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We establish the beam models of Goos–Hänchen (GH) and Imbert–Fedorov (IF) effects in tilted Weyl semimetals
(WSMs), and systematically study the influences of Weyl cone tilting and chemical potential on the GH and IF shifts at
a certain photon energy 1.96 eV. It is found that the GH and IF shifts in tilted type-I and type-II WSMs are both almost
symmetric about the Weyl cone tilting. Meanwhile, the GH and IF shifts in type-I WSMs almost do not change with the
tilt degree of Weyl cones, while those in type-II WSMs are extremely dependent on tilt degree. These trends are mainly
due to the nearly symmetric distribution of WSMs conductivities, where the conductivities keep stable in type-I WSMs
and gradually decrease with tilt degree in type-II WSMs. By adjusting the chemical potential, the boundary between type-I
and type-II WSMs widens, and the dependence of the beam shifts on the tilt degree can be manipulated. Furthermore, by
extending the relevant discussions to a wider frequency band, the peak fluctuation of GH shifts and the decrease of IF shifts
occur gradually as the frequency increases, and the performance of beam shifts at photon energy 1.96 eV is equally suitable
for other photon frequencies. The above findings provide a new reference for revisiting the beam shifts in tilted WSMs and
determining the types of WSMs.

Keywords: Goos–Hänchen shift, Imbert–Fedorov shift, Weyl cone tilting, chemical potential
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1. Introduction
Reflection of plane waves can be simply described by ge-

ometric optics. However, for laboratory reflected beams with
a finite width, it does not obey Snell’s law and exhibits pecu-
liar physical effects. Goos–Hänchen (GH) shift is considered
as one of the representative physical phenomena due to angu-
lar spectrum diffraction, which refers to the longitudinal shift
of the beam transmission path parallel to the geometric optical
path for total or partial reflection.[1,2] It was first found ex-
perimentally by Goos and Hänchen in 1947, and theoretically
demonstrated by Artmann in 1948.[3] Soon after, it was ob-
served that there was also a transverse shift in the direction per-
pendicular to the geometric optical path, which was predicted
by Fedorov in 1955 and experimentally demonstrated by Im-
bert in 1972, called the Imbert–Fedorov (IF) shift.[4–6] The GH
and IF effects have attracted wide attention in physics and have
been studied at different interfaces in recent decades, such as
hybridized topological insulator,[7] metasurface,[8,9] photonic
crystal,[10,11] temporally dispersion attenuation material,[12]

graphene.[13–19] Specifically in these studies, GH and IF shifts
were tuned by magnetic field and chemical potential,[7,17–19]

and often used as effective probes in precision metrology of
material structural parameters since they were sensitive to ma-
terial properties.[15,16]

Weyl semimetal (WSM), an emerging topological mate-
rial who takes non-mass Weyl fermions as quasi-particles, is

also known as “three-dimensional graphene”. The Hamilto-
nian of WSM extends to three-dimensions leading to extraor-
dinary physical properties different from two-dimensional ma-
terials, such as anomalous Hall effect,[20] peculiar electromag-
netic response,[21] and negative magneto-resistivity.[22] Re-
cently, researchers have demonstrated that there also exist
beam shifts relative to the geometric path after reflecting on the
WSMs interface.[23–26] Jiang et al. theoretically predicted the
existence of GH and IF shifts in WSMs.[23] Ye et al. studied
the GH and IF shifts in WSMs, and revealed the role of the sep-
aration of the two Weyl points in the beam shifts.[24] Note that
these studies mainly focus on the ideal type-I WSMs, where
the dispersion of the corresponding Weyl fermions satisfies the
Lorentz symmetry and has no tilting and doping. Nonetheless,
the dispersion of Weyl fermions is generally tilted with bro-
ken Lorentz symmetry. Eventually, when the tilting is strong
enough, the Weyl cones will turn over and cause the WSM
from type I to type II,[27,28] thus leading to some new physi-
cal phenomena such as Klein tunneling,[29] epsilon-near zero
response.[30] Researchers have studied novel photoelectric ef-
fects in tilted WSMs in succession.[31–33] Sonowal et al. stud-
ied the optical activity of tilted WSMs, and demonstrated the
presence of a giant Kerr effect in this material.[31] Xing et
al. found that the type-II WSM TalrTe4 has superconducting
properties.[33] We discussed the role of Weyl cone tilting in
photonic spin Hall effect in tilted WSMs, and proposed a new
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method for determining the type of WSMs and sensing the tilt
degree of Weyl cone precisely.[34] In spite of this, the beam
shifts are rarely discussed in the case of tilted Weyl nodes,
while the study plays an important role for the more compre-
hensive grasp of the light-WSMs interaction and the related
application.

In this paper, we extend the beam shift models from ideal
type-I WSMs to tilted type-I and type-II WSMs, and system-
atically investigate the roles of Weyl cone tilting and chem-
ical potential in the GH and IF shifts. Based on the models
with fixed incident photon frequency, we achieve the relation
between Weyl cone tilting and conductivities of WSMs, and
further obtain the relationship between the Weyl cone tilting
and the reflection coefficients. Subsequently, the influences
of Weyl cone tilting and chemical potential of WSMs on the
GH and IF shifts are discussed and summarized. The results
show that GH and IF shifts almost present symmetry distribu-
tion relative to Weyl cone tilting, and chemical potential can
adjust the distribution. In addition, we extend the discussions
to the influences of frequency on the GH and IF shifts.

2. Theoretical analysis
Figure 1(a) shows schematic of the light reflected in a

WSM-substrate structure. The GH and IF effects generate
when a Gaussian beam reflects on the WSM-substrate struc-
ture. Here, ∆GH and ∆IF represent the spatial shift of the GH
and IF effects, respectively; ΘGH and ΘIF represent the angular
shifts of the GH and IF shifts; the coordinate frames (xi,yi,zi)

and (xr,yr,zr) are central wave vectors of the incident and re-
flected wavepacket; and θi is the incident angle. Here, we
consider Weyl points existing in pairs with opposite chirality
ξ =±1, positioned at (0,0,∓b) in bulk Brillouin zone, and b
indicates the Weyl points separation. The low-energy Hamil-
tonian of the Weyl points with chirality ξ can be written as

H = h̄ξ vtkξ
z +ξ h̄vF

[
kxσx + kyσy + kξ

z σz

]
, (1)

where kξ
z = kz + ξ b; σx,σy,σz are three 2× 2 Pauli matrices;

vt denotes the tilt velocity of the Weyl points with a positive
chirality ξ = +1; and vF represents the Fermi velocity. In
our case, the Weyl cones near the two Weyl points are usu-
ally tilted [see Fig. 1(b)], and the tilt degree is defined as at =

vt/vF.[27] Notably, the tilt often yields along with the chem-
ical potential of the WSMs, and the WSMs can be divided
into type-I WSMs (|at|< 1) and type-II WSMs (|at|> 1) ac-
cording to tilt degree at. Notice that WSM is treated as a thin
film layer with thickness d much greater than atomic spacing
a and much less than wavelength λ , i.e., a� d � λ . In this
limit, introducing Kubo and Kramers-Kronig formulas,[35,36]

the conductivities of doped and tilted WSMs film at the low
temperature (T = 0 K) can be obtained as σi j = dσB

i j . The
thickness of WSM film can be chosen as d = 12 nm for the

convenient adjustment of Fermi surfaces;[37] σB
i j is the conduc-

tivity of the bulk WSMs with i j ∈ {xx,yy,xy,yx}; σxx and σyy

represent the longitudinal conductivities with σxx = σyy; σxy

and σyx are Hall conductivities of the WSMs with σxy =−σyx.
For type-I WSMs with |at| < 1, the real and imaginary parts
of the longitudinal conductivity are given by[31]

Re(σxx) = Re(σyy)

=


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<
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,
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,

(2)

Im(σxx) = Im(σyy)

= −dσω

4π
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. (3)

Here, σω = e2ω/(12π h̄vF) is conductivity scale set by the op-
tical frequency; e = 1.602×10−19 C and h̄ = 1.055×10−34 J ·
s are the elementary charge and reduced Plank constant, re-
spectively; ω is the incident frequency; ωl = 2µ/[h̄(1+ |at|)]
and ωu = 2µ/[h̄(1−|at|)]; µ indicates the chemical potential,
which can be regulated by the external gate voltage,[15] and

η1 =
3

8 |at|

(
2µ

h̄ω
−1
)[

1+
1

3a2
t

(
2µ

h̄ω
−1
)2
]
, (4)

ψ (at) = 2+
1

2 |at|3
+

3
2 |at|

, (5)

∏

(
h̄ω

µ
,at

)
=

4

|at|3
+3
(

h̄ω

µ

)2
(

1

|at|3
+

1
|at|

)
. (6)

For type-I WSMs with |at| < 1, the real and imaginary parts
of the Hall conductivity are obtained as[31]

Re(σxy) = −Re(σyx)

= dσb +dσµ

[
2
at

+
1
a2

t
ln
(

1−at

1+at

)]
−

sgn(at)dσµ

2a2
t

ln

[∣∣ω2
u −ω2

∣∣ω2
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)
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× ln
[
|ωu−ω|(ωl +ω)

|ωl−ω|(ωu +ω)

]
− 1
|at|

}
, (7)

Im(σxy) = −Im(σyx)

=


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h̄ω
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2
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(8)

Here, σb = e2b/
(
2π2h̄

)
is the point separation based conduc-

tivity scale, and b = 3.2×108 m−1 represents the Weyl points
separation in WTe2.[38] The chemical potential based conduc-
tivity scale is σµ = e2µ/

(
π2h̄2vF

)
and

η2 =
1
a2

t

(
1
8
− µ

2h̄ω
+

µ2

2h̄2
ω2

)
− 1

8
. (9)

For type-II WSM with |at|> 1, the longitudinal and Hall con-
ductivities are given by[31]

Re(σxx) = Re(σyy) =
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Im(σxy) = −Im(σyx) = sgn(at)
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Here, ωp = 2µ/[h̄(|at|−1)] and

η3 =
3

4 |at|

[
1+

1
3a2

t

(
2µ

ath̄ω

)2
]
. (14)

Till now, we have obtained the relationship between the
WSMs conductivities and Weyl cone tilting in doped WSMs.
To describe the influences of Weyl cone tilting and chemical
potential on the conductivities more clearly, we plot the con-
ductivities as functions of at at a small potential µ = 0.098 eV
and a large potential µ = 0.392 eV, as shown in Figs. 1(c)
and 1(d). Note that we consider the incidence of He–Ne
laser with the wavelength of λ = 632.8 nm, and the cor-
responding photon energy is h̄ω = 1.96 eV with frequency
ω = 2.98× 1015 HZ here. From Fig. 1(c), the conductivi-
ties of type-II WSMs are all very sensitive to at in the case
of µ = 0.098 eV, whereas the conductivities of type-I WSMs

are hardly dependent on at. The conductivities experience
a significant change near the boundary of type-I and type-II
WSMs (at =±1). In particular, the conductivities nearly ex-
hibit symmetry with the change of at. The longitudinal con-
ductivity is symmetric relative to at = 0, and the real and
imaginary parts of Hall conductivity are symmetric relative
to [at,Re(σxy)]

∣∣
at=0 and (0, 0), respectively. Combined with

the case of µ = 0.098 eV and µ = 0.392 eV [see Fig. 1(d)],
the conductivities in type-II WSMs still show apparent depen-
dence on at with the increase of µ . Meanwhile, the boundary
between type-I and type-II WSMs expands, leading to the re-
sult that the conductivities of type-I WSMs no longer remain
unchanged, and a larger change of the Hall conductivity is pro-
duced in the boundary. Therefore, it can be concluded that the
WSMs optical conductivities have a strong dependence on at,
which can be regulated by changing µ .
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Fig. 1. (a) Schematic of the light reflected in a WSM-substrate structure. After the Gaussian beam reflects on the structure, GH and IF effects
generate and induce the spatial beam shifts ∆GH, ∆IF and angular shifts ΘGH, ΘIF; θi is the incident angle. (b) Schematic of a pair of Weyl points
with opposite chirality ξ = ±1 and titled Weyl cones. The tilt degrees of type-I and type-II Weyl cones are |at| < 1 and |at| > 1, respectively. (c)
and (d) Dependences of WSMs conductivities on tilt degrees at at chemical potentials µ = 0.098 eV and µ = 0.392 eV, respectively. Red lines and
green lines describe the real and imaginary parts of longitudinal conductivity (i.e., Re(σxx) and Im(σxx)), respectively. Blue lines and cyan lines
represent the real and imaginary parts of Hall conductivity (i.e., Re(σxy) and Im(σxy)). These conductivities are in units of σ0.

Previous studies have shown that the optical conductivi-
ties play an important role in influencing the reflection coef-
ficients, and may then affect the optical effects at the mate-
rial surface.[31–34] For the purpose of establishing the models
of GH and IF shifts in tilted WSMs more comprehensively,
it is necessary to solve the reflection coefficients of WSMs
and investigate the relationship between these coefficients and
WSMs conductivities.

Solving the boundary condition expressions by consider-
ing the electromagnetic field and Ohm’s law,[39] the Fresnel re-
flection coefficients of WSM-substrate can be expressed as[31]

rpp =−1+
2

cµ0

[
σ1 cosθt

σ1σ2−σxyσyx cosθi cosθt

]
, (15)

rss =−1+
2

cµ0

[
σ2 cosθi

σ1σ2−σxyσyx cosθi cosθt

]
, (16)

rps =
2

cµ0

σyx cosθi cosθt

σxyσyx cosθi cosθt−σ1σ2
, (17)

rsp =−rps =
2

cµ0

σxy cosθi cosθt

σxyσyx cosθi cosθt−σ1σ2
. (18)

Here, rA = RA exp(iφA) with RA and φA respectively denote
the modulus and phase of the reflection coefficients, A denotes
pp, ps, sp and ss; σ1 = (cµ0)

−1cosθi +n1(cµ0)
−1cosθt +σxx

and σ2 = (cµ0)
−1cosθt +n1(cµ0)

−1cosθi +σyy cosθi cosθt; c
and µ0 are the speed of light and permeability in vacuum; θt is
the angle of refraction; and n1 = 1.515 represents the substrate
refractive index.

Figure 2 shows the variation of the corresponding reflec-
tion coefficients modulus as functions of at at different chem-
ical potentials of µ = 0.098 eV and µ = 0.392 eV. Here,
Figs. 2(a)–2(c) are reflection coefficients in the case of µ =

0.098 eV, while Figs. 2(d) and 2(f) are those of µ = 0.392 eV.
It is worth noting that the reflection coefficients rps =−rsp ac-
cording to Eqs. (17) and (18), so that we only plot the reflec-
tion coefficients rpp, rsp, rss. From Fig. 2, all reflection coef-
ficients almost present symmetry distribution with the change
of at, which are almost invariant in type-I WSMs and decrease
symmetrically in type-II WSMs. These phenomena are largely
owing to the different dependence properties of conductivities
on at in type-I and type-II WSMs. Meanwhile, there is an obvi-
ous boundary between the reflection coefficients of type-I and
type-II WSMs, especially the drastic change of the modulus
Rps yielded here. These trends are very similar to the bound-
ary behavior of the Hall conductivity in Fig. 1, so it can be
speculated that the cross reflection coefficient is mainly corre-
lated with the Hall conductivity.
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Fig. 2. Pseudo-color images of modulus value of reflection coefficients Rpp, Rps, Rss as functions of the tilt degrees at and the incident angles
θi at different chemical potentials: (a)–(c) µ = 0.098 eV, (d)–(f) µ = 0.392 eV.

Note that the incident angle corresponding to the Rpp = 0
is usually called the Brewster angle.[25] Here, the Brewster
angle increases from 58◦ to 61.3◦ and then decreases to 58◦,
which also presents symmetric distribution with the variation
of at, approximating to the variation of Re(σxx), so that the
Brewster angle is closely related to Re(σxx). In comparison of
the reflection coefficients at µ = 0.098 eV in Figs. 2(a)–2(c)
with µ = 0.392 eV in Figs. 2(d)–2(f), the boundary of reflec-
tion coefficients in type-I and type-II WSMs expand with the
increase of µ , and the peak value of Rps in the boundary in-
creases correspondingly. It is consistent with the trend of Hall
conductivity with µ in Figs. 1(c) and 1(d), and demonstrates
again that Hall conductivity plays a major role in affecting
cross reflection coefficients.

So far, we have established the reflection models in tilted
and doped WSMs, and discovered the relationship between the
conductivities and the reflection coefficients. In the following
statement, we will further explore the influences of the Weyl
cone tilting and chemical potential on the GH and IF shifts
based on these models, and discuss the role of the frequency
in the beam shifts of tilted WSMs, and regularize the results
systematically.

3. Results and discussion
In this section, we establish the beam models of GH and

IF effects in tilted and doped WSMs. Considering the Gaus-
sian beam incidence, the angular spectrum expression is(

α𝑒̂ix +β e iη 𝑒̂iy

)
𝐸i

=
(

α𝑒̂ix +β e iη 𝑒̂iy

) w0√
2π

exp

−w2
0

(
k2

ix + k2
iy

)
4

 . (19)

Here, kix = k0 cosθi and kiy = k0 sinθi are the components of
the incident beam vector in the xr and yr directions, respec-
tively; k0 = 2π/λ denotes the wave vector of vacuum; and
w0 = 18 µm is the beam waist. Subsequently, we calculate
the GH and IF shifts according to the beam angular spectrum
and discuss the role of Weyl tilting at and chemical potential
µ in the GH and IF shifts at a fixed frequency h̄ω = 1.96 eV
with λ = 632.8 nm, and extend to discuss the influences of
frequency on the beam shifts.

3.1. Influences of Weyl cone tilting and chemical potential
on the GH shifts in tilted WSMs

The GH effect appears when the beam is reflected on the
tilted WSMs, and the expression for the relation between the
reflected angular spectrum and the incident angular spectrum
can be obtained as follows:[21][

𝐸H
r

𝐸V
r

]
=

[
rpp rps

rsp rss

][
𝐸H

i

𝐸V
i

]
. (20)

Here, 𝐸H,V
i and 𝐸H,V

r represent angular spectrums of the hor-
izontal (H) and vertical (V) polarization components of the
incident and reflected beam, respectively. To guarantee the ac-
curacy of calculation, the first-order expansion of the reflection
coefficients in Eqs. (15)–(18) can be expressed as

rA (kix) = rA (kix = 0)− kix

k0

∂ rA

∂θi

∣∣∣∣
kix=0

. (21)

To simplify the calculation, we consider the incident beam
with horizontal linear polarization, i.e., α = 1,β = 0. Accord-
ing to the boundary conditions krx =−kix and kry =−kiy, and
substituting Eqs. (19) and (21) into Eq. (20), the angular spec-
trum of the reflected beam can be further expressed as
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𝐸̃H
r =

w0√
2π

exp
[
−

w2
0

(
k2

ix + k2
iy

)
4

][
rpp

(
1− krx

k0rpp

∂ rpp

∂θi

)
𝑒̂rx + rps

(
1− krx

k0rps

∂ rps

∂θi

)
𝑒̂ry

]
, (22)

𝐸V
r =

w0√
2π

exp
[
−

w2
0

(
k2

ix + k2
iy

)
4

][
rsp

(
1− krx

k0rsp

∂ rsp

∂θi

)
𝑒̂rx + rss

(
1− krx

k0rss

∂ rss

∂θi

)
𝑒̂ry

]
, (23)

where krx and kry are the reflected wave vector in xr and yr directions. Taking the paraxial approximation into account, the
complex amplitude of the reflected beam is given by

Er (xr,yr,zr) =
∫∫

𝐸r exp

[
i

(
krxxr + kryyr−

k2
rx + k2

ry

2k0

)]
dkrx dkry. (24)

Substituting Eqs. (22) and (23) into Eq. (24), the intensity distribution of beam I (xr,yr,zr) can be obtained. At any given plane
zr = const, the GH shift of field centroid can be defined as

DGH =

∫∫
xrI (xr,yr,zr) dxr dyr∫∫
I (xr,yr,zr) dxr dyr

. (25)

From Eq. (25), the GH spatial and angular shifts can be finally given by

∆GH =
2zR
(
R2

ppψpp +R2
spψsp

)
2k0zR

(
R2

pp +R2
sp
)
+R2

pp
(
ρ2

pp +ψ2
pp
)
+R2

sp
(
ρ2

sp +ψ2
sp
) , (26)

ΘGH =
2zR
(
R2

ppρpp +R2
spρsp

)
2k0zR

(
R2

pp +R2
sp
)
+R2

pp
(
ρ2

pp +ψ2
pp
)
+R2

sp
(
ρ2

sp +ψ2
sp
) . (27)

Here, zR = k0w2
0/2 is the Rayleigh length, ψA =

Im(1/rA×∂ rA/∂θi) and ρA = Re(1/rA×∂ rA/∂θi).
We further study the influences of Weyl cone tilting at

and chemical potential µ on the GH shifts. Figure 3 shows the
GH shifts as functions of at and θi in different chemical po-
tentials. Here, Figs. 3(a) and 3(b) are GH spatial and angular
shifts in the case of µ = 0.098 eV, respectively. Figures 3(c)
and 3(d) are those of µ = 0.392eV. From Figs. 3(a) and 3(b),
it is found that the GH spatial shifts are mainly concentrated in
type-I WSM, while the angular shifts are significant in WSMs
of both types I and II. These shifts almost show symmetry dis-
tribution respect to at = 0. At a fixed angle of incidence near
the Brewster angle, as |at| increases, the spatial shifts first re-
main unchanged in the type-I WSMs, then increase to the peak
near the boundary of type-I and type-II WSMs due to the dras-
tic change of cross reflection coefficient, and finally reduce in
type-II WSMs. Here, the peak of the spatial shifts is about
−4100 nm at at = −0.91. Angular shifts barely change with
at in type-I WSMs but are sensitive to at in type-II WSMs.
These trends arise because the conductivities keep stable in
type-I WSMs and gradually decrease with tilt degree in type-II
WSMs in Figs. 1(c) and 1(d). Specifically, in the case of θi less
than or near the Brewster angle of type-I WSM (θi = 61.3◦), as
|at| increases, the angular shifts increase first to the peak, then
quickly switch to the reverse direction peak and gradually de-

crease. The angular shifts yield by up to 5600 µrad during
these processes. It is noteworthy that there are small differ-
ences in GH shifts for at with the same size and the opposite
sign. Comparing the cases of µ = 0.098 eV with µ = 0.392 eV
[see Figs. 3(c) and 3(d)], we conclude that as chemical poten-
tial increases, the spatial shifts increase significantly and can
reach up to −7589.66 nm at at = −0.61, while the angular
shifts reduce continuously. Simultaneously, the boundary be-
tween type-I and type-II WSMs extends, because the boundary
of rps widens with µ .

From the above analysis, we can find that the GH shifts
almost present symmetric distribution relative to Weyl cone
tilting. The GH shifts in type-I WSMs almost show no depen-
dence on Weyl cone tilting, whereas the shifts in type-II WSMs
change significantly with Weyl cone tilting. Meanwhile, there
exists drastic change of GH shifts in the boundary between
the two types of WSMs, and the peak value of mutations can
be manipulated significantly by adjusting chemical potential.
These phenomena are mainly related to dramatic variations of
conductivities induced by Weyl cone tilting and chemical po-
tential. Furthermore, it can be provided as a reference to the
determination of WSMs’ type due to the distinct difference
in the tilt-dependent GH shifts in type-I and type-II WSMs,
which has important implications for the study of WSMs and
the application of related optoelectronic devices.
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Fig. 3. Pseudo-color images of GH shifts as functions of the tilt degrees at and the incident angles θi at different chemical potentials µ . (a) and
(b) The spatial shift ∆GH and angular shift ΘGH in the case of µ = 0.098 eV. (c) and (d) The GH shifts in the case of µ = 0.392 eV.

3.2. Influences of Weyl cone tilting and chemical potential on the IF shifts in tilted WSMs

When the light reflects in tilted WSMs, the IF effect generates with an extra more transverse part perpendicular to the
geometric path compared with the GH effect, thus the relation between reflected angular spectrum and the incident angular
spectrum can be expressed as[34]

[
𝐸H

r

𝐸V
r

]
=

 rpp−
kry

k0

(
rps− rsp

)
cotθi rps +

kry

k0

(
rpp + rss

)
cotθi

rsp−
kry

k0

(
rpp + rss

)
cotθi rss−

kry

k0

(
rps− rsp

)
cotθi


[
𝐸H

i

𝐸V
i

]
. (28)

Here, the reflection coefficient rps =−rsp. After substituting Eqs. (19) and (21) into Eq. (28), the angular spectrum expression of
the reflected beam can be further expanded to

𝐸H
r =

w0√
2π

exp

−w2
0

(
k2

ix + k2
iy

)
4

{α

[
rpp

(
1− krx

k0rpp

∂ rpp

∂θi

)
−2

kry

k0
rps cotθi

]
𝑒̂rx

+β e iη
[

rps

(
1− krx

k0rps

∂ rps

∂θi

)
+

kry

k0

(
rpp + rss

)
cotθi

]
𝑒̂ry

}
, (29)

𝐸V
r =

w0√
2π

exp

−w2
0

(
k2

ix + k2
iy

)
4

{β e iη
[

rss

(
1− krx

k0rss

∂ rss

∂θi

)
−2

kry

k0
rps cotθi

]
𝑒̂rx

−α

[
rps

(
1− krx

k0rps

∂ rps

∂θi

)
+

kry

k0

(
rpp + rss

)
cotθi

]
𝑒̂ry

}
. (30)

After substituting Eqs. (29) and (30) into Eq. (24), the reflected field expression for the light in position space can be written as

Er (xr,yr,zr) = exp
(

ikzr−
k
2

x2
r + y2

r

zR + izr

){
𝑒̂rx

[
αrpp−α

iyr
(
rps− rsp

)
zR + izr

cotθi +β e iη rps +β e iη iyr
(
rpp + rss

)
zR + izr

cotθi

]

+ 𝑒̂ry

[
αrsp−α

iyr
(
rpp + rss

)
zR + izr

cotθi +β e iη rss−β e iη iyr
(
rps− rsp

)
zR + izr

cotθi

]}
. (31)
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At any given plane zr = const, the transverse shift of field centroid can be defined as

DIF =

∫∫
yrI (xr,yr,zr) dxr dyr∫∫
I (xr,yr,zr) dxr dyr

. (32)

Subsequently, the IF shifts can then be obtained after substituting Eq. (31) into Eq. (32). Considering the beam with left-handed
circular polarization

(
α = 1/

√
2,β = i/

√
2
)

, the spatial and angular IF shifts can be finally expressed as

∆
+
IF = − 1

k0

cotθi
[
R2

pp +R2
ss +2RppRss cos

(
φpp−φss

)]
R2

pp +R2
ss +2R2

ps +2RppRps sin
(
φpp−φss

)
−2RssRps sin

(
φps−φss

)
− 1

k0

cotθi
{

2RppRps
[
cos
(
φps−φpp

)
− sin

(
φps−φpp

)]}
R2

pp +R2
ss +2R2

ps +2RppRps sin
(
φpp−φss

)
−2RssRps sin

(
φps−φss

)
− 1

k0

cotθi
{

2RssRps
[
cos
(
φps−φpp

)
− sin

(
φps−φss

)]}
R2

pp +R2
ss +2R2

ps +2RppRps sin
(
φpp−φss

)
−2RssRps sin

(
φps−φss

) , (33)

Θ
+
IF = 0. (34)

Meanwhile, in the case of the beam with right-handed circular polarization (α = 1/
√

2, β =−i/
√

2), the spatial and angular IF
shifts can be finally expressed as

∆
−
IF =

1
k0

cotθi
[
R2

pp +R2
ss +2RppRss cos

(
φpp−φss

)]
R2

pp +R2
ss +2R2

ps +2RppRps sin
(
φpp−φss

)
−2RssRps sin

(
φps−φss

)
− 1

k0

cotθi
{

2RppRps
[
cos
(
φps−φpp

)
− sin

(
φps−φpp

)]}
R2

pp +R2
ss +2R2

ps +2RppRps sin
(
φpp−φss

)
−2RssRps sin

(
φps−φss

)
− 1

k0

cotθi
{

2RssRps
[
cos
(
φps−φpp

)
− sin

(
φps−φss

)]}
R2

pp +R2
ss +2R2

ps +2RppRps sin
(
φpp−φss

)
−2RssRps sin

(
φps−φss

) , (35)

Θ
−
IF = 0. (36)

Combined with Eqs. (33)–(36), it can be noted that the IF spatial shifts exist obviously while the angular shifts are null. So far,
we have established the calculation model of IF shifts in tilted WSMs.
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Fig. 4. Pseudo-color images of IF shifts as functions of the tilt degrees at and the incident angles θi at different chemical potentials µ . (a) and
(b) The spatial shifts of the incident beams with left-handed circular polarization ∆+

IF
and right-handed circular polarization ∆−

IF
in the case of

µ = 0.098 eV. (c) and (d) The IF shifts in the case of µ = 0.392 eV.
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We now focus on discussing the influence of Weyl cone
tilting at on the IF spatial shifts. Figures 4(a) and 4(b) de-
scribe the IF shifts as functions of at and θi for left-handed
and right-handed circular polarization incidences by fixing
µ = 0.098 eV. It is shown that the IF shifts are almost in-
variant in type-I WSMs while change dramatically in type-II
WSMs, and almost exhibit obvious symmetry relative to the
at = 0. These trends are mainly attributed to the nearly sym-
metric distribution of WSMs conductivities in Figs. 1(c) and
1(d). To study the influence of µ on IF shifts, we also plot
the IF shifts at µ = 0.392 eV, as shown in Figs. 4(c) and 4(d).
The results reveal that the peak of the IF shifts is almost not
dependent on µ and the shifts still show symmetry distribu-
tion relative to at, but the symmetry axis produces a slight
shift from the previous at = 0. Note that in our case, strange
IF shifts near Brewster angle almost do not exist for circular
polarization incidences. For linear polarization incidence, a
phenomenon similar to the IF effect, called the photonic spin
Hall effect, may be produced in tilted WSMs because of the
spin-orbit coupling. Meanwhile the Brewster angle will affect
the spin-orbit coupling and lead to a peculiar spin-dependent
splitting.[40,41]

It is worth mentioning that the IF shift is weak. To de-
scribe influences of Weyl cone tilting at and chemical po-
tential µ on IF shifts more clearly, we further plot the IF
shifts (both left- and right-handed circular polarization inci-
dences) as functions of at in the cases of µ = 0.098 eV and
µ = 0.392 eV, as shown in Figs. 5(a) and 5(b).

Referring to the special angle of θi = 61.3◦ in Fig. 3, the
incident angles here are fixed as 58◦ (less than 61.3◦), 61◦

(near 61.3◦), and 64◦ (larger than 61.3◦). From Fig. 5(a), IF
shifts all keep stable in type-I WSMs first for arbitrary cir-
cular polarization incidences, and then decrease with the in-
crease of at in type-II WSMs. These shifts almost show sym-
metry distribution relative to at = 0. It is worth noting that
the IF shifts exist small differences in IF shifts for at with
the same size but opposite symbols (the same |at|). Further-
more, the IF shifts gradually decrease with the increases of θi

due to inversely proportional relations between θi and cotθi in
Eqs. (33) and (35). Compared the IF shifts of the left-handed
and right-handed circular polarization incidences, the IF shifts
are symmetric relative to the coordinate origin at any fixed in-
cident angle. Then, we further discuss the influence of µ on
IF shifts by comparing Fig. 5(a) with Fig. 5(b). It is found that
with the increase of µ , the symmetric distribution of the IF
shifts still remains, but the symmetry axis of IF shifts products
a slight movement relative to at = 0. Specifically, the sym-
metry axis moves to the left or the right relative to at = 0 in
the cases of the left- or right-handed circular polarization inci-
dences. The above analyses provide a new reference to revisit

the IF shift in WSMs. Since the IF shift is too weak to be
observed, effective experimental detection can be performed
by using a weak signal amplification technique called quan-
tum weak measurement.[39] The application of this technique
can also be extended to optical effects observations in other
approximate topological materials of WSMs.
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Fig. 5. Dependences of IF shifts on the tilt degrees at and the inci-
dent angles θi at different chemical potentials µ . (a) and (b) The spatial
shifts of the incident beams with left-handed circular polarization ∆

+
IF

and right-handed circular polarization ∆
−
IF in the case of µ = 0.098 eV.

(c) and (d) The IF shifts in the case of µ = 0.392 eV.

3.3. Influences of frequency on the GH and IF shifts in
tilted WSMs

The influences of Weyl cone tilting on beam shifts in both
doped type-I and type-II WSMs, have been discussed system-
atically, in the case of He–Ne laser incident with beam inten-
sity h̄ω = 1.96 eV and frequency ω = 2.98×1015 Hz. It is also
worth noting that the photon frequency, as an indispensable
parameter of beam intensity, may change the physical prop-
erties of the optical material and exert an influence on light-
matter interaction. Consequently, we additionally expand the
frequency range and discuss the role of the frequency on the
reflection coefficients and beam shifts in tilted WSMs.

By fixing the chemical potential as µ = 0.098 eV, we dis-
cuss the variation of the reflection coefficients modulus Rpp,
Rps, Rss as functions of frequency in type-I and type-II WSMs
as shown in Fig. 6. Here Figs. 6(a)–6(c) show reflection co-
efficients in the case of at = 0.5 (type-I WSMs), whereas
Figs. 6(d)–6(f) show those of at = 2.0 (type-II WSMs). The
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Brewster angle (Rpp = 0) in both type-I and type-II WSMs
becomes larger with the increase of photon energy, and the
larger trend in type-I WSMs is more obvious than that in type-
II WSMs [Figs. 6(a) and 6(d)]. Meanwhile, as the frequency
increases at any certain incident angle, Rps decreases gradually
[Figs. 6(b) and 6(e)], and Rss show a weak increase [Figs. 6(c)

and 6(f)]. Overall, combining with the previous study, it can
be speculated that the photon frequency may also play its inter-
esting function in influencing the beam shifts, especially near
the Brewster angle. Subsequently, we discuss the influences
of the frequency on the GH and IF shifts in tilted WSMs near
the Brewster angle.
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The GH shifts [Figs. 7(a) and 7(b)] and IF shifts
[Figs. 7(c) and 7(d)] are plotted as functions of photon en-
ergy at discrete tilt degrees of at = 0.1,0.3,0.5 (type-I WSMs)
and at = 1.2,1.6,2.0 (type-II WSMs). It is obtained that GH
spatial shifts increase to their peaks first and then gradually de-
crease with photon energy [Fig. 7(a)]. Notably, the positions
of peak values in type-I WSMs almost keep stable because the
Brewster angle does not change with Weyl cone tilting at this
time, which fits with the description in Fig. 2(a). However,
the positions of peak values in type-II WSMs vary obviously
with Weyl cone tilting due to the changing Brewster angle il-
lustrated in Fig. 2(a). Moreover, the peak value of spatial GH
shifts in type-I WSMs changes weakly while that in type-II
WSMs decrease significantly with frequency. Similarly, we
can obtain the variation rule of angular GH shifts with photon
energy [Fig. 7(b)]. The IF shifts for left- and right-handed cir-
cularly polarization incidences are of equal size and in the op-
posite directions, which gradually decrease with the frequency
in both type-I WSMs [Fig. 7(c)] and type-II WSMs [Fig. 7(d)].
Meanwhile, in the case of fixed frequency, the shifts are not
dependent on at in type-I WSMs but change with at in type-
II WSMs, as seen in h̄ω = 1.96 eV. These trends are highly
consistent with the tilt-dependent GH and IF shifts illustrated
in Figs. 3(a)–3(b) and 4(a)–4(b). In brief, our study can be ex-
tended to the study and application of tilt-dependent GH and
IF shifts in tilted and doped WSMs, in the case of other fre-
quency bands.

4. Conclusion
In summary, we have established the models to describe

the GH and IF effects in tilted WSMs, and systematically stud-
ied the influences of Weyl cone tilting and chemical potential
on the GH and IF shifts. The results show that the GH and
IF shifts in tilted WSMs almost exhibit symmetry distribution
relative to the Weyl cone tilting. The beam shifts in type-I
WSMs are hardly dependent on Weyl cone tilting, while the
shifts in type-II WSMs are very sensitive to the tilting. Mean-
while, there exists drastic changes of GH shifts in the bound-
ary between type-I and type-II WSMs, where the peak value of
GH spatial shift reaches up to−7589.66 nm, and the boundary
and peak values can be manipulated significantly by adjusting
chemical potential. The IF shifts are symmetric relative to the
coordinate origin, whose symmetry axis produces an obvious
relative offset with the variation of chemical potential. In addi-
tion, we have extended to discuss the influences of frequency
on the GH and IF shifts. With the increase of frequency, the
GH shifts occur with a peak fluctuation, and the IF shifts de-
crease gradually. Importantly, the change rule of beam shifts
in two types of WSMs at any fixed frequency fits well with the

case of photon energy 1.96 eV. Notice that IF shifts are gen-
erally too weak to be detected, which can be amplified and ex-
perimentally observed by introducing a weak signal amplifica-
tion method called quantum weak measurement. The present
study can provide a new reference to revisit the beam shifts in
tilted WSMs and to determine the type of WSMs, and can pro-
vide a reference to research and applications of tilt-dependent
GH and IF shifts in other frequency bands.
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