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The dynamical modeling of projectile systems with sufficient accuracy is of great difficulty due to high-dimensional
space and various perturbations. With the rapid development of data science and scientific tools of measurement recently,
there are numerous data-driven methods devoted to discovering governing laws from data. In this work, a data-driven
method is employed to perform the modeling of the projectile based on the Kramers–Moyal formulas. More specifically,
the four-dimensional projectile system is assumed as an Itô stochastic differential equation. Then the least square method
and sparse learning are applied to identify the drift coefficient and diffusion matrix from sample path data, which agree
well with the real system. The effectiveness of the data-driven method demonstrates that it will become a powerful tool in
extracting governing equations and predicting complex dynamical behaviors of the projectile.
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1. Introduction

Motion of a projectile is generally influenced by all sorts
of forces and fluctuations in practical case. Its dynamical mod-
eling based on classical mechanics is therefore not always ac-
curate enough, and the analysis of its dynamical behaviors is
not very reliable consequently. Fortunately, there are more and
more available observable, experimental or simulated data in
the projectile system with the development of the scientific
tools and simulation capabilities. Thus, how to discover the
governing laws of the projectile from data is of much impor-
tance in engineering fields.

Recently, many researchers have proposed various data-
driven methods to extract the governing equations of com-
plex nonlinear phenomena. For instance, the sparse identifi-
cation of nonlinear dynamics method was devised to learn the
deterministic ordinary[1,2] or partial[3–5] differential equations
from time series data. Then, Boninsegna et al.[6] extended this
approach to extract stochastic dynamical systems with Gaus-
sian noise via Kramers–Moyal formulas. Li and Duan[7,8]

made further efforts to propose the non-local Kramers–Moyal
formulas and developed a data-driven approach to find the
stochastic differential equations with both (Gaussian) Brow-
nian motion and (non-Gaussian) Lévy motion from sample
path data. The theory of Koopman operator can also be used
to discover the deterministic and stochastic differential equa-
tions from data.[9–11] There are also some data-driven methods
based on neural networks to learn dynamical systems from
sample paths.[12–15] Additionally, some researchers are de-
voted to developing techniques to extract the dynamical behav-

iors such as mean exit time[16,17] and most probable path.[18,19]

Compared with the Koopman operator method, the neural
network method and many other methods for system identifi-
cation, the sparse learning based on the Kramers–Moyal for-
mulas used in this study has the advantages that its computa-
tion speed is very fast and it is easy to program. Thus, in this
paper we aim to apply the data-driven method based on the
Kramers–Moyal formulas to the projectile systems. The arti-
cle is arranged as follows. In Section 2, we describe the pro-
jectile systems and present its Itô stochastic differential equa-
tion. In Section 3, we introduce the Kramers–Moyal formulas
and show the numerical method to learn the drift and diffu-
sion terms for this system from simulated sample path data.
Section 4 exhibits the comparison of the identification results
and the real system. Finally, the conclusions are presented in
Section 5.

2. Projectile systems
In order to generalize the data-driven method to the pro-

jectile systems, we simulate some sample path data based on
the known model and identify the stochastic dynamical sys-
tem from the data in this work. Formally, the angle motion
equation of the projectile has the following form:[20]

δ̇1 = ωζ cosδ2 +ωζ sinδ2 tanδ2

− 1
2mv

ρv2Sc′y · sinδ1 cosδ2,

δ̇2 = −ωη −
1

2mvcosδ1
ρv2Sc′y sinδ2,

ω̇η = −C
A

ωξ ωζ +ω
2

ζ tanδ2
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Fig. 1. The model of the projectile system.

Here, ξ , η and ζ denote the three axes of the projectile
coordinate system, Oξ indicates the direction of the projectile
axis, Oη points upwards and is perpendicular to Oξ , and Oζ

is perpendicular to the plane Oξ η pointing right. The state
variables ωη and ωζ represent rotational angular velocity cor-
responding to η and ζ axes, respectively. The other two vari-
ables δ1 and δ2 indicate the vertical and horizontal components

of the attack angle δ , which is the angle between the projec-
tile axis and its velocity. The model of the projectile system
with the axes and parameters is visualized in Fig. 1. The struc-
ture and aerodynamic parameters in the equation are listed in
Tables 1 and 2, respectively.

Table 1. Structure parameters.

m (kg) C (kg·m2) A (kg·m2) S (m2) l (m) d (m)
44.2 0.12466 30.627 0.01269 2.7 0.122

Table 2. Aerodynamic parameters.

ωξ (rad/s) c′y m′z m′zz my0 my2 ρ (kg/m3)
79.0064 6.5 –1.3546 0.46 –5.8 30 0.68

The variable v denotes the velocity of the projectile dur-
ing its flight in air, which can be easily influenced in gen-
eral. In consideration of the random disturbances of air, the
speed is assumed as v = v̄+ξt , where v̄ = 1012.3 m/s and the
scalar stochastic process ξt is a white Gaussian noise satisfy-
ing E[ξt ] = 0 and E[ξtξs] = 2κδ (t− s). The noise intensity is
chosen as κ = 50 in the following computation.

Note that there exist some nonlinear terms about noise
in Eq. (1). After the expansion of these nonlinear terms and
neglecting of the higher order terms, we reduce it as the fol-
lowing standard Itô stochastic differential equation:

Ẋt = b(Xt)+σ(Xt)ξt , (2)

where the random vector Xt = [δ1,δ2,ωη ,ωζ ]
T, the drift coef-

ficient

b(Xt) =


ωζ cosδ2 +ωζ sinδ2 tanδ2− 1

2mv̄ ρ v̄2Sc′y · sinδ1 cosδ2

−ωη − 1
2mv̄cosδ1

ρ v̄2Sc′y sinδ2

−C
A ωξ ωζ +ω2

ζ tanδ2 +
1
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( l
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)
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(
ωξ d
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C
A ωξ ωη −ωη ωζ tanδ2 +
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(
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( l
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)
m′zzωζ +

(
ωξ d

v̄

)
m′′y sinδ2 cosδ1

)

 , (3)

and the diffusion coefficient a = σσT with the function σ ,

σ(Xt) =


− 1

2m ρSc′y · sinδ1 cosδ2

− 1
2mcosδ1

ρSc′y sinδ2

1
2A ρSl

(
−2v̄m′z sinδ2 cosδ1− lm′zzωη +ωξ dm′′y sinδ1

)
1

2A ρSl
(
2v̄m′z sinδ1− lm′zzωζ +ωξ dm′′y sinδ2 cosδ1

)

 . (4)

3. Theory and method

According to the Fokker–Planck equation corresponding
to stochastic differential equation (2), the drift and diffusion
coefficients dominate the probabilistic structure of the solu-
tion process Xt .[21] Therefore, the discovery of the stochastic
governing laws from sample path data completely depends on

the identification of the drift and diffusion terms.

The Kramers–Moyal formulas can be used to extract the

underlying stochastic dynamical systems from data, which ex-

press the drift and diffusion coefficients in terms of the sample

paths of the solution process.[6,22] For our systems, these equa-
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tions can be formulated as

bi(x) = lim
t→0

E
[
t−1 (X i

t − xi) |X0 = x
]
,

i = 1,2,3,4,

ai j(x) = lim
t→0

(2κ)−1E
[
t−1 (X i

t − xi)(X j
t − x j

)
|X0 = x

]
,

i, j = 1,2,3,4, (5)

where bi(x) denotes i-th component of the drift vector b(x) in
Eq. (3), and ai j(x) indicates i j-th component of the diffusion
matrix a(x). Then the drift b(x) and diffusion a(x) can be es-
timated by approximately computing the limit expressions on
the right-hand side in terms of sample path data of Xt .

Assume that there exists a pair of data sets for the stochas-
tic process Xt containing M elements, respectively,

X = [x1,x2, . . . ,xM] ,

Y = [y1,y2, . . . ,yM] , (6)

where every yi is the image point of xi after a small evolu-
tion time h for i = 1,2, . . . ,M. In other words, Eq. (2) is inte-
grated by numerical integral methods such as the Runge–Kutta
method from initial point xi to get yi in time h. Note that the
superscript in Eq. (5) denotes different component of vector
or matrix and the subscript in Eq. (6) indicates different data.
It is also necessary to choose a dictionary of basis functions
Ψ(x) = [ψ1(x),ψ2(x), . . . ,ψK(x)] to approximate the drift and
diffusion terms. The results will be better if we seek as rich
type of the basis functions as possible, while the amount of
work is immense and polynomial basis functions are suffi-
ciently accurate for most cases. Thus we select polynomial
functions as the dictionary in this research.

Assume that the system has ergodic property and ev-
ery component of the drift coefficient is estimated as bi(x) =
∑

K
k=1 ci

kψk(x), i = 1,2,3,4. Moreover, the limit expressions
on the left-hand side of Kramers–Moyal formulas can be ap-
proximated by finite differences. Above all, we can derive the
following group of linear equations via Eqs. (5) and (6):

Aci = Bi,

A =

 ψ1 (x1) · · · ψK (x1)
...

. . .
...

ψ1 (xM) · · · ψK (xM)

 ,
Bi = h−1[yi

1− xi
1, . . . , yi

M− xi
M
]T
,

ci =
[
ci

1, . . . , ci
K
]T
. (7)

This group of equations has no solution in general since the
number of equations is usually far more than the number of
variables due to enormous amounts of data. Then a least
square method can be applied to deal with the minimization
problem min

ci
‖Aci−Bi‖2

2, which yields the optimal solution

c̃i = (ATA)−1(ATBi). (8)

The solution to Eq. (8) is generally very dense, which
contains many non-dominant terms close to zero. For the sake

of seeking the least coefficients without loss of reliability and
avoiding overfitting, the sparse solution should be enforced by
minimizing

min
ci

(
‖Aci−Bi‖2

2 +ρ‖ci‖1

)
, (9)

where ρ indicates a positive Lagrange multiplier to control the
degree of sparsity.

We can use the iterating thresholding algorithm to real-
ize the sparse learning method (9).[1,6,7] First, we can choose
an appropriate pre-defined threshold parameter λ as a sparsi-
fication knob. The magnitude of λ is usually chosen as about
0.1%–10% of the largest coefficient of ci. After Eq. (8) being
performed to obtain a non-sparse solution, we set the coef-
ficients smaller than λ as zero and delete the corresponding
basis functions. Then the regression problem is carried out on
the remaining coefficients. The procedure is iterated until no
coefficients are found smaller than λ .

Similarly, assume that every component of diffusion term
is expressed as ai j(x) = ∑

K
k=1 di j

k ψk(x), i, j = 1,2,3,4. Via the
second equation of Kramers–Moyal formulas (5), we can de-
rive the following group of equations:

Adi j = Bi j,

A =

 ψ1 (x1) · · · ψK (x1)
...

. . .
...

ψ1 (xM) · · · ψK (xM)

 ,
Bi j = h−1

[
(yi

1− xi
1)(y

j
1− x j

1), . . . , (y
i
M− xi

M)(y j
M− x j

M)
]T
,

di j =
[
di j

1 , . . . , di j
K

]T
. (10)

The optimal solution of the least square problem
min
di j
‖Adi j−Bi j‖2

2 is obtained as

d̃i j = (ATA)−1(ATBi j). (11)

The sparse learning method can also be applied in the estima-
tion of the diffusion. Remark that we just need to compute 10
components for i = 1,2,3,4, j = i, . . . ,4 due to the symmetry
of the diffusion matrix. The algorithm for identifying the drift
coefficient and diffusion matrix is concluded in Table 3.

Remark that it is not unique to infer the coefficient σ (x)
in terms of the diffusion matrix a(x). Via the symmetry
of a(x), the orthogonal matrix Q that is composed of the
eigenvectors of a(x) can diagonalize the diffusion matrix, i.e.,
J = QTaQ with the component in the diagonal Jii ≥ 0. Then
J =

(
QTσ

)
·
(
QTσ

)T. Denoting
√

J as the diagonal matrix
with the diagonal component

√
Jii, the matrix Q

√
J is a solu-

tion to this equation. Note that for arbitrary orthogonal ma-
trix T , the matrix Q

√
JT is also a solution. Even so, they are

statistically equivalent as they have the same Fokker–Planck
equation for a given diffusion matrix.
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Table 3. The algorithm for identifying the drift and diffusion terms from sample path data.

Algorithm: Identifying drift coefficient b(x) and diffusion matrix a(x) from sample path data
Input: Dictionary Ψ(x), data sets X and Y , threshold λ .
1. Compute the matrix A, every vector Bi in Eq. (7) and Bi j in Eq. (10).
2. Calculate c̃i and d̃i j via Eqs. (8) and (11).
3. Delete the coefficients smaller than λ and corresponding basis functions in the dictionary.
4. Iterate step 1–3 until no coeffcient is smaller than λ .
Output: The optimal sparsity solution c̃i and d̃i j .

4. Results
In the above section, we described the data-driven method

to extract the stochastic dynamical systems from sample path
data based on the Kramers–Moyal formulas. We now show the
effectiveness of this technique applied on the projectile system
introduced in Section 2.

First, we choose M = 104 initial points to construct the
data set X , which are uniformly and randomly distributed in
the region [−1,1]× [−1,1]× [−1,1]× [−1,1]. Given the time
step h = 0.0001, the image data set Y is integrated via Euler
scheme of the stochastic system (2). The dictionary Ψ of basis
functions is selected as the polynomial functions up to order 3,
which contains 35 terms since the system is four-dimensional.
Based on these preliminaries, we can compute the matrix A
and vectors Bi, Bi j in Eqs. (7) and (10).

Via the least square method and sparse learning, all the
components of the drift and diffusion coefficients are evalu-
ated as the linear combination of the polynomial basis func-
tions. Since the system is four-dimensional, it is impossible
to show these functions intuitively in the figures. Thus we
portray them as two-dimensional surfaces by fixing two state
variables.

The learned and true functions of four components of the
drift coefficient are shown in Figs. 2–5, respectively. In every

figure, the top panels denote the learned results and the bot-
tom panels correspond to the true functions. The four columns
of the figures indicate the cases with (i) ωη = 0.5, ωζ = 0.5;
(ii) ωη = −0.5, ωζ = −0.5; (iii) δ1 = 0.5, δ2 = 0.5; (iv)
δ1 = −0.5, δ2 = −0.5, respectively. It is seen that the esti-
mation results agree well with the true functions of the drift
terms. The third and fourth components have a small error but
still within an acceptable range. This error stems from the fact
that the magnitude of the two components is much larger than
the first two. A coordinate transformation can lead to more
accurate results.

As mentioned above, there are 10 elements of the diffu-
sion matrix that need to be identified from data due to the sym-
metry. For the sake of simplification, we just present the diag-
onal elements a11, a22, a33 and a44 for the case of ωη = 0.5,
ωζ = −0.5 in Fig. 6. The results show that the accuracy of
the approximation of the diffusion term is not as good as the
one for the drift coefficient, while it can still capture the dy-
namical structures. It seems that the errors for a11 and a22 are
relatively larger. This is because the magnitude of them is too
small to be sufficiently accurate. Above all, the identification
of the stochastic dynamical system is consistent enough with
the real model.
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Fig. 5. Comparison between learned and true function of the fourth component of the drift coefficient: (a) and (e) ωη = 0.5, ωζ = 0.5; (b) and
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Fig. 6. Comparison between learned and true function of the diagonal elements a11, a22, a33 and a44 of the diffusion matrix for ωη = 0.5, ωζ =−0.5.

5. Conclusion

In summary, we have employed a data-driven method
based on the Kramers–Moyal formulas to extract the stochas-
tic model for the four-dimensional projectile systems from
simulated sample path data. Specifically, the projectile system
is assumed as an Itô stochastic differential equation. Then the
least square method and sparse learning are applied to com-
pute the drift coefficient and diffusion matrix, which are suf-
ficiently accurate to the true functions. The effective approx-
imation of the learned model to the real one implies that the
data-driven method can be well applied to the projectile sys-
tems. Therefore, given the measurable time-series data, we
can establish the governing equations for the projectile in the
engineering field. This fact demonstrates that it has many
applications in practical problems. For example, the learned
model of the projectile can be used to analyze its dynamical
responses so that we can improve the performances of the pro-
jectile by adjusting its shape and structure.
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[6] Boninsegna L, Nüske F and Clementi C 2018 J. Chem. Phys. 148

241723
[7] Li Y and Duan J 2021 Physica D 417 132830
[8] Li Y and Duan J 2022 J. Stat. Phys. 186 30
[9] Williams M O, Kevrekidis I G and Rowley C 2015 J. Nonlinear Sci. 25

1307
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