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We investigate the oscillation periods of bright soliton pair or vector bright soliton pair in harmonic potentials. We
demonstrate that periods of low-speed solitons are greatly affected by the position shift during their collisions. The modified
oscillation periods are described by defining a characterized speed, with the aid of asymptotic analysis on related exact
analytic soliton solutions in integrable cases. The oscillation period can be used to distinguish the inter- and intra-species
interactions between solitons. However, a bright soliton cannot oscillate in a harmonic trap, when it is coupled with a dark
soliton (without any trapping potentials). Interestingly, it can oscillate in an anti-harmonic potential, and the oscillation
behavior is explained by a quasi-particle theory. The modified period of two dark–bright solitons can be also described well
by the characterized speed. These results address well the effects of position shift during soliton collision, which provides
an important supplement for previous studies without considering phase shift effects.
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1. Introduction

Bose–Einstein condensate (BEC) has become a good
platform to investigate the motion of solitons, due to its
high controllability on nonlinear interactions and external
potentials.[1–8] The motion of solitons in external potentials
can be used to discuss the dispersion relations and inertial
mass of solitons,[9,10] which is very meaningful for soliton
applications. There have been many discussions on motion
of solitons in harmonic traps, due to that harmonic trap is
usually used to confine BECs. Recent studies demonstrated
that a bright soliton,[11–15] a dark soliton[16–18] or a dark–
bright soliton[19,20] can oscillate periodically with distinct os-
cillating frequencies in an identical harmonic potential. For
a bright soliton, the oscillating frequency is equal to that of
the harmonic trap. For a dark solion, it is modified by a fac-
tor
√

2 induced by its striking dispersion relation.[17,18] For a
dark–bright soliton, it can admit many possible oscillating fre-
quencies due to the interplay between the bright soliton and
dark soliton. The dispersion relation of one soliton can be
used to explain those characters with a quasi-particle picture,
which has deepen greatly our understanding on soliton’s iner-
tial mass.[9,10]

The motion of soliton pair were further discussed in
a harmonic trap,[21–24] since multi-solitons can be prepared
well in experiments and nonlinear interaction between solitons
can also modify their oscillation behavior.[25] Quasi-particle
model has been proposed to describe the motion of soliton pair
well,[21,22] when the position shift induced by collision can be

ignored. The position shift becomes larger with decreasing
soliton’s collision speed.[26,27] Then it is essential to discuss
the effects of position shift on oscillation behavior of soliton
pair.

In this paper, we report that the effects of position shift
can be addressed well by defining a characterized speed, with
the aid of asymptotic analysis on related exact analytic soliton
solutions in integrable cases.[28] We investigate oscillation pe-
riods of scalar bright solitons, vector incoherent solitons,[29]

bright–bright solitons,[30–32] and dark–bright solitons[19,33] in
a harmonic trap or anti-harmonic trap. When the soliton ve-
locities increase, the two-soliton oscillations tend to be con-
sistent with the results in Refs. [21,22]. The oscillation period
can be used to distinguish the collision induced by inter- and
intra-species interactions. Especially, a bright soliton cannot
oscillate in a harmonic trap, when it is coupled with a dark
soliton (without any trapping potentials). But it can oscillate in
an anti-harmonic potential, and the oscillation behavior is ex-
plained by a quasi-particle theory. These results would inspire
some experiments to observe the modified oscillation periods
of soliton pair.

The paper is organized as follows. In Section 2, we in-
vestigate the oscillation of a bright soliton pair with coherent
collision in a harmonic trap. We define a characterized speed
to describe the modified oscillation period theoretically, with
the aid of asymptotic analysis on related exact analytic soliton
solutions in integrable cases. In Section 3, we study the oscil-
lation periods of vector soliton pairs with incoherent collision.
In Section 4, we study the oscillation periods of vector soliton
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pairs with both coherent and incoherent collision. The mod-
ified period differences are clarified for these three different
types collisions, which can be used to distinguish the collision
induced by inter- and intra-species interactions. In Section 5,
we further investigate the oscillation of a dark–bright soliton
in a harmonic trap or an anti-harmonic potential. The period
of a dark–bright soliton pair is also obtained theoretically by
the characterized speed. Finally, we make conclusion and dis-
cussion in Section 6.

2. The oscillation property of a bright soliton
pair with coherent collision

Under the mean-field approximation, dynamics of a
quasi-1D BEC can be governed by a nonlinear Schrödinger
equation (NLSE) with dimensionless units,

i
∂ψ

∂ t
=−1

2
∂ 2ψ

∂x2 +g|ψ|2ψ +V (x)ψ, (1)

where ψ represents the mean-field wave function of BEC, x
and t denote the axial coordinate and time, the parameter g de-
scribes nonlinear interaction between atoms, V (x) = 1

2 Ω 2x2 is
the harmonic potential. When g < 0, the interaction is attrac-
tive and the bright soliton can exist.[15] In the case of g = −1
and Ω = 0, it is well known that an exact bright soliton solu-
tion can be obtained by Darboux transformation (DT)[34,35]

ψ(x, t) = A sech[A(x− x0)] exp
{

i[vx− 1
2
(v2−A2)t]

}
,

where A and v denote the amplitude and velocity of a bright
soliton, x0 is the initial position of the soliton center. If Ω 6= 0
and x0 6= 0, a bright soliton can oscillate periodically under
the effect of an external potential, which is formally identical
with a particle.[4] The oscillation period is T0 = 2π/Ω , when
the external potential vary slowly in the soliton scale. This
character can be also explained by the dispersion relation of
one soliton (see Appendix A). For a bright soliton pair, two
solitons will collide with each other in a harmonic trap. It
is known that a sudden position shift emerges after the col-
lision process,[36] which surely affects the oscillation period.
Quasi-particle model has been proposed to describe the mo-
tion of soliton pair well, when the position shift induced by
collision can be ignored.[21,22,36] Then we would like to dis-
cuss the cases for which the position shift effects can not be
ignored. We consider a general case for which a bright soliton
pair is located in harmonic potential and the potential varies
slowly within the soliton size scale, as shown in Fig. 1(a). The
initial state can be given as[37]

ψ0=A1 sech[A1(x− x0)]+A2 sech[A2(x+ x0)]. (2)

The initial position x0 can be used to vary the collision speed
conveniently. According to asymptotic analysis of the two-

soliton solution,[38] we obtain the position shift caused by soli-
ton collision

∆x1 =
1

A1
ln
[
(A1−A2)

2 +(v1− v2)
2

(A1 +A2)2 +(v1− v2)2

]
,

where v1 and v2 denote the moving velocity of two solitons.
We can see that the position shift increases with decreasing
the relative speed. Therefore, we investigate the cases with the
solitons’ relative speed is small. As an example, we show one
case numerically in Fig. 1(b), for which the time is normalized
with the period T0. One can see that the soliton oscillation pe-
riod is much less than T0 in this case , which means that it is
indeed affected by the position shift effects.
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Fig. 1. (a) The profile schematic diagram of the initial scalar soliton pair
in a harmonic potential. The two solitons are symmetrically placed at the
position ±x0 (x0 = 10). (b) Oscillation of the soliton pair in the harmonic
potential. The oscillation period is obviously less than that of only one bright
soliton T0 = 2π/Ω . The harmonic frequency Ω = 0.02, and other parame-
ters A1 = A2 =

√
2/2.

Next, we try to quantitatively explore the oscillation pe-
riod modified by solitons’ collision. The position shift of the
collision depends on soliton velocities. Thus, it is necessary to
calculate the velocities of the solitons when they collide at the
bottom of harmonic potential. For a soliton centered at xc, the
soliton energy

Eb =
∫ 1

2

∣∣∣∣∂ψ

∂x

∣∣∣∣2 + 1
2
|ψ|2 dx = A(A2 + v2),

the potential energy

Ep =
∫ 1

2
Ω

2x2|ψ|2 dx =
1
2

Ω
2x2

c

∫
|ψ|2 dx = AΩx2

c

if the harmonic potential varies slowly within the soliton size
scale. The soliton center position xc is x0 for the initial state.
Based on the law of energy conservation, Eb0 +Ep0 = Eb +Ep

(the Eb0 and Ep0 are given by initial state), we can obtain the
collision velocity as

v = Ωx0. (3)

It indicates that the collision velocity is positively related to
the solitons’ initial position x0, thus we can control the relative
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speed by placing solitons at different initial positions. Near
the collision location (the harmonic trap center), the collision
process of the two solitons can be approximately described
by the two-soliton solutions with no external potential. Then
the position shift induced by collision can be given by asymp-
totic analysis of the two-soliton solution.[38] The position shift
should induce a time duration modification ∆T1, which can be
described by

∆T1 =
∆x1

vm
, (4)

where vm is a characterized speed defined as vm = (v1− v2)/2.
Since there are two collisions in one period, the factor ∆T1

should be calculated twice. Therefore, we obtain the modified
soliton oscillation period

T = T0−2∆T1. (5)

We find that numerical results agree well with our theoretical
predictions when the relative speed is above the critical speed
for tunneling behavior.[39] For example, we show the theoret-
ical modification of the oscillation period vs different initial
positions (red solid curves in Fig. 2) for the two bright soli-
tons initially located symmetrically in the harmonic trap. The
corresponding numerical simulation results are shown by the
blue dashed curve in Fig. 2. It is seen that our theoretical mod-
ification Eq. (5) can describe well the oscillation period of the
soliton pair in a harmonic potential.

0.7
5 10 15 20 25

0.8

0.9

1.0

T
/
T


x

Theoretical

Numerical

Fig. 2. The oscillation periods of soliton pairs modified by collision interac-
tions. The red solid and the blue dashed curves are given by our analytical
results Eq. (5) and the numerical simulations. The two curves fit well with
each other in a wide range of soliton speed. But they show a slight devia-
tion when soliton speed is very small due to the tunneling effect. The period
tends to T0 as the soliton speed increases.

It is known that the position shift tends to be zero with
increasing the relative speeds between solitons, and the oscil-
lation period will gradually tends to T0.[21,22,36] It should be
noted that the effects of position shift can be still seen after
many oscillation periods in the harmonic trap for large relative
speed cases.[22] Interestingly, our results suggest that the pe-
riod modification can occur obviously in only one oscillation
period, when the relative speed is small. If we further decrease

the relative speed (decrease the |x0| value), the oscillation pe-
riods will deviate from our theoretical predictions (see Fig. 2).
The deviation becomes much larger when the relative speed
is lower. The deviation is induced the tunneling effect or res-
onant interaction between the two bright solitons,[39] which
makes the quasi-particle picture can not hold anymore. The
quantitative interpretation for the deviation is still need further
discussion, which should be beyond the quasi-particle theory.

The effect of solitons collision in the identical component
is demonstrated clearly in the above discussion. The collision
can be seen as a coherent collision, due to that the interfer-
ence pattern depends essentially on the relative phase between
the two solitons. The collision between vector solitons such
as bright–bright solitons, will involve both coherent and in-
coherent collision effects. Then we would like to discuss the
oscillation behavior of bright–bright soliton pair in a harmonic
trap. Recent studies on non-degenerate bright solitons[29,40,41]

suggest that it is possible to investigate pure incoherent colli-
sion between solitons, for which the two solitons are placed in
the two components separately (see Fig. 3(a)). The collision
between solitons in different components are induced by inter-
component interactions, and there is no interference pattern
during the collision process. The relative phase plays no role
in the collision process, therefore the collision can be seen as
incoherent collision. Then we investigate the oscillation prop-
erty of vector soliton pairs with pure incoherent collision in
follows.

3. The oscillation property of vector soliton
pairs with incoherent collision
We consider a two-component BEC trapped in general

external potentials, whose dynamical equation can be written
as the dimensionless coupled nonlinear Schrödinger equations
(CNLSE)

i
∂ψ1

∂ t
=−1

2
∂ 2ψ1

∂x2 +g(|ψ1|2 + |ψ2|2)ψ1 +V1(x)ψ1, (6)

i
∂ψ2

∂ t
=−1

2
∂ 2ψ2

∂x2 +g(|ψ1|2 + |ψ2|2)ψ2 +V2(x)ψ2, (7)

where g = −1 denotes the nonlinear interaction strengths.
V1(x) and V2(x) are the external potential for the two com-
ponents separately. When V1(x) = V2(x) = 0, the CNLSE
admits several vector soliton solutions, such as bright–
bright solitons,[30–32] bright–dark solitons,[42] and the non-
degenerate bright solitons.[29] These solutions can be used
to give the initial conditions for observing soliton motion in
weak external potentials. Firstly, we investigate the oscil-
lation property of vector soliton pairs with pure incoherent
collision in a harmonic trap, with the aid of non-degenerate
bright solitons solution.[29] The external potential is also set
as V1(x) =V2(x) = (1/2)Ω 2x2, and the two soliton are placed
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symmetrically, as shown in Fig. 3(a). The initial state can be
given as

ψ10 = A1 sech[A1 (x− x0)], (8)

ψ20 = A2 sech[A2 (x+ x0)]. (9)

For convenient comparison with the results for coherent colli-
sion case, we set the particle number of each soliton be identi-
cal with that of the scalar bright soliton pair, and the harmonic
trap frequency is also chosen identically. The numerical evo-
lution of two solitons are shown in Figs. 3(b) and 3(c).

0

0.5

1.0 0.5

0

0.5

1.0

0

0.5
(b) (c)

0 x 0 x

-20 0 20 -20 0
0

20
x x

t/
T
0

(a) ψ1 ψ2

Fig. 3. (a) The profile schematic diagram of a vector soliton pair in a har-
monic potential. A bright soliton is placed at x0 in the first component and
the other is placed at −x0 in the second component. Panels (b) and (c) show
the oscillation of the vector soliton pair. The incoherent collision effects
also induce a position shift and make the oscillation of the vector soliton
pair smaller than T0. The initial position x0 = 10 and other parameters are
A1 = A2 =

√
2/2.

It can be seen that the oscillation period is also less than
T0 in this case, which confirms incoherent collision also affect
their oscillation period in the harmonic potential trap. We can
see that the oscillation period modification induced by inco-
herent collision is a bit less than the ones induced by coher-
ent collision, with keeping identical particle number and ex-
ternal potential. The difference will be discussed in details in
the following section. Then, we try to quantitatively explain
the modification on the oscillation period. In this case, the
collision velocity v = Ωx0 is the same as a scalar bright soli-
ton. According to asymptotic analysis, we obtain the position
shift caused by collision ∆x2 = (1/2A1) ln[((A1−A2)

2+(v1−
v2)

2)/((A1 +A2)
2 +(v1− v2)

2)]. Each collision will modify
the oscillation period by

∆T2 =
∆x2

vm
, (10)

where vm = (v1− v2)/2 is the characterized speed. Then we
obtain the modified period affected by the incoherent collision

T = T0−2∆T2. (11)

We make numerical simulations with different velocities (blue
dashed curve in Fig. 4) to verify this theoretical modification
of the oscillation period (red solid curve in Fig. 4). One can see
that the theoretical predictions Eq. (11) are in good agreement

with these numerical results, even if the collision speed is very
small. Since there is no coherent interaction between solitons,
the tunneling behavior is absent or the resonant interaction is
much weaker for the two solitons even if the relative veloc-
ity is small, which enables the theoretical results holds more
widely than the one for coherent collision case (see Fig. 2).

0.88
5 10 15 20 25

0.92

0.96

1.00

T
/
T


x

Theoretical

Numercial

Fig. 4. The oscillation periods of vector soliton pairs modified by incoherent
collision interactions. The red solid and the blue dashed curves are given by
our analytical results Eq. (11) and the numerical simulations. The numerical
results are in good agreement with the theoretical results, since the tunneling
effect is absent.

4. The oscillation property of vector soliton
pairs with both coherent and incoherent colli-
sion
We consider the case which involves both coherent and

incoherent collision effects. We put two vector bright soliton
pair in harmonic potential, shown in Fig. 5(a). The initial state
is

ψ10 =A11 sech[A1(x+x0)]+A21 sech[A2(x−x0)], (12)

ψ20 =A12 sech[A1(x+x0)]+A22 sech[A2(x−x0)]. (13)

The parameters A1 j and A2 j ( j = 1,2) are introduced to vary
the relative particle population in the two components for the
two solitons. The particle number of vector bright soliton
pairs is also set to be identical with that of the scalar bright
soliton pair, which inquires that A2

j1 +A2
j2 = A2

j . We choose
A11 = A12 = A1/

√
2 and A21 = A22 = A2/

√
2 to investigate the

effects of coherent and incoherent collision effects, for which
the particle populations in the two components are equal for
the each vector soliton. We do numerical simulation to show
the modification of oscillation period, shown in Figs. 5(b) and
5(c). One can see that the oscillation period is less than T0.
Then, the modified oscillation period can be derived as

T = T0−2∆T3, (14)

where ∆T3 = ∆x3/vm, and the position shift after soltion col-
lisions: ∆x3 = (1/A1) ln[((A1 − A2)

2 + (v1 − v2)
2)/((A1 +

A2)
2 +(v1− v2)

2)]. This theoretical result and numerical sim-
ulations are compared in Fig. 6. One can see that the theoreti-
cal predictions are also in good agreement with the numerical
results, even if the collision speed is very small. The coher-
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ent interaction for larger deviation in Fig. 2 could be inhibited
greatly by the incoherent interaction between solitons.

We further compare the effects of these three different
collisions on the periods of matter–wave bright solitons in a
harmonic potential, the numerical results are shown in Fig. 7.

0 0

0.5

1.0 1.0

0

0.5

1.0

0

1.0(b) (c)

0 x 0 x

-20 0 20 -20 0 20
x x

t/
T
0

(a) ψ1 ψ2

Fig. 5. (a) The profile schematic diagram of a vector bright–bright soliton
pair in a harmonic potential. They are placed symmetrically at ±x0 posi-
tions. Panels (b) and (c) show the oscillation of the vector bright–bright
soliton pair in the harmonic potentials of Ω = 0.02. The oscillation period
is also smaller than T0. The initial position x0 =±10, and other parameters
are A j =

√
2/2.
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Fig. 6. The oscillation periods of vector bright–bright soliton pairs modi-
fied by both coherent and incoherent collisions. The red solid and the blue
dashed curves are given by our theoretical results Eq. (14) and the numerical
simulations.
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Incoherent-collision

Coherent- & Incoherent-

Fig. 7. Comparison of oscillation periods under three different collisions
(obtained by numerical simulations). The red solid (blue dashed) curve de-
notes that the solitons collide with only coherent (incoherent) interactions.
The green dotted curve indicates that both of them exist. The coherent (in-
coherent) collision interactions have the greatest (least) modification on the
oscillation period. When both two collision effects exist, the modification is
determined by the interplay between them.

One can see that coherent (incoherent) collision have
the greatest (least) modification on the oscillation period of
matter–wave bright solitons. When the two collision effects
both exist, the modification is determined by the interplay be-
tween them, which depends on the relative population ratio of
two components. With increasing collision speed, these three
oscillation periods tend to be T0. Based on these results, the
oscillation period can be used to distinguish the coherent and
incoherent collisions between solitons.

5. The oscillation property of dark–bright soli-
ton pairs

The bright–dark solitons can also exist in the model
Eq. (6) and Eq. (7) with attractive interaction between atoms.
This could be used to investigate the effects of coupling with
dark soliton on previously discussed bright soliton’s oscilla-
tion in the harmonic trap. However, this type of vector soli-
ton is unstable due to the modulational instability. Then we
can set interaction between atoms to be repulsive, namely,
g = 1, for which there are stable dark–bright solitons. When
V1 = 0,V2 = 0 and g = 1, the CNLSE Eq. (6) and Eq. (7) ad-
mits one dark–bright soliton solution as follows:

ψ1 = −
√

c2− (w2 + v2)

(v+ iw)
sech[w(x− vt)]

× exp
{

i
[

vx− (
1
2
(v2−w2)+ c2)t

]}
, (15)

ψ2 =
c√

w2 + v2
[v− iw tanh[w(x− vt)]]e−ic2t , (16)

where v is velocity of dark–bright solitons, w is the width and
c is amplitude of plane wave background. The above solu-
tion becomes a scalar dark soliton, when w2 + v2 = c2. The
scalar dark soliton in a harmonic trap was shown to admit an
oscillation frequency modified by a factor

√
2,[17] which was

seen as Busch–Anglin effect. To observe the effects of dark
soliton on bright soliton’s motion, we would like to avoid the
Bush–Anglin effect by setting V1(x) = 1

2 Ω 2x2 and V2(x) = 0.

0 0 0
-100 0 100 -100 0 100
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x
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x x
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t
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Fig. 8. (a) The profile schematic diagram of a dark–bright soliton when the
harmonic potential is applied to the bright soliton component. Panels (b)
and (c) show that the dark–bright soliton cannot oscillate in this case. In-
stead, it firstly moves outwards and then diffused. Other parameters are
Ω = 0.02,x0 = 10,w =

√
2/2, and v = 0.
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As shown in Fig. 8(a), we put one bright soliton at the
position x = x0 (x0 > 0) of the harmonic potential and a dark
soliton at the same position. The initial states are given by the
above dark–bright soliton solution. The density evolution of
the dark–bright soliton is shown in Figs. 8(b) and 8(c). The
result shows that a bright soliton cannot oscillate in a har-
monic trap, when it is coupled with a dark soliton (without
any trapping potentials). Strikingly, both bright soliton and
dark soliton accelerates in the opposite direction to the force
exerted through V1 and finally diffuses. This phenomenon is
consistent with that the dark–bright soliton is driven out of the
external trap.[19] In order to investigate a stable oscillation of
dark–bright solitons, we change the harmonic potential to be
an anti-harmonic potential

V1(x) =−
1
2

Ω
2x2

with keeping other conditions, which is shown in Fig. 9(a).
The motion of dark–bright soliton is shown in Figs. 9(b) and
9(c), one can see that the dark–bright soliton can oscillate
steadily with certain period in the anti-harmonic potential. In-
terestingly, the oscillation period T ′0 is not T0 = 2π/Ω any-
more (in contrast to the scalar bright soliton and the bright–
bright soliton), which can be explained by soliton’s dispersion
relation. The motion of the dark–bright soliton can be de-
scribed well by a quasi-particle theory (see details in Appendix
B), which is shown by white dashed curves in Figs. 9(b) and
9(c). Then we further discuss the effects of the position shift
induced by solitons’ collision on the oscillation behavior of
the dark–bright solitons.

0

1

2

x

0

0.50

0

1

2

x

0

1.00
(b) (c)

(a)

-20 0 20 -20 0 20

0 x 0 x

t/
T
0′

ψ1 ψ2

Fig. 9. (a) The profile schematic diagram of a dark–bright soliton in anti-
harmonic potential. A bright soliton is placed at the position of x0 = 10
in anti-harmonic potential and a dark soliton without trapping potential is
placed at the same position. Panels (b) and (c) show that the dark–bright
soliton can oscillate in an anti-harmonic potential of Ω = 0.02. The mov-
ing trajectory of the soliton can be derived by a quasi-particle theory (white
dashed curves). Other parameters are w =

√
2/2, and v = 0.

We put two identical bright solitons into the potential at
the position x = ±x0 (x0 > 0) in the first component and two
identical dark solitons at the position x = ±x0 (x0 > 0) in the

second component without potential (Fig. 10(a)). The initial
states are given as[43]

ψ1=
√

1−w2 {sech[w (x−x0)]+ sech[w (x+x0)]} ,

ψ2= tanh[w(x− x0)] · tanh[w(x+ x0)]. (17)

The particle number of the bright soliton pair is the same with
that of the scalar bright soliton pair in the above discussions,
by choosing the parameter w value. The evolutions of two
dark–bright solitons are shown in Figs. 10(b) and 10(c).

0
-20 0 20 -20 0 20

0.5

1.0

x

0

0.50

0 0

0

0.5

1.0

x

0

1.00

(a) ψ1

x x

ψ2

t/
T
0′

(b) (c)

Fig. 10. (a) The profile schematic diagram of a dark–bright soliton pair in
anti-harmonic potential (Ω = 0.02). Two solitons are placed at ±x0. The
potential is only applied to the bright solion component. Panels (b) and (c)
demonstrate that the oscillation period of the dark–bright soliton pair is mod-
ified by their collision, and the period is smaller than T ′0 . Other parameters
are x0 = 10, w =

√
2/2, and v = 0.

Time is normalized with the oscillation period T ′0 . One
can see that the oscillation period of the dark–bright solitons
in the two components is less than T ′0 . The period modification
can be seen obviously in one oscillation period. The modified
period induced by collision is

T = T ′0−2∆T4, (18)

where ∆T4 = ∆x4/vm, and the position shift is

∆x4 =
1

2w1
ln
|Γ |2|∆12|4

|Ξ12|2|Λ12|4
,

where

|Γ |2 =−2v1v2 + v2
2w2

1 +(1+w1w2)
2 + v2

1(v
2
2 +w2

2),

|Ξ12|2 =−2v1v2 + v2
2w2

1 +(−1+w1w2)
2 + v2

1(v
2
2 +w2

2),

|∆12|4 = ((v1− v2)
2 +(w1−w2)

2)2,

|Λ12|4 = ((v1− v2)
2 +(w1 +w2)

2)2.

Noticing that the velocity v1 and v2 are not ±Ωx0 anymore,
which should be derived from soliton’s acceleration given by
the quasi-particle theory.

The theoretically modified oscillation period (red solid
curve in Fig. 11) is verified by numerical simulations (blue
dashed curve in Fig. 11). As the collision speed increases, the
oscillation period also tends to T ′0 . Since the oscillation pe-
riod of tunneling behavior is much larger than the collision du-
ration for dark–bright solitons,[44] the theoretical results also
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hold more widely than the ones for coherent collision between

two bright solitons.

0.7
8 16 24 32

0.8

0.9

1.0

T
/
T
0′

x0

Theoretical

Numercial

Fig. 11. The oscillation periods of vector dark–bright soliton pairs modified
by their collisions.The red solid and the blue dashed curves are given by our
theoretical results Eq. (18) and the numerical simulations.

6. Discussion and conclusion

In summary, we investigated the oscillation period of

matter–wave bright soliton pair in harmonic traps. The results

show that position shift caused by collisions can change the os-

cillation period of solitons significantly when collision speed

is low. With the aid of a characterized speed, we theoretically

describe the modified oscillation periods induced by coherent

collision, incoherent collision, and both of them. Moreover,

we investigated the oscillation behavior of a bright soliton,

when it is coupled with a dark soliton. Interestingly, the bright

soliton can oscillate in an anti-harmonic potential rather than

a harmonic trap. The motion of them can be described well by

the dispersion relation of a dark–bright soliton. The position

shift induced by collision are also discussed for the oscillation

of dark–bright solitons. These results would deepen our under-

standing on the motion of bright solitons in harmonic traps,

and could inspire some experiments to observe the modified

oscillation periods of soliton pair.[36] The dispersion relation

of solitons discussed here could be extended to other solitons

of nonlinear systems.[45–50]

The above discussions focus on the modification of oscil-

lation period when two solitons are placed symmetrically in

a harmonic potential. It is still necessary to discuss the cases

for which the two solitons are placed asymmetrically. How-

ever, our numerical simulation results show that solitons os-

cillations are no longer periodic in asymmetric cases. This is

partly due to that complex energy exchange between solitons

occurs during the collision interaction, which results in differ-

ent positions for each collision.

Appendix A: The dispersion relation for a bright
soliton

We also consider the scalar nonlinear Schrödinger equa-
tion,

i
∂ψ

∂ t
=−1

2
∂ 2ψ

∂x2 −|ψ|
2
ψ. (A1)

It is well known that it admits a bright soliton solution, which
can be written as:

ψ = A sech[A(x− vt)]exp
{

i[vx− 1
2
(v2−A2)t]

}
, (A2)

where A and v denote the soliton amplitude and soliton ve-
locity respectively. To discuss the dispersion relation of one
bright soliton, we firstly calculate the soliton energy, which
can be derived as

Es =
∫

∞

−∞

ψ
∗
(
−1

2
∂ 2

∂x2

)
ψ− 1

2
|ψ|4 dx

= Av2− A3

3
. (A3)

From the relations between moving velocity and canonical
momentum of the bright soliton v = dEs/dPc, we can calcu-
late the canonical momentum with

Pc =
∫ v

0

1
v

dEs

dv
dv = 2Av.

Then we obtain the dispersion relation for the bright soliton.

If we add a constant force F on the bright soliton atoms,
a linear external potential −Fx will emerge. Then the sum of
soliton energy and its external potential energy will be con-
served, namely, Es +(−2Fxc)A = Av2−A3/3+(−2Fxc)A =

constant. Deviating t to both hands, we obtain dv/dt = F ,
which is identical with each single atom under the action of the
external force. This can be understood directly from the iner-
tial mass of bright soliton M∗ = 2(dEs)/(d(v2)) = 2A, which
is identical to the particle number multiplying with the scaling
atom mass 1. The effective force felt by the soliton is 2AF .
The acceleration of bright soliton in this case does not depend
on the soliton amplitude A and its moving velocity, in sharp
contrast to the dark soliton.

Appendix B: The trajectory of dark–bright soli-
ton in anti-harmonic potential

Soliton’s dispersion relation can be used to describe the
motion of dark–bright soliton.[9,10,19] Therefore, we try to de-
duce the trajectory of dark–bright soliton (Eq. (17)) through
energy conservation. The energy of the dark–bright soliton is

Edb =
∫ 1

2
|ψ1x|2 +

1
2
|ψ2x|2 +

1
2
|ψ1|2

+
1
2
(|ψ2|−1)2 + |ψ1|2(|ψ2|−1)dx
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=
1
2

w(3−3v2 +w2). (B1)

Noting that the dark soliton energy form was firstly suggested
in Ref. [43], and was derived explicitly in Ref. [51]. The soli-
ton initial energy Edb0 can be obtained according to the initial
conditions. It is worth noting that the number of bright soliton
particles must be conserved in this case

NB =
2w(1− v2−w2)

v2 +w2 ≡ constant, (B2)

which can be determined by initial soliton width w0 and ve-
locity v0. Based on the condition Eq. (B2), we replace soliton
width w with velocity v and Nb for simplicity.

Since the bright soliton is in an anti-harmonic potential
and the potential varies slowly within the soliton size scale,
the soliton potential energy can be written as

Ep =
∫ 1

2
Ω

2x2|ψ1|2 dx =
1
2

Ω
2x2

c

∫
|ψ1|2 dx

=
1
w
(w2−1)Ω 2x2

c , (B3)

where xc is the position of the soliton center. According to the
conservation of dark–bright soliton energy:

Edb0 +Ep0 = Edb +Ep. (B4)

Deviating t to both hands, we can obtain the acceleration of
dark–bright soliton in anti-harmonic potential, when the soli-
ton speed v→ 0. Thus, we obtain the theoretical trajectory of
a dark–bright soliton which is shown in Figs. 9(b) and 9(c) as
white dashed curves.
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