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A rational quantum state sharing protocol with the semi-oft-line dealer is proposed. Firstly, the dealer Alice shares an
arbitrary two-particle entangled state with the players by Einstein—Podolsky—Rosen (EPR) pairs and Greenberger—Horne—
Zeilinger (GHZ) states. The EPR pairs are prepared by Charlie instead of the dealer, reducing the workload of the dealer.
Secondly, all players have the same probability of reconstructing the quantum state, guaranteeing the fairness of the proto-
col. In addition, the dealer is semi-oft-line, which considerably reduces the information exchanging between the dealer and
the players. Finally, our protocol achieves security, fairness, correctness, and strict Nash equilibrium.

Keywords: rational quantum state sharing, game theory, semi-off-line, Nash equilibrium
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1. Introduction

The classical secret sharing (SS) protocol is used to share
the secret among multiple players.['*! Each player recon-
structs the shared secret by a certain number of shares (e.g. at
least ¢ shares) from other players. The quantum secret sharing
(QSS) protocol is also used to share the secret among mul-
tiple players. Unlike the SS protocol, the QSS protocol can
share the quantum information as well as classical informa-
tion, while the SS protocol can only share classical informa-
tion. The QSS protocol for sharing quantum information is
also called the quantum state sharing (QSTS) protocol or the
quantum information splitting (QIS) protocol. Because of the
quantum no-cloning theorem, only one player Charlie can ob-
tain the quantum state shared by the dealer Alice. But Charlie
needs the help of all the other players due to the correlation
of entangled states. Especially, according to the authorities of
the players, the QSTS protocol can be divided into hierarchi-
cal QSTS (HQSTS)protocol > and non-hierarchical QSTS
(NQSTS) protocol.!'%-14] And in this paper, the NQSTS pro-
tocol is discussed.

In 1999, Cleve et al.!'! firstly proposed a QSTS scheme
with quantum error correction codes.!'!l Later, Li et al.!']
proposed a QSTS protocol based on entanglement swapping.
Lance et al.l'3! investigated a (2, 3) threshold QSTS pro-
tocol based on continuous variable tripartite entanglement.
Then, multiparty QSTS of an arbitrary two-particle entangled
state was investigated in Deng et al’s,I4151 1 et al’s,[10]
and Liu et al.’s!"”! protocols. In 2005, Zhang et al.!'8! pro-
posed a QSTS protocol for continuous variables by two-mode
squeezed state and single-mode squeezed state. Muralidharan
and Panigrahi!'®! designed a QSTS protocol based on a five-

e. [20

particle entangled state.?”) There are also QSTS protocols
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by cluster states.!?!=23 In 2013, Jiang and Dong!%%! proposed
a multiparty QSTS protocol of an arbitrary multi-qubit state
based on various probabilistic channels. Wang er al.!?’! inves-
tigated a multiparty QSTS scheme of an arbitrary known qubit
under two noisy environments. In 2017, Cao and Ma!?®! pre-
sented a (¢, n) threshold QSTS scheme based on linear equa-
tions and unitary operation. Later, the first verifiable threshold
QSTS scheme was proposed by Cao and Ma. ! In 2020, Song
et al.’% studied a verifiable (¢, n) threshold QSTS scheme on
IBM quantum cloud platform.

With more extensive and further research on cryptogra-
phy, the rational SS (RSS) protocol has been proposed accord-

ing to the actual needs.[3'-3¢

! In the RSS protocol, players are
not honest or destructive, but rational, executing their strate-
gies to maximize their utilities. The game theory is introduced
to analyze the behavior of the players. Correspondingly, the
rational QSTS (RQSTS) protocol was also explored. In 2015,
the first RQSTS protocol was proposed by Maitra et al.l*]
They respectively demonstrated a (¢, n) RQSTS protocol with
the semi-off-line dealer and the off-line dealer by Calderbank—
Shor-Steane (CSS) code. In 2018, Dou et al.!33] proposed a
rational QSTS (RQSTS) protocol with the online dealer. Qin
et al.®* proposed an RQSTS protocol based on the quantum
Fourier transform.

In this paper, we propose an RQSTS protocol with the
semi-off-line dealer inspired by Refs. [15,38]. First of all, in
our protocol, the EPR pairs and GHZ states are used to share
an arbitrary two-particle entangled state between the dealer
and the rational players. Instead of the dealer in Ref. [15],
the EPR pairs are prepared by player Charlie. Charlie is re-
sponsible for reconstructing the shared quantum state. So our
protocol reduces the workload of the dealer. Secondly, the
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dealer Alice does not know the shared quantum state, 37 so
she cannot clone the state. Ultimately only one player Charlie
can reconstruct the quantum state. Moreover, Charlie is jointly
elected by all players, rather than designated by the dealer
Alice,?7! which also guarantees the fairness of the protocol.
Finally, compared with the protocol in Ref. [38], the dealer is
of semi-off-line in our protocol, meaning that the dealer only
needs to interact with the players twice: The first is to publish
the number of rounds and the second is to publish the reve-
lation round and the measurement results. Thus our protocol
considerably reduces the information exchanging between the
dealer and the players. In addition, our protocol also satisfies
correctness, security and strict Nash equilibrium required by
RQSTS.

The rest of this paper is organized as follows. In Sec-
tion 2, we introduce the quantum states and quantum opera-
tors related to our protocol, the QSTS protocol proposed by
Deng et al., and basic game theory knowledge. In Section 3,
our rational quantum state sharing protocol with the semi-oft-
line dealer is proposed in detail. In Section 4, our protocol
is proved to achieve security, fairness, correctness, and strict
Nash equilibrium. Finally, some conclusions are drawn and
future work is also mentioned in Section 5.

2. Preliminaries
Because the players are rational in our protocol, both the

QSTS and the game theory will be introduced in this section.

2.1. Quantum states and quantum operators
2.1.1. EPR pairs

An EPR pair is in one of the four Bell states shown
below[40]
1

[v*) = 500 £[10). |¢*)

2.1.2. GHZ states

_ L

75100 £[11). (1)

The three-particle GHZ states are written as follows:

Gy ) = \%<|0ij>+|1i7>>,
G-} = —=(1017) = |177)). @

where i, j € {0,1},i=1—1i,and j =1~ j. Then (n+2)-
particle GHZ states are
1 _
IGii k) =—7=(0ij...k)+]|1ij...k))
ij...k+ V2 )
n+1 n+l n+l
1 _
G =—(|0ij...ky—|1ij...k)), 3
| lj...k7> \@(‘ J > ‘ J >) (3)
n+1 n+1 n+1

correspondingly, i, j, k € {0, 1}, i=1—1i, j=1—j, and

k=1—k.

2.1.3. Pauli operators

The Pauli operators represented by the computational ba-

sis are

Uo=1=10)(0]+[1)(1], Ui=Z=0){0]—[1)(1],
Uy=X=|0) (1]+[1) (0, Us =i¥ =0) (1] =[1) (0] (4)

2.2. Review of Deng et al.’s QSTS protocol
In Deng et al.’s protocol, ! it is supposed that there is a

dealer Alice and (n+ 1) players Bob; (1 <i<n+1). And the
two-particle entangled state [P),, is

|®),, = @[00),,+B[01),,+7[10),, +&[11),,,  (5)

where [+ -+ [y+I82 = 1.
The basic process of Deng et al.’s protocol is as follows:
(i) Alice prepares 2(n+ 1) EPR pairs [¢ ), and [¢7) .,
(1<i<n+1)asinEq. (1), and then sends the particles b; and
dito Bob; (1 <i<n+1). The state of the composite quantum
system can be written as

n+1
|P)s = |<1>>xy®11 107 )0, @197 ) ©6)
=
Because Alice performs the joint measurement of the
(n+ 2)-particle GHZ states on the particles x, aj, ... , dpt1, Y,
Cl, ..., Cny1, respectively, the state |@)¢ can be rewritten as
|¢>S - |'F>xa1...an+l ® |'y>yc1...c,,+1
n+1 n+1
oI, )o ().
i=1 i=1
where ‘ql>xa| el ®’ ":P>yc‘| < Cpt € {|Gl] e k+>’
——

n+l
|Gi ... k7>} are the results of the joint measurements per-
——

n+1
formed by Alice.

(i) After Alice completes the joint measurements, the
state of the subsystem (without being normalized) can be writ-
ten as

)y = i k) D)y

:l:ﬁ |l] tc 'k>b1h2.4.bu+l |W' : '7>d1d2..‘dn+]
i y|ﬁ . 'E>b1b2~-~bn+l ‘mn i 'l>d1d2...dn+|
+ 5 |U : 'k>h1h2...bn+1 |W o l>dld2-~-dn+l ’ (8)

Because

1

|0>=L(|+X>+|—X>) and 1) = —=(|+x) —[-x),

V2 V2
we can obtain
|i>=\%[|+x>+(—l)i|—x>] (oo komon, o 1€ {0, 1)),

050309-2
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(iii) Suppose that Bob,, | (Charlie) is the player recon-
structing |P) 1y the expression of the X basis measurements
performed by n players Bob; (1 <i < n) can be written as

M = ()" (=) T, @ (D)1 (=x) Y, 9)

where [((-+x])" ((~x[)!Js, and [((+x])" ([}, are the
measurement operations related to the particles b; and d;, re-
spectively; ¢ and g are the numbers of measurement results
|—x) obtained by n players Bob; (1 <i < n) performing X ba-
sis measurements on b; and d; respectively.

(iv) After Bob; (1 <i < n)’s measurements, the state of

Charlie’s particles b,,+1, dy+1 can be written as

@, = M|®), = (oc|kl)+ (—1)B |kI)

+(=1)'y|kl) + (=1)" |kI)),,

n+1dn+1

(10)

n+ldn+l :

According to the measurement results, Charlie performs
the unitary operations U; ® U; (i,j € {0, 1, 2, 3}) to recon-
struct |P) r- The measurement results can be expressed as
Viar.anii» Vyerocpirs Praycapy ® (1) s and Py e, @ (= 1)1,
where Vig;..a,. =1,

‘/‘Gmn,,.li>
= P‘Gmn.,,li> = i

= V\Gij,,,ki) =k Vyereon =
= PlGij..,kir> =+ Ak

anl...ayH,l VC1---Cp+1

2.3. Game theory

In the game theory, all players are rational. The quan-
tum state sharing protocol is regarded as a pair (I', o),
; On)
There are also the nota-
., 0y) and (0!, o_;) =
0,,). The outcome of the game is

where I' is the game with n players and o = (o, ...
is the strategies of n players.
tions o_; = (01, ..., Oi—1, Oitl, .-
(61, ..., Gi_1, O, Oit1, ...,
denoted as o(o’) = (o1, ..., 04), and the utility function u; of
each player P, is defined over the set of possible outcomes for
the game, which is a polynomial with the security parameter
k.

Definition 1 Fairness

A rational quantum state sharing protocol (I", o) is said
to be completely fair, if for each arbitrary alternative strategy
o} is followed by player P, there exists a negligible function

W (k) in the security parameter k such that the following holds:

Prjo;(I", (o], o—;)) = Right Result]
< Prfo_(T", (o], 6_;)) = Right Result] + (k). (11)
Definition 2 Correctness
A rational quantum state sharing protocol (I', ¢) is said
to be correct, if for each arbitrary alternative strategy o/ is fol-

lowed by player P;, there exists a negligible function u (k) in
the security parameter k such that the following holds:

Prlocharie(I'; (07, 0_;)) = False Result] < p(k). (12)

Definition 3 Strict Nash equilibrium

The strategy o suggested in the mechanism (I", o) is a
strict Nash equilibrium, if any strategy o/ for each P; satisfies
the following inequality:

ui(o!, o_;) <ui(o). (13)
3. Rational quantum state sharing protocol with
semi-off-line dealer

In our protocol, there is a dealer Alice and (n+ 1) players
Bob; (1 <i < n), and the quantum shared by Alice is |®),,
as indicated in Eq. (5). The detailed process of rational quan-
tum state sharing protocol with the semi-off-line dealer is as
follows.

3.1. Dealer’s protocol

Since the dealer is of semi-off-line, Alice only needs to
interact with the players twice: the first is at the beginning of
the protocol and the second is at the end of the protocol.

[D1] Alice determines the number of rounds (r+w) and
the real position r according to a geometric distribution G (),
which is completely unknown to the players Bob; (1 <i <
n+1). The parameter ¥ is determined according to the play-
ers’ utilities. Then Alice announces that the players need to
perform (r + w) rounds.

[D2] After receiving the sig = 1 sent by Charlie in the
last round, Alice announces the position r of the real revela-
tion round. If Charlie pays the cooperating players Bob; (1 <
i<n+1,i3#s) in the r-th round, Alice will perform the
joint measurements of the (n + 2)-particle GHZ states accord-
ing to the remaining particles sent by Charlie. Then, Alice
announces the measurement results. Otherwise, Alice aborts
the protocol.

3.2. Player’s protocol

The process of each player in the j-th round (1 < j <
r+w) is as follows.

[P1] Each player Bob; publishes an integer p; (1 <i <
n—+ 1) at the same time. If any player does not publish it, he
cannot participate in this round nor the remaining rounds of
the protocol.
n+1

Y pi based on the integer
i=1

=

[P2] Calculates the sum s =

published by each player.

[P3] Takes the remainder of s by calculating, then s =
smod (n+1), s =s+1(1 <5 <n+1), Boby is Charlie.
Since the dealer is of semi-off-line, Alice no longer needs to
prepare shares for the players. The task of share generation is
completed by Charlie.

[P4] Charlie prepares 2(n+ 1) EPR pairs, |[¢71) ab; and
107) c,a- Here [9%),,, = (1/v/2)(100) +[11)) a5, 107) g, =
(1/V2)(|00) +11)) g (1 S i <+ 1).
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[P5] Charlie sends the particles b; and d; to Bob; (i # 5').

[P6] Each player Bob; (i # s") performs X basis measure-
ment on particles b; and d; and then publishes the measurement
results.

[P7] Charlie judges whether the players Bob; (i # s') are
cheated based on the measurement results announced by them.
Then Charlie publishes the number of the cheating players.
These cheating players cannot participate in this round nor the
remaining rounds of the protocol.

[P8] If j = r+w, Charlie sends a sign sig = 1 to Alice.
Otherwise, the players finish the current round and proceed to
the next round.

[P9] According to the position r of the revelation round
published by Alice, Charlie in the r-th round pays the cooper-
ating players Bob; (i # s'). And the total remuneration paid to
them does not change depending on the number of the coop-
erating players Bob; (i # s'). According to the measurement
results of Alice and the players Bob; (i # s'), Charlie will per-
form corresponding unitary operations on his particles b and
d, and successfully reconstruct |®),.

4. Analyses
4.1. Utilities and preferences

In this protocol, only Charlie in the revelation round can
reconstruct the quantum state |CI>>xy, so the strategies and ben-
efits of Charlie and Bob; (i # s") will be slightly different.

(I) The strategies of the players are as follows:

Charlie:

c1 Chooses to cooperate

When Alice announces the revelation round, Charlie pays
the corresponding remuneration to the players Bob; (i # )
who chooses to cooperate.

¢> Chooses to cheat

When Alice announces the revelation round, Charlie re-
fuses to pay the players Bob; (i # s’) who chooses to cooper-
ate.

Bob; (i #+') :

b1 Chooses to cooperate and publishes the correct mea-
surement results.

by Chooses to cheat and publishes the wrong measure-
ment results, or remain silent.

(IT) The utilities of the players are as follows:

Charlie:

UJT : Chooses to cooperate and successfully reconstructs
‘(p>xy‘

U, : Fails due to own cheating behavior.

U,, : Fails due to cheating by other players.

Bob; (i #5) :

le : Chooses to cooperate and successfully helps Charlie
reconstruct @) .

Uy, : Chooses to cooperate but fails to help Charlie recon-
struct | @) .

U, : His cheating is discovered by Charlie.

Uy, : His cheating is not discovered by Charlie.

For a rational player, Charlie has the following prefer-
ence: U} > U, > U, ; Bob; (i # s') has the following prefer-
ence: U, > Uljl =Up, > U,

Firstly, the goal of the players is to obtain |®), . For
Charlie, he is the only one who can reconstruct |®),,. Obvi-
ously Charlie will obtain a higher utility when he successfully
2y SO Ul > U,. In fact, U, is influenced
by other players who cheated. The U, can be expressed by

reconstructs |P)

U, = U} —xA, where x is the number of players Bob; (i # 5)
who cheated, and A is Charlie’s loss when Bob; (i # 5') suc-
cessfully cheats. Secondly, for Bob; (i # 5’), although he can-
not reconstruct |®), ., he can get paid by helping Charlie re-
construct [@),, then U,;': < U} 4 u(k), where p(k) is a neg-
ligible function with parameter k. In addition, if Bob; (i # )
chooses to cooperate, his utility should not be affected by other
players, so U +1 = Uy, . Finally, whether Charlie or Bob; (i # 5)
chooses to cheat among the players, their utilities should be the
lowest and the same, so U, = Ub_2. In addition, if Bob; (i # 5)
successfully cheats, his utility would be higher than coopera-
tion, so Up, > Ubf =Up,.

4.2. Security

A QSTS protocol can be attacked by the eavesdropper or
the players, so the security of the protocol is analyzed from the
outside attack and the participants’ attack.

4.2.1. Outside attack

In the outside attack, the eavesdropper may attempt to de-
stroy or steal the secret message of communication in the pro-
tocol. Accordingly, the outside attack is divided into the active
attack and the passive attack.

Several active attacks on QSTS include fake-signal at-
tack, entangled additional particle attack, intercept-resend at-
tack, and correlation-elicitation attack.'=**1 Thus a secure
quantum channel is set up by the method in Ref. [43], ensuring
that the communication between the dealer and the players is
not threatened. In short, before the protocol begins, the dealer
Alice will conduct security detection, that is, insert the decoy
qubits into the qubits sent to the players and publish the loca-
tion of the decoy particles. Then, the players perform X basis
or Z basis measurements on the decoy particles. Finally, Alice
compares the measurement results of the decoy qubits pub-
lished by the player with the initial states of the decoy qubits.
If the error rates are lower than the set threshold, the quan-
tum channel is safe; otherwise, Alice will restart the security
detection until she is sure that the quantum channel is safe.

In the entangled additional particle attack, an eavesdrop-
per Eve intercepts the particles sent by Charlie to other play-
ers and performs unitary operations on the particles. It is
supposed that there are three players, who are Bob;, Bob,,

050309-4
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and Charlie. Charlie prepares six EPR pairs [¢*),, and
[97) . (1 <i<3), then sends the particles b; and d; to Bob;
(1 <i<2). Alice performs the joint measurements on x, a1,
ap, az, and y, c1, ¢, c3. If Alice’s measurement result is
|Gooo+) = (1/4/2)(|0000) 4 |1111)), the quantum state of the
system becomes

1
E
|P)s = ﬁ[a‘ombldl |00>b2d2 |000>b3d3E

+0[00), 4, [00),, 4, [001),, 4.5

+B101)4,4,101)4,4, 010}, 4.5

+B101)4,4,101) 4,4, 011}, 4.

+7[10)y, 4, 110),4, [100) 4.

+7[10)y, 4, 110),4, [101) 4.

+6[11) 4,4, [11)p,4, 1110}, 4.5
) ) )

+8 (1), 4, 1110 [111),, 4 5] (14)

If the measurement results of Bob; and Bob, are
|[+x) |[4+x) and |+x)|—x) respectively, the combined quantum
state of Charlie and Eve becomes

®f 4, = (a]00) — B[01) +y]10)

1
_5|11>)b3a’3ﬁ(|0>+ﬂ‘1>)1§' (15)
According to Eq. (15), Eve cannot steal any information

about |®),,.

For the intercept-resend attack, the eavesdropper inter-
cepts the particles sent to the player by the dealer in the chan-
nel. And then the eavesdropper sends the players the particles
he prepared. In order not to break the coherence between the
players’ particles, Eve sends the player 2(n + 1) EPR pairs as
in Eq. (3), which are prepared by himself. However, he does
not know the position nor the quantum state of the decoy parti-
cles in the particles sent by Alice, so the error rate will exceed
the threshold and be detected by Alice.

In the passive attack, the QSTS is threatened by informa-
tion leakage. Since our protocol has a secure quantum channel,
all unauthorized users cannot obtain any information about the
shared quantum state. So for an eavesdropper, he knows only
the measurement results published by Alice and the players
Bob; (i # s'). In addition, owing to the quantum no-cloning
theorem, the eavesdropper cannot obtain the quantum state by
Charlie.

4.2.2. Participants’ attack

Compared with an eavesdropper, a player can destroy or
steal the information through the participants’ attack, or the
outside attack. The outside attack launched by a player will
be regarded as the outside attack launched by an eavesdrop-
per. And the analysis of the outside attack has been given in
Subsubsection 4.2.1. This subsubsection is devoted to the par-
ticipants’ attack.

In our protocol, the players are divided into Charlie (the
player who will reconstruct |®), ) and the players Bob; (i #
s") who help Charlie.

Owing to the quantum no-cloning theorem, only Charlie

can obtain |®)_ in the end. For Charlie, he may want to re-

xy
construct |®)  without the help of other players Bob; (i # s').
According to Eq. (10), after Alice and other players complete

the measurements, Charlie’s density matrix is

Pchartic = Poa, (Do, a,)’
= o |kl) (kI| + B*|KT) (KI|
+ 7|kl (ki| + &7 [kI) (kI (16)
where k, [ € {+, —}, + = —, = = +. According to Eq. (16),

So if
Charlie does not obtain the measurement results of other play-

Charlie does not know any information about |®),,.

ers Bob; (i # 5'), which are closely related to the final unitary
operations performed by Charlie, Charlie cannot succeed in
reconstructing |®)

For Bob; (i # s'), they may want to obtain |®) . In
each round, Bob; (i # s) are required to perform X basis mea-
surements on their particles and publish their measurement re-
sults. On the contrary, Alice performs the joint measurements
on |®),, and the remaining quantum states at the end of this
protocol. In fact, during the whole execution of this proto-
col, Bob; (i # s) cannot obtain any information about |®),,.
Meanwhile, since Charlie performs the unitary operations on
particles by and dj, it is also impossible for Bob; (i # s') to
reconstruct @) .

Furthermore, if Bob; (i # 5’) send the wrong measurement
results, Charlie will discover their cheating behaviors by the
EPR pairs (|0*) = (1/v/2)(00) + |11)) = (1/V2)(|++) +

|——))) shared with them. So our protocol achieves security.

4.3. Fairness

Owing to the unknown quantum state for the dealer Al-
ice and the quantum no-cloning theorem, in the end, only
one player Charlie can reconstruct |€b)xy. But instead of the
dealer’s appointment,'3®! Charlie is randomly elected by all
players Bob; (1 <i <n+1) in each round. Therefore, Char-
lie’s generation event in our protocol is fair.

Theorem 1 If a player’s utility from cooperation is higher
than the utility from cheat, this protocol achieves fairness.

Proof In this protocol, if a player deviates from the sug-
gested strategy during executing the protocol, the protocol will
not be aborted. But the cheating player cannot participate in
this round nor the remaining rounds.

The player Bob; (1 < i < n+ 1)’s strategy in the j-
th round is taken for example, and the probability that this
round is the revelation round is Pr(j = r) denoted by A.
When the player chooses to cheat, if j = r, his utility is
[1/(n+ DU = xA) + [n/(n+ 1)]Up,. If j # r, his utility
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is [1/(n+1)]U;, + [n/(n+1)]U, . On the contrary, when
the player chooses to cooperate, if j = r, his utility is
[1/(n+ DU} —xA)+[n/(n+1)]Up, . Otherwise his utility is
[1/(n+ 1)U +[n/(n+1)]U, . Therefore, the expected util-
ity of the player choosing to cheat is

1
+1

1 n
1-A)| —U_+——U,
+( )(l’l+1 62+n+1 b2>7

and the expected utility of the player choosing to cooperate is

)

n
UCheating(x) =A |: (U+ A) + n-l—thZ:|

1 n
UCooperating(x) =2 |: 1 (U+ —xA) + 7H—1Ub1:|

+(1—)L)< Lty

+1 +l

UCoopcrating (x ) —U Cheating (x )

1
+1[U+ U, +n(Up, —Uy)]
—/1—[U+ Us, +n(Up, —US)]. (17)

n+1

Since UCJIr > UC’2 and Uy, > UC’2 , in order to ensure the fair-
ness of the protocol, the player’s utility Ucooperating (X) from
cooperation must be higher than the utility Ucheating(x) from
cheat. Then A should satisfy the condition

U+ U +I’Z(Ub1 U )

(]

UL‘l Uc, +”<Ub2 UCz).

A<

Thus, when
Ui -Ug, +n(Up, — UCZ)

A< = )
UC+1 -Ue, +n(sz - Ucz)

our protocol achieves fairness.

4.4. Correctness

Theorem 2 If all players in this protocol are rational, the
protocol can achieve correctness.

Proof In this protocol, the players do not know the po-
sition of the real revelation round r. On the one hand, if
the players Bob; (i # s") send the wrong measurement results
or remain silent in one round, they cannot participate in this
round nor the remaining rounds. On the other hand, if Charlie,

who reconstructs the quantum state in the revelation round, re-
fuses to cooperate, his utility will be greatly reduced. In the
rational quantum state protocol, as the players’ purpose is to
maximize their utilities, no player will have an incentive to
cheat. And eventually, Charlie will reconstruct the quantum
state with 100% probability. Therefore, our protocol achieves
correctness.

4.5. Strict Nash equilibrium
Theorem 3 If

UCJIr -U, +n(Up, —UZ)

2

Uchr -Ue, +n(Ub2 - UCz)

A<

this protocol achieves strict Nash equilibrium.

Proof From the perspective of game theory, if the pro-
tocol achieves strict Nash equilibrium, no matter what other
players’ implementation strategies are, the utility of each
player when cheating should be less than his or her utility
when cooperating.

In the j-th round of the protocol, when a player Bob; (1 <
i <n+ 1) executes the deviation strategy o7, his utility is

1
n+1

n
UCheating(x) =A |: (Uct —xA) + I’Z+1Ub]:|

1 n
1-A)| —U_,+——U, |.
+( )(n—|—1 ‘2+n—|—1 bz)
And when he follows the protocol, his utility is

1
+1

1
Jr(1_7t)<n+1Uc1 n+1 )

Then ul(d o ) UCheating(x) and u,'((f) = UCooperaling(x)~
When

n
UCooperating (x) =2 [ (U+ - XA) n_'_lUbZ:|

UCJIr — UCZ -‘rl’l(Ub] U.)

2

UCJT -Ue, +n(Ub2 - UCz)

A<

there is u;(0;, o_;) <u;(o). So our protocol achieves the strict
Nash equilibrium.

4.6. Comparison of results among protocols

The comparison of results among the protocols is shown
in Table 1.

Table 1. Comparison of results among the protocols.

Protocol Whether the Whether Alice Whether Charlie Whether
rotocols
players are rational knows the secret is chosen by Alice Alice is online

Deng et al.!'”] No No - -
Maitra ez al.37! Yes Yes Yes No

Qin et al.1¥) Yes Yes - No

Dou et al.18] Yes No No Yes

Our protocol Yes No No No
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For the first condition “Whether the players are rational”,
from a practical perspective, a player should be rational. In a
rational protocol, a player will choose to participate in the pro-
tocol honestly or dishonestly based on his own utility. There-
fore, the rational protocol is more practical with the actual
situation. In Deng et al.’s!' and the other general QSTS
protocols, a player is either an honest player or a dishonest
player. On the contrary, in rational protocols, such as Maitra
et al.’s,’"1 Qin et al.’s,”) Dou et al.’s,’¥ and ours, they start
from themselves and judge how to choose strategies to maxi-
mize their own utilities.

For the second condition “Whether Alice knows the se-
cret”’, if Alice knows the shared quantum state, the proto-
col is like the remote preparation state. So Alice can clone
the shares of the shared quantum state. Ultimately, not only
one player can obtain the shared quantum state. In general,
a dealer should be unknown to the shared quantum state, so
only one player can obtain the shared quantum state, which is
very much in line with the idea that multiple players share a
quantum state. In Maitra et al.’s"®”! and Qin ez al.’s’®"! proto-
cols, Alice knows the information about the shared quantum
state. While in Dou er al.’s[38 protocol and ours, Alice does
not know the information about the shared quantum state.

For the third condition “Whether Charlie is chosen by Al-
ice”, if Charlie is chosen by Alice, it is unfair to other players,
which may cause rational players to give up participating in
the protocol. In Maitra et al.’s!*”! protocol, Charlie is chosen
by Alice. In Qin er al’sB% protocol, each player can obtain
the shared quantum state, because the shared quantum state is
known to the dealer Alice. While in Dou et al.’s protocol 8]
and ours, Charlie is elected by all the players, which ensures
that every player has the same chance to become Charlie and
thus making the protocol fair in Charlie’s election.

For the last condition “Whether Alice is online”, an on-
line dealer Alice must interact with all players in each round,
which leads to excessive information exchanging between the
dealer and the players. A semi-oft-line dealer Alice only needs
to interact with the player twice. An off-line dealer Alice only
needs to distribute the shares.*”! For a protocol with the semi-
off-line or off-line dealer, it reduces the information exchang-
ing between the dealer and the players.*”) In Dou et al.’s!3%
and Qin ez al.’sB®% protocols, the dealer is online. In Ref. [15],
Deng et al. respectively demonstrated a (¢, n) RQSS protocol
with the semi-off-line dealer and the off-line dealer. In our
protocol, the dealer is of semi-off-line.

5. Conclusions and future work

In this work, we propose a rational quantum state shar-
ing protocol with the semi-off-line dealer. In our protocol, the
dealer Alice shares an arbitrary two-particle entangled state
with the players by EPR pairs and GHZ states. Especially, the

EPR pairs are prepared by Charlie. Compared with the prepa-
ration by the dealer, the preparation by Charlie can reduce the
workload of the dealer. Meanwhile, each player has the same
chance to become Charlie. In other words, Charlie is randomly
elected by all players. Then, the fairness of the protocol is
ensured. In addition, comparing with the quantum state shar-
ing protocol with the online dealer,!3®! the dealer appears only

twice. Thus, the information about the shared quantum state

cannot be directly provided for the players by the dealer. ]

Moreover, our protocol also proves to be correct and achieve a
strict Nash equilibrium.

Our protocol is a non-hierarchical QSTS protocol. In
fact, hierarchical QSTS protocol is a more general than non-
hierarchical QSTS protocol.['-14! In hierarchical QSTS pro-
tocol, since the players are in different grades, they have differ-
ent capabilities to reconstruct the shared quantum state. There-
fore, the future work that is worth doting is to investigate a
hierarchical QSTS protocol in which the players are rational.

Acknowledgements

Project supported by the National Key Research and De-
velopment Program of China (Grant No. 2020YFB1805405),
the 111 Project, China (Grant No. B21049), the Foundation
of Guizhou Provincial Key Laboratory of Public Big Data,
China (Grant No. 2019BDKFJJ014), and the Fundamental
Research Funds for the Central Universities, China (Grant
No. 2020RC38).

References

[1] Shamir A 1979 Commun. ACM 22 612
[2] Benaloh J and Leichter J 1988 Conference on the Theory and Applica-
tion of Cryptography, 1988, Springer, New York, p. 27
[3] Brickell E F 1989 Workshop on the Theory and Application of of Cryp-
tographic Techniques, 1989, Springer, Berlin, Heidelberg, p. 468
[4] Krawczyk H 1993 Annual international cryptology conference, 1993,
Springer, Berlin, Heidelberg, p. 136
[5]1 Wang X W, Xia L X, Wang Z'Y and Zhang D Y 2010 Opt. Commun.
283 1196
[6] Wang X W, Zhang D Y, Tang S Q, Zhan X G and You K M 2010 /nt. J.
Theor. Phys. 49 2691
[71 Wang X W, Zhang D Y, Tang S Q and Xie L J 2011 J. Phys. B: At.,
Mol. Opt. Phys. 44 035505
[8] PengJ Y, Bai M Q and Mo Z W 2014 Chin. Phys. B 23 010304
[9] Guo W M and Qin L R 2018 Chin. Phys. B 27 110302
[10] Cleve R, Gottesman D and Lo H K 1999 Phys. Rev. Lett. 83 648
[11] Steane A M 1996 Phys. Rev. A 54 4741
[12] LiY, Zhang K and Peng K 2004 Phys. Lett. A 324 420
[13] Lance A M, Symul T, Bowen W P, Sanders B C and Lam P K 2004
Phys. Rev. Lett. 92 177903
[14] Deng FG,LiCY,Li Y S, Zhou H'Y and Wang Y 2005 Phys. Rev. A
72 022338
[15] Deng FG,Li X H, LiCY, Zhou P and Zhou H Y 2005 Phys. Rev. A 72
044301
[16] Li X H, Zhou P, Li CY, Zhou H Y and Deng F G 2006 J. Phys. B: At.,
Mol. Opt. Phys. 39 1975
[17] Liu Y L, Man Z X and Xia Y J 2008 Acta Phys Sin. 57 2680 (in Chi-
nese)
[18] ZhangJ X, Jing J T, Xie C D and Peng K C 2005 Chin. Phys. Lett. 22
2751
[19] Muralidharan S and Panigrahi P K 2008 Phys. Rev. A 77 032321

050309-7


http://dx.doi.org/10.1145/359168.359176
https://doi.org/10.1007/0-387-34799-2_3
https://doi.org/10.1007/0-387-34799-2_3
https://doi.org/10.1007/3-540-46885-4_45
https://doi.org/10.1007/3-540-46885-4_45
https://doi.org/10.1007/3-540-48329-2_12
https://doi.org/10.1007/3-540-48329-2_12
https://doi.org/10.1016/j.optcom.2009.11.015
https://doi.org/10.1016/j.optcom.2009.11.015
https://doi.org/10.1007/s10773-010-0461-8
https://doi.org/10.1007/s10773-010-0461-8
https://doi.org/10.1088/0953-4075/44/3/035505
https://doi.org/10.1088/0953-4075/44/3/035505
https://doi.org/10.1088/1674-1056/23/1/010304
https://doi.org/10.1088/1674-1056/27/11/110302
https://doi.org/10.1103/PhysRevLett.83.648
https://doi.org/10.1103/PhysRevA.54.4741
https://doi.org/10.1016/j.physleta.2004.03.034
https://doi.org/10.1103/PhysRevLett.92.177903
https://doi.org/10.1103/PhysRevLett.92.177903
https://doi.org/10.1103/PhysRevA.72.022338
https://doi.org/10.1103/PhysRevA.72.022338
http://dx.doi.org/10.1103/PhysRevA.72.044301
http://dx.doi.org/10.1103/PhysRevA.72.044301
http://dx.doi.org/10.1088/0953-4075/39/8/015
http://dx.doi.org/10.1088/0953-4075/39/8/015
https://doi.org/10.7498/aps.57.2680
https://doi.org/10.7498/aps.57.2680
http://dx.doi.org/10.1088/0256-307X/22/11/007
http://dx.doi.org/10.1088/0256-307X/22/11/007
http://dx.doi.org/10.1103/PhysRevA.77.032321

Chin. Phys. B 31, 050309 (2022)

[20]
[21]
[22]
[23]

[24]
[25]

[26]
[27]

[28]
[29]
[30]

[31]

Brown I D, Stepney S, Sudbery A and Braunstein S L 2005 J. Phys. A:
Math. Gen. 38 1119

Nie Y Y, Sang M H, Li Y H and Liu J C 2011 Int. J. Theor. Phys. 50
1367

Muralidharan S, Jain S and Panigrahi P K 2011 Opt. Commun. 284
1082

Paul N, Menon J V, Karumanchi S, Muralidharan S and Panigrahi P K
2011 Quantum Inf. Process. 10 619

Han L F and Xu H F 2012 Int. J. Theor. Phys. 51 2540

Sun X M, Zha X W, Qi J X and Lan Q 2013 Acta Phys Sin. 62 230302
(in Chinese)

Jiang M and Dong D 2013 Quantum Inf. Process. 12 237

Wang M M, Wang W, Chen J G and Farouk A 2015 Quantum Inf. Pro-
cess. 14 4211

Cao H and Ma W 2017 IEEE Photon. J. 9 1

Cao H and Ma W 2018 IEEE Access 6 10453

Song X, Liu Y, Xiao M, Deng H and Yang S 2020 Quantum Inf. Pro-
cess. 19 1

Halpern J and Teague V 2004 Proceedings of the thirty-sixth annual
ACM symposium on Theory of computing, 2004, p. 623

[32]

[33]

[34]

[35]
[36]
[37]
(38]

[39]
[40]
[41]
[42]
[43]
[44]

050309-8

Kol G and Naor M 2008 Proceedings of the fortieth annual ACM sym-
posium on theory of computing, 2008, p. 423

Asharov G and Lindell Y 2009 Annual International Cryptology Con-
ference, 2009, Springer, Berlin, Heidelberg, p. 559

De S J and Ruj S 2016 IEEE 30th International Conference on Ad-
vanced Information Networking and Applications (AINA), 2016, p. 925

Vakilinia I and Sengupta S 2019 IET Inf Secur. 13 530
Chen Z, Tian Y and Peng C 2021 Sci. China Life Sci. 64 1
Maitra A, De S J, Paul G and Pal A K 2015 Phys. Rev. A 92 022305

Dou Z, Xu G, Chen X B, Liu X and Yang Y X 2018 Sci. China Life
Sci. 61 1

Qin H, Tang W K S and Tso R 2018 Sci. Rep. 8 1

Nielsen M A and Chuang I 2002 Quantum Inf. Comput. 70 558
Wen Q Y, Qin S J and Gao F 2014 J. Cryptol. 1200

Bostrom K and Felbinger T 2002 Phys. Rev. Lett. 89 187902
Deng F G, Long G L and Liu X S 2003 Phys. Rev. A 68 042317

Chen X B, Xu G, Niu X X, Wen Q Y and Yang Y X 2010 Opt. Com-
mun. 283 1561


http://dx.doi.org/10.1088/0305-4470/38/5/013
http://dx.doi.org/10.1088/0305-4470/38/5/013
http://dx.doi.org/10.1007/s10773-010-0645-2
http://dx.doi.org/10.1007/s10773-010-0645-2
http://dx.doi.org/10.1016/j.optcom.2010.10.026
http://dx.doi.org/10.1016/j.optcom.2010.10.026
http://dx.doi.org/10.1007/s11128-010-0217-7
http://dx.doi.org/10.1007/s10773-012-1133-7
https://doi.org/10.7498/aps.62.230302
https://doi.org/10.7498/aps.62.230302
http://dx.doi.org/10.1007/s11128-012-0364-0
http://dx.doi.org/10.1007/s11128-015-1103-0
http://dx.doi.org/10.1007/s11128-015-1103-0
https://doi.org/10.1109/JPHOT.2017.2657232
http://dx.doi.org/10.1109/ACCESS.2018.2805724
http://dx.doi.org/10.1007/s11128-019-2494-0
http://dx.doi.org/10.1007/s11128-019-2494-0
https://doi.org/10.1145/1007352.1007447
https://doi.org/10.1145/1007352.1007447
https://doi.org/10.1145/1374376.1374437
https://doi.org/10.1145/1374376.1374437
https://doi.org/10.1007/978-3-642-03356-8_33
https://doi.org/10.1007/978-3-642-03356-8_33
https://doi.org/10.1109/AINA.2016.65
https://doi.org/10.1109/AINA.2016.65
http://dx.doi.org/10.1049/ise2.v13.6
http://dx.doi.org/10.1007/s11427-020-1828-8
http://dx.doi.org/10.1103/PhysRevA.92.022305
http://dx.doi.org/10.1007/s11427-017-9265-8
http://dx.doi.org/10.1007/s11427-017-9265-8
https://doi.org/10.1038/s41598-018-29051-z
https://doi.org/10.1119/1.1463744
https://doi.org/10.13868/j.cnki.jcr.000019
http://dx.doi.org/10.1103/PhysRevLett.89.187902
http://dx.doi.org/10.1103/PhysRevA.68.042317
http://dx.doi.org/10.1016/j.optcom.2009.11.085
http://dx.doi.org/10.1016/j.optcom.2009.11.085

	1. Introduction
	2. Preliminaries 
	2.1. Quantum states and quantum operators 
	2.1.1. EPR pairs
	2.1.2. GHZ states
	2.1.3. Pauli operators

	2.2. Review of Deng et al.'s QSTS protocol
	2.3. Game theory

	3. Rational quantum state sharing protocol with semi-off-line dealer 
	3.1. Dealer's protocol
	3.2. Player's protocol

	4. Analyses
	4.1. Utilities and preferences
	4.2. Security
	4.2.1. Outside attack
	4.2.2. Participants' attack

	4.3. Fairness
	4.4. Correctness
	4.5. Strict Nash equilibrium
	4.6. Comparison of results among protocols

	5. Conclusions and future work
	References

