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Researches on parity-time (PT) symmetry in acoustic field can provide an efficient platform for controlling the trav-
elling acoustic waves with balanced loss and gain. Here, we report a feasible design of PT-symmetric system constructed
by piezoelectric composite plates with two different active external circuits. By judiciously adjusting the resistances and
inductances in the external circuits, we obtain the exceptional point due to the spontaneous breaking of PT symmetry at
the desired frequencies and can observe the unidirectional invisibility. Moreover, the system can be at PT exact phase or
broken phase at the same frequency in the same structure by merely adjusting the external circuits, which represents the ac-
tive control that makes the acoustic manipulation more convenient. Our study may provide a feasible way for manipulating
acoustic waves and inspire the application of piezoelectric composite materials in acoustic structures.

Keywords: parity-time symmetry, acoustic gain material, piezoelectric composite plate, exceptional point
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1. Introduction
Parity–time (PT) symmetry, or space–time reflection

symmetry, initially proposed in quantum mechanics by
Bender,[1,2] reveals that the quantum systems with non-
Hermitian Hamiltonians can still host a real spectrum cor-
responding to observable physical quantities when they sat-
isfy PT symmetry. After being introduced into optics,[3]

PT symmetry has been extensively investigated on the
experimental implementation and properties demonstration
in the classical wave systems, such as unidirectional
zero reflection,[4,5] coherent perfect absorption,[6–8] asym-
metric mode conversion,[9,10] power oscillations of light
propagation[11] and single-mode laser.[12–14] In the meantime,
PT-symmetric acoustics[15] also has attracted intense atten-
tion after being proposed by Zhu et al. Since it is diffi-
cult to find the natural gain material in acoustics,[16] passive
PT-symmetric systems[17–19] that consist of purely dissipa-
tive elements inspire the diverse designs of the acoustic PT-
symmetric system. Moreover, the intriguing effects of excep-
tional points (EPs) corresponding to the PT phase transition
points can also be observed in a passive PT-symmetric system,
such as unidirectional invisibility,[20–24] anomalous reflection
and refraction,[25–28] unidirectional sound focusing effect,[29]

acoustic negative refraction[30] and sound absorption.[31]

However, it is still difficult to construct a gain part for an active
PT symmetry in the acoustic system, as the gain parts reported
always consist of properly controlled loudspeakers,[32,33] in-
terdigital transducers,[34] etc.

Meanwhile, the piezoelectric composite material[35,36] is
widely used in many fields as it is a kind of low-cost but prac-
tical transducer. The most commonly used composite mate-
rial consists of a copper baseplate and a piezoelectric ceramic
piece attached to the baseplate. It always can be lumped into
idealized discrete elements because it is thin enough and the
diameter is much smaller than the acoustic wavelength of the
frequency interested.[37,38] Then, the piezoelectric composite
material with an external circuit can be easily analyzed with
the lumped element model.[39] It can be found that the com-
posite material can perform as a negative impedance device
with specific external circuits, that is, we can synthesize a kind
of gain material into the acoustic field by adjusting the external
circuits connected to the piezoelectric composite material.

In this paper, we present an acoustic active PT-symmetric
system constructed by a pair of piezoelectric composite plates
that are loaded at the side wall of the waveguide with suitably
tailored external electrical circuits. Two identical piezoelec-
tric composite plates are controlled by independent external
electrical circuits, respectively, which can provide the desired
positive or negative resistances. Crucially, the EPs with unidi-
rectional transparency can also be exactly induced in the pre-
sented structure. Meanwhile, the PT-broken phases as well as
the reverse of the direction of acoustic transparency can be di-
rectly observed by adjusting the distance between the gain and
loss parts. Our results are expected to open a different route
for acoustic wave control and synthesis of EPs.
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2. Theoretical analysis
The structure of the designed PT-symmetric system is

shown in Fig. 1. Here, a gain part and a loss part with set-
tled distance L are placed on the same side of the airborne
tube with hard-wall boundaries. The cross-sectional area of
the main tube is Sm, and the area of the gain (loss) part is Sa

(Sb). The acoustic pressure and the corresponding velocity of
the incident wave and the transmitted wave are (p−, v−) and
(p+, v+), respectively. The air density and speed of acoustic
wave are ρ0 and c0 in the tube, respectively. To construct an
acoustic PT-symmetric system that satisfies the fundamental
relation (PT )S (ω∗)(PT ) = S−1 (ω),[40] where the operator P
represents parity reflection, the operator T represents time re-
versal and S is the scattering matrix of the system, respectively.
We take the relationship for the acoustic pressures and veloc-
ities of the incident and transmitted waves into consideration
because the system can be described as a standard two-port
network model, which can be written as[

p−

v−

]
=

[
A B
C D

][
p+

v+

]
, (1)

where the
[

A B
C D

]
matrix is the total transfer matrix of the de-

signed structure. We divide the structure into two parts, the
gain part and the loss part with settled distance L as depicted
in Fig. 1, then the total transfer matrix can be expressed as[

A B
C D

]
= MaMTMb. Here, Ma and Mb are the transfer ma-

trixes of the loss part and gain part, respectively, and MT is the
transfer matrix of the tube between the two parts. Thus, the
transfer matrix can be respectively written as (Appendix A)

Ma =

[
1 0
Sa

ZaSm
1

]
, MT =

[
cosx jz0 sinx
j sinx

Z0
cosx

]
,

Mb =

[
1 0
Sb

ZbSm
1

]
. (2)

As a result, the scattering matrix (S) can then be calculated as

S =

[
S11 S12
S21 S22

]
=

[
t− r−

r+ t+

]

=


A+ B

Z0
−CZ0−D

A+ B
Z0

+CZ0+D
2(AD−BC)

A+ B
Z0

+CZ0+D

2
A+ B

Z0
+CZ0+D

−A+ B
Z0
−CZ0+D

A+ B
Z0

+CZ0+D

 . (3)

As the system being reciprocal, i.e., t− = t+ = t, we obtain
AD−BC = 1. We denote γ1 and γ2 as the normalized quan-
tities γ1 =

Z0Sa
ZaSm

and γ2 =
Z0Sb
ZbSm

, then the scattering parameters
can be rewritten in a simplified form (Appendix B).

Generally, a PT-symmetric system shall possess the bal-
anced gain and loss parts, namely, the gain should compen-
sate the loss properly in a PT-symmetric system. In the de-
signed structure, we set γ1 = −γ∗2 , which means that the nor-
malized impedances of the gain and loss parts are equal with

respect to the real part and opposite with the imaginary part.
Hence, the fundamental relation (PT )S (ω∗)(PT ) = S−1 (ω)

can be achieved as well. Further, for the synthesis of the
PT-symmetric system and seeking the EPs, we calculate the
eigenvalues of the scattering matrix as λ1,2 = t±

√
r−r+ = t

×(1±
√

1−|t|−2), from which we can figure out that the sys-
tem is at the exact PT-symmetric phase when t < 1 as the two
eigenvalues are unimodular |λ1,2|= 1. When t > 1, the ampli-
tudes of both eigenvalues differ from unity and on both sides
respectively, meet the equation |λ1| |λ2| = 1 at the same time,
which corresponds to the broken PT-symmetric phase. Cru-
cially, when t = 1, the two eigenstates become degenerate and
the system experiences a change from PT exact phase to PT
broken phase as it comes to EPs.[10,15]

Incident wave

Gain part Loss part

SbSa

L Sm

Air ρ0c0

p+ and v+p- and v-

Fig. 1. Schematic of the designed PT-symmetric system.

As quantum EPs designed by engineering the Hamilto-
nian matrix, acoustic EPs can be achieved by manipulating
the elements in the corresponding scattering matrix. The sys-
tem will be in a unidirectional invisible state when it is at
EPs, which corresponds to S11 = 0 when γ1 = −γ2 = 2 (Ap-
pendix B). In this case, the reflection from the left is zero while
it is non-zero from the right. We can substitute γ1 = −γ2 = γ

(γ is real number) into Eq. (3), and obtain the relation as pre-
sented in Fig. 2(a). Here, x = k0L is the acoustic separation
length between the gain and loss parts, we set x = arcsin(3/5)
as the choice of x value does not make much difference to
the shapes of the curves. As we can see, only when γ = 2,
the reflection coefficient from the left comes to zero while the
reflection coefficient from the other side is non-zero. And the
transmission coefficients from both sides are unity at the point.
It means that γ = 2 is the particular situation where the system
is at EPs with arbitrary x.

Then we consider another nonspecial situation γ = 1+ j.
The scattering parameters are shown in Fig. 2(b) with different
values of x. There are two different zero points at x = 0.463
and x= 1.571 corresponding to zero reflection coefficient from
left and right, respectively. When x = 0.463, the reflection
from the side of loss part is zero. And when x = 1.571, the
reflection from the side of gain part is zero. That is to say, the
reversal of the direction of the unidirectional invisibility can
be found by turning the distance between the two parts. The
transmission coefficients at these points have the unity abso-
lute value while the absolute values of the eigenvalues are at
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the tipping points, for eigenvalues degenerate or not as can be
seen in Fig. 2(c). It means that the two points are both EPs
here and the system is at the PT-broken phase when x differs
from 0.463 to 1.571.
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Fig. 2. Theoretical results of the scattering parameters and eigenvalues
of the scattering matrix. (a) Scattering parameters with different γ when
x = arcsin(3/5). Only one EP at γ = 2 where S11 = 0 and abs (S12) = 1
(‘abs’ means absolute value). (b) Scattering parameters with different x
when γ = 1+ j. (c) Eigenvalues of the scattering matrix with different x
when γ = 1+ j. The two eigenvalues begin to split when x = 0.463 and
degenerate again when x = 1.571. Both the two points are EPs.

To obtain the required normalized acoustic impedance for
the gain and loss side branches, the piezoelectric compos-
ite plate with an external circuit is introduced. As shown in
Fig. 3(a), there is a short tube with the piezoelectric com-
posite plate covering the opening. The tube is used to en-
sure the external environment of the piezoelectric composite
plate. Therefore, the acoustic impedance of this structure can

be obtained as the sum of the piezoelectric composite plate
and the tube as Zsum = Zplate + Ztube. Here, if we consider
the end as acoustic hard-wall boundary, Ztube can be calcu-
lated directly by using the impedance transfer equation as
Ztube ≈−jρ0c0 cot(kh), where h is the length of the tube.

As for the piezoelectric composite plate [Fig. 3(a), right
panel], it consists of a piece of copper as baseplate and a
piece of PZT-5H (with aluminized surface) attached to the
middle of the upper surface of the baseplate. We consider
that the thickness of the aluminum film is negligible. The ra-
dius and thickness of the PZT-5H are Thk1 = 0.21 mm and
Rad1 = 9.5 mm, respectively. The dimensions of the copper
baseplate are Thk2 = 0.13 mm and Rad2 = 13.5 mm, respec-
tively. Considering that the dimensions of the plate are much
smaller than the wavelengths of the interesting frequencies,
the composite plate can thus be lumped into idealized discrete
circuit elements around the resonant frequency as illustrated
in Fig. 3(b). It can be lumped into two parts: the first part
is described as the acoustic domain that includes the acoustic
resistance Rap, acoustic mass Map and the short-circuit acous-
tic compliance Cap of the piezoelectric composite plate; the
second part is described as the electrical domain that includes
the blocked electrical capacitance Ceb of the piezoelectric di-
aphragm and the external electrical load impedance Zel across
the piezoelectric composite plate. Between the two parts, there
is an approximate lossless transformer with the turn ratio φ

that converts energy between the two domains. Therefore,
the blocked electrical capacitance and electrical impedance
can be transformed to acoustic domain as Caeb = Ceb/φ 2 and
Zal = φ 2Zel. As a result, we can obtain the simplified equiv-
alent circuit representation by the pure acoustic impedance as
shown in Fig. 3(c), and the total acoustic impedance of the
plate is given by

Zplate = Rap + jωMap +
1

jωCap
+

Zal

1+ jωCaebZal
, (4)

where ω = 2π f is the angular frequency when the operating
frequency is f . The acoustic impedance of a piezoelectric
composite plate is determined once made, while it is feasible
to change the whole equivalent acoustic impedance by adjust-
ing the impedance of the external circuit. Thus, active control
can be introduced, and we can synthesize the gain part and
loss part by linking the negative or positive impedance cir-
cuit to the piezoelectric composite plates. To begin with, we
should measure the parameters of the piezoelectric compos-
ite plate. Here, we put forward a method to determine all the
parameters of a piezoelectric composite plate around the res-
onant frequency by measuring the short-circuit resonant fre-
quency ( f1), the open-circuit resonant frequency ( f2), and the
impedance of the plate with short-circuit external circuit at the
open-circuit resonant frequency (Zp0, the real part of Zp0 noted
as Zp01, and Zp02 for the imaginary part). The parameters of
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the piezoelectric composite plate can be obtained from the fol-
lowing equations (Appendix C):

Rap ∼= Zp01, (5)

Caeb =−
1

jω2Zp02
, (6)

Cap =−
f 2
2

f 2
1
· 1

jω2Zp02
+

1
jω2Zp02

, (7)

Map =
1

Capω2
1
· 1(
− f 2

2
f 2
1
· 1

jω2Zp02
+ 1

jω2Zp02

)
ω2

1

. (8)

Here, ω1 = 2π f1 and ω2 = 2π f2. This method has no need
to carefully measure the transverse displacement of the whole
plate as the traditional method,[37–39] in which it is hard to
measure the lateral displacement accurately and deduce these
parameters by integrating with respect to the displacement.

(a)

(b) (c)

Connect to
external circuit

PZT 5H:
Thk1, Rad1

Copper: Thk2, Rad2

φ:1

p p

Rap

Cap Cap
Ceb CaebZel Zal

RapMapMap

h

V

Fig. 3. (a) Schematic of a single part loaded at the side of waveguide.
(b) Lumped element model of a piezoelectric composite plate with the
external circuit load Zel. (c) Acoustics analogy circuit diagram to (b) as
the electrical domain can transfer to acoustic domain by the transformer
with Caeb =Ceb/φ 2 and Zal = Zelφ

2.

3. Computational results

The acoustic impedances and the reflection coefficients
of the piezoelectric composite plate can be obtained from the
two-microphone method (TMM).[41] The illustration of the
TMM is shown in Fig. 4(a). The distance between the two
microphones is s, the distance from the surface of the measur-
ing structure to the nearest microphone is l, and the frequency
response function between Mic. 1 and Mic. 2 is H12. Here,
the frequency response can also be expressed as the ratio of the
complex pressure at Mic. 2 to the complex pressure at Mic. 1.
We assume that the effects of tube attenuation and viscosity
are negligible, and only plane wave propagates along the tube,
then the complex reflection coefficient at the sample surface

and its acoustic impedance can be given by

R =
p−

p+
=

H12− e−jks

e jks−H12
e j2k(l+s), (9)

Za = ρ0c0
1+R
1−R

. (10)

Then, the acoustic impedances of the piezoelectric compos-
ite plate at different frequencies and its resonant frequen-
cies with open or short external circuit can be obtained.
With the dimensions proposed above, we get the two reso-
nant frequencies f1 = 1755.9 Hz and f2 = 1874.2 Hz from
Figs. 4(b)–4(e). It can be seen that the imaginary part of
the specific acoustic impedance comes to zero and the abso-
lute value of the reflection coefficient reaches the minimum
value, which agrees well with the theory. And we can get
Zp0 = 765882.2+ j · 9632156.2 kg/(m4·s) further. Then, the
parameters of the piezoelectric composite plate (Rap, Caeb,
Cap, Map) can be obtained (Appendix C). However, the turn
ratio φ is necessary if we want to design the external cir-
cuits for different required equivalent acoustic impedance.
We choose f3 = 1800 Hz to calculate it. When the plate
is shorted-circuited, the corresponding acoustic impedance is
Za1 = 765917+ j · 3652139 kg/(m4·s). Further, we load the
plate with Zel0 = 1000 Ω and then the acoustic impedance is
Za2 = 3989143.5+ j · 2441532.5 kg/(m4·s). Thus, the turn
ratio φ can be obtained by

φ =

√
Za2−Za1

Zel0− (Za2−Za1) jω3CaebZel0
∼= 60.64, (11)

where ω3 = 2π f3. As shown in Fig. 4(f), the theoreti-
cal impedances are relatively accurate around the two reso-
nant frequencies. As a result, we can design the equivalent
impedance of the plate with different external circuits.

Considering the special situation when γ1 =−γ2 = 2, the
main tube section here is square with the inner side length of
27 mm, the side tube section is circular with the inner radius
of 13.5 mm, and the heights of the two tubes are all 34 mm
in Fig. 6. Thus, the required specific acoustic impedance is
Z1 =

Z0Sa
γ1Sm
∼= 172 kg/(m2·s) and Z2 =

Z0Sa
γ2Sm
∼=−172 kg/(m2·s),

respectively. Correspondingly, the electrical load that we need
to acquire the special acoustic impedance at the frequency
f3 = 1800 Hz can be calculated as

Ze1 =
Zt1

φ 2− jω3Zt1Caebφ 2 , (12)

Ze2 =
Zt2

φ 2− jω3Zt2Caebφ 2 , (13)

where Zti = Zi/sa−Za1−Ztube. Since that the electrical load
can be expressed as Ze = Re0 + jω3Me0, the external cir-
cuits are then deduced from the relations shown before and
can be presented as resistances and inductances as Re0p =
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−255.74 Ω, Me0p = −98.91 mH for the passive plate and
Re0a =−548.72 Ω, Me0a =−93.07 mH for the active plate, re-
spectively. To obtain the negative impedance and inductance,
a non-foster circuit is used here as shown in Fig. 5(a). the
negative impedance is implemented by an operational ampli-
fier with feedback resistors, and the corresponding equivalent
circuit diagram is shown in Fig. 5(b). The effective negative
electric impedance at the connector is

Rtotal =−
Re + jω3Me

R2
·R1 =−

ReR1

R2
− jω3MeR1

R2
, (14)

where the resistors are R2 = 1 kΩ and R1 = 5 kΩ for both

passive and active piezoelectric composite plates. For the pas-
sive plate, Rep = −Re0p/5 = 51.15 Ω and Mep = −Me0p/5 =

19.78 mH, the corresponding special acoustic impedance
of the piezoelectric composite plate is Z′sp = 170.94 + j ×
3.17 kg/(m2·s). For the active plate, Rea = −Re0a/5 =

109.74 Ω and Mea = −Me0a/5 = 18.61 mH, the correspond-
ing special acoustic impedance of the piezoelectric composite
plate is Z′sa =−169.25− j1.01 kg/(m2·s). These results indi-
cate that the way we used to synthesize the required acoustic
impedance by adjusting the external circuit is well-suited as
the percentage error being less than 3%.
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Fig. 4. (a) Schematic of the two-microphone method. (b) Specific acoustic impedance near the resonant frequency when the piezoelectric
composite plate is open-circuited. (c) Specific acoustic impedance near the resonant frequency when the plate is short-circuited. (d) Reflection
coefficient when the plate is open-circuited. (e) Reflection coefficient when the plate is short-circuited. (f) Acoustic impedances of the plate
acquired by calculating with the lumped elements.

Connector

Connector

Vcc Re

R3

R2

R1
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(a)
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Fig. 5. (a) The electronic schematic for external circuits. The resistors
R3 and R4 provide the input bias of Vcc/2 at the positive input of the
amplifier. Specifically, R3 = R4 = 100 kΩ, R2 = 1 kΩ, R1 = 5 kΩ. (b)
Equivalent circuit schematic of the circuit, Re0 =−5Re, Me0 =−5Me.

Further, we combine the passive part and active part for

the synthesis of the EP in PT-symmetric system as shown
in Fig. 1. The active part is connected to the external cir-
cuit as presented in Fig. 5(a) with Rea = 51.15 Ω and Mea =

19.78 mH, while the passive part is connected to the same cir-
cuit with Rep = 109.74 Ω and Mep = 18.61 mH. And the corre-
sponding acoustic pressure fields of distributions are depicted
in Fig. 6. It is clear that the reflected acoustic wave nearly
vanishes when the acoustic wave comes from the left of loss
part. On the contrary, the reflection coefficient is relatively
large when the acoustic wave comes from the right of gain
part. These results indicate that the presented PT-symmetric
system and the corresponding EPs are consistent with the cal-
culation results and fairly accurate.

Then, we choose γ = 1 − j as an example for the
nonspecial situation, which corresponds to Z1 = 172 −
172j kg/(m2·s) and Z2 = −172− 172j kg/(m2·s). All the
other parameters are as the same as the sample discussed
above, and we can synthesize the special acoustic impedances
directly by merely turning Re and Me. In this case, the
passive part is connected to the external circuit with Rep =

−(280.16/5) Ω = 56.03 Ω and Mep = −(115.4/5) mH =

064304-5
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23.08 mH, while the active part is connected to the same cir-
cuit with Rea = 124.0 Ω and Mea = 21.52 mH. The measured
special acoustic impedance of passive part is Z′sp = 169.23−
177.43j kg/(m2·s), and Z′sa = −169.03− 172.30j kg/(m2·s)
for the active part. Crucially, the percentage error here is less
than 3% as well. Then we combine the passive part and active
part for the synthesis of the EP as shown in Fig. 7. Here we set
x = 1.57 which is corresponding to the unidirectional trans-
parent point for the wave coming from the left of loss part.
The actual reflection coefficient is 0.134 in simulation which
is much larger than the coefficient obtained from the particu-
lar situation γ = 2 as the deviation of the distance L and the
normalized quantity γ both influence the result.
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Fig. 6. The γ = 2 is fulfilled thus the system is at EPs with arbitrary
value of L, and x = 1.7 is chosen as an example. (a) Scattering acoustic
pressure when the input is coming from the left of loss part. The re-
flection coefficient here is 0.024 and the frequency of acoustic waves is
f3 = 1800 Hz. (b) Scattering acoustic pressure when the input is coming
from the right of gain part.
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Fig. 7. The γ = 1− j and the system is at EPs when x = 1.571 or 2.687,
and x = 1.571 is chosen as an example. (a) Scattering acoustic pressure
when input is coming from the left of loss part. The reflection coeffi-
cient here is 0.134 and the frequency of acoustic waves is f3 = 1800 Hz.
(b) Scattering acoustic pressure when input is coming from the right of
gain part.

4. Discussion and conclusion
In summary, we have designed an active-controlled

acoustic PT-symmetric system by the piezoelectric compos-

ite plates that connect to different active external circuits.
Lumped element model is used and all the parameters are de-
termined by a different way without integrating with respect
to the lateral displacement as before, which simplifies the de-
sign of the external circuits for the synthesis of PT-symmetric
system and EPs. We can also obtain different values of the
normalized quantity γ with the same structure and same fre-
quency by adjusting external circuits of the piezoelectric com-
posite plates. Unidirectional invisibility can be found at EPs,
and the spontaneous PT symmetry broken or the reversal of
the direction of the unidirectional invisibility can be achieved
by turning the distance between gain part and loss part as well.
Our study provides an active control method for constructing
PT-symmetric system and opens a different route to control-
ling scattering parameters of acoustic structures.

Appendix A: Transfer matrix of the system

It is assumed that only plane waves propagate in the pipe,
and the pressure and velocity at the left of the middle of loss
part are p1 and v1, at the right are p2 and v2; similarly, at the
left of the middle of gain part are p3 and v3, at the right are p4

and v4. Then, the relationships between these p and v can be
expressed as

p1 = p2, Smv1 = Smv2 +Sa p2/Za, (A1)

p3 = p4, Smv3 = Smv4 +Sb p4/Zb, (A2)

p3 = p2exp(−jx), v3 = v2exp(−jx). (A3)

Then, the transfer matrix of the system can be written as
M = MaMTMb, where

Ma =

[
1 0
Sa

ZaSm
1

]
, MT =

[
cosx jz0 sinx
j sinx

Z0
cosx

]
,

Mb =

[
1 0
Sb

ZbSm
1

]
.

Z0 = ρ0c0 is the specific acoustics impedance of the air in main
tube as ρ0 and c0 are air mass density and acoustic velocity in
tube, respectively, x = k0L is the acoustic separation length be-
tween the gain and loss parts with the wave vector k0.

The total transfer matrix can be expressed as

M =

[
A B
C D

]
=

 cosx+ jz0Sb sinx
ZbSm

jz0 sinx

Sa cosx
ZaSm

+ j sinx
z0

+
jz0Sa Sb sinx
ZbSmZaSm

+ Sb cosx
ZbSm

jz0Sa sinx
ZaSm

+ cosx

 . (A4)

Appendix B: Simplify the scattering matrix

Note γ1 and γ2 the normalized quantities γ1 = Z0Sa
ZaSm

and

γ2 =
Z0Sb
ZbSm

, then the scattering matrix of the system can be sim-

plified as

S11 =
A+ B

Z0
−CZ0−D

A+ B
Z0

+CZ0 +D

064304-6
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=
−(γ1 + γ2)cosx+ j (γ2− γ1− γ1γ2)sinx

(2+ γ1 + γ2)cosx+ j (2+ γ1 + γ2 + γ1γ2)sinx
, (B1)

S21 = S12 =
2

A+ B
Z0

+CZ0 +D

=
2

(2+ γ1 + γ2)cosx+ j (2+ γ1 + γ2 + γ1γ2)sinx
, (B2)

S22 =
−A+ B

Z0
−CZ0 +D

A+ B
Z0

+CZ0 +D

=
−(γ1 + γ2)cosx+ j (γ1− γ2− γ1γ2)sinx

(2+ γ1 + γ2)cosx+ j (2+ γ1 + γ2 + γ1γ2)sinx
. (B3)

For any value of x, we can get two equations when set S11 = 0,{
γ1 + γ2 = 0,
γ2− γ1− γ1γ2 = 0. (B4)

Then unique solution is γ1 =−γ2 = 2 for different values of x.
And when γ1 = −γ2 = γ , the scattering matrix can be further
simplified as

S11 =
j
(
−2γ + γ2

)
sinx

2cosx+ j (2− γ2)sinx
, (B5)

S21 = S12 =
2

2cosx+ j (2− γ2)sinx
, (B6)

S22 =
j
(
2γ + γ2

)
sinx

2cosx+ j (2− γ2)sinx
. (B7)

Crucially, when γ = 2, S11 = 0, abs(S21) = abs(S12) = 1, and
S22 =

j8sinx
2cosx−j2sinx 6= 0.

Appendix C: Calculation of the parameters of
the piezoelectrical composite plate

When ZAL → 0, that is, the piezoelectrical composite
plate is short-circuited, the total acoustic impedance and the
resonant frequency of the plate are

Zp1 = Rap + jω1Map +
1

jω1Cap
,

f1 =
1

2π

1√
CapMap

. (C1)

When the plate is open-circuited as ZAL→ ∞, the total acous-
tic impedance and resonant frequency are

Zp2 = Rap + jω2Map +
1

jω2Cap
+

1
jω2Caeb

,

f2 =
1

2π

1√
C||Map

. (C2)

Here, C|| = CapCaeb/(Cap +Caeb). The acoustic impedance
can be obtained by the two-microphone method and the res-
onant frequency is corresponding to zero imaginary part of the
acoustic impedance.

At the short-circuit resonant frequency, we can get

jω1Map +
1

jω1Cap
= 0. (C3)

At the open-circuit resonant frequency, we can get

jω2Map +
1

jω2Cap
+

1
jω2Caeb

= 0. (C4)

The impedance of the plate with short-circuit external circuit
at the open-circuit resonant frequency is Zp0,

Zp0 = Rap + jω2Map +
1

jω2Cap
= Zp01 + jZp02. (C5)

From Eq. (C4),

jω2Map +
1

jω2Cap
=− 1

jω2Caeb
. (C6)

Then we can get Rap = Zp01, Caeb =−1/jω2Zp02. Substi-
tute Caeb into Eqs. (C1) and (C2), we can calculate the value
of Cap as

Cap =
f 2
2

f 2
1
·Caeb−Caeb =−

f 2
2

f 2
1
· 1

jω2Zp02
+

1
jω2Zp02

. (C7)

Substitute Cap into Eq. (C1),

Map =
1

Capω2
1

1(
− f 2

2
f 2
1
· 1

jω2Zp02
+ 1

jω2Zp02

)
ω2

1

. (C8)

With these equations above, the parameters of the plate
we used in this paper can then be calculate as

Caeb = 8.8160×10−12 m4 · s2/kg,

Cap = 1.2276×10−12 m4 · s2/kg,

Map = 6.6923×10−3 kg/m4. (C9)
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