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This paper is concerned with construction of quantum fields presentation and generating functions of symplectic Schur
functions and symplectic universal characters. The boson—fermion correspondence for these symmetric functions have been
presented. In virtue of quantum fields, we derive a series of infinite order nonlinear integrable equations, namely, universal
character hierarchy, symplectic KP hierarchy and symplectic universal character hierarchy, respectively. In addition, the

solutions of these integrable systems have been discussed.
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1. Introduction

Symmetric functions play a significant role in mathemat-
ical physics!!! especially in integrable systems.>-%! The most
elementary symmetric functions are Schur functions which
are the solutions of differential equations in Kadomtsev—
Petviashvili (KP) hierarchy.!”8 Symplectic Schur function is
the character of the irreducible highest weight representation
of the symplectic group. Baker!®! presented the quantum fields
presentation of the symmetric functions and studied the prop-
erties and applications of the vertex operators. Later, the gen-
eralization of symplectic Schur functions as well as the corre-
sponding integrable systems have been well investigated.[!0-11]

The universal character proposed by Koike!!?! is the ex-
tension of the Schur function. Tsuda!'3! developed a novel
integrable system called universal character (UC) hierarchy
with the property of the universal character, which is a gen-
eralization of the KP hierarchy. Then, Painlevé equations and
their higher order analogues have been derived from KP hier-
archy and UC hierarchy via reduced Virasoro constraints.[!4]
Later on, the universal characters with various systems in-
cluding g-Painlevé systems, g-difference Painlevé equations,
phase model and topological strings are well discussed.[!>~19]
Recently, Wang er al.l'9) established a symplectic universal
character (SUC) hierarchy which can be regarded as the gen-
eralization of SKP hierarchy and indicated the SUC hierarchy
characterized by symplectic universal characters.

Vertex operators discovered in string theory are impor-

[20-221 Several symmet-

tant research objects in mathematics.
ric functions can be realized by acting certain vertex opera-
tors on the constant function 1.123-27! Tt has been shown that
symmetric functions are closely connected to boson—fermion

correspondence.?®! In Ref. [26], based upon the quantum
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fields of operators, the twisted quantum fields presentation of
Hall-Littlewood polynomials has been derived and the authors
extended a new deformed boson—fermion correspondence. In-
spired by the connection between quantum fields and gener-
ating functions of the symmetric functions, in this paper, con-
necting with the charged free fermions, we will concentrate on
the construction of quantum fields of symplectic Schur func-
tions, universal characters and symplectic universal characters.
Furthermore, the generating functions of the corresponding
symmetric functions are obtained by the action of the vertex
operators on the constant function 1. By means of the quan-
tum fields of operators, we obtain a novel boson—fermion cor-
respondence of these symmetric functions and a series of infi-
nite order nonlinear integrable equations. Meanwhile, the so-
lutions of these nonlinear integrable equations have been stud-
ied.

The present paper is built up as follows. In Section 2,
we begin with a review of the elementary basics of symmet-
ric functions involving Schur functions. Section 3 is devoted
to construction of quantum fields and generating functions
of universal characters. In Section 4, we derive the quan-
tum fields presentation and generating functions of symplec-
tic Schur function and symplectic universal character. Mean-
while, we present the corresponding integrable systems of
these symmetric functions and develop their solutions. The
last section is a summary and discussion.

2. An introductory discussion of symmetric
functions

We retrospect some basic facts about symmetric functions
including Schur functions S () and the action of operators on
the ring of symmetric functions.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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2.1. Symmetric functions

The ring A («) is made up of symmetric functions in vari-
ables & = (x1,x2,...). The rth elementary symmetric function
e, is the sum of all products of r distinct variables x;, and it
can be written as

er(x) = Xi\Xiy ... X;,, for r>1. (D

i1 <ip<-<ip<oo

The rth complete symmetric function 4, is the sum of all

monomials of total degree r in variables x,x», ..., so that
he(x) = XiXiy -+ Xi,, for r>1. 2)
i1 <ip< iy <oo
The rth power sum p, is
pr(x) = Zx,’ 3)

The generating functions for the e,(x),h,(x), and p,(x) are
given by

k>0 i>1
1
_ k _
H(I/t) ]g)iu{(w)u _g 1*.7{'[[4,
_ k-1 _ H'(u)

with the convention h_y(x) = e_(x) = p_x(z) =0fork >0
and hg = eg = po = 1. The relations between the symmetric
functions lead to

HW)E(—u)=1,
H(u) =exp (Z IZ’M") ,
n>1
E(u) = exp (— y =S ”> : 5)
n>1

Let A = C|[p1, p2,...] and consider the boson Fock space
B=Clz,z7']®A. Note that we have the charge decomposi-
tion

B= @Bm, where B" =7"-Clpi1,p2,...|=7"A. (6)
mez
The Heisenberg algebra is a complex Lie algebra generated by
{an} ez and central element 1 with commutation relation

[, an] = M8y —p - 1. @)

Combine generators into a formal distribution a(u) =

) ayu~""!, then the commutation relation can be written as
nez

[a(u),a(v)} = av5(”7v)7 3

where §(u,v) = Y u*v" is the most famous formal delta-

ki‘:zli%l
distribution.

The Heisenberg algebra has a natural action on the graded
components a, : B™ — B™ defined by the multiplication and
differentiation operators:

(L,,z&(rz>0)7 an:i(n>0), ap =m. 9)
n Ipn
For each symmetric function f € A, let f*: A — A be the
adjoint of multiplication by f

(flg,0)=(g.fo), gf ®EA. (10)

Let us consider generating functions of the adjoint operators

i 7
ER =2 o
k>0

L hy
HAw=Y %k an

k>0

It is straightforward to show

12)

Proposition 1 The generating functions satisfy the fol-
lowing relations (cf. Ref. [4]):

(1 - 5) EL(W)EW) = EWE* (),

(1 - 5) HY()H(v) = HO)H (1),
HYWE®W) = (1 + 5) EW)H ),

EX(WH(®) = (1 + 5) H()E (). (13)

2.2. Schur functions and KP hierarchy

For a partition A = (41,A,...,4;), the Schur function
Sy (x) can be expressed as a polynomial in the complete sym-
metric functions #4,, the formula is

Sa(x) = det (hlﬁl#j(w))lgi,jg[

= I 0-Rux)h(=),

1<i<j<I

(14)

where Ry, 3, is araising operator for partitions, so that for i < j,

Ray - oo v Ao, )

:(/'L],...,Ai+1,...,lj71,...,11), (15)

and extend this to an action on the functions hy = hy hy, -+ hy,
by Rijhy = hg;;a.

Let R(u) act on the elements of the form 7" f, f €A, m €
7, R(u) : B — B is defined as*”!

R(u) (" f(z)) =" u" 1 f. (16)
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Then it leads to

R™Nu) (" f(z)) =2""tu " f. (17)

Operators R*! (1) map the grading of the boson Fock space
B into BmED),

Define the formal distributions of operators acting on the
space B via the action R*! (u) (cf. Ref. [30])

& (u) = u 'R(u)H (u)E* (—u),
@ (u) =R ' (w)E(—u)H* (u). (18)
Notice that
D (u)| gom = 2" H(W)E™ (—u),
D (u)| gy =2 'u"E(—u)H* (u). (19)

It is proved that Eq. (19) defines quantum fields & (u) of op-
erators acting on B.13°] The operators &% can be expressed
as

(20)

=) b

keZ 2

where the operators cpi 1 are called the charged free fermions
which change the charge by £1.

Proposition 2 The formal distributions @ (u) satisfy the
algebraic relation of charged free fermions

DT () D (V) + P (v)P (1) = §(u,v). (21)
Equivalently, Eq. (21) have the following expressions:
+ Ht + Ht _
¢k+2¢z+§ + ¢l+2¢k+2 0,
+
<;l>k+ ! ¢l+; + GDH ! CD =8k -1- (22)

The following proposition describes the quantum fields pre-
sentation of Schur functions.
Proposition 3

D (uy) - D (uy)(1) =2l udGluy, .y,

S ,y) = det
[,17“](33 v) ¢ ( li,m—i+j(5c

In Ref. [10], the operator Dy, acts on Ay, ) (,y) by

Dy hin (@, 9) = hjpr w(x,9), (28)

where  [A u] = [(A,-. 4 — 1,0 4), (M, e —
..., tbm)] and hpy yy(x,y) = hy(x)hu(y). Therefore, the

hllmfiJrl'H_j (y)’

where

Guy,y...,u) = H ( M)HHM,
1<i<j<l i/ =1

It is widely known that G(uy,...

(23)

,u;) as a formal power
series is a generating function of Schur functions.!** There-
- > A > 0) the coefficient

Sa(x).
Proposition 4 (The classical boson—fermion correspon-

fore, for any partition A = (4; >

of u’ll ul)L is properly a Schur function G, . 2,) =

dence) From formula (9), we easily get the bosonic form of
the formal distributions &= (u):

1) exp (Z a,,u”) exp (
n>1

O (u)=R" exp< Y a_u )exp(Zan n).(24)

n>1 n>1

(DJr(u) = uilR Z an n) )

n>1

Definition 1 For an unknown function 7 = 7(x), the bi-
linear equation

Q(r®1)=0 (25)
is called the KP hierarchy, where
L. _
Q = Res,—o f<15 () @D (u)
_ + -
= H;ﬂ @H% ® quz (26)

Proposition 5 All the Schur functions S; () are the so-
lutions of the KP hierarchy.

3. Universal characters and UC hierarchy

In this section, let us construct quantum fields and gen-
y) and
define an integrable system called UC hierarchy which are dif-
ferent from that in Ref. [13].

For each pair of partitions

erating functions of the universal characters Sy (x,

[Au] =121, 22,

aA’l)7(.u17u2a"'7um)}7

the universal character S| ;) (x,y) is defined as

1<i<m
PR . 2
m+1 §1§l—|—m>1<i‘j<l+m (27
\
universal character Sy (z,y) can also be written as
Sp(@y) = [1 (0=Rua) TI (1—Ruu)
1<i<j<l 1<a<b<m
< [T 0=Dap)hpw(@y). (29
1<i<l

1<a<m

080202-3
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Define the formal distribution ®* (1) and ¥*(u) of operators ¥ (u)| gom = T E (—u)HE (1 /u)H™ (u).  (31)

acting on B as

Proposition 6 The following relations of quantum fields

&t (u) = u 'R(u)H (u)E™" (—1/u)E* (—u), &*(u) and P+ (u) hold:
&) =F WECOE (1 /0E W), @), 25 W), =0, () FE W], =0, ()
Y (u) = u 'R(u)H (u)E*(—1/u)E™ (—u), (@ (), &~ (V)] = S(u,),
Y (u) :R7](”)E/(_”)HL(l/”)H/L(”)v (30) [‘P+(u),‘P7(V)]+ = 5(u,v), (33)
where E’(u) and H' (u) denote the generating functions for the v®" ()P (v) — ¥ (V)P (u) =0,
er(y), e (y), y = (y1,y2,...) and their adjoint operators hold u®" ()P (v) — v~ (v)®" (1) =0, (34)
for the variable y. udb_(u)‘f’+(v) _ v'I’+(v)<I>_(u) —0,
From Eq. (16), we obtain v~ ()P (v) — u¥ (v) D () = O, (35)

(1) o = 2" H(W)E™ (—1/u) E*(~u),
™ ()| o =2 u"E(—u)H™(1/u)H (u),
W () | o = 2" H' ()E~ (=1 /u)E™ (~u),

where [X’Y]+ :defXY—FYX.
Proof By Proposition 1, for any m € Z and f € A, we
have

1
v

B (0B (V)(2" ) = 2 (00)" (e — ) H () H () E™ (1 Ju) () E™ ( - )El(—w ).

1
v

& (e (1)) =zm2<uv>”%u—v)E(—u)E(—v)H’%1/u>HL<u>H’L()H%v)(f).

Exchanging the roles of u and v and adding the corresponding products in quantum fields, the first formula of Eq. (32) can be

obtained.
For the first formula in Eq. (33), we can write

1 Zm(g
u—v v
1 u

P~ (P ()" f) = —" (%

vV—u 1%

P (W)™ (v)(Z"f) =

)mH(u)E(—v)E'l(—l S E* (—u)H'"™* (

)mH(u)E(fv)E'l(fl Ju)EL (—u)H'™ <

)

< = <=

LRI

According to -1~ + L = ¥ v’n‘% = 0(u,v) and 8 (u,v)f(u) = 6(u,v)f(v), we have

v—u
nez

(@ (WP~ () + &~ ()" W) (2"f) = ()" (*

1

)mH(u)E(—v)E’i(— 1/u)E+(—u)H™* <) H(v)(f) = 8(u,v)Z" f.

1%

Therefore, @ (u)®~ (v) + D (v)D " (u) = 8(u,v). The second formula in the second line can be derived using the similar

procedure.

For the first formula in Eq. (34), by applying operator @ (u)¥* (v) and ¥ (v)® ™ (u) to 7" f, it is simple to show

1

B () (1) (1) = 22 (1~ ) () (WE™ (1 Ju) E () ( - )Eﬂ—v) "),

v
1

P () () () = 2 (L ) H () () E™ (1 fu) E () E™ ( - ) L),

1%

Multiply the first formula by v and the second formula by u, sentation of universal characters. Let
: + +(v) — P+ +() —
and then subtract to obtain v@ ™ ()Pt (v) —uW* (v)P " (u) = Gt U1, V1, e V)
0. The proof method of the rest of the proposition is similar (1 u j> (1 Vb)
and will not be given here. - 1<i<j<l Ui ) 1<a<b<m Va
Proposition 6 immediately indicates that the formal dis- % H (1= uva) ﬁ H(u;) ﬁ H' (va). (36)
tributions ®* (u) and ¥*(u) provide the quantum fields pre- =L =1 a=l1

080202-4
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It is expanded into rational function form

G(uty- VeV Z Glu]u] ullvﬁ”~ -pklm
..... 720
H] ----- Um>0
Therefore, for any partition A = (4; > --- > A; > 0) and
w=(u >--- > W, >0) the coefficient of u% ull[ v’f‘ phim

is exactly universal characters Gy ) = S| (2, Y).
Proposition 7 (The quantum fields presentation of uni-

versal characters)

D (ur) - DT ()P (vi) (v (1)
:z”’"u'{”l*l v Lol Gluy,. .y ugvr,. . vm). (37)

Proof From the definitions of Eq. (30) and Proposition 1,
we immediately discover

D" (uy) - @ (u) P (v1) - T (vm) (1)

] m
_ ZH—m um—}—l—i yn—a <1 . u])
il;Il l al;[l ¢ 1<,l':[jg1 Ui
< I1

Vb
1<a<b<m Va/ i<i<i

1<a<m
><ﬁH(ui)]r'"lzqr'(va)ﬁE’L 1/ui)E*(—u;)
i=1 a=I i=1
X HEL —1/va)E™ (—va)(1),
which equals to zl+’"u’1"+1_1 Uyt L. " G(ul, vy UV,

u)(1) =1and E"(—v)(1) =
Corollary 1 The generating functions G(u17 ..
uy) for Schur functions

.,Vm) since E*(—

of universal characters and G(uj,...,
are related by

G(Mh.”

7ul7vl7"'avm)

V,
= ]I (1—b) [T (1 —uiva)
1<a<b<m Va/ i1<i<i

1<a<m

X HH Vll 1/[1, 7“1) (38)

Proposition 8 (The boson—fermion correspondence for
universal characters)

(a) From the formula (9), we easily get the bosonic form
of the fields ®@*(u) and ¥* (u):

u) exp Z a_,u" |exp | — Z au"
n>1 n>1
X exp Zan il
n>1
d (u) = R '(u)exp Z a_,u" | exp Z a,u"
n>1 n>1

1
X exp (Z ann> ,
n>1 u

D (u) = u 'R

YUL VT ey

n>1 n>1
;1
X exp —Zanﬁ ,
n>1
Yo(u) =R '(u)exp [ — Y a' u" |exp | Y anu”
n>1 n>1

(39)

xexp(Za ),
n>1

where @', and @, denote the multiplication and differentiation
operators about the variable y.
(b) Let d*(u) = Y cbi u Hoand  WE(u) =
keZ

Y ‘Pi | utm satisfy the relations (32)—(35), and let

mez M2
+ _ +
+*Z k+2 e (u),f2d5k+%u

k>1 k<0
+ +
=) ‘I’n+éu =)y ¥ yu" (40)
m=1 m<0

Then the relations (32)—(35) have the following expressions:

o DT+ D DE =0,

k+2 l+2 l+2 k+2
pE lPi : +lpi wE | =0,
*‘rj m*‘r
+
(I)k+2 q)l+2 + (I)l+2 q>k+ = Oi-1,
+ - —
¥;+292+%‘qu 2qy A’amnfh
AL ST AT A
fet-d Tl i
S +
vm) (D’“fz ‘I;”rz lf:”z CD"sz o
o P 'P+ (If =0,
I+3 “mty -3
L AR q>l+2 0, (41)
and the coefficients of the formal distribution a(u) =: & (u) -
D (u):=DT(u)y @ (u) — P (w)Pt(u)_, d'(u) =: P+(u) -

Y (u) =V (u) ¥ (u) — ¥ (u)P*(u)- satisfy the re-
lations of the Heisenberg algebra [ay,a;] = k& —; -1 and
(@, an) =

(c) Let

m&y _n - 1, respectively.

Dtu) = ¥ cpi u +h
keZ

Y 'Pi | u™ satisfy the relations (32)—(35). For any 8 € C,

meZ 2

and Y*(u) =

define
=Y Lu*r=B:00" ()P (u):
kEZ
+(1-B): " ()P (u):,
= Y L' =B 0P )Y ()
leZ
+(1=B): ¥ ()oY (u):, (42)

the coefficients of the formal distribution LP () and L'B (u) sat-
isfy the relations of the Virasoro algebra

[LP (), LP (v)] = OL(v)8(u,v) +2L(v)3, 8 (u,v)

080202-5
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CB 53

(P (), P (v)] = 0,L' ()8 (u,v) + 2L (v)3,8 (u,v)
+ %335@,1)), 43)

= — 1282+ 12B — 2 is central charge.
Definition 2 For an unknown function 7 = 7(x,y), the

where g

system of bilinear relations
Q(te1)=0 (44)

is called the UC hierarchy, which is an extension of the KP
hierarchy, where

Q = Resusg (iqﬁ(u)@qs(u))

= Res,—o (I‘Iﬁ(u) QY (u))

= ot @D,
= k+35 l+2

= ¥ v e, (45)
m—n=—1 mt3

Proposition 9 All the universal characters S| ;,)(,y)
are solutions of the UC hierarchy.

Proof It is easy to see that T =1 is a solution.

Suppose that T = 7(x,y) is a solution of the UC hierarchy,
using the relations (41) and @Dlt ! dblt 1= 0, we have

(P+ (P (P+ <P+
<klz: k+2 ® ) I © P+2

AL 0P ot

ke 1 ket +5 0 pth
+
= _(pp k+1 ®8p[ 1
k—1=—1
+ ot + -
+ 03] <15 1®€D D
kle:Ll Pty ity

= @7 ot Lo gy <I>
pt+i ® p+i <k12 k+1 ®

Therefore,

+ + _ i
k,I§71 ¢k+% ((per%(T)) ® ¢l+%(¢p+% (’C))

+ + + _
B ¢p+;®¢>p+2 (klz 1q>k+2( )®¢1+2( )) =0.

Moreover, we get

43+ o,
( Z ”*2 2) 1 ® pt3

m—n=—1

= ¢t o lP+ ‘P
P+%® P_l(m nz——l 1® 2

2
Then we have

IR ARTCANICHEEE A CARIC)

m—n=—

SR ALY ( Y wl(ew

m—n=-—1

/0] =o.

This shows that ¢;+1 (1) is a solution of the UC hierar-
2

chy. Tt should be noticed that \Pp++' (1) is also a solution of
2

the UC hierarchy. Hence, universal characters S ) (z,y) are
solutions of the UC hierarchy.

Corollary 2 The Schur function S () is the reduction of
the universal character S| ;) (x,y) when the partition y = 0.

4. Symplectic Schur functions and generalized
symplectic Schur functions

Firstly, in terms of multiplying E=( fi) or (I —
u?)H L( ) by the vertex operators of Schur functions Sy (),
we analyze the quantum fields presentation of symplectic
Schur functions S)SLP (x). Then we define SKP hierarchy whose
tau functions can be obtained from symplectic Schur func-
tions. In accordance with the same idea, we give the gener-
alization for symplectic universal characters.

4.1. Symplectic Schur functions and SKP hierarchy
(A1, A2, ..

function Sip(a)) is a polynomial in C[z]:

For a partition A = , 1), the symplectic Schur

Sy (@) =

Let Ly, A (Ref. [9]) be a lowering operator for partitions so that

1
Edet (hkifiJrj(w) + hl,-fifjJrZ(m)) 1<i,j<l” (46)

fori < j,

L/L.Aj~(ll,...,A,,',...,},j,...,ll)
= Ay =1 A =1, L), 47)

Then the following identity holds:

S
@)= [ (—Lya)Sa(z)
1<i<j<l
= I (=Lya)(1 =Ry )ha().  (48)
1<i<j<l
Let us set

&SP (u) = u 'R(u)H (u)E* (—u)E
D5 (i) =

L(_l/u)7
(1= )R (W) E(—u)H (w)H*(1/u). (49)

The quantum fields are
D (u) | gy = 2w (1= u?)E(—u)H (u)H* (1 /u). (50)

It can be checked that ®SP(u),
®5P~ () satisfy the following relations:

Proposition 10

DPE (1) D E(v) + DPE (1) D E () =0,
PP ()PP (v) + B (V) PP () = 8 (u,v). (S1)
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Proposition 11 (The quantum fields presentation of sym-
plectic Schur functions)

D (y) -+ D () (1)
i
U
:Zlull ! ~-u? H ( —") H (1 —ujuj) H
1<i<j<i Wi/ <i<j<i
= zlull LGP (g, ). (52)

Proof From Eq. (49) and Proposition 1, we have

P () D () (1)

U
= Zl H (I—J) H (l—u,’b{j)
1<i<j<i Wi/ <i<j<i

X ﬁuf*"H(u,-)EL(—ui)EL(—1/“:‘)(1)»

which simplifies to zlull_ln-

Et(u)(1)=1.

The quantum fields presentation of the symplectic Schur

u)GSP(uy,...,u;) because of

functions implies that GSP(uy, ..., u;) is a generating function
for symplectic Schur functions. For any partition A = (4; >
..> A >0), the function G®(uy, ...

series of rational functions

Sp, A M
Z Gyuy' . ..up,

,u;) is expanded into a

GSp(ul,...,ul): |u1|<...<|u1|.

A .

-u;" is properly a symplectic
S

= S;Lp(az).

Corollary 3 The generating functions G (uy, ...,

Therefore, the coefficient of u’}' z
Schur function: G(Sffl
I/l]) of
symplectic Schur functions and G(uy,...,u;) for Schur func-
tions are related by

) = H (I —wiuj)G(u,...,u;). (53)

1<i<j<l

GSp(ul,...

Proposition 12 (The boson—fermion correspondence for
symplectic Schur functions)

(a) From the formula (9), we easily get the bosonic form
of the fields ®SPF (u):

@5 (u) = u'R(u) exp (Z a_nu”> exp (

n>1

X exp —Za,,u” ,
n>1

@5 (u) = (1 —u?)R(u)exp (

Y s
n>1

Lo

n>1

xexp(Zan )exp (Zan ) 54)
n>1 n>1

(b) Let PSP+ (y) =
tions (51), and let

Yy clbspi +k satisfy the rela-
kEZ

O (y Z¢Sp+ k

k>1

ot (u)_ =Y @ik, (55)

Then the relations (51) have the following expressions:

(PSp iqf)Sp71 + (PSp, (pSp + 0,

el Tl Iy Tkl T
Sp,+ #Sp, Sp, Sp,+
¢k+2 (plﬂ +¢1+2 (pk+‘ = Oci-1, (56)
and the coefficients of the formal distribution
a(u) =: O%F(u) - ®P(u) = DOPF(u), O (u) —

@50~ (u) PSP+ (u)_ satisfy the relations (7) of the Heisen-
berg algebra.

(c) Let @Sp’i(u) =
tions (51).
distribution LP (u) =

Y & Spliuik
ez *t

For any f8 € C the coefﬁcients of the formal
Y L2 =B : dP5PF (u) D (u) :
keZ

+(1—B) : @+ (u)d PSP~ (u) : satisfy the relations of the Vi-

rasoro algebra:

satisfy the rela-

[LP(u),LP (v)] = O,L(v)&(u,v) 4+ 2L(v)0,8 (u,V)
+%8v35(u,v), (57)

= —12B2+12B — 2 is central charge.
Definition 3 For an unknown function T = 7(x), the bi-

where cp

linear equation
Q(t®1)=0 (58)

is called the SKP hierarchy, where

Q = Res,—o <1<15Sp’+(u) ®¢Sp’(u)>
u

Sp,+ Sp,—
= Z DT RD . (59)
k—l——1 k“ri ZJFQ
Proposition 13 All the symplectic Schur functions
S/Slp(ac) are solutions of the SKP hierarchy.

4.2. Symplectic universal characters and SUC hierarchy

In this part, we transfer our research goal to the symplec-
tic universal characters. We will give the quantum fields pre-
sentation and the boson—fermion correspondence for the sym-
plectic universal characters. Then, we will construct a mod-
ified type of the system of bilinear equations and discuss the
solutions of this system.

For each pair of partitions

[A,u]=[(A1, 22, A), (1, M, )]
the symplectic universal character S[Sf ] (x,y) is defined as!!"!
S[Sfu](“' y) = H (I—Lya,)
1<i<j<l
x ] (0 =Lygw,)Spp(,9), (60)
1<a<b<m

080202-7
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where L) 3, and Ly, are lowering operators.
We set

Ot (u) = u 'R(u)H (u)E"* (—1/u)EX(—u)EL(—1/u),
PP (u) = (1—uw)R™ (WE(—u)H" (1/u)H (u)H(1/u),
WSt (u) = u ' R(u)H (W)E*H (=1 /u)E'* (—u)E™* (=1 /u),
lPSp (u) 1

(1—®)R Y (W)E (—u)H* (1 /u)
x H (u)H'™ (1/u). (61)

Observe that

D (1) | gy = u’”H(u)E’L( 1/w)E* (—u)E* (=1/u),
D () | gy = 7w " (1 = u?)E(—u)H"(1/u)
xHi(u)Hi(l/u)
P () g = 2" H' (W)E™ (=1/u)
X E"(—u)E™(=1/u),
I ()| gy = 2w " (1= u?)E (—u)H (1/u)
x H'(w)H'™ (1/u). (62)

Proposition 14 The following relations of charged free
fermions about quantum fields ®5P* (1) and ¥SP* (u) hold:

(@), 7 ()] =0,
(@ (). P ()] = 8(u.v),
[ (0) )] =0,
(), 9 ()] = 31,

—uPSP (V)PP (u) = 0. (63)

Proposition 14 immediately indicates that the operators
@SPE (y), YSPE (1) provide the quantum fields presentation of
symplectic universal characters. Let

GSP(uy, ... upvi,. .. V)

= H <1—uj> (l—uiuj) H <1_> (1 —vavp)
1<i<j<l Ui 1<a<b<m Va
X H (1 —uvy H HH Va)- (64)

1<i<i
1<a<m

It is expanded into rational function form

Gsp(ul7 Ml7vla VM)
= Z H 1 —ujuj) H 1 —vavp)
..... >0 i<j a<b
p],...,ﬂmZO
uj Vp
< [T O=wva) [T(1-)[T(1-2)-
1<i<l i<j Ui ) a<b Va
1<a<m
Al
Iy (@) i, (@) (y) = I, ()= VA vl
= Z [T L) TTO — Lyw,)
..... A20 i< a<b

XH I_RAAJ)H(l Rﬂaﬂb) (1 Dxiﬂa)

i<j a<b I<i<i

1<a<m
A A
hy () -y, (z )hul( )+ by, (Y)upt gtV
= L Gl (65)

AAAAA 420

#1 -slm >0

Therefore, for any partition A = (4 > - > A4 >

0) and u = (g > -+ > Wy > 0) the coefficient of
M ul’ v’l1 '...vhm is exactly symplectic universal characters:
Sp Sp

Oy = S (@)

Proposition 15 (The quantum fields presentation of sym-
plectic universal characters)

P () - D () P () P (1) (1)
= g,
X G (uy,. .. up, Vi, V). (66)
Proof From Proposition 1 and in view of E*(—u)(1) =1,
we obtain
q;SpHr(ul) . @Sp’+(u1)'¥’5p’+(v1) . ”l},Sp,Jr(vm)(l)

] m
_ Zl+ml:lulr‘n+lle:lvzzfa

< I (-3) T o T (1-3)
< [T (-vaw) [] (l—uiva)IL[lH(u,)

1<a<b<m ll<§i§l
m !
< [TH va) [TE™ (=1/ud) EX(—ui) E*(=1/uz),
a=1 i=1
m
H (—1/va)E™ (—va) E"™ (—1/va)(1)
_ Zl+ml/l’1n+l I.O'M;'nvrln—l v21
X GSP(uy,. .. u, v, V). (67)

Corollary 4 The generating functions

S
GP(uy, ..., up,vi, ...y Vi)
of symplectic universal characters and G(uy,...,u;,vi,...,Vp)
of universal characters are related by
S
GP(uy, ..., up,viy ..oy Vm)
= H (1 —ujuj) H (1 —vgvp)
1<i<j<l 1<a<b<m
XG(M],...,MZ,Vl,...,Vm). (68)

Proposition 16 (The boson—fermion correspondence for
symplectic universal characters)

(a) From the formula (2), we easily get the bosonic form
of the fields @SP* (1) and ¥SP* (u):
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(b) Let

&P (u) = u~'R(u) exp ( Y a_nu”> exp (—

n>1

&SP (u) = (1 —u®)R " (u) exp ( Y a u
n>1
WP () = u'R(u) exp ( ) a’nu") exp (—
n>1
PSP () = (1 —u® )R~ (u) exp < Z a_,u
n>1
OPE() = § P VuH and WREw) =

keZ 2

Y '{’Spi +m satisfy the relations (63), and let

mez

d(u) =

satisfy the rel
1 and [d),,d)
(¢) Let

PP (y ¢Sp+ k
= k>1 ks
5P (i) _ @Sp’Jruk,
() kgf) k%
Sp,+ Sp,+_ m
¥ (u)+ mgl m+% u-,
PSPt () pSP 70
w-= X (70)
Then the relations (63) have the following expressions:
Sp,+ #Sp,*+ Sp,£ Sp +
¢k+2 (pl+; +(Dl+2 kLT =0,
Sp,+ £Sp, Sp, Sp, +
Py Py TPy Py = =i,
lPSpi,PSp + + lI,Sp, lP i -0
m+% n+2 n+2 m+2 ’
Sp,+yySps Sp, =SSPt _
le+2 an+’ +ql+2 le+§ = Omn-1,
(DSp +lPSp + IPSp +¢Sp + _ =0
k3 Tmtl m+3 " k=1 ’
¢Sp +lpSP — lI,SprSSp + =0
k1 Tntd n+3 o k+3 ’
¢Sp7 1PSP:+ IPSP +¢Sp, -0
I+1 Tm+l m—t 711 ’
Sp,—ySP,— _ ywSPps Sp7
¢l+% lPrH—% IPn—% 1+3 =0, (71
and the coefficients of the formal distribution
= 1 PP (i) PSP ()
D (1) 4 PP (u) — D () DO (u) -
S PSP () PSP ()
= PSP (1) PSP (i) — PSP () PSP (u)
ations of the Heisenberg algebra [ay, a;] = k& ;-
= mOu,—n - 1, respectively.
PPE(u) = L kSP Cutt and PE(u) =
=

Y '{’Spi +m satisfy the relations (63). For any f8 € C, de-

meZ m+
fine

_ Z L %2

keZ

=B : 9D (1) D () :

y a;un> exp (

n>1

)exp(’;au
Zanu

n>1

Y a, n)exp(-Zanu”)

n>1

n>1
exp ( Y a,

n) exp ( Z anu"),
n>1 n>1

)
ool Fez)or(-Fw)
)

>exp<;an exp(g’la )exp(;a > (69)
|
+(1=B): P (u)d D (u) -,
) = Z Lﬁnbf"“2 =p: 8‘I’Sp*+(u)‘PSp’7(u) :
meZ
+(1=B) : ¥ ()PP (u) -, (72)

the coefficients of the formal distribution LP () and L' (u) sat-
isfy the relations of the Virasoro algebra:

[LP (), LP (v)] = OL(v)8(u,v) +2L(v)3, 8 (u,v)
+%8v35(u7v),
(P (u),LP (V)] = 9,L' ()8 (u,v) + 2L (v), 8 (u,v)

B 53
+ lzav O(u,v), (73)

where cg = — 1282+ 128 — 2 is central charge.
Definition 4 For an unknown function T = 7(x,y), the

system of bilinear relations
Q(t®1)=0 (74)

is called the SUC hierarchy, which is an extension of the SKP
hierarchy, where

1
Q = Res,—o <¢Sp’+ (0) ® CDSP’(M))
u

Resuo (WSP*(M) Q@S- (u))

= Y oP oo’

k l
k=1 T2 =
- PSP F g pSP (75)
m+2 n+2
m—n=—1

Proposition 17 All the symplectic universal characters
S[Sfﬁ ] (z,y) are solutions of the SUC hierarchy.

Proof The proof of this proposition is similar to Proposi-
tion 9 and it will not be included here.

Corollary 5 The symplectic Schur function Sip(a:) is
the reduction of the symplectic universal character S[Sf ] (z,y)
when the partition u = 0.

5. Summary and discussion

In this paper, we have discussed quantum fields presenta-
tion and generating functions of the universal characters, sym-
plectic Schur functions and symplectic universal characters. It
should be pointed out that the generating functions play a key
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role in constructing the vertex operators of symmetric func-
tions. Furthermore, based upon the boson—fermion correspon-
dence for the symmetric functions, we have derived infinite
order nonlinear partial differential equations, namely UC hi-
erarchy, SKP hierarchy and SUC hierarchy. Moreover, corre-
sponding solutions of these equations have also been derived.
It is worthwhile to mention that finding the exact solutions of
these partial differential equations is difficult. Therefore, the
relation of quantum fields operators may shed light on the so-
lutions of these equations, which will be studied in the near
future.
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