . . ,m−1.

Here we list a lemma that will be used in our algorithm:
Lemma 1 (Ref. [39]) Assume that U : U |i⟩|0⟩ = |i⟩|𝑣i⟩

and V : V | j⟩|0⟩= | j⟩|𝑐 j⟩ can be performed in time T , and the
norms of the vectors 𝑣i and 𝑐 j are known. Let d2(𝑣i,𝑐 j) =

‖𝑣i −𝑐 j‖2, then a quantum algorithm can compute

|i⟩| j⟩|0⟩ ↦→ |i⟩| j⟩|d2(𝑣i,𝑐 j)⟩, (12)

with probability at least 1 − 2δ for any δ with complexity
O(

‖𝑣i‖‖𝑐 j‖T log2(1/δ )
ε

), where ε is the error of d2(𝑣i,𝑐 j).
We now detail the stage 1. We first prepare the state

1
m ∑

m−1
i, j=0 |i⟩| j⟩. According to Lemma 1, we can obtain

the state 1
m ∑

m−1
i, j=0 |i⟩| j⟩|‖𝑥i −𝑥 j‖2⟩ by a unitary (denotes as

U1) with complexity O
[
(maxi ‖𝑥i‖)2T log2(1/δ )

ε1

]
, where T =

O[polylog(mn)] is the complexity of the mappings in Eq. (9),
1− 2δ is the successful probability and ε1 is the error of the
value of ‖𝑥i −𝑥 j‖2 stored in the third register.

Then, let O1 be the unitary that transforms
1
m ∑

m−1
i, j=0 |i⟩| j⟩|‖𝑥i −𝑥 j‖2⟩ to the state

1
m

m−1

∑
i=0

|i⟩
(

∑
𝑥 j /∈Qi

| j⟩|‖𝑥i −𝑥 j‖2⟩− ∑
𝑥 j∈Qi

| j⟩|‖𝑥i −𝑥 j‖2⟩
)
,

thus O =U−1
1 O1U1 transforms 1

m ∑
m−1
i, j=0 |i⟩| j⟩ to

1
m

m−1

∑
i=0

|i⟩
(

∑
𝑥 j /∈Qi

| j⟩− ∑
𝑥 j∈Qi

| j⟩
)

: = cos(θ)|ψ ′⟩− sin(θ)|ψ⟩,

(13)

where sinθ =
√

K/m2,

|ψ ′⟩=
√

1
m2 −K

m−1

∑
i=0

|i⟩ ∑
𝑥 j /∈Qi

| j⟩,

|ψ⟩ is defined as Eq. (11). We can perform quantum amplitude
estimation on 1

m ∑
m−1
i, j=0 |i⟩| j⟩ with oracle O and Grover opera-

tor G, where

G = H⊗2log2 m(2|0⟩⟨0|2log2 m − Im2×m2)H⊗2log2 mO.

Since G has eigenvalues e±2iθ with corresponding eigenvec-
tors |ψ±⟩ and

1
m

m−1

∑
i, j=0

|i⟩| j⟩= e iθ |ψ+⟩+ e−iθ |ψ−⟩√
2

, (14)

where |ψ±⟩= |ψ ′⟩∓i|ψ⟩√
2

, the state after quantum amplitude es-
timation is

e iθ |ψ+⟩| θ

π
⟩+ e−iθ |ψ−⟩|π−θ

π
⟩

√
2

. (15)

Finally, by multiplying the value of the second register of
the above state by π [40] and then applying a sine function,[41]

we obtain the state |φ⟩ = 1
m ∑

m−1
i, j=0 |i⟩| j⟩|

√
K/m2⟩, the final

output of stage 1.
For the stage 2, based on the output of stage 1, we can

inverse
√

K/m2 [42] and then multiple π/4[40] to get the state

|φ1⟩ = 1
m ∑

m−1
i=0 |i⟩∑

m−1
j=0 | j⟩|t⟩, where t = ⌈π

4

√
m2

K ⌉. The ceil
operator can be approximated by truncation since the error of t
is required to be bounded by t/3 (see Subsection 3.1.2). Then
we apply quantum amplitude amplification to |φ1⟩. Specifi-
cally, we apply t times of G operator, which controlled by the
third register of |φ1⟩, i.e.,

1
m
|t⟩

m−1

∑
i=0

|i⟩
m−1

∑
j=0

| j⟩ → 1
m
|t⟩Gt

m−1

∑
i=0

|i⟩
m−1

∑
j=0

| j⟩. (16)

Thus we can obtain the quantum state

|t⟩
(√

p|ψ⟩+
√

1− p|ψ⊥⟩
)
, (17)

where |ψ⊥⟩ is the quantum state that is orthogonal to |ψ⟩. If
the estimation of t is sufficiently precise, for example, within
error t/3, we have p > 1/2. Finally, by discarding the first
register, we could get

√
p|ψ⟩+

√
1− p|ψ⊥⟩.

3.1.2. Complexity analysis

To guarantee p > 1/2 of Eq. (17), the error of t should be
less than t/3. Since t = ⌈(π/4)

√
m2/K⌉, we could make the

error of K no more than 1
2 K.

In stage 1, since O1 can be implemented in
O[polylog(mn)] and U1 has complexity O

[
(maxi ‖𝑥i‖)2T log2(1/δ )

ε1

]
,

the complexity of the oracle O =U−1
1 O1U1 is

Toracle = O
[
(maxi ‖𝑥i‖)2T polylog(mn/δ )

ε1

]
.

The number of queries of O in quantum amplitude estimation
is O(

√
m2K/εK) = O(

√
m2/K), εK = 1

2 K is the estimate error

060304-4



Chin. Phys. B 31, 060304 (2022)

of K. The complexity of multiplication of π and the sine gate
can be neglected, which is O(polylog(

√
m2K/εK)). Assume

that the number of neighbors of each point 𝑥i is balanced, that
is, k(i) = Θ(k) for i = 0,1, . . . ,m − 1, k(i) is the number of
neighbors of 𝑥i (we should mention that if we adopt the kNN
algorithm, k(i) = k). Thus K = ∑i k(i) =Θ(mk). Therefore, the
time complexity of stage 1 is

T (1)
s1 = O

[
(maxi ‖𝑥i‖)2T

√
mpolylog(mn/δ )

ε1
√

k

]
.

In stage 2, the complexity of inversion and multiplication
can be neglected. t times of G is implemented in the quantum
amplitude amplification step to obtain the state in Eq. (17),
where t = ⌈(π/4)

√
m2/K⌉ = O(

√
m/k). Since the error of t

is less than t/3, we have p > 1/2. We denote the complexity
to get the state in Eq. (17) as T (1)

s2 . To reveal all pairs (i, j)
that satisfy ‖𝑥i−𝑥 j‖ ≤ r, we should measure the state |ψ⟩ for
O(K log2 K) times.[43]

The δ would transform to an error O(
√

m/kδ ) in |ψ⟩,
let δ = O(

√
kε2/m), then the final error of |ψ⟩ is ε . The

ε1 is related to the actual data set and the choice of r, here
we assume it to be a constant. Let h = maxi ‖𝑥i‖, note that
T = O[polylog(mn)], the total complexity of this algorithm is

T (1) = O(K log2 K(T (1)
s1 +T (1)

s2 ))

= O
[
h2m3/2k1/2polylog(mn/ε)

]
. (18)

3.2. Quantum algorithm to obtain the weight matrix W

Since we have obtained the indexes of the neighbors of
all the data points in the previous algorithm. These informa-
tion can be represented as a matrix B with Bi j = 1 if 𝑥 j ∈ Qi

and Bi j = 0 if 𝑥 j /∈ Qi. To facilitate quantum access in the
subsequent algorithms, we store the matrix B in the structured
QRAM mention in Eq. (9), thus the following two mappings

UB : |i⟩|0⟩ ↦→ |i⟩|Bi⟩,

VB : |0⟩| j⟩ ↦→ 1√
‖B‖F

∑
i
‖Bi‖|i⟩| j⟩ (19)

can be implemented in time O[polylog(mn)], where

|Bi⟩=
1√
k(i)

∑
𝑥 j∈Qi

| j⟩. (20)

The size of the data structure is O[K log2
2(mn)] =

O[mk log2
2(mn)], and the time to store the matrix B in the data

structure is O[K log2
2(mn)] =O[mk log2

2(mn)]. We should men-
tion that the complexity to construct the data structure (that is,
store B in the data structure) can be neglected, since the com-
plexity to obtain the matrix B is much greater.

Let ρC(i) be a dense matrix that is proportional to C(i), that
is ρC(i) ∝ C(i), for i = 0,1,2, . . . ,m−1. Then the weight matrix

W = (W1,W2, . . . ,Wm) with

Wi =
[C(i)]−11

1T[C(i)]−11
∝

ρ
−1
C(i) |Bi⟩

‖ρ
−1
C(i) |Bi⟩‖

: = |Wi⟩. (21)

To obtain each Wi, we give a quantum algorithm to prepare a
state which is a purification of ρC(i) first. Then by means of
this quantum algorithm, we can perform matrix inversion of
ρC(i) on state |Bi⟩= (1/

√
k(i)) ∑

𝑥 j∈Qi

| j⟩ to obtain |Wi⟩. Finally,

the quantum state tomography[44–46] is used to reveal the in-
formation of |Wi⟩. Since the state |Wi⟩ is sparse, the quantum
tomography step is efficient.

According to Eq. (3), we have

C(i) = ∑
𝑥 j ,𝑥k∈Qi

‖𝑥i −𝑥 j‖‖𝑥i −𝑥k‖⟨𝑥i −𝑥 j|𝑥i −𝑥k⟩| j⟩⟨k|,

where |𝑥i −𝑥 j⟩ denotes the quantum state which is propor-
tional to the vector 𝑥i −𝑥 j, i.e.,

|𝑥i −𝑥 j⟩=
𝑥i −𝑥 j

‖𝑥i −𝑥 j‖
. (22)

Let

|ψ(i)⟩= |i⟩ 1√
c(i)

∑
𝑥 j∈Qi

‖𝑥i −𝑥 j‖| j⟩|𝑥i −𝑥 j⟩, (23)

where c(i) = ∑𝑥 j∈Qi ‖𝑥i−𝑥 j‖2 is the normalized factor. |ψ(i)⟩
is a purification of ρC(i) , since by taking partial trace of the first
and third registers, we can obtain

ρC(i) =
1

c(i) ∑
𝑥 j ,𝑥k∈Qi

‖𝑥i −𝑥 j‖‖𝑥i −𝑥k‖

×⟨𝑥i −𝑥 j|𝑥i −𝑥k⟩| j⟩⟨k|. (24)

3.2.1. Algorithm details

The algorithm to obtain each row of the weight matrix W ,
i.e., Wi, can be decomposed to the following three stages:

Stage 1 Prepare the quantum state |ψ(i)⟩, thus we can
obtain ρC(i) .

Stage 2 Prepare quantum state |Wi⟩= ρ
−1
C(i) |Bi⟩ by quan-

tum matrix inversion technique.
Stage 3 Perform quantum state tomography on the state

|Wi⟩ to get the information of Wi.
Here we list a definition and three lemmas that will be

used in our algorithm:
Definition 1 (Ref. [47]) An (n+ a)-qubit unitary U is

called an (α,a,ε) block-encoding of a matrix A ∈ Cn×n if it
satisfies

‖α(⟨0|⊗a ⊗ I)U(|0⟩⊗a ⊗ I)−A‖ ≤ ε, (25)

where α > 0.
Lemma 2 Given oracle O1, O2, O′

1, and O′
2 to ac-

cess the vectors 𝑥i, 𝑦i and the norm of the vectors in time
O(polylog(mn)), i.e.,

O1|i⟩|0⟩ = |i⟩|𝑥i⟩, O′
1|i⟩|0⟩ = |i⟩|‖𝑥i‖⟩;
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O2|i⟩|0⟩ = |i⟩|𝑦i⟩, O′
2|i⟩|0⟩ = |i⟩|‖𝑦i‖⟩,

there exists a quantum algorithm converts

m−1

∑
i, j=0

√
pi j|i⟩| j⟩ →

m−1

∑
i, j=0

√
pi j|i⟩| j⟩|𝑥i −𝑦 j⟩, (26)

with complexity O( h
ε0

polylog(mn/ε)), where h =

maxi{‖𝑥i‖,‖𝑦i‖}, ε is the error of the output state and
ε0 = mini, j ‖𝑥i −𝑦 j‖.

Proof see Appendix A.
Lemma 3 (Refs. [47,48]) Let G be an (n+ s)-qubit uni-

tary that generate ρ by tracing out the ancillary register, that
is,

G|0⟩= |G⟩= ∑
j

√
ai| j⟩1|χ j⟩2,

ρ = Tr(|G⟩⟨G|)1 = ∑
j

ai|χ j⟩2⟨χ j|2.

Let S be a swap gate between register 2 and an ancillary
system, i.e. register 3, then (G† ⊗ I3)(I1 ⊗ S2,3)(G⊗ I3) is a
(1,n+ s,0) block-encoding of ρ .

Lemma 4 (Ref. [49]) Let A be an n× n Hermitian ma-
trix with non-zero eigenvalues lying in [−1,−1/κ]

⋃
[1/κ,1],

κ ≥ 2. Assume that we have a unitary U which is an (α,a,δ )
block-encoding of A that can be implemented in time O(TU ),
where δ = O(ε/(κ2 log3

2
κ

ε
)). Also, assume that we can pre-

pare the state |b⟩ which spans the eigenvectors with non-zero
eigenvalues of A in time O(Tb). Then there is a quantum al-

gorithm that output the quantum state A−1|b⟩
‖A−1|b⟩‖ with error ε in

time

O
(

κ(α(Tu +a) log2
2

(
κ

ε

)
+Tb) log2 κ

)
. (27)

Lemma 5 (Refs. [44,45]) Assume that there is a quan-
tum algorithm to prepare the quantum state |𝑥⟩ = ∑

d−1
i=0 xi|i⟩

in time O(T ), then there is a quantum algorithm allows us
to output a classical vector 𝑥 = (x0,x1, . . . ,xd−1)

T that satis-
fies ‖𝑥−|𝑥⟩‖ ≤ δ in time O(

T d log2 d
δ 2 ) with probability at least

1−1/poly(d).
We now detail the stage 1. We first perform the UB in

Eq. (19) on the state |i⟩|0⟩ to get the state

|i⟩ 1√
k(i)

∑
𝑥 j∈Qi

| j⟩. (28)

According to Lemma 1, we can prepare the state

|i⟩ 1√
k(i)

∑
𝑥 j∈Qi

| j⟩|‖𝑥i −𝑥 j‖2⟩. (29)

Using controlled rotation, we have

|i⟩ 1√
k(i)

∑
𝑥 j∈Qi

| j⟩|‖𝑥i −𝑥 j‖2⟩

⊗
(
‖𝑥i −𝑥 j‖

r
|1⟩+

√
1−

‖𝑥i −𝑥 j‖2

r2 |0⟩
)
. (30)

Then by uncomputing the third register and measuring the
last qubit to get |1⟩, we can obtain the state

|i⟩ 1√
c(i)

∑
𝑥 j∈Qi

‖𝑥i −𝑥 j‖| j⟩, (31)

where c(i) = ∑𝑥 j∈Qi ‖𝑥i −𝑥 j‖2 is the normalization factor.
Finally, according to Lemma 2, we can append |𝑥i −𝑥 j⟩

to the component marked by |i⟩| j⟩ of the state in Eq. (31) to
get the state |ψ(i)⟩.

In stage 2, assume the unitary to prepare the state |ψ(i)⟩
is G′. Since Tr(|ψ(i)⟩⟨ψ(i)|)1,3 = ρC(i) , according to Lemma 3,
we can obtain a (1,2log2(m)+ log2(n),0) block-encoding of
ρC(i) , that is, (G′† ⊗ I4)(I1,3 ⊗ S2,4)(G′⊗ I4), S is a swap gate
operated on register 2 and an ancillary register 4. According

to Lemma 4, we can obtain |Wi⟩=
ρ
−1
C(i) |Bi⟩

‖ρ
−1
C(i) |Bi⟩‖

.

In stage 3, we perform quantum tomography on |Wi⟩ to
get Wi. Although |Wi⟩ is of dimension n, |Wi⟩ is k(i) sparse and
the positions of the non-zero amplitudes are known. We can
perform a unitary to transform |Wi⟩ to a state |W ′

i ⟩ that only
the first k(i) amplitudes are nonzero. |W ′

i ⟩ can be regarded as a
⌈log2(k

(i))⌉-dimension state, while the last logn−⌈log2(k
(i))⌉

qubits are |0⟩s. According to the Lemma 5, we can obtain
a classical vector W ′

i . It should be noted that W ′
i satisfies

∑ j W ′
i j = 1, thus renormalization is needed after quantum to-

mography. The renormalized vector W ′
i is actually what we

want since it contains all the information of Wi.

3.2.2. Complexity analysis

In stage 1, to prepare the state in Eq. (28), UB is invoked
for one time, thus the complexity is O[polylog(mn)]. Accord-
ing to Lemma 1, the complexity to prepare the state in Eq. (29)
is

T1 = O
[
(maxi ‖𝑥i‖)2T log2(1/δ )

ε1

]
,

where ε1 is the error of ‖𝑥i−𝑥 j‖2. The complexity of the con-
trolled rotation can be neglected. Let ε0 = mini, j ‖𝑥i −𝑥 j‖,
we have ‖𝑥i−𝑥 j‖/r ≥ ε0/r, where r is the fixed radius which
can be regarded as a constant. The probability of obtaining |1⟩
when measuring the last qubit of the state in Eq. (30) is

p(1) = ∑
𝑥 j∈Qi

‖𝑥i −𝑥 j‖2

r2k(i)
≥ ε

2
0/r2. (32)

Using quantum amplitude amplification, O(r/ε0) = O(1/ε0)

times of repetition is enough to get the state in Eq. (31).
The last step is to append |𝑥i −𝑥 j⟩ to the state in Eq. (31)
to obtain |ψ(i)⟩. According to Lemma 2, it takes time
O( h

ε0
polylog(mn/ε)), where h = maxi ‖𝑥i‖. Let ε1 =

O(ε2ε2
0 ), δ = O(ε0ε), then the error of |ψ(i)⟩ is within O(ε).
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As a conclusion, the complexity of stage 1, i.e., to prepare the
state |ψ(i)⟩, is

T (2)
s1 = O

[
h2

ε2ε2
0

polylog
(

mn
εε0

)]
.

For stage 2, since the error to prepare |ψ(i)⟩ is O(ε), ac-
cording to Lemma 3, we have a (1,2log2 m+ log2 n,ε) block-
encoding of ρC(i) . Note that ρC(i) is a sparse matrix that only
k(i) rows and columns contains non-zero elements, thus the
rank of ρC(i) is at most k(i). Without loss of generality, let
the nonzero eigenvalues of ρC(i) be λ0 ≤ λ1 ≤ . . . ≤ λk(i)−1,

we have ∑
k(i)−1
j=0 λ j = 1, maxi λi = λk(i)−1 ≥ 1/k(i). Assume the

condition number of C(i) is κ(i), then λ j ∈ [ 1
k(i)κ(i) ,1]. The state

|Bi⟩ can be prepared by oracle UB in time O(polylog(mn)).

Thus according to Lemma 4, we can obtain |Wi⟩ =
ρ

C(i) |Bi⟩
‖ρ

C(i) |Bi⟩‖
in time

T (2)
2 = O

(
h2k(i)κ(i)

ε2ε2
0

polylog
(

mn
εε0

))
.

In stage 3, according to Lemma 5, we can output the vec-
tor W ′

i in T (2)
3 = O(T (2)

2 k(i) log2 k(i)/ε2) with probability at
least 1− 1/poly(d), where ε is the error of vector W ′

i . The
complexity of renormalized can be neglected.

As a conclusion, the complexity to obtain the information
of W is

T (2) = O(mT (2)
3 ) = O

(
h2mk2

maxκmax

ε4ε2
0

polylog
(

mn
εε0

))
, (33)

where kmax = maxi k(i) and κmax = maxi κ(i).

3.3. The quantum algorithm to compute the transforma-
tion matrix A

We have obtained the classical information of W in the
above algorithm. Thus we can store the information of the
matrix D = I −W in a data structure that allows the following
two mappings:

UD : |i⟩|0⟩ ↦→ |i⟩|Di⟩,

VD : |0⟩| j⟩ ↦→ 1√
‖D‖F

∑
i
‖Di‖|i⟩| j⟩ (34)

in time O[polylog(mn)], where |Di⟩ is proportional to the
ith row of D. Note that W is a matrix of K = Θ(mk)
nonzero elements and the diagonal elements are 0, the space
and time complexity to construct the data structure of D are
O(mkpolylog(mk)), the same as the matrix B.

Let D = ∑
m−1
j=0 σ j|𝑢 j⟩⟨𝑣 j|, where 0 ≤ σ0 ≤ σ1 ≤ . . . ≤

σm−1, then M = DTD = ∑ j σ2
j |𝑣 j⟩⟨𝑣 j|. According to

Ref. [50], D is a matrix with rank no more than m− 1. With-
out loss of generality, let the bottom d nonzero eigenvalue
of M be σ2

i0 to σ2
i0+d−1 with corresponding eigenvectors

|𝑣i0⟩, . . . , |𝑣i0+d−1⟩.

To simplify the description of the quantum algorithm, we
make a modification of the definition of the matrix X . If m≤ n,
we add n−m zero rows to get an n×n matrix and vice versa.
Here without loss of generality, we assume m ≤ n, then we get
an n× n matrix X . We should mention that the data structure
does not need to be modified.

Assume we have obtained |𝑣i0⟩ to |𝑣i0+d−1⟩ which
are actually 𝑧0,𝑧1, . . . ,𝑧d−1 (see Eq. (7)). By appending
log2 n − log2 m zero states on |𝑣i⟩, we obtain a log2 n-qubit
state |𝑣n

i ⟩= |0⟩⊗(log2 n−log2 m)|𝑣i⟩.
Let X = ∑i γi|𝑢X

i ⟩⟨𝑣X
i |, |𝑣n

j ⟩= ∑i β
( j)
i |𝑢X

i ⟩, then we have

𝑎 j−i0 =
(
XTX +αI

)−1
XT|𝑣n

j ⟩= ∑
i

β
( j)
i γi

γ2
i +α

|𝑣X
i ⟩. (35)

Let

X : =
[

0 X
XT 0

]
=

[
0 ∑i γi|𝑢X

i ⟩⟨𝑣X
i |

∑i γi|𝑣X
i ⟩⟨𝑢X

i | 0

]
= ∑

i
±γi|ψi±⟩⟨ψi±|, (36)

where

|ψi±⟩=
1√
2

[
|𝑢X

i ⟩
±|𝑣X

i ⟩

]
=

1√
2
(|0,𝑢X

i ⟩± |1,𝑣X
i ⟩). (37)

3.3.1. Algorithm details

The algorithm can be decomposed to the following
stages:

1. Perform quantum singular value estimation (QSVE) to
get the state

|ψ1⟩=
1√
m

m−1

∑
j=0

|𝑣 j⟩|𝑣 j⟩|σ j⟩. (38)

2. Use the quantum algorithm for finding the min-
imum to find the d minimized nonzero value of σ j, i.e.,
σi0 ,σi0+1, . . . ,σi0+d−1, and the corresponding |𝑣 j⟩ for j =
i0, i0 +1, . . . , i0 +d −1.

3. Perform quantum ridge regression to get |𝑎 j−i0⟩ ∝

𝑎 j−i0 =
(
XTX +αI

)−1 XT𝑣i for j = i0, i0 +1, . . . , i0 +d −1.
Here we list three lemmas that will be used in our algo-

rithm:
Lemma 6 (QSVE[32,33]) Assume that an m× n matrix

D = ∑ j σ j|𝑢 j⟩⟨𝑣 j| is stored in a data structure that allows the
two mappings showed in Eq. (34) in time O(polylog(mn)). Let
δ > 0 be the precision number. Then there is a quantum al-
gorithm that transforms ∑ j β j|𝑣 j⟩|0⟩ to ∑ j β j|𝑣 j⟩|σ j⟩, where
σ j ∈ σ j ± δ‖D‖F with probability at least 1− 1/poly(n) in
time O( 1

δ
polylog(mn)) for j = 0,1, . . . ,m−1.

Lemma 7 (Ref. [49]) Let A be an m× n matrix stored
in a data structure showed in Eq. (34), then there exists UR

and UL that can be implemented in time O(polylog(mn)/ε)

such that U†
LUR is a (‖A‖F ,⌈log2(m+ n)⌉,ε) block-encoding

of A =

[
0 A

AT 0

]
.

060304-7



Chin. Phys. B 31, 060304 (2022)

Lemma 8 (Ref. [49]) Suppose that U is an (α,a,ε/|2t|)
block-encoding of H, then we can implement e iHt with
O(|αt|+ log2(1/ε)) query of U or its inverse and O(a|αt|+
a log2(1/ε)) two-qubit gates, where ε is the error of e iHt .

In stage 1, since we have no information about the
state |𝑣 j⟩ for j = 0,1, . . . ,m− 1, we choose the state |ψ0⟩ =

1√
m ∑

m−1
j=0 | j⟩| j⟩ to be the initial state, which can be written as

uniform superposition of |𝑣 j⟩|𝑣 j⟩, i.e.,

|ψ0⟩=
1√
m

m−1

∑
j=0

|𝑣 j⟩|𝑣 j⟩. (39)

Note that we have stored the matrix D in a suitable data struc-
ture and D = ∑

m−1
j=0 σ j|𝑢 j⟩⟨𝑣 j|, according to QSVE (Lemma

6), we can obtain the state |ψ1⟩.
For stage 2, let U2 be the unitary to prepare |ψ1⟩ from |0⟩

and O2 be the oracle to transform |ψ1⟩ to

1√
m

(
∑

σ j>vorσ j=0
|𝑣 j⟩|𝑣 j⟩|σ j⟩− ∑

0<σ j≤v
|𝑣 j⟩|𝑣 j⟩|σ j⟩

)
, (40)

where v is a constant. Given the U2 and O2, we can in-
voke the quantum algorithm for finding the minimum[51] to
find the minimum nonzero value of σ j, i.e., σi0 . Assume
that we have obtained i minimum nonzero values of σ j for
j ∈ {1,2, . . . ,m− 1}, i.e., σi0 to σi0+i−1, we could make a
small modification on O2 to get an oracle O(i)

2 that

O(i)
2 =

1√
m

(
∑

σ j>vorσ j≤σi0+i−1

|𝑣 j⟩|𝑣 j⟩|σ j⟩

− ∑
σi0+i−1<σ j≤v

|𝑣 j⟩|𝑣 j⟩|σ j⟩
)
.

Then we can perform the quantum algorithm for finding the
minimum to find the i+ 1th minimum nonzero value of σ j.
Thus O(d) times of the quantum algorithm for finding the min-
imum is enough to obtain the σi0 to σi0+d−1. We should men-
tion that when we get a σ j ∈ {σi0 ,σi0+1, . . . ,σi0+d−1}, we also
get two samples of quantum state |𝑣 j⟩.

For stage 3, since X is stored in the data structure, accord-
ing to Lemma 7, we can implement an

(‖X‖F ,⌈log2(2n)⌉,ε2)

block-encoding of X . According to Lemma 8, we can imple-
ment e iXt . Then we can perform quantum ridge regression[13]

to obtain |𝑎 j−i0⟩ for j ∈ {i0, i0 +1, . . . , i0 +d −1}. The algo-
rithm proceeds as following steps:

1) Prepare the log2(n) + 1 dimensional quantum state
|0,𝑣n

j ⟩ = ∑i β
( j)
i |0,𝑢X

i ⟩ = 1√
2 ∑i β

( j)
i (|ψi+⟩+ |ψi−⟩) by ex-

panding the quantum state |𝑣 j⟩.
2) Perform quantum phase estimation on the state |0,𝑣n

j ⟩
by simulating e iXt to get the eigenvalues and eigenvectors of

X , i.e., obtain the state

1√
2 ∑

i
β
( j)
i |ψi±⟩|±γi⟩. (41)

3) Perform controlled rotation and uncompute the phase
estimation to get the state

1√
2 ∑

i
β
( j)
i |ψi±⟩

(
±C1γi

γ2
i +α

|0⟩+

√
1−

C2
1γ2

i

(γ2
i +α)2 |1⟩

)
,

where C1 is a constant.
4) Measure the last qubit to get |0⟩, and project the first

register onto the |𝑣X
j ⟩ part (i.e., measure the first qubit of |ψi±⟩

to get |1⟩), we can obtain |𝑎 j−i0⟩,

|𝑎 j−i0⟩=
1
C ∑

i

β
( j)
i γi

γ2
i +α

|𝑣X
i ⟩, (42)

where C is the normalized factor.

3.3.2. Complexity analysis

In stage 1, the preparation of |ψ0⟩ is of time O(log2 m).
Let the error of σ j to be ε , according to Lemma 2, the com-
plexity to get |ψ1⟩ is O( ‖D‖F

ε
polylog(mn)).

In stage 2, the O2 (or O′
2) and U2 can be implemented in

time O(polylog(m)) and O( ‖D‖F
ε

polylog(mn)), respectively.
The quantum algorithm for finding the minimum would out-
put the minimum value with probability larger than 1/2 with
query complexity O(

√
m). We should mention that one query

includes two U2 and one O2 (or O′
2). Thus to get σi0 to

σi0+d−1 and |𝑣i0⟩ to |𝑣i0+1−d⟩, O(d) times of the algorithm
for finding the minimum is enough. The total complexity is
O( d

√
m‖D‖F

ε
polylog(mn)).

In stage 3, for the step 1, we can append several |0⟩ to
|𝑣 j⟩ to get |0,𝑣n

j ⟩. For the Step 2, an

(‖X‖F ,⌈log2(2n)⌉,ε2)

block-encoding of X can be implemented in time
O(polylog(mn)/ε2). According to Lemma 8, we can simulate
eiXt in time O(‖X‖F tpolylog(mn/ε2)), where error ε3 = 2tε2.
Let κ denote the condition number of X , to ensure the error
of the final state |𝑎 j−i0⟩ is within ε , the maximum simulation
time of the quantum phase estimation should be t = O(κ/ε)

and ε3 = ε/ log2(κ/ε). Thus the complexity of the quantum
phase estimation is O( ‖X‖F κ

ε
polylog(mn/ε)). The complexity

of Step 3 is the same as Step 3. In Step 4, we could choose
C1 = O(maxi(

γi
γ2

i +α
))−1, thus have C1γi

γ2
i +α

= O(1/κ).[13] O(κ2)

repetitions are needed to get a |0⟩ and it can be improved to
O(κ) repetitions by quantum amplitude amplification. The
projection is success with probability 1/2.

As a conclusion, the complexity to get
|𝑎0⟩, |𝑎1⟩, . . . , |𝑎d−1⟩ is

O
(

κ
d
√

m‖D‖F

ε
polylog(mn)+

d‖X‖F κ2

ε
polylog

(
mn
ε

))
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= O
(

d
(√

m‖D‖F κ +‖X‖F κ2

ε

)
polylog

(
mn
ε

))
.

Assume that ‖W‖max = O(1). Since W is sparse matrix and
D = I−W , we have ‖D‖F = O(

√
mk). As for the ‖X‖F , since

h=maxi ‖𝑥i‖, d‖X‖F =O(
√

hm). Thus the complexity of the

algorithm is O( d
√

hkmκ2

ε
polylog(mn

ε
)).

3.4. The total complexity and discussion

The procedure of the quantum NPE algorithm can be
summarized as follows:

Algorithm 2 The procedure of quantum NPE

Input: The data matrix X is stored in a data structure;
Output: The quantum states |𝑎0⟩, |𝑎1⟩, . . . , |𝑎d−1⟩ which represent each row of matrix A;

1: Prepare 1
m ∑

m−1
i, j=0 |i⟩| j⟩|

√
K
m2 ⟩;

2: Prepare 1√
K ∑

m−1
i=0 |i⟩∑𝑥 j∈Qi | j⟩;

3: Measure the output in computational basis for several times to obtain the index j of the neighbors of 𝑥i for i = 0,1, . . . ,m−1;
4: Construct oracle UB and VB;
5: Prepare |ψ(i)⟩ to obtain ρC(i) ;
6: Prepare |Wi⟩= ρ

−1
C(i) |Bi⟩ for i = 0,1, . . . ,m−1;

7: Perform quantum state tomography on |Wi⟩ to get the information of Wi for i = 0,1, . . . ,m−1;
8: Perform quantum singular value estimation to get |ψ1⟩;
9: Use the quantum algorithm for finding the minimum to find the bottom d nonzero eigenvalues and eigenvectors of M;
10: Perform quantum ridge regression to get |𝑎 j⟩ for j = 0,1, . . . ,d −1.
11: return |𝑎0⟩, |𝑎1⟩, . . . , |𝑎d−1⟩.

The quantum algorithm can be divided into three sub-
algorithms and the complexity of each sub-algorithm can be
seen in Table 1. The algorithms 1–3 in Table 1 are the quan-
tum algorithm to find the nearest neighbors, the algorithm to
obtain the weight matrix W and the algorithm for embedding,
respectively. h = maxi ‖𝑥i‖, k =Θ(k(i)), k(i) is the number of
neighbors of 𝑥i, m is the number of training data points, n is
the dimension of the data points, ε is the error of the algorithm,
ε0 = mini j ‖𝑥i −𝑥 j‖, kmax = maxi k(i), κmax = maxi κ(i), κ(i)

is the condition number of the neighborhood correlation ma-
trix C(i), d is the dimension of the low-dimensional space, κ

is the condition number of train data matrix X . Putting it all
together, the complexity of the quantum NPE algorithm is

O
(
(h2m3/2k1/2 +

dh2mk2
maxκmaxκ2

ε4ε2
0

)polylog
(

mn
εε0

))
.

Table 1. The time complexity of the three sub-algorithms of the quantum
NPE.

Sub-algorithma Time complexity

Algorithm 1 O
(

h2m3/2k1/2polylog
(

mn
ε

))
Algorithm 2 O

(
h2mk2

maxκmax
ε4ε2

0
polylog

(
mn
εε0

))
Algorithm 3 O

(
d
√

hkmκ2

ε
polylog

(
mn
ε

))
Since the classical algorithm have complexity O(mnk3 +

dm2), our algorithm have a polynomial speedup on
m and an exponential speedup on n when the factors
d,h,kmax,κmax,ε,ε0 = O[polylog(mn)]. We should mention
that the output of the quantum NPE algorithm is a matrix
A = (|𝑎0⟩, |𝑎1⟩, . . . , |𝑎d−1⟩) with each column outputted as a
quantum state.

Our algorithm has two advantages over VQNPE. (i) Our
algorithm is complete while VQNPE is not. In Ref. [29], the

authors pointed out that it is not known how to obtain the in-
put of the third sub-algorithm from the output of the second
sub-algorithm. Actually, if just consider the completeness, we
can use a VQA technique shown in Ref. [52] after our second
sub-algorithm. (ii) The complexity of our algorithm is less
than the complexity of VQNPE, even without considering the
complexity of the third sub-algorithm of VQNPE. Specifically,
The complexity of the first sub-algorithm is O(m2

ε2 log2 n), and
the complexity of the second sub-algorithm is Ω(poly(n)) (we
should mention that the complexity showed here are differ-
ent with the original paper, see Appendix B for details), while
the total complexity of our algorithm is O(m1.5polylog(mn))
(only consider the main parameters). The advantage of our
first sub-algorithm is mainly coming from the parallel estima-
tion of the distance of each pair of data points. As for the
second sub-algorithm, Liang et al. adopted the QSVD to get
the |Wi⟩. However, the eigenvalues of 𝒜i are too small to sat-
isfy the conditions to get an efficient algorithm, which causes
the complexities to have polynomial dependence on n. We use
a totally different algorithm to get the |Wi⟩ and the complexity
analysis shows that our algorithm has complexity polyloga-
rithmic dependence on n. As for the third sub-algorithm, it is
hard to exam the complexity of the VQA of VQNPE, while
our sub-algorithm has a rigorous complexity analysis.

Recently, derived from the quantum-inspired algorithm
proposed by Tang,[53] Chia et al.[54] introduced a framework
for applying singular value transformation (SVT) for dequan-
tizing quantum machine learning algorithms. They proved
that in the QRAM data structure input model, the exponen-
tial speedups of quantum SVT can be broke by dequantization
technique. We should mention that the dequantization tech-
nique is not suitable for NPE, although our third sub-algorithm
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use QSVE which is a type of SVT. Since ‖D‖F =
√

mk, if we
adopt dequantization technique in our third sub-algorithm, the
dependence on m would be much higher than m2.

Also, we notice that Chen et al.[55] proved a lower bound
of quantum ridge regression algorithm. However, since their
objective is to return a classical vector as the output of ridge re-
gression while our algorithm (the ridge regression algorithm in
the third sub-algorithm) generates a solution vector as a quan-
tum state, the lower bound would not influence the complexity
bound of our algorithm.

4. Conclusion
In this paper, we proposed a complete quantum NPE al-

gorithm with rigorous complexity analysis. It was showed that
when d,h,kmax,κmax,ε,ε0 = O[polylog(mn)], our algorithm
has exponential acceleration on n and polynomial accelera-
tion on m over the classical NPE. Also, our algorithm has a
significant speedup compared with VQNPE.

The Lemma 2 proposed an efficient method to append
a quantum state generated by subtracting two vectors paral-
lelly, which might have a wide range of applications in other
quantum algorithms. Also, in the proof of the Lemma 2, we
proposed a technique called parallel amplitude amplification,
which may be of independent interest. We hope the techniques
used in our algorithm could inspire more DR techniques to get
a quantum advantage, especially the nonlinear DR techniques.
We will explore the possibility in the future.
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Appendix A: The proof of Lemma 2
Proof |𝑥i −𝑦 j⟩ is a quantum state that is proportional to

vector 𝑥i −𝑦 j,

|𝑥i −𝑦 j⟩= |‖𝑥i‖|𝑥i⟩−‖𝑦i‖|𝑦i⟩⟩

=
‖𝑥i‖|𝑥i⟩−‖𝑦i‖|𝑦i⟩
‖‖𝑥i‖|𝑥i⟩−‖𝑦i‖|𝑦i⟩‖

. (A1)

A1: Algorithm details

Let

|ψ⟩ : =
1√
m

m−1

∑
i, j=0

√
pi j|i⟩| j⟩|𝑥i −𝑦 j⟩, (A2)

the process to prepare |ψ⟩ from 1√
m ∑

m−1
i, j=0

√pi j|i⟩| j⟩ can be
summarized as follows:

1. Given quantum state ∑
m−1
i, j=0

√pi j|i⟩| j⟩, prepare
∑

m−1
i, j=0

√pi j|i⟩| j⟩|‖𝑥i‖⟩|‖𝑦 j‖⟩.
2. Prepare the following quantum state by controlled

rotation,[3]

m−1

∑
i, j=0

√
pi j|i⟩| j⟩|‖𝑥i‖⟩|‖𝑦 j‖⟩(cosθi j|0⟩+ sinθi j|1⟩), (A3)

where cosθi j =
‖𝑥i‖√

‖𝑥i‖2+‖𝑦 j‖2 , and thus

sinθi j =
‖𝑦 j‖√

‖𝑥i‖2 +‖𝑦 j‖2
.

3. Uncompute the third and the fourth registers, and then
query the oracles to obtain the state

m−1

∑
i, j=0

√
pi j|i⟩| j⟩(cosθi j|0⟩|𝑥i⟩+ sinθi j|1⟩|𝑦 j⟩). (A4)

4. Apply Hadamard gate to the third register to obtain

m−1

∑
i, j=0

√
pi j|i⟩| j⟩

1√
2

[
|0⟩(cosθi j|𝑥i⟩+ sinθi j|𝑦 j⟩)

+ |1⟩(cosθi j|𝑥i⟩− sinθi j|𝑦 j⟩)
]

: =
m−1

∑
i, j=0

√
pi j|i⟩| j⟩(cosψi j|φ+

i j ⟩+ sinψi j|φ−
i j ⟩), (A5)

where

cosψi j|φ+
i j ⟩=

1√
2
|0⟩(cosθi j|𝑥i⟩+ sinθi j|𝑦 j⟩),

sinψi j|φ−
i j ⟩=

1√
2
|1⟩(cosθi j|𝑥i⟩− sinθi j|𝑦 j⟩).

5. Perform parallel quantum amplitude amplification to
get state

m−1

∑
i, j=0

√
pi j|i⟩| j⟩|φ−

i j ⟩=
m−1

∑
i, j=0

√
pi j|i⟩| j⟩|1⟩|𝑥i −𝑦 j⟩. (A6)

6. Discard the third register, the state left is
∑

m−1
i, j=0

√pi j|i⟩| j⟩|𝑥i −𝑦 j⟩.
To make the Step 5 (parallel quantum amplitude ampli-

fication) more clear, we give details here. Let U1 be the uni-
tary that prepares the state in Eq. (A5) from quantum state
∑

m−1
i, j=0

√pi j|i⟩| j⟩, and O be the unitary that transforms the state
in Eq. (A5) to

m−1

∑
i, j=0

√
pi j|i⟩| j⟩(cosψi j|φ+

i j ⟩− sinψi j|φ−
i j ⟩). (A7)

We first perform a parallel quantum amplitude estimation[15]

to obtain the amplitudes of the target states. And then we per-
form the fixed-point quantum search[56] parallelly to obtain
the final state. We defined the Grover operator of the parallel
quantum amplitude estimation as

U1(Im2×m2 ⊗ (2|0⟩⟨0|⊗(1+log2 n)− I2n×2n))U
†
1 O. (A8)
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The parallel quantum amplitude amplification consists of three
steps:

Step 1 Perform quantum amplitude estimation on the
quantum state in Eq. (A5) to get the estimated values of
|sinψi j| := 1√

2
‖cosθi j|𝑥i⟩ − sinθi j|𝑦i⟩)‖ parallelly for each

|i⟩| j⟩, i.e., obtain the state

m−1

∑
i, j=0

√
pi j|i⟩| j⟩(cosψi j|φ+

i j ⟩+ sinψi j|φ−
i j ⟩)||sinψi j|⟩.

Step 2 Let Li j = 2⌈ log2(2/δ ′)
|sinψi j | ⌉, prepare the state

m−1

∑
i, j=0

√
pi j|i⟩| j⟩(cosψi j|φ+

i j ⟩+ sinψi j|φ−
i j ⟩)|Li j⟩, (A9)

where δ ′ > 0 is a parameter that related to the final error.
Step 3 Controlled by |Li j⟩ and |i⟩| j⟩, we perform SLi j =

G(αl ,βl) . . .G(α1,β1) = ∏
li j
k=1 G(αk,βk) on the third regis-

ter of the above equation, where li j = ⌈Li j−1
2 ⌉, for all k =

1,2, . . . , l,

αk =−βl−k+1 = 2cot−1
(

tan(2πk/Li j)
√

1− γ2
)
,

γ−1 = T1/Li j(1/δ ′), TL(x) = cos(Lcos−1(x)) is the Lth Cheby-
shev polynomial of the first kind. We can obtain

m−1

∑
i, j=0

√
pi j|i⟩| j⟩|φ̃−

i j ⟩,

where ‖⟨φ̃−
i j |φ

−
i j ⟩‖2 ≥ 1−δ ′2.

A2: Complexity analysis

In Step 1, two times of queries are invoked. The com-
plexity of Step 2 can be neglected. In Step 3, four queries are
invoked. The Hadamard gate in Step 4 is of complexity O(1).

As for the Step 5, we should amplify the amplitudes
sinψi j that satisfies

|sinψi j|= ‖ 1√
2
|1⟩(cosθi j|𝑥i⟩− sinθi j|𝑦 j⟩)‖

= ‖ 1√
2

𝑥i −𝑦 j√
‖𝑥i‖2 +‖𝑦 j‖2

)‖

≥ ε0

2h
, (A10)

where ε0 = mini, j ‖𝑥i−𝑦 j‖, h = maxi{‖𝑥i‖,‖𝑦i‖}. The com-
plexity of one query of the Grover operator in Eq. (A8) is
O(polylog(mn)). According to Ref. [56], we should ensure
that Li j ≥ log2(2/δ ′)

|sinψi j | . We could estimate |sinψi j| within er-

ror 1
2 |sinψi j|, then choose Li j = 2⌈ log2(2/δ ′)

|sinψi j | ⌉ to ensure Li j ≥
log2(2/δ ′)
|sinψi j | . With the error 1

2 |sinψi j|, the complexity of the

parallel quantum amplitude estimation is O( h
ε0

polylog(mn)).
The complexity of each query of G(αk,βk) is polylog(mn),

thus the complexity of Step 3) is O(maxi j Li jpolylog(mn)) =
O( h

ε0
log2(1/δ ′)polylog(mn)).
The complexity of Step 6 can be neglected.
To ensure that the error of |ψ⟩ is within ε , we could just

let δ ′ = O(ε). As a conclusion, the complexity of the algo-
rithm is O( h

ε0
polylog(mn/ε)).

Appendix B: A brief complexity analysis of the
first two sub-algorithms of VQNPE

For the first sub-algorithm of VQNPE, i.e., the algorithm
to find the k-nearest neighbors, the authors used swap test cir-
cuits to obtain the square of the inner product of each pair of
data points, which was regarded as the distance between data
points by the following steps. Here we should mention that
the authors implicitly assumed that ‖𝑥i‖ = 1, since they de-
fined |𝑥i⟩ = ∑ j xi j| j⟩. The complexity of this step should be

O(m2

ε2 log2 n), where ε is the error of the square of inner prod-
ucts. Here we also point out that this method can not obtain
the distance of the vectors such as (1,0)T and (−1,0)T, thus
we used a different method to get the distance without this
problem.

Let 𝑥(i)
j , j ∈ {0,1,2, . . . ,k(i)− 1} denotes the k(i) nearest

neighbors of 𝑥i, 𝒜i = (𝑥i −𝑥
(i)
0 ,𝑥i −𝑥

(i)
1 , . . . ,𝑥i −𝑥

(i)
k(i)−1

),

C(i)
1 =𝒜†

i 𝒜i. Then C(i)
1 is a k(i)× k(i) matrix which is actually

the matrix left by deleting the zero rows and columns of C(i),
i.e. deleting j rows and j columns for 𝑥 j /∈ Qi.

For the algorithm to obtain |𝑤i⟩, the authors assumed
that there is an oracle to access the element of 𝒜i for i =
0,1, . . . ,m−1, that is,

| j⟩|l⟩|0⟩ → | j⟩|l⟩|𝒜i
jl⟩= | j⟩|l⟩|xi j − x(i)l j ⟩, (B1)

where 𝒜i
jl is the j-th row l-th column element of 𝒜i, xi j is the

j-th element of 𝑥i and x(i)l j is the j-th element of the lth nearest
neighbor of 𝑥i.

With the oracle mentioned above, according to quan-
tum singular value decomposition (QSVD),[57] since 𝒜i is

an n× k matrix, one could simulate e i 𝒜̂i
n+k t with complexity

O( t2

ε
‖𝒜̂i‖F), where

𝒜̂i =

(
0 𝒜i

𝒜†
i 0

)
. (B2)

Let 𝒜̂i = ∑
k
j=1 σ j±|ψ j±⟩⟨ψ j±|, similar to Eq. (36). According

to Ref. [57], the necessary condition for this algorithm to be
efficient is that σ j± =Θ(n+ k) for j ∈ {1,2, . . . ,k}.

Let λ j, j ∈ {1,2, . . . ,n+ k} denote all of the eigenvalue
of 𝒜̂i, it is obvious that σ j± is included by the set of λ j. Ac-
cording to the Gershgorin circle theorem, for j ≤ n,

|λ j| ≤
k

∑
l=1

|𝒜 jl | ≤
k(i)

∑
l=1

|xi j − x(i)l j |. (B3)
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since ‖𝑥i‖ = 1, we have |xi j| ≤ 1, thus |λ j| ≤ ∑
k
l=1 2 = 2k.

Similarly, for j > n,

|λ j| ≤
n

∑
l=1

|𝒜( j−n)l |= ∑
l
|xil − x(i)jl |= ‖𝑥i −𝑥

(i)
j ‖1.

Since ‖𝑥i‖ = 1, we have ‖𝑥i − 𝑥
(i)
j ‖ = ∑l(xil − x(i)jl )

2 ≤ 2,

where 𝑥
(i)
j is the jth nearest neighbor of 𝑥i. According to

the inequality ‖𝑥‖1 ≤
√

n‖𝑥‖, we have |λ j| ≤ 2
√

n. Thus we
have |λ j| ≤ 2

√
n for all j ∈ {1,2, . . . ,n+k}, which means that

σi± = O(
√

n) ̸=Θ(n+ k).
Since σi± ̸=Θ(n+ k), the algorithm is not efficient, thus

the complexity is of Ω(poly(n)).
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