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The anisotropic physical property is the most noteworthy feature of crystals. In this paper, the subscript change
method is used to analyze the sign changes of different tensors describing physical properties in uniaxial crystals. The
distribution of some physical properties in special point groups exhibits non-symmetry in eight quadrants, which should
attract the attention of crystal research. The difference between the crystallographic and physical coordinate systems and
the lack of crystal symmetry operations are considered to be the origins of the non-symmetry. To avoid ambiguities and
difficulties in characterizing and applying crystal physical properties, eight quadrants in space should be clarified. Hence,
we proposed the use of piezoelectric properties to define the positive direction of the optical coordinate axis prior to the
research and applications of optical properties.

Keywords: uniaxial crystals, effective physical constant space distributions, the positive direction of optical
coordinate axis
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1. Introduction

With the rapid development of modern science and tech-

nology, crystals play an irreplaceable role in electrical and

optical applications. The research on crystals is mainly fo-

cused on crystal growth techniques, systematic measurements

of physical properties and fabrication of devices. Detailed

research into crystal physical properties is a precondition of

crystal applications. Meanwhile, the fabrication of crystal de-

vices is also based on crystal physical properties. For crys-

tallographers, crystal anisotropic properties are usually de-

scribed by tensors. And the tensors are given in matrix form

through symmetry operations in the crystallographic coor-

dinate system.[1–4] However, for physicists, crystal physical

properties are usually expressed in the physical coordinate sys-

tem, which is not always the same as the crystallographic co-

ordinate system. The space is divided into eight imaginary

quadrants in the physical coordinate system. The tensor forms

describing crystal physical properties are only given in quad-

rant I. In the research and applications of crystal physical prop-

erties, the physical constants and effective physical constants

will be obtained and calculated by rotating crystal samples in

the physical coordinate system.[5] The relative signs of the

tensor elements indicate the anisotropic physical properties

defined by the coordinate axes directions. The spatial dis-

tributions of effective physical constants for biaxial crystals

have been analyzed.[6] The results show that crystal physical

properties of a monoclinic system are not the same in adja-
cent quadrants, which is caused by the sign changes of tensor
elements.[6] The different distributions of physical properties
in different quadrants will bring ambiguities and difficulties
to the research and applications of crystal physical properties.
Uniaxial crystals have more and higher symmetrical compo-
nents than biaxial crystals, but some special point groups in
uniaxial crystals only have a symmetrical component along
one coordinate axis. Hence, there are also similar ambigui-
ties and difficulties for uniaxial crystals. The relative signs of
the tensor elements and spatial symmetry of effective physical
properties in uniaxial crystals have attracted our attention.

In this paper, the signs of tensor elements for uniaxial
crystals in space are investigated using the subscript change
method. The spatial distributions of efficient physical con-
stants describing second-order, third-order, and fourth-order
tensors are discussed in detail. Our results show that the
physical properties of special point groups in uniaxial crys-
tals also have non-symmetry, which is similar to that of bi-
axial crystals.[6] The difference between crystallographic and
physical coordinate systems and the lack of crystal symmetry
operations lead to the non-symmetry of crystal physical prop-
erties. To avoid ambiguities and difficulties in the research
and applications of crystals, we proposed to utilize piezoelec-
tric properties to define the positive direction of the optical co-
ordinate axis prior to the research and applications of optical
properties.
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2. Subscripts of tensor elements in the rectangu-
lar coordinate system
As is well known, anisotropic physical properties are de-

scribed by tensors, including thermal, electro-optic, nonlinear
optical, dielectric, piezoelectric properties, and so on. The
physical coordinate system is defined in a rectangular coor-
dinate system, but it is not exactly the same as the crystal-
lographic coordinate system in some special point groups.[7]

As shown in Fig. 1, the rectangular coordinate system divides
the space into eight quadrants, and the positive directions of
the coordinate axes are defined. The relationship between the
subscripts of tensor elements and coordinate axes can be rep-
resented as 1→ x, −1→ −x, 2→ y, −2→ −y, 3→ z, and
−3 → −z. The signs of different subscripts in eight quad-
rants are listed in Table 1. Due to the diversity of physical
properties, uniaxial crystals with asymmetrical structures are
discussed in detail.

Table 1. The signs of coordinate axes in each quadrant.

I II III IV V VI VII VIII

1(X) + − − + + − − +

2(Y ) + + − − + + − −
3(Z) + + + + − − − −

o

X

Y

Z

I

II

III

IV

V

VI
VII

VIII

Fig. 1. The positive direction definitions of eight quadrants.

2.1. The sign changes of second-order tensor matrix ele-
ments

Taking the dielectric property as an example, the sign
changes of the second-order tensor element subscripts are an-
alyzed. Cubic crystals exhibit isotropic dielectric properties.
In addition, crystals in trigonal, tetragonal, and hexagonal sys-
tems have only two principal axial coefficients.[8] Obviously,
the subscripts of the dielectric constant are equivalent (i = j),
which means that the positive direction has no direct effect on
the signs of tensor elements, as shown below:

ε+1+1→ ε11, ε+2+2→ ε22, ε+3+3→ ε33,

ε−1−1→ ε11, ε−2−2→ ε22, ε−3−3→ ε33. (1)

There is only one matrix form ε11 0 0
0 ε11 0
0 0 ε33


in each quadrant. The analysis of dielectric properties is also

applicable to other physical properties represented by second-

order tensors in uniaxial crystals, including electrical conduc-

tivity (µi j), resistivity (ρi j), dielectric isolation rate (βi j), di-

electric polarizability (χi j), magnetic permeability (µi j), ther-

mal expansion (αi j), and thermal conductivity (κi j).

2.2. The sign changes of the third-order tensor matrix ele-
ments

Crystals in noncentrosymmetric point groups possess

physical properties that are described by third-order ten-

sors. These physical properties include piezoelectric, electric-

optical, and second-order nonlinear optical properties. The

third-order tensors contain simplified subscripts and more ten-

sor elements than second-order tensors. Therefore, the piezo-

electric matrix di j is also taken as an example to analyze the

element sign changes of uniaxial crystals. The simplified sub-

script j is an abbreviation of two subscripts l and k, expressed

as 1→ 1, 1; 2→ 2, 2; 3→ 3, 3; 4→ 2, 3; 5→ 1, 3; and 6→ 1,

2. Due to the different directions of the coordinate axes, the

subscript signs will change in each quadrant. The signs of the

piezoelectric matrix elements are listed in Table 2.

In practical crystal applications, only the absolute values

or the square of the extremum of efficient physical constants

are considered. Therefore, the negative sign in front of the

matrix can be ignored. As shown in Table 2, the matrix forms

in eight quadrants are the same in the point groups 422, 4mm,

4̄2m, 622, 6mm, 6̄m2 and the cubic system, which are sim-

ilar to those of an orthogonal system.[6] There are two ma-

trix forms in point groups 32, 3m, 4, 4̄, 6, and 6̄, respectively,

which are similar to those of a monoclinic system.[6] Point

group 3 has four matrix forms in space, which is similar to a

triclinic system.[6]

Our analysis indicates that although uniaxial crystals have

higher symmetry than biaxial crystals, the piezoelectric prop-

erties in specific point groups also exhibit similar tensor form

changes to biaxial crystals. The tensor form changes of piezo-

electric properties can be extended to other physical properties

that are described by third-order tensors.

096103-2
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Table 2. The piezoelectric matrix elements of uniaxial crystals.

3 32 3m (m⊥x1)

I

 d11 −d11 0 d14 d15 −2d22

−d22 d22 0 d15 −d14 −2d11

d31 d31 d33 0 0 0


 d11 −d11 0 d14 0 0

0 0 0 0 −d14 −2d11

0 0 0 0 0 0


 0 0 0 0 d15 −2d22

−d22 d22 0 d15 0 0

d31 d31 d33 0 0 0



II

 −d11 d11 0 −d14 d15 −2d22

−d22 d22 0 d15 d14 2d11

d31 d31 d33 0 0 0

 −

 d11 −d11 0 d14 0 0

0 0 0 0 −d14 −2d11

0 0 0 0 0 0


 0 0 0 0 d15 −2d22

−d22 d22 0 d15 0 0

d31 d31 d33 0 0 0



III

 −d11 d11 0 d14 d15 2d22

d22 −d22 0 d15 −d14 2d11

d31 d31 d33 0 0 0


 −d11 d11 0 d14 0 0

0 0 0 0 −d14 2d11

0 0 0 0 0 0


 0 0 0 0 d15 2d22

d22 −d22 0 d15 0 0

d31 d31 d33 0 0 0



IV

 d11 −d11 0 −d14 d15 2d22

d22 −d22 0 d15 d14 −2d11

d31 d31 d33 0 0 0


 d11 −d11 0 −d14 0 0

0 0 0 0 d14 −2d11

0 0 0 0 0 0


 0 0 0 0 d15 2d22

d22 −d22 0 d15 0 0

d31 d31 d33 0 0 0



V

 d11 −d11 0 −d14 −d15 −2d22

−d22 d22 0 −d15 d14 −2d11

−d31 −d31 −d33 0 0 0


 d11 −d11 0 −d14 0 0

0 0 0 0 d14 −2d11

0 0 0 0 0 0

 −

 0 0 0 0 d15 2d22

d22 −d22 0 d15 0 0

d31 d31 d33 0 0 0



VI

 −d11 d11 0 d14 −d15 −2d22

−d22 d22 0 −d15 −d14 2d11

−d31 −d31 −d33 0 0 0


 −d11 d11 0 d14 0 0

0 0 0 0 −d14 2d11

0 0 0 0 0 0

 −

 0 0 0 0 d15 2d22

d22 −d22 0 d15 0 0

d31 d31 d33 0 0 0



VII −

 d11 −d11 0 d14 d15 −2d22

−d22 d22 0 d15 −d14 −2d11

d31 d31 d33 0 0 0

 −

 d11 −d11 0 d14 0 0

0 0 0 0 −d14 −2d11

0 0 0 0 0 0

 −

 0 0 0 0 d15 −2d22

−d22 d22 0 d15 0 0

d31 d31 d33 0 0 0



VIII

 d11 −d11 0 d14 −d15 2d22

d22 −d22 0 −d15 −d14 −2d11

−d31 −d31 −d33 0 0 0


 d11 −d11 0 d14 0 0

0 0 0 0 −d14 −2d11

0 0 0 0 0 0

 −

 0 0 0 0 d15 −2d22

−d22 d22 0 d15 0 0

d31 d31 d33 0 0 0


4 4̄ 422

I

 0 0 0 d14 d15 0

0 0 0 d15 −d14 0

d31 d31 d33 0 0 0


 0 0 0 d14 d15 0

0 0 0 −d15 d14 0

d31 −d31 0 0 0 d36


 0 0 0 d14 0 0

0 0 0 0 −d14 0

0 0 0 0 0 0



II

 0 0 0 −d14 d15 0

0 0 0 d15 d14 0

d31 d31 d33 0 0 0


 0 0 0 −d14 d15 0

0 0 0 −d15 −d14 0

d31 −d31 0 0 0 −d36

 −

 0 0 0 d14 0 0

0 0 0 0 −d14 0

0 0 0 0 0 0



III

 0 0 0 d14 d15 0

0 0 0 d15 −d14 0

d31 d31 d33 0 0 0


 0 0 0 d14 d15 0

0 0 0 −d15 d14 0

d31 −d31 0 0 0 d36


 0 0 0 d14 0 0

0 0 0 0 −d14 0

0 0 0 0 0 0



IV

 0 0 0 −d14 d15 0

0 0 0 d15 d14 0

d31 d31 d33 0 0 0


 0 0 0 −d14 d15 0

0 0 0 −d15 −d14 0

d31 −d31 0 0 0 −d36

 −

 0 0 0 d14 0 0

0 0 0 0 −d14 0

0 0 0 0 0 0



V −

 0 0 0 d14 d15 0

0 0 0 d15 −d14 0

d31 d31 d33 0 0 0

 −

 0 0 0 d14 d15 0

0 0 0 −d15 d14 0

d31 −d31 0 0 0 d36

 −

 0 0 0 d14 0 0

0 0 0 0 −d14 0

0 0 0 0 0 0



VI

 0 0 0 d14 −d15 0

0 0 0 −d15 −d14 0

−d31 −d31 −d33 0 0 0


 0 0 0 d14 −d15 0

0 0 0 d15 d14 0

−d31 d31 0 0 0 d36


 0 0 0 d14 0 0

0 0 0 0 −d14 0

0 0 0 0 0 0



VII −

 0 0 0 d14 d15 0

0 0 0 d15 −d14 0

d31 d31 d33 0 0 0

 −

 0 0 0 d14 d15 0

0 0 0 −d15 d14 0

d31 −d31 0 0 0 d36

 −

 0 0 0 d14 0 0

0 0 0 0 −d14 0

0 0 0 0 0 0



VIII

 0 0 0 d14 −d15 0

0 0 0 −d15 −d14 0

−d31 −d31 −d33 0 0 0


 0 0 0 d14 −d15 0

0 0 0 d15 d14 0

−d31 d31 0 0 0 d36


 0 0 0 d14 0 0

0 0 0 0 −d14 0

0 0 0 0 0 0


096103-3



Chin. Phys. B 31, 096103 (2022)

Table 2. Continued.

4mm 4̄2m (2 ‖ x1) 6

I

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 d36


 0 0 0 d14 d15 0

0 0 0 d15 −d14 0

d31 d31 d33 0 0 0



II

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0

 −

 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 d36


 0 0 0 −d14 d15 0

0 0 0 d15 d14 0

d31 d31 d33 0 0 0



III

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 d36


 0 0 0 d14 d15 0

0 0 0 d15 −d14 0

d31 d31 d33 0 0 0



IV

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0

 −

 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 d36


 0 0 0 −d14 d15 0

0 0 0 d15 d14 0

d31 d31 d33 0 0 0



V −

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0

 −


0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 d36

 −

 0 0 0 d14 d15 0

0 0 0 d15 −d14 0

d31 d31 d33 0 0 0



VI −

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 d36


 0 0 0 d14 −d15 0

0 0 0 −d15 −d14 0

−d31 −d31 −d33 0 0 0



VII −

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0

 −

 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 d36

 −

 0 0 0 d14 d15 0

0 0 0 d15 −d14 0

d31 d31 d33 0 0 0



VIII −

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 d36


 0 0 0 d14 −d15 0

0 0 0 −d15 −d14 0

−d31 −d31 −d33 0 0 0


6̄ 622 6mm

I

 d11 −d11 0 0 0 −2d22

−d22 d22 0 0 0 −2d11

0 0 0 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 0


 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0



II

 −d11 d11 0 0 0 −2d22

−d22 d22 0 0 0 2d11

0 0 0 0 0 0

 −

 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 0


 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0



III −

 d11 −d11 0 0 0 −2d22

−d22 d22 0 0 0 −2d11

0 0 0 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 0


 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0



IV

 d11 −d11 0 0 0 2d22

d22 −d22 0 0 0 −2d11

0 0 0 0 0 0

 −

 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 0


 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0



V

 d11 −d11 0 0 0 −2d22

−d22 d22 0 0 0 −2d11

0 0 0 0 0 0

 −

 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 0

 −

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0



VI

 −d11 d11 0 0 0 −2d22

−d22 d22 0 0 0 2d11

0 0 0 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 0

 −

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0



VII −

 d11 −d11 0 0 0 −2d22

−d22 d22 0 0 0 −2d11

0 0 0 0 0 0

 −

 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 0

 −

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0



VIII

 d11 −d11 0 0 0 2d22

d22 −d22 0 0 0 −2d11

0 0 0 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0

0 0 0 0 0 0

 −

 0 0 0 0 d15 0

0 0 0 d15 0 0

d31 d31 d33 0 0 0


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Table 2. Continued.

6̄m2 (m⊥x1) 23, 4̄3m

I

 d11 −d11 0 0 0 0
0 0 0 0 0 −2d11

0 0 0 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0
0 0 0 0 0 d14



II −

 d11 −d11 0 0 0 0
0 0 0 0 0 −2d11

0 0 0 0 0 0

 −

 0 0 0 d14 0 0
0 0 0 0 d14 0
0 0 0 0 0 d14



III −

 d11 −d11 0 0 0 0
0 0 0 0 0 −2d11

0 0 0 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0
0 0 0 0 0 d14



IV

 d11 −d11 0 0 0 0
0 0 0 0 0 −2d11

0 0 0 0 0 0

 −

 0 0 0 d14 0 0
0 0 0 0 d14 0
0 0 0 0 0 d14



V

 d11 −d11 0 0 0 0
0 0 0 0 0 −2d11

0 0 0 0 0 0

 −

 0 0 0 d14 0 0
0 0 0 0 d14 0
0 0 0 0 0 d14



VI −

 d11 −d11 0 0 0 0
0 0 0 0 0 −2d11

0 0 0 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0
0 0 0 0 0 d14



VII −

 d11 −d11 0 0 0 0
0 0 0 0 0 −2d11

0 0 0 0 0 0

 −

 0 0 0 d14 0 0
0 0 0 0 d14 0
0 0 0 0 0 d14



VIII

 d11 −d11 0 0 0 0
0 0 0 0 0 −2d11

0 0 0 0 0 0


 0 0 0 d14 0 0

0 0 0 0 d14 0
0 0 0 0 0 d14



2.3. The sign changes of fourth-order tensor matrix ele-
ments

The second-order electric-optical, elastic, elastic rigid-
ity, and elastic-optical properties are described by fourth-order
tensors. The two subscripts of the fourth-order tensors are
simplified, which is as the same as that of subscript j in the
piezoelectric tensors. Using similar analysis to that used for
third-order tensors, the tensor forms of elastic constants (si j)

are listed in Table 3.
Obviously, there is only one tensor form in the hexagonal

system, cubic system, and point groups 4mm, 4̄2m, 422, and
4/mmm. There are four tensor forms in point groups 3 and
3̄. In tetragonal and trigonal systems, the matrixes have two
forms in point groups 32, 3m, 3̄m, 4, 4̄ and 4/m. The analysis
of elastic constants is applicable for all physical properties that
are described by fourth-order tensors.

3. The distributions and discussions of the effi-
cient physical properties
The dielectric properties only have axial elements, and

the distribution of the dielectric properties in uniaxial crystals
can be expressed as an ellipsoid with long and short axes that
are parallel to the coordinate axes. This means that the distri-
bution of the dielectric properties is the same in each quadrant.

In our research, the distributions of piezoelectric proper-

ties in point groups 3m and 4 are taken as examples. The val-
ues of the piezoelectric constants d′23 and d′21 in point groups
3m and 4 can be expressed as follows using the coordinate
transformation method[9–13] in quadrants I and IV:

d′23 = −d22cosθ
3sinϕ

2−d22sinθ
2cosθsinϕ

2

+2d15sinθcosθsinϕcosϕ, (2)

d′23 = d22cosθ
3sinϕ

2 +d22sinθ
2cosθsinϕ

2

+2d15sinθcosθsinϕcosϕ, (3)

d′21 = (d14sinθ
2−d15sinθcosθ −d14cosθ

2

−d15sinθcosθ)sinϕcosϕ, (4)

d′21 = (−d14sinθ
2−d15sinθcosθ +d14cosθ

2

−d15sinθcosθ)sinϕcosϕ, (5)

in which θ and ϕ (0 < θ < 90◦, 0 < ϕ < 90◦) are the ro-
tation angles around the piezoelectric axes Z and Y , respec-
tively. Due to the sign changes of the matrix elements d22 and
d14, the distributions of the piezoelectric constants in quadrant
I are different from those in quadrant IV. The distributions of
d′23 and d′21 in other quadrants can be obtained using the same
coordinate transformation method. It is worth noting that only
piezoelectric properties containing sign changes exhibit spatial
non-symmetry in adjacent quadrants. The results are also suit-
able for other physical properties that are described by third-
order and fourth-order tensors in uniaxial crystals.
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Table 3. The elastic matrix elements of uniaxial crystals.

3, 3̄ 32, 3m, 3̄m 4, 4̄, 4/m

I



s11 s12 s13 s14 −s25 0

s12 s11 s13 −s14 s25 0

s13 s13 s33 0 0 0

s14 −s14 0 s44 0 2s25

−s25 s25 0 0 s44 2s14

0 0 0 2s25 2s14 2(s11− s12)





s11 s12 s13 s14 0 0

s12 s11 s13 −s14 0 0

s13 s13 s33 0 0 0

s14 −s14 0 s44 0 0

0 0 0 0 s44 2s14

0 0 0 0 2s14 2(s11− s12)





s11 s12 s13 0 0 s16

s12 s11 s13 0 0 −s16

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

s16 −s16 0 0 0 s66



II



s11 s12 s13 s14 s25 0

s12 s11 s13 −s14 −s25 0

s13 s13 s33 0 0 0

s14 −s14 0 s44 0 −2s25

s25 −s25 0 0 s44 2s14

0 0 0 −2s25 2s14 2(s11− s12)





s11 s12 s13 s14 0 0

s12 s11 s13 −s14 0 0

s13 s13 s33 0 0 0

s14 −s14 0 s44 0 0

0 0 0 0 s44 2s14

0 0 0 0 2s14 2(s11− s12)





s11 s12 s13 0 0 −s16

s12 s11 s13 0 0 s16

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

−s16 s16 0 0 0 s66



III



s11 s12 s13 −s14 s25 0

s12 s11 s13 s14 −s25 0

s13 s13 s33 0 0 0

−s14 s14 0 s44 0 −2s25

s25 −s25 0 0 s44 −2s14

0 0 0 −2s25 −2s14 2(s11− s12)





s11 s12 s13 −s14 0 0

s12 s11 s13 s14 0 0

s13 s13 s33 0 0 0

−s14 s14 0 s44 0 0

0 0 0 0 s44 −2s14

0 0 0 0 −2s14 2(s11− s12)





s11 s12 s13 0 0 s16

s12 s11 s13 0 0 −s16

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

s16 −s16 0 0 0 s66



IV



s11 s12 s13 −s14 −s25 0

s12 s11 s13 s14 s25 0

s13 s13 s33 0 0 0

−s14 s14 0 s44 0 2s25

−s25 s25 0 0 s44 −2s14

0 0 0 2s25 −2s14 2(s11− s12)





s11 s12 s13 −s14 0 0

s12 s11 s13 s14 0 0

s13 s13 s33 0 0 0

−s14 s14 0 s44 0 0

0 0 0 0 s44 −2s14

0 0 0 0 −2s14 2(s11− s12)





s11 s12 s13 0 0 −s16

s12 s11 s13 0 0 s16

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

−s16 s16 0 0 0 s66



V



s11 s12 s13 −s14 s25 0

s12 s11 s13 s14 −s25 0

s13 s13 s33 0 0 0

−s14 s14 0 s44 0 −2s25

s25 −s25 0 0 s44 −2s14

0 0 0 −2s25 −2s14 2(s11− s12)





s11 s12 s13 −s14 0 0

s12 s11 s13 s14 0 0

s13 s13 s33 0 0 0

−s14 s14 0 s44 0 0

0 0 0 0 s44 −2s14

0 0 0 0 −2s14 2(s11− s12)





s11 s12 s13 0 0 s16

s12 s11 s13 0 0 −s16

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

s16 −s16 0 0 0 s66



VI



s11 s12 s13 −s14 −s25 0

s12 s11 s13 s14 s25 0

s13 s13 s33 0 0 0

−s14 s14 0 s44 0 2s25

−s25 s25 0 0 s44 −2s14

0 0 0 2s25 −2s14 2(s11− s12)





s11 s12 s13 −s14 0 0

s12 s11 s13 s14 0 0

s13 s13 s33 0 0 0

−s14 s14 0 s44 0 0

0 0 0 0 s44 −2s14

0 0 0 0 −2s14 2(s11− s12)





s11 s12 s13 0 0 −s16

s12 s11 s13 0 0 s16

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

−s16 s16 0 0 0 s66



VII



s11 s12 s13 s14 −s25 0

s12 s11 s13 −s14 s25 0

s13 s13 s33 0 0 0

s14 −s14 0 s44 0 2s25

−s25 s25 0 0 s44 2s14

0 0 0 2s25 2s14 2(s11− s12)





s11 s12 s13 s14 0 0

s12 s11 s13 −s14 0 0

s13 s13 s33 0 0 0

s14 −s14 0 s44 0 0

0 0 0 0 s44 2s14

0 0 0 0 2s14 2(s11− s12)





s11 s12 s13 0 0 s16

s12 s11 s13 0 0 −s16

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

s16 −s16 0 0 0 s66



VIII



s11 s12 s13 s14 s25 0

s12 s11 s13 −s14 −s25 0

s13 s13 s33 0 0 0

s14 −s14 0 s44 0 −2s25

s25 −s25 0 0 s44 2s14

0 0 0 −2s25 2s14 2(s11− s12)





s11 s12 s13 s14 0 0

s12 s11 s13 −s14 0 0

s13 s13 s33 0 0 0

s14 −s14 0 s44 0 0

0 0 0 0 s44 2s14

0 0 0 0 2s14 2(s11− s12)





s11 s12 s13 0 0 −s16

s12 s11 s13 0 0 s16

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

−s16 s16 0 0 0 s66


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Table 3. Continued.

422, 4/mmm, 4̄2m, 4mm Hexagonal system Cubic system

I



s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s66





s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 2(s11− s12)





s11 s12 s12 0 0 0

s12 s11 s12 0 0 0

s12 s12 s11 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s44



II



s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s66





s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 2(s11− s12)





s11 s12 s12 0 0 0

s12 s11 s12 0 0 0

s12 s12 s11 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s44



III



s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s66





s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 2(s11− s12)





s11 s12 s12 0 0 0

s12 s11 s12 0 0 0

s12 s12 s11 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s44



IV



s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s66





s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 2(s11− s12)





s11 s12 s12 0 0 0

s12 s11 s12 0 0 0

s12 s12 s11 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s44



V



s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s66





s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 2(s11− s12)





s11 s12 s12 0 0 0

s12 s11 s12 0 0 0

s12 s12 s11 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s44



VI



s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s66





s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 2(s11− s12)





s11 s12 s12 0 0 0

s12 s11 s12 0 0 0

s12 s12 s11 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s44



VII



s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s66





s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 2(s11− s12)





s11 s12 s12 0 0 0

s12 s11 s12 0 0 0

s12 s12 s11 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s44



VIII



s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s66





s11 s12 s13 0 0 0

s12 s11 s13 0 0 0

s13 s13 s33 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 2(s11− s12)





s11 s12 s12 0 0 0

s12 s11 s12 0 0 0

s12 s12 s11 0 0 0

0 0 0 s44 0 0

0 0 0 0 s44 0

0 0 0 0 0 s44


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The crystal physical coordinate system is used to describe
anisotropic physical properties. However, the symmetry of
crystals in crystallography is obtained based on the rotation
operation of the crystallographic coordinate system. The tradi-
tional crystallographic coordinate system only provides a def-
inition of the lattice parameters and the angles, and does not
give the positive and negative directions of the a, b, and c coor-
dinate axes. But the physical properties have positive and neg-
ative effects, such as the piezoelectric constant d33: the value
is equal but the sign is opposite in the opposite direction. In
addition, when studying the physical properties and devices
of crystals, the crystal samples are manufactured in the phys-
ical coordinate system (rectangular coordinate system). For
some specific point groups, because the crystallographic co-
ordinate system is a non-rectangular coordinate system, the
physical coordinate system is not consistent with the crystal-
lographic coordinate system. Taking point group 3 as an ex-
ample, the relationship between the angles of crystallographic
coordinate axes is as follows: α = β = 90◦, γ = 120◦. The
relationship between the angles of physical coordinate axes is
α = β = γ = 90◦. According to the piezoelectric rule of IEEE,
Z//c, X//a, exist and Y is determined by the right-hand rule
in a trigonal system. As shown in Fig. 2, the physical proper-
ties along the crystallographic coordinate a and b axes are the
same, but the physical properties of the violet line and red line
directions that are symmetrically distributed along the physi-
cal coordinate Y axis are not the same. Hence, we believe that
the difference between the crystallography and physical coor-
dinate systems is the source of the non-symmetry in physical
properties.

a↼X↽ []

c↼Z↽ []

b []

Y []

90Ο

90Ο

30Ο

30Ο

Fig. 2. The crystallographic coordinate system and physical coordinate sys-
tem of point group 3.

Meanwhile, the lack of crystal symmetry operation in dif-
ferent directions also contributes to non-symmetry of physical
properties in uniaxial crystals. Taking point group 4 as an ex-
ample, the crystallographic and physical coordinate systems
are shown in Fig. 3. In the crystallographic coordinate system,
there is only a quartic axis along the c axis. Hence, the phys-
ical properties along the violet line directions are the same.
However, due to the lack of a symmetry plane along the a axis,
the physical properties along the blue dotted line are not the

same as in the violet line direction. Therefore, the lack of crys-
tal symmetry operations is also considered to be one origin of
the non-symmetry. The piezoelectric coordinate system is de-
fined according to the IEEE standard.[14] We take the direction
of the d33 positive value as the positive direction of the Z axis,
and other positive directions obey the right-hand rule. The
piezoelectric properties along the violet and blue lines can be
distinguished by θ and −θ . In the optical coordinate system,
the directions of the coordinate axes only obey the right-hand
rule. Due to no positive direction definition of the Z axis, there
are two optical coordinate definitions, as shown in Fig. 3. In
optical properties research and applications, crystal samples
are manufactured in the crystallographic or physical coordi-
nate systems. If θ is the angle of the sample from the X axis to
the light propagation direction, there are two directions with
different optical properties, and they cannot be distinguished.
According to the tensor analysis, all the optical properties of
crystals with different tensor forms show the same difficulties
as the crystals of point group 4.

(a) (b) 

(c) (d) 

Y/b ↼b/a↽

c/Z

a↼X↽

θ

θ

θ

θ

θ

Y/b ↼b/a↽

c/Z

a↼X↽

θ

θ

θ

−θ

θ

Y/b ↼b/a↽

c/Z

a↼X↽

θ

θ

θ

θ

θ

Y/b ↼b/a↽

c/Z

a↼X↽

θ

θ

θ

θ

θ

Fig. 3. The optical coordinate definitions of point group 4 based on crystal-
lographic and physical coordinate systems.

To accurately describe and apply the physical properties,
the cutting directions of crystals should be in the assigned
quadrant. This means that the positive direction of the optical
coordinate axis should be defined. As shown in Tables 2 and
3, crystals with both piezoelectric and optical properties are
described by third-order and fourth-order tensors. The posi-
tive direction of the optical coordinate axis cannot be defined
by optical properties, but it can be determined with the aid of
the piezoelectric properties. The positive directions of the op-
tical axis do not need to be specified in the point groups 622,
422, 23, 6̄m2, 4̄2m, and 4̄3m. There are piezoelectric constants
dii (i = 1, 2, or 3) in the point groups 32, 3m, 4, 6, 6̄, and 3,
respectively. Hence, the positive direction of the optical coor-
dinate axis can be defined with dii exhibiting positive values,
as shown in Fig. 4. For point groups 3 and 3m in the trigo-
nal system, the direction of the piezoelectric constant d33→+
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is the positive direction of nc, and the direction of d22 → +

is the positive direction of nac in point group 3m. For point
group 32, the direction of d11 → + is the positive direction
of na. For point groups 4mm and 4 in the tetragonal system,
the direction of d33 → + is the positive direction of nc. For
point group 4̄, the direction of d31 → + is the positive direc-
tion nc. For point groups 6 and 6mm in the hexagonal system,
the direction of d33→+ is the positive direction nc. The coor-
dinate axes, which have not been defined above, should obey
the right-hand rule.

Y

X

Y

X

Z

(a) (b) (c) 

X

Y

Z

(d) (e) (f)

Point group 3 Point group m Point group 32

Point group 4 Point group 6 Point group 6 

na (d11+)

Z (d33+)

Y

X

na (d22+)

na (d22+)

na (d11+)

na (d11+)

Z (d33+)

Y

X

Z (d33+)

Y

X

Z (d33+)

Fig. 4. Positive direction definitions of the optical coordinate axis in different
point groups: (a) point group 3; (b) point group 3m; (c) point group 32; (d)
point group 4; (e) point group 6; (f) point group 6̄.

4. Conclusion and perspectives
In conclusion, the sign changes of physical properties de-

scribed by second-order, third-order, and fourth-order tensors
of uniaxial crystals are given in space. The physical constant
distributions of special point groups in uniaxial crystals show
non-symmetry in adjacent quadrants. The difference between

the crystallographic and physical coordinate systems and the
lack of crystal symmetry operations are considered to be the
origins of the non-symmetry. The lack of the positive direction
of the optical coordinate axis makes research and application
of optical characteristics ambiguous and difficult. Therefore,
we proposed the use of piezoelectric properties to define the
positive directions of the optical coordinate axis prior to the
research and applications of optical properties.
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