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Based on the mean-field theory, we investigate the thermodynamic properties of the two-dimensional (2D) charged
spin-1/2 Fermi gas. Landé factor g is introduced to measure the strength of the paramagnetic effect. There is a competition
between diamagnetism and paramagnetism in the system. The larger the Landé factor, the smaller the entropy and specific
heat. Diamagnetism tends to increase the entropy, while paramagnetism leads to the decrease of the entropy. We find
that there exists a critical value of Landé factor for the transition point due to the competition. The entropy of the system
increases with the magnetic field when g < 0.58. With the growth of paramagnetism, when g > 0.58, the entropy first
decreases with the magnetic field, then reaches a minimum value, and finally increases again. Both the entropy and specific
heat increase with the temperature, and no phase transition occurs. The specific heat tends to a constant value at the high-
temperature limit, and it approaches to zero at very low temperatures, which have been proved by the analytical calculation.

Keywords: Fermi gas, entropy, specific heat, Landé factor
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1. Introduction

With the realization of many important results of ultra-
cold atomic Fermi systems,!!~”! the study of Fermi systems
has attracted a great deal of interest and becomes an ac-
tive and rich field. Although the Fermi gases cannot occur
Bose—Einstein condensation like Bose gases at low tempera-
tures, the low-temperature behavior of the Fermi gas system is
also worthy of note. Under appropriate conditions, fermions
can form Cooper pairs and thus have the macroscopic quan-
tum effects of Bose system, such as superconductivity and

(891 The properties of the Fermi gas are influ-

superfluidity.
enced by a variety of factors, including the total number of
particles in the system, the spatial dimension, the energy spec-
trum dispersion relation and the interaction between all Fermi
gas particles. Previous studies have introduced a number of
approximate methods to study the affected factors of the sys-
tems specifically. For example, the first order energy level of
the Fermi system with hard-sphere interaction is calculated
using pseudopotential method.!'”) The thermodynamic prop-
erties of ideal Fermi gases in a harmonic potential are studied
under the generalized uncertainty principle applying Thomas—
Fermi approximation.!!!! Furthermore, the free energy applied
to various problems in statistical mechanics is also investi-
gated based on variational principle of Bogoliubov.!?!

In the study of quantum systems, using external poten-
tial to restrict is also an important research method. 3141 The
statistical properties have been investigated for the nonrela-

tivistic charged spinless bosons in constant magnetic field. "]
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However, for further study of statistical properties of quantum
gases, it is necessary to consider both orbital and spin degrees
of freedom. The analytical result of thermodynamic poten-
tial of the weakly interaction Fermi gas has been calculated on
the bases of considering the orbital motion and spin motion
of particles. It has been found that using the magnetic field al-
ways causes energy and stability decrease and chemical poten-
tial increase of the system.!'®! In our previous work, we have
investigated the magnetic properties of charged spin Bose and
Fermi gases with ferromagnetic coupling.!!”-'8! They are help-
ful to further exploration of macroscopic quantum phenomena
in the system of cold atoms.

Since 2D quantum systems can exhibit behaviors which
are not found in three dimensions,[!%29 Jow-dimensional
configurations of Fermi gases have also become the sub-
ject of theoretical and experimental studies.>!??] Researches
on 2D Fermi systems contribute to the understanding of
important frontier scientific problems such as unconven-

(231 graphene,** topological insula-

tional superconductors,
tor materials!>! as well as Majorana mode.?"! On the theo-
retical side, the evolution from a superfluid state with large
Cooper pairs to a superfluid state with compact molecules
has been studied in the 2D attracting fermion system.?”] Re-
cently, the thermodynamic quantities as functions of tem-
perature, interaction strength and effective range,*®! and
the role of a negative confinement-induced effective range
on many-body pairing above the superfluid transition!*’]

in the strongly correlated 2D Fermi gases are also in-
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vestigated. ~ Experimentally, 2D Fermi gases have been
solved their production,3-3%] pairing, 334 pseudogap,*>!
pressure profiles,[*%] the Berezinskii-Kosterlitz—Thouless
transition,*”) etc. The study of 2D Fermi gases provides an
important tool for understanding confined many-body systems
in physics.

In this paper, we will focus on the entropy and specific
heat of the 2D charged spin-1/2 Fermi gas. Under the mean-
field approximation, the orbital motion and spin motion of par-
ticles are considered simultaneously. The Landé factor g is
introduced to measure the strength of paramagnetism. The ef-
fect of temperature, Landé factor and magnetic field on the en-
tropy and specific heat are investigated. The remainder of this
paper is organized as follows. Section 2 introduces a model
consisting of Landau diamagnetism and Pauli paramagnetism.
The entropy, specific heat as well as the magnetization den-
sity are calculated respectively. Section 3 presents the result
of detailed analysis and discussion. Section 4 concludes this
article.

2. Theoretical model

We consider the orbital motion of 2D charged Fermi gas
of N particles with mass m* in a constant magnetic field B in
the z-direction. The quantized Landau energy level is

= (H;)hah ()

where j =0, 1, 2, ... labels the different Landau levels and
o = gB/ (m*c) is the gyromagnetic frequency. ® can be used
to indicate the strength of the magnetic field according to
o o< B. The energy levels in the x—y plane are degenerate with

degeneracy

qBA

D —
L= 2nhe

2

where A is the section area of x—y in the system.

For a spin —1/2 fermion, the intrinsic magnetic moment
in a magnetic field results in Zeeman splitting, the energy level
can be written as

ze

h
& =—80 q* B=—gohw, 3)
mrc

where g refers to the Landé factor and o is the spin-z index of
Zeeman state |F = 1,mp = 0) (0 = +1/2,—1/2). The Zee-
man effect causes the Pauli paramagnetism and the quantiza-
tion of the orbital motion leads to the Landau diamagnetism.

The effective Hamiltonian of the system of N fermions
can be expressed by the following equation:

ﬂ—uNzDLZ(S,’-H?—u)njm @)
J:o

where U is the chemical potential, and the effective Hamilto-
nian of the system can be used to derive the grand thermody-
namic potential

T e BN

Qryy =
_ 7m*wA21n{1+€_ﬁ [(%ﬁ-j)hw—gohco—u]}’ (5)
2nph i
where B = (kgT)~'. By conducting a Taylor expansion and
then combining the terms of the series containing j, we have
* oo I+1)-1 o ~IB[ %2 —gotio—p]

We introduce the following notation for sum simplicity:

o 1\+10/2 .—IB (i ho—goho—p+8)
o v ()T e P
Fledl= 1, (1 e ho)° -0
then Eq. (6) can be rewritten as
m* WA
Qryo=—75_ 27Bh ZFI —2,0]. ®)

The density of particles n = N/A of the system is given
by the grand thermodynamic potential

. 1 8!27#0 m (0]
nT;éo——A( 0 )ya " 27 ZFl [0,0].  (9)

In the grand canonical ensemble, we can get the expres-

sion of entropy

5= g (2220
wA

i wA{ZFl ~2,0]+x Y F£[0,1]

+ZB< ho - gono—u ) FF00}. (10

where x = Bh®. The magnetization density can be derived as

1 (0Qru
Mm—‘A( 98 )m
- 27rh[3 {ZFI

—xz(z—gc;)F;’[o,O]}. (1)

Furthermore, we can obtain the internal energy U through

0] —x ) F[0,1]

grand thermodynamic potential £27_( of the system

U = 8B (BLr10)

m*w2A

e {;FZG[O,IH—;(;—gG>FIG[07O]},(12)

the specific heat of the system can be obtained as

(%),
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* 2A
= kBﬁm © {xZFZ"[z, 1]+2xZF36[2,2]
2r > >
0
+X<na+ﬁaﬁna> ZFZG[zvl]}; (13)
(o2
where Ng = % — 80 — 3,5+ Through the conservation of parti-

cle number density, we can derive

P X§F26 [2,1]
x(%ﬂiwno) = _7§F1°[270] : (14)
Substituting Eq. (14) into Eq. (13), we get
_ m*wA\ , o .
= kB< S )x ;{Fz 2,1]+2F{[2,2]
_(F20))?
RS "

For simplicity of calculation, we introduce the follow-
ing dimensionless parameters: @ = ho/ (kgT*), t =T /T,
,L_L = [.,l/(kBT*), S= S/(NkB), MT;AO = m*cM/ (nhq), CV =
Cy/(Nkg), then x = @/t, T* is the characteristic temperature
given by kgT* = 27h?n/m*.

After the process of dimensionless, Egs. (9)—(11) and (15)
can be re-expressed respectively as

1=a) F°0,0], (16)
(o)
S =xtY) F[-2,0]+x°t Y FF[0,1]
(o) (e}
I o
+x<2 cw— u) ZFl [0,0, (17
Mryo = tY FP[-2,00—x) F¥
(e} (o2

1 _
—x(z —ga) Y £7[0,0], (18)
Cy = x3z{ZFf[2,1]+2ZF;[z,2]
(LAP2,1))7
LR p )

where
)l+lla/2 e—lx(%—gc—%+8)
(1 _ e—lx)r ’

_ = (=1

Fla,8] =) ( (20)
=1

and [ is the dimensionless parameter of the chemical po-

tential, which can be determined from the mean-field self-

consistent Eq. (16).

3. Results and discussion

The evolution of entropy and specific heat with the in-
verse of temperature of the 2D charged spin-1/2 Fermi gas
in the external magnetic field is plotted in Fig. 1. It can be

seen that both the entropy and specific heat decrease monoton-
ically with the increases of the inverse of temperature, which
means that there is no phase transition. At low temperature,
both the entropy and specific heat tend to a constant for differ-
ent magnetic fields and the specific heat approaches to zero.
On the other hand, it can be seen that the curve of entropy
as well as the specific heat at different magnetic fields tends
to overlap when the temperature is high, and the specific heat
reaches a constant value 1. It shows that the magnetic field has
little effect on the entropy and specific heat under the high-
temperature limit.
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1.00¢
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Fig. 1. The entropy S and specific heat Cy as the function of 1/¢ for
fixed Landé factor g = 0.1, the value of @ are in sequence as @ = 0.01
(solid line), 1 (dashed line), 2 (dotted line), 5 (dash dotted line), 10
(dash dot dotted line).

Furthermore, to reconfirm our numerical results, we de-
rive the analytical expressions in the limit case. Under the
high-temperature limit, the Fermi-Dirac statistics reduce to
Boltzmann statistics, the grand thermodynamic potential of
the system can be rewritten as

1 _ I,+ ze
QF = ,EDIZC Blej+es—n)
J,0
m* oA efﬁ(%hwfgohwfu)

= T 2xBn ; 1—ePho @b

Then the expression of the self-consistent equation in this sys-

()

l1—e™™*

tem can be derived as follows:

lfa)z

Substituting Eq. (22) into Eq. (19), the analytical expression
of the specific heat can be obtained as

_ 2 —x —2x
_ e " e 2e
CB=x*{— (23
v x{ (1_e_x> +1_e_x+(1_ex)2} (23)

The limit value of C§ can be obtained exactly by Eq. (23)
CBl,so=1 and CB|, . =0. Thus, our numerical results

(22)
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correspond very well to the conclusions of the analytical
derivation at high and low temperature limits.

To show the effect of paramagnetism, we plot the evolu-
tion of the entropy and specific heat with Landé factor g un-
der different magnetic fields in Fig. 2. As can be seen from
Fig. 2(a), the entropy decreases with the increase of Landé
factor, indicating that paramagnetism can reduce the entropy
of the system. An intersection point is shown in the figure.
On the left side of the intersection point, the entropy increases
with the increase of the magnetic field, while on the right side
of the intersection point, the entropy decreases with the in-
crease of the magnetic field. The existence of intersection
point indicates that there is a critical value of Landé factor g.
When the Landé factor is less than this critical value, diamag-
netism leads to the increase of entropy, but when the Landé
factor is greater than this critical value, the effect of paramag-
netism on the decrease of entropy is greater than that of dia-
magnetism on the increase of entropy. It can also be found that
the intersection point is basically unchanged under different
magnetic fields in this range. As shown in Fig. 2(b), param-
agnetism can cause the decrease of the specific heat. Further-
more, when the Landé factor g is constant, the specific heat
decreases with the increase of the magnetic field, indicating
that the enhancement of the magnetic field can reduce the spe-
cific heat of the system. When the magnetic field is small, the
variation of the entropy and specific heat as the function of
Landé factor g is very small, which suggests that the paramag-
netism has little effect on the entropy and specific heat of the
system under the weak magnetic field.

2.8

2.6

2.4

2.2

20

0.8} (b)

Fig. 2. The entropy S and specific heat Cy as a function of g att = 1.5
for different magnetic field @ = 0.1 (solid line), 0.5 (dashed line), 1
(dotted line), 1.5 (dash dotted line), 2 (dash dot dotted line).
In order to explain Fig. 2(a) more clearly, it is neces-
sary to find the critical Landé factor g. to describe the com-
petition between the paramagnetism and diamagnetism when

My = 0. Figure 3 plots g. as the function of @. Obviously,
g. decreases monotonically with decreasing magnetic field,
and g¢ |0 ~ 0.58 for different temperatures. Although the
exact value of g. in the very high magnetic field can not ob-
tained, we can estimate that the value of g. ranges from 0.58
to 1. The illustration in Fig. 3 shows that g. changes little with
the magnetic field in the low magnetic field, which can explain
why the intersection point of Fig. 2(a) is basically not affected
by the magnetic field.

1.0

0.9

0.8

e

0.7

0.6

0'50 20 40 60 80 100

Fig. 3. The critical value of Landé factor g. as the function of @ for
fixed value of ¢, the temperature ¢ is chosen as t = 1 (solid line), 1.5
(dashed line), 2 (dotted line). The inset depicts the relationship of g¢
versus magnetic field @, and the temperature t = 1.5.

In addition, we also calculate the analytical results of g
in the weak and strong magnetic field limits. The expression

of M% o can be derived by Eq. (21)
~1(3o—goa-p)
- B . e t\2
MHO - t;{ l]—e—*

1 e "
X [1+x(g6—2—1_ex)]}. 24)

Substituting Eq. (22) into Eq. (24), we obtain

P B S B T
TA07 x 2 er—1 2(e¥+1)

(25)

where x = @/t. As MIT;O =0, the limit value of g. can be de-
rived: g¢ }dHo = l/ﬁ ~ 0.577 and g¢ | g = 1. The numer-
ical results in Fig. 3 are consistent with the analytical deriva-
tion. Therefore, it is reasonable for the system always exhibits
diamagnetism when g. < 0.577. And a transition from dia-
magnetism to paramagnetism will occur when 0.577 < g. < 1.

Since the magnetic field is an important factor affecting
entropy and specific heat, we plot Fig. 4 to focus on the effect
of magnetic field. As shown in Fig. 4(a), when the Landé fac-
tor is small, the entropy increases with the increase of the mag-
netic field. With the increase of the Landé factor, the entropy
first decreases with the increase of the magnetic field, reaches
a minimum value, and then increases with the increase of the
magnetic field. g. = 0.58 is the critical value for this tran-
sition. When g is less than the critical value, diamagnetism is
stronger than paramagnetism, so the entropy increases with the
increase of the magnetic field. However, with the increase of g,
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paramagnetism gradually prevails. When g is greater than the
critical value, the paramagnetism exceeds the diamagnetism.
When paramagnetism is dominant, the entropy first decreases
with the increase of the magnetic field. With the increase of
the magnetic field, diamagnetism overcomes paramagnetism
after entropy reaches the lowest point, and the entropy begins
to rise with the increase of the magnetic field. The illustration
shows in detail the evolution of entropy with magnetic field
near the critical value of Landé factor. g = 0.5 is below the
critical value. It is obvious that the entropy increases mono-
tonically with the magnetic field. While g = 0.7 is above the
critical value. The entropy initially shows a downward trend
with the magnetic field at low magnetic field. Then we dis-
cuss the specific heat in Fig. 4(b). The specific heat decreases
with the increase of the magnetic field, which coincides with
Fig. 2(b). When the Landé factor is larger than 0.58, the spe-
cific heat still decreases with the increase of the magnetic field,
but the magnitude of the decrease becomes large. It shows that
the reduction of specific heat is enhanced after paramagnetism
is dominant. It also finds that the larger the Landé factor, the
smaller the values of entropy and specific heat for a constant
magnetic field. This is consistent with the conclusion we ob-
tained in Fig. 2 that both the entropy and specific heat decrease
with the growth of paramagnetism.

6.0

Fig. 4. The entropy S and specific heat Cy as a function of @ forz = 1.5.
The Landé factor g is taken as g = 0.1 (solid line), 0.58 (dashed line),
1 (dotted line), 1.5 (dash dotted line), 2 (dash dot dotted line), respec-
tively. The inset depicts the relationship of § versus magnetic field @
with the magnetic field region lies between 0 and 4.5, and the Landé
factor g is chosen as g = 0.5 (solid line), 0.58 (dashed line), 0.7 (dotted
line).

4. Conclusion

This paper discusses the variation of the entropy and spe-
cific heat of the 2D charged spin-1/2 Fermi gas with respect

to the inverse of temperature 1/¢, Landé factor g, and the mag-
netic field @. Our results show that both the entropy and spe-
cific heat decrease with the increase of the Landé factor. It
is indicated that the increase of paramagnetism can decrease
the entropy and specific heat. The effect of paramagnetism on
the entropy and specific heat is relatively small when the mag-
netic field is weak. The specific heat decreases with the mag-
netic field and eventually approaches zero. There is a com-
petition between the diamagnetism and paramagnetism in the
system. The system always exhibits diamagnetism and en-
tropy increases with magnetic field when g. < 0.58. However,
when g. > 0.58, paramagnetism is gradually enhanced. The
entropy first decreases with the increase of the magnetic field,
and then increases after a minimum value. Furthermore, the
specific heat increases monotonically with the temperature and
ultimately reaches a constant value. Here no phase transition
point appears. Our result shows that there is no spontaneous
breaking of continuous symmetries in this system.
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