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Limited contact capacity and heterogeneous adoption thresholds have been proven to be two essential characteristics
of individuals in natural complex social systems, and their impacts on social contagions exhibit complex nature. With this
in mind, a heterogeneous contact-limited threshold model is proposed, which adopts one of four threshold distributions,
namely Gaussian distribution, log-normal distribution, exponential distribution and power-law distribution. The hetero-
geneous edge-based compartmental theory is developed for theoretical analysis, and the calculation methods of the final
adoption size and outbreak threshold are given theoretically. Many numerical simulations are performed on the Erdös–
Rényi and scale-free networks to study the impact of different forms of the threshold distribution on hierarchical spreading
process, the final adoption size, the outbreak threshold and the phase transition in contact-limited propagation networks.
We find that the spreading process of social contagions is divided into three distinct stages. Moreover, different threshold
distributions cause different spreading processes, especially for some threshold distributions, there is a change from a dis-
continuous first-order phase transition to a continuous second-order phase transition. Further, we find that changing the
standard deviation of different threshold distributions will cause the final adoption size and outbreak threshold to change,
and finally tend to be stable with the increase of standard deviation.

Keywords: social contagions, threshold distribution, heterogeneous adoption thresholds, limited contact
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1. Introduction
Complex networks are embodied in fields of nature, so-

ciety, science and technology.[1–9] A real complex system
can be abstracted as a network, and then complex proper-
ties of the system, such as structure, robustness, function,
as well as dynamical processes that occur on networks, can
be investigated.[10–23] According to different characteristics of
spreading objects, the spreading dynamics on complex net-
works can be generally divided into two categories: one is the
dynamics of biological contagions with independent infection
probabilities of any two contacts, such as the epidemic spread-
ing and the spreading of computer viruses,[24–30] the other is
the dynamics of social contagions with social reinforcement
effect, including rumor diffusion, information spreading, be-
havior spreading, innovation adoption, and so on.[31–38] It is
generally believed that social contagion is the expansion and
application of biological contagion, and it is the research basis
of social-biological coupling contagion.[39–43]

For the convenience of description, what is transmitted in
social contagions is called “behavior”, and behavior spread-
ing is an essential form of social contagions. The social re-
inforcement effect described in the classic linear threshold
model is memoryless, where the adoption threshold is the
number or proportion of neighbors in the adopted state.[44,45]

Considering the non-Markovian nature of social contagions,
many non-Markovian models with memory characteristic have
been proposed in recent years.[33,46–55] The research on so-
cial contagions with the reinforcement effect based on non-
redundant information memory is receiving extensive atten-
tion from researchers. Based on the fact that the amount of
information that an individual can provide is finite, the non-
redundant information transmission method that only allows
once successful information transmission between a pair of
individuals is adopted. Each individual can remember the
non-redundant behavior information passed to him/her by all
his/her neighbors.[46] To avoid risks, the probability of be-
havior adoption when the behavior information is received
again depends on the number of previously received behavior
information, and before the adoption threshold is exceeded,
the more the same behavior information received before, the
greater the probability of adopting the behavior.[56]

In numerous literature, the adoption threshold of indi-
viduals is usually set to the same static threshold. How-
ever, heterogeneity is a topic of great interest for reflect-
ing the ubiquitous inter-individual differences in real social
systems.[47,52–55,57,58] In some binary propagation threshold
models, the adoption threshold in the population has two static
values: equal to 1 and greater than 1, reflecting the high
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and low willingness to adopt the behavior.[47,52] Furthermore,
some researchers set the adoption threshold of individuals to
obey a certain probability distribution, which is more appro-
priate and reasonable than the binary threshold model to re-
flect the heterogeneity of adoption thresholds. For instance,
Karampourniotis et al.[53] observed the non-monotonic vari-
ation of cascade size by changing the standard deviation of
the threshold distribution obeying a truncated normal distri-
bution and found that there is a specific standard deviation to
optimize the spreading when the initiator set is given. Peng et
al.[54] proposed a heterogeneous propagation threshold model,
in which the adoption threshold is positively correlated with
degree and a parameter obeying the Gaussian distribution. It
can be found that increasing the mean of the adoption thresh-
old distribution will inhibit social contagions. In contrast, how
the standard deviation of the adoption threshold distribution
affects the changing trend of the outbreak threshold and phase
transition is related to the mean adoption threshold and the
heterogeneity of the degree distribution. The adoption thresh-
olds of distinct real-world social systems may follow differ-
ent distribution forms, which is one of the differences in so-
cial systems. In addition, in some studies, the setting that
individuals can contact all their neighbors is not reasonable
enough, and individuals’ time, energy and other resources are
often limited.[59–63] In contact-limited social contagions, lim-
ited contact ability leads to heterogeneity in the practical in-
formation transmission probability, and this heterogeneity in-
creases with the increase of degree distribution heterogene-
ity. For this reason, Wang et al. developed a heterogeneous
edge-based compartmental (HEBC) theory. They found that
when the network structure heterogeneity exceeds a certain
critical value, the growth pattern of the final adoption size
on the information transmission probability changes from be-
ing continuous to being discontinuous as the limited contact
capacity increases.[62] Furthermore, Zhu et al. reported that
the crossover phenomenon in the growth pattern of contact-
limited social contagions can arise by adequately adjusting the
adoption threshold, average degree, or initial seed ratio.[63]

Considering both the limited contact capacity and the adop-
tion thresholds obeying a certain distribution, there is still a
lack of research on the impact of different distribution forms
of heterogeneous adoption thresholds on contact-limited social
contagions.

This paper compares the time evolutions, the final behav-
ior adoption size, the outbreak threshold, and the phase tran-
sition under the four threshold distribution forms: the Gaus-
sian distribution, log-normal distribution, exponential distri-
bution, and power-law distribution. Notably, the above dis-
tributions occupy an important position in both theoretical re-
search and practical application. According to probability the-
ory, when the adoption thresholds obey different probability

distribution forms, even if the mean and standard deviation
are the same, the distribution shapes of the probability den-
sity functions are also different. Through extensive numer-
ical simulations on the Erdös–Rényi (ER) networks and the
scale-free (SF) networks, we find that the spreading process of
social contagions has a hierarchical characteristic. To be spe-
cific, there are three spreading stages, individuals with large
degrees and small adoption thresholds adopt the behavior first,
and the adoption threshold (degree) of adopted individuals in
the second stage generally increases (decreases). In addition,
different threshold distributions cause different spreading pro-
cesses. Further, we investigate how the standard deviation of
the threshold distribution affects the steady state of contact-
limited social contagions on ER networks. It is shown that
as the standard deviation of different threshold distributions
increases, there is a change from a discontinuous first-order
phase transition to a continuous second-order phase transition
for some threshold distributions, and the final adoption size
and outbreak threshold will change and finally tend to be sta-
ble. On the SF networks, when the adoption thresholds obey
the Gaussian distribution, for the case where the standard de-
viation of the threshold distribution is relatively small, it is
found that the behavior adoption can explode only if the de-
gree exponent of SF networks is moderate. Similar qualitative
results are also shown from theoretical predictions based on
heterogeneous edge-based compartmental theory.

The rest of this paper is arranged as follows: In Sec-
tion 2, we describe the dynamics of contact-limited social
contagions considering heterogeneous adoption threshold. In
Section 3, we develop the heterogeneous edge-based compart-
mental (HEBC) theory to analyze the mechanism of social
contagions qualitatively. In Section 4, extensive numerical
simulations and theoretical predictions are performed. In Sec-
tion 5, conclusions are drawn.

2. Heterogeneous contact-limited threshold
model
In the human population, there is a universally recognized

fact that individuals often have limited resources (such as time
and energy), and some personal characteristics of individuals
are also different. The former may limit contact capacity, the
latter may cause the heterogeneity of adoption thresholds, both
of which will significantly affect the dynamics of social conta-
gions. The proposed heterogeneous contact-limited threshold
model is based on the generalized non-Markovian susceptible-
adopted-recovered (SAR) model, and it considers both the lim-
ited contact capacity and the adoption threshold obeying a cer-
tain distribution. In the SAR model, it is specified that there
are three possible states in the population according to whether
the individual participates in the spreading and has adopted the
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behavior, namely, susceptible state (S state), adopted state (A
state), and recovered state (R state).

In the initial stage, a tiny percentage (Q0) of individu-
als are randomly selected to be in A state (seeds). The re-
maining individuals are in S state, and these S-state individ-
uals do not initially get any behavioral information from the
seeds (i.e., m = 0). At each time step, each A-state individ-
ual j with degree k′ attempts to transmit the behavioral infor-
mation to his/her neighbors with a certain probability. If a
random S-state individual i with degree k receives the infor-
mation from individual j, his/her cumulative number of infor-
mation mi will increase one (i.e., mi = mi + 1), which causes
the non-Markovian effects. Moreover, individual i will not re-
ceive the same behavioral information from individual j (i.e.,
the non-redundant information transmission). When mi ≥ Ti

(threshold of individual i), individual i adopts the behavior. In
addition, all A-state individuals try to recover with probability
γ . If all A-state individuals have become R-state individuals,
the dynamics of social contagion terminates. R-state individ-
uals refer to individuals who have adopted the behavior but do
not participate in transmitting the behavioral information.

Firstly, in view of the differences in the willingness of
individuals to accept the behavior, the heterogeneity of the
adoption threshold is considered in the proposed heteroge-
neous contact-limited threshold model. Precisely, the random
variable β representing the adoption threshold distribution
(threshold distribution for short) and the degree k jointly deter-
mine the adoption threshold T , i.e., T = βk. In other words, in
the proposed model, not all individuals have the same thresh-
old, but each individual has its own specific threshold, which
reflects the heterogeneity of individuals. An S-state individual
i with degree k does not adopt the behavior unless the amount
of information about the behavior it receives from different
neighbors is equal to or greater than its adoption threshold
(i.e., m ≥ dβke). In the numerical simulations, the value of
β is discrete and the interval is set as ε = 10−4. In this paper,
we consider the four probability distributions of the threshold
distribution β , namely Gaussian distribution, log-normal dis-
tribution, exponential distribution and power-law distribution.
The basic functional forms of the four threshold distributions
are as follows:

f (β )∼



1√
2πδ

exp
[
− (β−µ)2

2δ 2

]
, Gaussian,

1
β
√

2πδ
exp
[
− (lnβ−µ)2

2δ 2

]
, log normal,

exp(−λβ ), exponential,
β−α , power law.

(1)

Since the adoption threshold T cannot be greater than the de-
gree k, the threshold distribution β lies in the range 0≤ β ≤ 1,
otherwise susceptible individuals will never adopt the behav-
ior. In the above threshold distributions, the mean M and the

standard deviation ∆ are two very important parameters. Ob-
viously, different threshold distributions have different M and
∆ . For Gaussian threshold distribution, the mean M = µ , and
the standard deviation ∆ = δ . Differently, the mean of the
log-normal threshold distribution is M = exp(µ + δ 2/2), and
its standard deviation is ∆ = [exp(δ 2)− 1]exp(2µ + δ 2). In
particular, the mean and standard deviation of the exponen-
tial threshold distribution is the same, which is M = ∆ = λ .
When β possesses a power-law distribution, which is a highly
skewed distribution, there is no explicit expression for the
mean and standard deviation.

In addition, in contact-limited social contagions, it is not
always possible for the A-state individual to select his/her ev-
ery edge to transmit the behavioral information, that is, the
number of accessible edges of the A-state individual is lim-
ited. Therefore, combined with the above threshold hetero-
geneity, a heterogeneous contact-limited threshold model is
proposed in this paper. In contact-limited propagation, an A-
state individual j with degree k′ that has adopted the behavior
will randomly choose H(k′) edges from all its edges (i.e., un-
preferential contact process) to transmit the behavioral infor-
mation to its adjacent individuals, where H(k′) represents the
contact capacity of individual j and the actual value of H(k′)
does not exceed k′. In other words, the probability that each
edge of individual j is selected is H(k′)/k′. The information
transmission probability (transmission probability for short) of
the selected edge is λ , and the effective information transmis-
sion probability can be obtained as λH(k′)/k′. Fixed the de-
gree distribution p(k) and the mean M and standard deviation
∆ of the threshold distribution, then we can compare and ana-
lyze the impact of different forms of threshold distribution on
contact-limited social contagions.

3. Theoretical analysis
In the proposed model, the dynamical heterogeneity of

the contagion system is mainly reflected in two aspects.
Firstly, an individual’s adoption threshold depends on its de-
gree and other personal characteristics. Thus the adoption
threshold usually varies from individual to individual. Sec-
ondly, considering that the contact ability of A-state individ-
uals is restricted, the A-state neighbors connected to different
edges of S-state individuals may have different degrees, which
leads to the heterogeneity of the effective transmission proba-
bility of the edges. Note that the two kinds of dynamical het-
erogeneity are closely related to the network structure hetero-
geneity. Given the above-mentioned dynamical heterogene-
ity and the dynamical correlations caused by social reinforce-
ment, here our goal is to describe the contact-limited social
contagions with heterogeneous adoption thresholds through
HEBC theory.
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For a random individual i with degree k, its k neighbor in-
dividuals usually have different degrees. We denote πk′(t) as
the probability that a neighbor j with degree k′ has not trans-
mitted the information to individual i along the edges between
it and i until time t. Considering all possible values of degree
k′, the probability that individual i has not received an infor-
mation until time t is

π(t) =
1
〈k〉 ∑

k′=0
k′p(k′)πk′(t), (2)

where 〈k〉 is the average degree, and k′p(k′)/〈k〉 is the
probability that individual i have neighbors with degree k′.
The probability that individual i receives m pieces of non-
redundant information by time t is

ω(k,m,π(t)) = (1−Q0)Cm
k π(t)k−m[1−π(t)]m, (3)

where 1−Q0 represents only individuals who are initially in
the S state can receive information from their neighbors.

Individual i will not adopt the behavior unless the amount
m of information it receives is not less than its adoption thresh-
old βk, where the adoption threshold distribution β takes a
certain value βi with probability f (βi). Considering all possi-
ble values of β , the probability that individual i is susceptible
by time t is

s(k,π(t)) = ∑
β

f (β )
dβke−1

∑
m=0

ω(k,m,π(t)). (4)

Considering all possible values of degree k, we can get the
proportion of susceptible individuals at time t as

S(t) = ∑
k

p(k)s(k,π(t)). (5)

Based on the definition of πk′(t) given above, it can be
further divided into

πk′(t) = τ
S
k′(t)+ τ

A
k′(t)+ τ

R
k′(t), (6)

where τS
k′(t), τA

k′(t) and τR
k′(t), respectively, represent the prob-

ability that individual j with degree k′ is susceptible, adopted
and recovered and has not passed information to his/her neigh-
bors until time t.

Assume that individual i is in the cavity state,[64,65] that
is, individual i can receive information from his/her neighbors
while cannot transmit information to them. Therefore, one of
its initial susceptible neighbors, j, whose degree is k′, cannot
receive information from i but can receive information from
the other k′− 1 neighbors. Similar to Eq. (3), the probability
that individual j receives m pieces of information by time t is

ψ(k′,m,π(t)) = (1−Q0)Cm
k′−1π(t)k′−m−1[1−π(t)]m. (7)

For a given threshold distribution function f (β ), the fol-
lowing two kinds of individuals may exist in the network: (i)

activists with adoption threshold Tk = dβke ≤ 1; (ii) bigots
with adoption threshold Tk > 1. More specifically, for individ-
ual j with degree k′, the probability of being an activist is

G(k′) =
1/k′

∑
β=0

f (β ), (8)

and the probability of being a bigot is 1−G(k′). From Eq. (8),
it can be seen that the distribution form of β will affect the
probability that individual j is an activist. Then, we can obtain
the probability that individual j is susceptible at time t is

τ
S
k′(t) = G(k′)π(t)k′−1

+ ∑
β=1/k′+ε

f (β )
dβk′e−1

∑
m=0

ψ(k′,m,π(t)). (9)

A random A-state individual j whose degree is k′ has con-
tact capacity H(k′) and the process of its selecting neighbors
is random, thus for each edge of j, the probability of being
selected is H(k′)/k′, and the effective information transmis-
sion probability is λH(k′)/k′. When any A-state individual j
transmits the information to his/her S-state neighbors, πk′(t)
will decrease. Hence, we can get the evolution of πk′(t) as

dπk′(t)
dt

=−λH(k′)
k′

τ
A
k′(t). (10)

Here, τR
k′(t) will increase only when both conditions are satis-

fied: (i) A-state individual j with degree k′ does not transmit
information to individual i with probability 1− λH(k′)

k′ ; (ii) in-
dividual j recover with probability γ . Therefore, the evolution
of τR

k′(t) is

dτR
k′(t)
dt

= γ

[
1− λH(k′)

k′

]
τ

A
k′(t). (11)

Combining Eqs. (10) and (11) and the initial conditions [i.e.,
πk′(0) = 1 and τR

k′(0) = 0], we have

τ
R
k′(t) = γ

[
k′

λH(k′)
−1
]
[1−πk′(t)]. (12)

Substituting Eqs. (9) and (12) into Eq. (6), we can reach the ex-
pression of τA

k′(t). Then, substituting the expression of τA
k′(t)

into Eq. (10), we can rewrite Eq. (10) as

dπk′(t)
dt

= g[πk′(t)] =−
λH(k′)

k′

{
πk′(t)−

[
G(k′)π(t)k′−1

+ ∑
β=1/k′+ε

f (β )
dβk′e−1

∑
m=0

ψ(k′,m,π(t))
]}

+γ

[
1− λH(k′)

k′

]
[1−πk′(t)]. (13)

Let S(t), A(t) and R(t) denote the proportions of indi-
viduals who are susceptible, adopted and recovered at time t,
respectively. When the social contagion ceases, there are only
S-state individuals and R-state individuals in the system, and
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R(∞) represents the final adoption size. We can also give the
evolution equations of A(t) and R(t) according to the model
description in Section 2,

dA(t)
dt

= − dS(t)
dt
− γA(t), (14)

dR(t)
dt

= γA(t). (15)

Based on Eqs. (2)–(5) and (14)–(15), we can provide a general
description of contact-limited social contagions with hetero-
geneous adoption thresholds.

When t→∞, the dynamics of social contagions reaches a
steady state, all individuals no longer change their states, that
is, dπk′(∞)/dt = 0. Therefore, we have

πk′ = G(k′)πk′−1 + ∑
β=1/k′+ε

f (β )
dβk′e−1

∑
m=0

ψ(k′,m,π)

+γ

[
k′

λH(k′)
−1
]
[1−πk′ ], (16)

where πk′ represents πk′(∞) and π represents π(∞) , and the
same in the following. By numerically iterating Eqs. (7)
and (16), we can obtain the value of πk′ . Then, by utilizing
Eqs. (2)–(5), the values of S(∞) and R(∞) = 1− S(∞) can be
obtained.

In addition to R(∞), the outbreak threshold λc (i.e., the
critical information transmission probability) is also an essen-
tial measure of the steady-state of propagation. However, the
nonlinearity of Eqs. (7) and (16) makes it impossible to ob-
tain an explicit analytical solution of λc. In general, the lin-
ear stability analysis method is used to describe the system
dynamics near the critical point. Assume that the n degrees
of the social system are k′1, k′2, . . ., k′n, individuals with the
same degree k′l are assigned a variable πk′l

(l = 1,2, . . . ,n),
that is, the social system is described by n variables. Ac-
cording to the linear stability analysis method, in the system
with n variables described by Eq. (13), these n variables re-
main unchanged at the critical point (πk⋆1

,πk⋆2
, . . . ,πk⋆n), thus

we have g[πk⋆l
] = 0 (l = 1,2, . . . ,n). The point near the critical

point can be expressed as πk′1
= πk⋆1

+ν1, πk′2
= πk⋆2

+ν2, . . . ,
πk′n = πk⋆n + νn, where ν1, ν2, . . . , νn are all small quantities.
Considering n variables πk′1

, πk′2
, . . . , πk′n , performing Taylor

expansion on the right-hand side of Eq. (13) at the critical
point (πk⋆1

,πk⋆2
, . . . ,πk⋆n), and ignoring the second-order terms

and smaller higher-order infinitesimals, we obtain

d𝜈
dt

= 𝐽𝜈, (17)

where 𝜈 is an n-element vector (ν1,ν2, . . . ,νn), 𝐽 is a Jacobian

matrix,

𝐽 =



∂g
∂πk′1

∂g
∂πk′2

· · · ∂g
∂πk′n

∂g
∂πk′1

∂g
∂πk′2

· · · ∂g
∂πk′n

...
...

. . .
...

∂g
∂πk′1

∂g
∂πk′2

· · · ∂g
∂πk′n

 ,

where all derivatives take the value at the critical point.

4. Simulation and analysis
In this section, we study the impact of the distribution

of heterogeneous adoption thresholds on contact-limited so-
cial contagions through the results of theoretical predictions
and numerical simulations on the two network model: (i) the
ER model;[66] (ii) the SF model[67] with degree distribution
p(k)∼ k−γD(3≤ k ≤

√
N), where the degree distribution het-

erogeneity is negatively related to the degree exponent γD. Fig-
ures 1–5 show the theoretical or simulated results on the ER
networks, and Fig. 6 presents the theoretical results on the SF
networks. There are 103 independent simulations on a fixed
network, performed to obtain the corresponding average re-
sults. There is no degree-degree correlations when the net-
work size N is large enough. We set the network size, av-
erage degree, recovery probability, contact ability and initial
seed density as N = 104, 〈k〉= 10, γ = 1.0, H(k) = c = 8 and
Q0 = 0.0005, respectively.

First, we study the hierarchical phenomena of the spread-
ing process of contact-limited social contagions. The so-
called hierarchical nature of the spreading process is that
some individuals adopt the behavior first, and some individu-
als adopt the behavior later. Figure 1 shows the time evolutions
of contact-limited social contagions with adoption thresholds
obeying a Gaussian distribution. The total number of time
steps tall (convergence time) at the end of the spreading re-
flects the spreading efficiency. Specifically, the larger the tall

is, the weaker the spreading efficiency is. In order to measure
the diversity of the attribute χ of newly adopted individuals,
the inverse participation ratio Dχ(t)[68] is used as the diversity
measure, which is defined as

Dχ(t) =
1

∑χ

[
ξχ (t)−ξχ (t−1)
ξ (t)−ξ (t−1)

]2 , (18)

where the attribute χ ∈ {k,T,β} with k, T and β represent-
ing the degree, adoption threshold and threshold distribution,
respectively, and ξ (t) (ξχ(t)) is the number of A-state indi-
viduals (A-state individuals with attribute χ) at time t. The
larger the Dχ(t), the larger the number of distinct communi-
ties divided according to the value of attribute χ . In particular,
Dχ(t) = 1 indicates that the newly A-state individuals have the
same attribute χ .
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As shown in Fig. 1, the three regions (regions I, II and
III) divided by three different colors represent the three stages
of the spreading process. The time step at which nA(t) and
〈TA(t)〉 reach the peak value is the basis of dividing the prop-
agation stage. In the I stage, nA(t) increases with time t and
reaches the peak (when t = 11), the value of 〈kA(t)〉 is large
(around 10) and changes little with time t, the value of 〈TA(t)〉
(〈βA(t)〉) increases with time t and is less than 1 (less than
0.1). In the II stage, nA(t) decreases to a minimum value as
time t increases, and the value of 〈TA(t)〉 (〈βA(t)〉) increases
to a peak value (big value) as time t increases, and the value
of 〈kA(t)〉 decreases compared with that of the I stage. In ad-
dition, the values of Dk(t), DT(t) and Dβ (t) increase to a peak
value and then decrease in the II stage. In the III stage, the
value of nA(t) is minimal, and the value of 〈kA(t)〉 continues

to decrease compared with that of the II stage, 〈βA(t)〉 contin-
ues to increase with time t, and the value of 〈TA(t)〉 slightly
decreases compared with the peak value.

The newly A-state individuals of the three stages have a
big difference in the degree and adoption threshold, reflecting
the hierarchical characteristics of the social contagion process
with unbiased contacts. In general, in the I stage, many indi-
viduals with high degrees and small adoption thresholds adopt
the behavior first. In the II stage, compared with the I stage,
some individuals with more minor degrees (large in fact) and
relatively large adoption thresholds adopt the behavior. Fi-
nally, in the III stage, a few individuals with large degrees and
large adoption thresholds (〈kA(t)〉 is about 6, 〈TA(t)〉 is about
1.5) adopt the behavior. In this way, the behavior is progres-
sively spread over the network.
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Fig. 1. For Gaussian threshold distribution, the time evolutions of contact-limited social contagions on the ER networks. (a) The number nA(t),
(b) average degree 〈kA(t)〉, degree diversity Dk(t), (c) average adoption threshold 〈TA(t)〉, adoption threshold diversity DT(t), (d) average
threshold distribution 〈βA(t)〉 and threshold distribution diversity Dβ (t) of newly A-state individuals versus time steps t. Other parameters are
set as M = 0.1, ∆ = 0.1 and λ = 0.6.

Next, we study how different threshold distribution forms
affect the hierarchy of the spreading process. Figure 2 shows
the time evolutions of contact-limited social contagions un-
der four different threshold distribution forms (Gaussian distri-
bution, log-normal distribution, exponential distribution, and
power-law distribution). From Fig. 2, we see that the spread-
ing efficiency under the Gaussian threshold distribution is
weakest (i.e., tall is largest), and the propagation efficiency un-
der the other three threshold distributions is relatively strong,
among which the propagation efficiency under the power-
law threshold distribution is the strongest. For the propa-
gation rate, as shown in Fig. 2(a), the spreading rate under
the power-law threshold distribution is faster (i.e., nA(t) is

larger (smaller) when t is small (large)), the slowest is under
the Gaussian distribution, and the spreading rate under log-
normal distribution and exponential distribution is very close.
As shown in Figs. 2(b), 2(c) and 2(d), in the I and II stage,
the 〈kA(t)〉, 〈TA(t)〉 and 〈βA(t)〉 under these four threshold
distributions are all close, 〈kA(t)〉 decreases slightly around
〈k〉= 10 and 〈TA(t)〉 (〈βA(t)〉) increases from a value less than
0.1 (1) to about 0.2 (2). While in the III stage, the 〈kA(t)〉 un-
der the exponential threshold distribution increases with t to a
relatively large value (close to 14), and the 〈βA(t)〉 under log-
normal distribution and power law distribution decreases with
t to a smaller value. Contrastively, when β obeys exponential
distribution and Gaussian distribution, 〈βA(t)〉 increases with
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t to a larger value (about 0.28). In addition, for any threshold
distribution here, Dk(t) and Dβ (t) increase to a relatively large
value as t increases in stage I, because the number of newly A-
state individuals nA(t) increases with t in stage I, while in the
vicinity of stage II and stage III, Dk(t) and Dβ (t) decrease to
a relatively small value as t increases [see Figs. 2(e), 2(f), and
2(g)].
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Fig. 2. Effects of threshold distribution forms on the hierarchy of the spread-
ing process of contact-limited social contagions on the ER networks. (a)
The number nA(t), (b) mean degree 〈kA(t)〉, (c) average adoption threshold
〈TA(t)〉, (d) average threshold distribution 〈βA(t)〉, (e) degree diversity Dk(t),
(f) adoption threshold diversity DT(t) and (g) threshold distribution diversity
Dβ (t) of newly A-state individuals versus time t for the Gaussian threshold
distribution (purple circles), log-normal threshold distribution (red squares),
exponential threshold distribution (black diamonds) and power law threshold
distribution (blue down triangles). (h) The probability distribution diagram
of threshold β under the four threshold distribution forms. Other parameters
are set as M = 0.1, ∆ = 0.1, and λ = 0.6.

In brief, when the network and the mean and standard
deviation of the threshold distribution are fixed, the probabil-
ity distribution of β is very different under different distribu-
tions. As shown in Fig. 2(h), when the threshold distribution
β obeys the Gaussian distribution, the threshold distribution
is relatively uniform; when β obeys the power-law distribu-
tion, there is almost no small β , and the probability that β

is between 0.1 and 1 is large. For the case that β obeys the
exponential distribution, the probability that β is very small
(between 0.001 and 0.01) is greater than the other three dis-
tributions. For the probability that β < 0.01, the exponential
distribution > log-normal distribution. For the probability that
β is between 0.01 and 0.1, the log-normal distribution > ex-
ponential distribution. It is known that T = βk, so the distri-
bution of adoption threshold T is also very different, which
leads to the difference in the spreading process under different
threshold distributions. In addition, when β obeys the expo-
nential distribution, the individuals with the largest thresholds

and degrees adopt the behavior in stage III, and when β obeys
the power-law distribution, the individuals with the most mi-
nor thresholds and degrees adopt the behavior in stage III.

Further, it is necessary to study the effects of the thresh-
old distribution form on the final behavior adoption size R(∞)

and outbreak threshold λc (the critical information transmis-
sion probability) of contact-limited social contagions. Ac-
cording to Ref. [54], the influence of the standard deviation of
the threshold distribution on social contagions depends on the
size of the mean of the threshold distribution. Specifically, for
some relatively large threshold distribution mean, the changes
of the phase transition and outbreak threshold of the propa-
gation system are more abundant. Therefore, in this article,
we set the mean threshold distribution to be a relatively large
value (i.e., M = 0.15) and observe the spreading results under
different threshold distribution and standard deviations. From
Fig. 3, we can see that the theoretical predictions and simula-
tion results of R(∞) under the power-law threshold distribution
are slightly biased when ∆ = 0.1 [see Fig. 3(a)], and the con-
sistency between them is relatively good in Figs. 3(b) and 3(c).
In addition, the peak value of of the relative variance VR of the
simulated R(∞) can be used to estimate the simulated value of
λc

[69] [see Figs. 3(d)–3(f)]. VR is defined as

VR =
〈R(∞)−〈R(∞)〉〉2

〈R(∞)〉2
, (19)

where 〈· · · 〉 denotes ensemble averaging, and 103 independent
dynamical realizations in a fixed network are performed to ob-
tain VR.

For ∆ = 0.1, the inset of Fig. 3(a) shows that the prob-
ability distribution under the Gaussian or log-normal thresh-
old distribution has prominent fat tails (i.e., the probability
that β > 0.1 is relatively large), and there are also quite a
few individuals with β ≤ 0.1. In contrast, the β of almost
all individuals is roughly greater than or equal to 0.1 when β

obeys a power-law distribution. For the former, when λ in-
creases to λc, the individuals with β ≤ 0.1 adopt the behavior
almost simultaneously, making the growth form of R(∞)–λ

show a first-order phase transition. Then, as λ continues to
increase, the individuals with β > 0.1 also adopt the behav-
ior successively, and the system presents a second-order phase
transition. For the latter, only when λ increases to λc, these
individuals with large β will adopt the behavior in cascade,
and the system presents a first-order phase transition. As the
standard deviation ∆ increases to 0.15 or 0.2 [see Fig. 3(b)
or Fig. 3(c)], we find that the system exhibits a continuous
second-order transition under different threshold distributions,
which is because the probability distribution of β becomes
more and more polarized with the increase of ∆ . The number
of individuals with a particularly small β and the number of
individuals with a particularly large β both increase. In addi-
tion, as ∆ increases, the relationship between the λc and R(∞)
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of different threshold distributions also changes. Obviously,
as λ increases, for the power-law threshold distribution, the
λc changes from the largest to the smallest, and when λ = 1,
R(∞) is smaller than 1 more obviously, and the λc under the
Gaussian threshold distribution is always larger than the λc

under the log-normal threshold distribution. We can explain
the phenomena mentioned above as follows: Firstly, when the
mean and standard deviation of the threshold distribution is the
same, the probability that β is particularly small (i.e., β < 0.1)
is different for different threshold distribution forms. Individ-
uals with very small β can quickly adopt the behavior to pro-
mote social contagions (i.e., λc decreases). Therefore, as the
standard deviation ∆ increases, when the probability that β

under a certain threshold distribution is very small is larger,
its λc is smaller. In the same way, it can be stated that when
λ = 1, R(∞) under the Gaussian threshold distribution is the
largest. Secondly, individuals with a particularly large β (i.e.,
β � 0.1) usually have an extensive adoption threshold, and
their contact capacity is limited. Therefore, when λ = 1, in-
dividuals whose β is close to 1 may not be able to adopt the
behavior, which leads to R(∞) less than 1.

Next, there is another very important phenomenon that
the intersection of R(∞)–λ under the exponential threshold
distribution and R(∞)–λ under the log-normal threshold distri-
bution when the standard deviation ∆ = 0.15 [see Fig. 3(b)].
We note that when λ is relatively small, the R(∞) under the
exponential threshold distribution is greater than the R(∞) un-
der the log-normal threshold distribution, the situation is op-
posite when λ is large. This is because, under the exponential
threshold distribution, there are many individuals whose β is
relatively very small, and these individuals can quickly adopt
the behavior, prompting the social contagion when λ is small.
However, the exponential threshold distribution has a lot of fat
tails (i.e., β � 0.1), and the probability of β near 0.1 under
the log-normal threshold distribution accounts for the major-
ity. Its fat tails are less relative to the exponential threshold
distribution [see the inset of Fig. 3(b)]. These individuals in
the fat-tailed part (i.e., individuals with a particularly large β )
are challenging to adopt the behavior to suppress social con-
tagion. Compared with the log-normal threshold distribution,
the exponential threshold distribution has more fat tails, so its
R(∞) is smaller.
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It can be seen from Fig. 3 that when the average threshold
distribution M = 0.15, the impact of different threshold distri-
bution forms on contact-limited social contagions varies with
the standard deviation ∆ of the threshold distribution. For the

above situation, Fig. 4 shows the theoretical results of R(∞)

on the panel λ–∆ in more detail. When the spreading can
break out, as ∆ increases, the outbreak threshold λc decreases
rapidly first, then tends to be stable. More concretely, the sta-
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ble value of λc under the Gaussian threshold distribution is
the largest, and the stable value of λc under the power-law
threshold distribution is the smallest. We can understand like
this that when ∆ is large (∆ > 0.3), the number of individuals
with a small adoption threshold under the power-law thresh-
old distribution is the largest, which is very conducive to be-
havior adoption and leads to a relatively minimum λc. Simi-
larly, the largest number of individuals with a large adoption
threshold under the Gaussian threshold distribution leads to
the largest λc. In addition, as ∆ increases, the value of R(∞)

under the Gaussian threshold distribution shows a clear down-
ward trend when λ approaches 1 [see Fig. 4(a)], while for the
log-normal threshold distribution and the power-law threshold

distribution, when λ is close to 1, the value of R(∞) is approx-
imately 1 [see Figs. 4(a) and 4(b)]. We can realize that when
λ is close to 1, what can affect the size of R(∞) is the propor-
tion of individuals with a substantial adoption threshold. That
is to say, when adoption thresholds obey the log-normal dis-
tribution and the power-law distribution, as ∆ increases, the
number of individuals with a substantial adoption threshold
does not change significantly, and it increases significantly un-
der the Gaussian threshold distribution. Regarding the system
phase transition, we can notice that with the increase of ∆ ,
there will be a crossover phenomenon under these three thresh-
old distribution forms, from a discontinuous first-order phase
transition to a continuous second-order phase transition.
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According to Fig. 4, Fig. 5 further shows the results of
subtracting the theoretical value of R(∞) under the Gaussian
threshold distribution from the theoretical value of R(∞) un-
der the other two threshold distributions, respectively, when
other parameters are the same. In order to show more intu-
itively, 1 and −1 are respectively used to indicate the cases
where the result of the subtraction is greater than 0 and less
than 0. In this way, it can be seen that based on the final adop-
tion size under the Gaussian threshold distribution, the pro-
motion or suppression of the other two threshold distribution
forms varies with the changes of ∆ and λ . Compared Fig. 5

with Fig. 4, it can be observed that the green area in Fig. 5 cor-
responds to the local behavior adoption region in Fig. 4 (i.e.,
when the spreading is over, there are very few adopted indi-
viduals). Moreover, the red area and blue area in Fig. 5 cor-
respond to the global behavior adoption region in Fig. 4 (i.e.,
the spreading can break out, and there is a certain percentage
of adopted individuals). From the distribution characteristics
of the blue area and the red area in Fig. 5, it can be found that
when the average adoption threshold M = 0.15 and other pa-
rameters are fixed, for the log-normal threshold distribution,
when the value of ∆ is small, and the value of λ is large (e.g.,
0.1 < ∆ < 0.2 and 0.7 < λ ≤ 1), its propagation effect is not
as good as the Gaussian threshold distribution [see Fig. 5(a)];
for the power-law threshold distribution, when the value of ∆

is small (e.g., 0.07 < ∆ < 0.2), it does not propagate as well as
the case of the Gaussian threshold distribution [see Fig. 5(b)].
To explain the above phenomenon, the most fundamental rea-
son is that under different standard deviations, the probability
distribution diagrams of these types of threshold distributions
are different. Compared with the Gaussian threshold distri-
bution, the promotion or inhibition of the other two threshold
distributions depends on the number of individuals with a rel-
atively small adoption threshold when λ is small, and depends
on the number of individuals with a relatively large adoption
threshold when λ is large.
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Finally, on the SF networks with degree distribution
p(k) = k−γD , we also perform lots of theoretical fittings to ex-
plores the influence of the heterogeneity of degree distribution
on contact-limited social contagions with Gaussian threshold
distribution. Figure 6 shows the theoretical predictions of
R(∞) versus ∆ and λ . It is known that the degree distribution
heterogeneity of the SF network decreases as the power-law
degree exponent γD increases. According to the size of R(∞)

and the type of phase transition, Fig. 6 can be divided into dif-
ferent regions. As shown in Fig. 6, when the heterogeneity of
the degree distribution is relatively substantial [e.g., γD = 2.1,
see Fig. 6(a)] and relatively weak [e.g., γD = 3.5, see Fig. 6(c)],
only when the standard deviation ∆ of the threshold distribu-
tion is greater than a critical point ∆S (see the horizontal white
solid line), the behavior adoption can break out. However,
when the heterogeneity of the degree distribution takes an in-
termediate value [e.g., γD = 3.0, see Fig. 3(b)], there is no
region III in Fig. 3(b) (i.e., global behavior adoption can occur
for any value of ∆ ). In general, an appropriate network struc-
ture heterogeneity promotes contact-limited social contagions.
As ∆ increases, there is a crossover phenomenon between re-

gions II and I: the growing pattern of R(∞) versus λ changes
from being discontinuous to being continuous (see the hori-
zontal white dashed lines in Fig. 6). For the case of γD = 3.0
[see Fig. 6(b)], in region II, it can be noticed that λc hardly
changes, while in region I, λc decreases first and then tends to
a stable value. For the case of γD = 2.1 or 3.5, there is only the
latter kind of change mentioned above.

5. Conclusion
In summary, we have studied heterogeneous adoption

thresholds on contact-limited social contagions. First, we pro-
pose a heterogeneous contact-limited threshold model to de-
scribe the dynamics of contact-limited social contagions with
adoption thresholds obeying a certain distribution, in which
four threshold distributions are considered, and each adopted
individual can only contact a certain number of his/her neigh-
bors at each moment. Then, we develop a heterogeneous edge-
based compartmental theory to analyze the proposed model,
and numerical simulations verify the correctness of the theo-
retical results. Through simulations on the ER networks, we
find that the spreading process of social contagions can be di-
vided into three stages, and the average degree and average
adoption threshold of newly adopted individuals change with
time t. Individuals with a high degree and a small adoption
threshold adopt the behavior first. In addition, we find that
when the mean of the adoption threshold distribution is fixed
to a medium value (M = 0.15), as the standard deviation of
the threshold distribution increases, there will be a crossover
phenomenon of growth forms under some threshold distribu-
tions. Finally, the results on the SF networks show that when
the adoption thresholds obey a Gaussian distribution, and the
standard deviation is very small, taking a moderate value for
the network structure heterogeneity is conducive to the out-
break of contact-limited social contagions. This work just
provides a starting point to understand the effects of hetero-
geneous adoption thresholds on contact-limited social conta-
gions, a deeper understanding of how contact-limited social
contagions on real social networks are affected by heteroge-
neous adoption thresholds still requires further efforts to dis-
cover.
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[66] Erdös P and Rényi A 1959 Publ. Math. Debrecen 6 290
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