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Data-driven parity-time-symmetric vector rogue wave solutions of
multi-component nonlinear Schrödinger equation

Li-Jun Chang(常莉君), Yi-Fan Mo(莫一凡), Li-Ming Ling(凌黎明), and De-Lu Zeng(曾德炉)†
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Rogue waves are a class of nonlinear waves with extreme amplitudes, which usually appear suddenly and disappear
without any trace. Recently, the parity-time (𝒫𝒯 )-symmetric vector rogue waves (RWs) of multi-component nonlinear
Schrödinger equation (n-NLSE) are usually derived by the methods of integrable systems. In this paper, we utilize the
multi-stage physics-informed neural networks (MS-PINNs) algorithm to derive the data-driven 𝒫𝒯 symmetric vector RWs
solution of coupled NLS system in elliptic and X-shapes domains with nonzero boundary condition. The results of the
experiment show that the multi-stage physics-informed neural networks are quite feasible and effective for multi-component
nonlinear physical systems in the above domains and boundary conditions.

Keywords: nonlinear Schrödinger equation, vector rogue waves, deep learning, numerical simulations

PACS: 02.30.Ik, 02.60.Cb, 07.05.Mh DOI: 10.1088/1674-1056/ac4cc5

1. Introduction
Nonlinear Schrödinger (NLS) equations generally can be

used to describe the nonlinear wave phenomena in diverse
physics fields and have attracted more and more attention
especially in hydrodynamics, nonlinear optical fibers, planar
wave guides, and Bose–Einstein condensates theory.[1–5] For
the integrable NLS systems, there exist lots of exact solutions
including solitons, breathers, and rogue waves (RWs). They
are all nonlinear waves with localized structure both in time
and space. Note that, on the one hand, some solitons will
produce breathers when they are disturbed periodically. And
the RWs are the limit form of the breathers. On the other
hand, solitons are stable waves and invariant of shape in the
evolution under vanishing background, while RWs are unsta-
ble waves and the variation of shape in the evolution under
non-vanishing background due to modulation instability. Es-
pecially, the amplitudes of RWs are usually two times or even
higher than those of its surrounding waves, hence they fre-
quently cause sea accidents and pose a great threat to peo-
ple’s navigation safety for years. RWs were firstly constructed
analytically by Peregrine,[4] expressed by the first-order func-
tions. But these solutions did not get much attention until Solli
et al. observed optical RWs in an optical fiber experiment.[6]

Zakharov et al.[7] found the physical mechanism of usual RW
generation was frequently related with modulation instability.
Afterwards, RWs of different physical systems were one af-
ter another derived by related Darboux transformation.[8–16]

Furthermore, recent studies have shown that the vector RWs
of n-component NLS equations are the 𝒫𝒯 symmetry un-
der the constraints of some parameters and classified into n
types in terms of the degree of polynomials.[17–19] In this pa-
per, our research concentrates on data-driven 𝒫𝒯 -symmetric

vector RW solutions for the focusing multi-component NLS
equation with nonzero boundary conditions:

i𝑞t +
1
2
𝑞xx + ||𝑞||22𝑞 = 0, (1)

where 𝑞(x, t) = (q1(x, t), . . . ,qn(x, t))T is the complex vector
field and the symbol “T” represents the transpose. The sub-
scripts t and x denote the partial derivative with respect to t
and x, respectively. ||𝑞||2 =

√
|q1|2 + · · ·+ |qn|2 stands for the

Euclidean norm of the vector 𝑞.
In the last decades, deep learning has achieved great suc-

cess in a wide variety of areas because of strong data rep-
resentation ability, such as image processing, speech recog-
nition, natural language processing, and many more.[20–24]

Since neural networks (NNs) are universal approximation of
functions,[25] as we know, it is natural to solve differential
equations using NNs. Lagaris et al.[26] presented a method to
solve ordinary differential equations (ODEs) and partial differ-
ential equations (PDEs) by artificial neural networks (ANNs)
for a given form of trainable solution. Sirignsno et al.[27]

introduced deep Galerkin method (DGM) to solve high di-
mensional PDE by Monte Carlo method for fast computa-
tion of second derivatives and an integral along its respec-
tive domain under proper measurement. Raissi et al.[28] put
forward physics-informed neural networks (PINNs) method
to solve PDEs and inverse problems through automatic dif-
ferentiation technique (AD)[29] by random sampling points in
the space domain. After that the variations of PINNs[30–46]

have widely applied to solve distinct kinds of PDEs over
years. Lin et al.[35] utilized the two-stage PINN to simu-
late abundant localized wave solutions of integrable equations
by introducing the measurement of conserved quantities into
mean squared error loss method. Pu et al.[36–38] proposed
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the improved PINN with neuron-wise locally adaptive activa-
tion function to simulate vector localized waves of Manakov
system such as one-rational soliton solutions, RWs solution,
breathers, and their interaction solutions. Wang et al.[39] com-
bined the classical spectral method with PINN algorithm to
correct the error perturbation caused by modulation instabil-
ity on boundary problem and further simulate more accurate
RW or breather solutions of NLS equation with a smaller nu-
merical error for long time. However, mainly due to the diffi-
culties of the computational complexity and the algorithmic
instability in solving n-component coupled nonlinear equa-
tions, previous studies of data-driven RWs mostly focused on
one-component systems. The dynamical behaviors and rel-
evant patterns of data-driven RWs of multi-component sys-
tems such as two- and three-component are less studied with
deep learning method. Recently, in this respect, Mo et al.[42]

proposed the MS-PINN algorithm which picks the pre-fixed
points for training the network again to simulate the data-
driven degenerate/non-degenerate vector solitons for coupled
NLS equation with the zero boundary theory. The MS-PINN
algorithm combines the multiple thoughts of time-adaptive,
adaptive sampling of collocation points, error measurement,
and adaptive-weight[34,43–45] and obtains good numerical re-
sults on 2-NLS systems in the rectangle shape domain. Peng
et al.[46] used the Riemann–Hilbert method and PINN algo-
rithm to solve N-double poles solutions for the non-local Hi-
rota equation with nonzero boundary conditions. Inspired by
above some papers, one of our goals of this work is to extend
the zero boundary theory to the non-zero ones for the vector
NLS equation with the MS-PINN algorithm.[42] In addition,
we use the elliptic and X-shape spatio-temporal boundary con-
ditions to simulate the 𝒫𝒯 symmetric RWs of 2-NLS and 3-
NLS systems. To the best of our knowledge, these results have
never been reported before.

The structure of this paper is assigned as follows. In Sec-
tion 2, we introduce briefly the PINN algorithm and give de-
tailed descriptions about MS-PINN training method. In Sec-
tion 3, we use the MS-PINN to simulate data-driven vector
RW solutions of the 2-NLS system (1) in elliptic and X-shapes
domains. Meanwhile, data-driven 𝒫𝒯 -symmetric two-vector
RW solutions of the 3-NLS system are also studied. In Sec-
tion 4, some conclusions and discussions are given.

2. Multi-stage physics informed neural net-
works
In general, if we want to solve Eq. (1) by using deep learn-

ing, the most common neural networks are PINNs. The PINNs
set up a deep neural network with the input x, t, and the output
𝑞(x, t), such that the output values can well approximate the
solution of Eq. (1). PINNs take physical information 𝑓(x, t)
defined by Eq. (2) into consideration and use it as a part of the
total loss functions on the spatio-temporal domain beside sat-

isfying the initial and boundary conditions. And then we mini-
mize the loss function through the optimization algorithm such
as Adam[47] or L-BFGS[48] in order to obtain the optimal pa-
rameters. Define the residual function 𝑓(x, t) of n-component
NLS system Eq. (1) below

𝑓(x, t) : = i𝑞t +
1
2
𝑞xx + ||𝑞||22𝑞, (2)

where 𝑞(x, t) and 𝑓(x, t) are both complex-valued functions
and can be reformulated as 𝑞(x, t) = 𝑎(x, t) + i𝑏(x, t) and
𝑓(x, t) = 𝑓𝑎(x, t) + i𝑓𝑏(x, t). 𝑎(x, t) = (a1(x, t), . . . ,an(x, t))
and 𝑏(x, t) = (b1(x, t), . . . ,bn(x, t)). 𝑓𝑎(x, t) and f𝑏(x, t) are
real value functions and by the above residual formula, they
satisfy

𝑓𝑎 = 𝑏t −
1
2
𝑎xx −

(
|𝑎|2 + |𝑏|2

)
𝑎,

𝑓𝑏 = 𝑎t +
1
2
𝑏xx +

(
|𝑎|2 + |𝑏|2

)
𝑏. (3)

We can formulate the total loss function by the most common
mean square error L̃oss = Lossf +Lossi, where

Lossf =
1
Nf

Nf

∑
j=1

(∣∣∣𝑓𝑎

(
x j

f , t
j
f

)∣∣∣2 + ∣∣∣𝑓𝑏

(
x j

f , t
j
f

)∣∣∣2) , (4)

Lossi =
1

Nu

Nu

∑
j=1

(∣∣𝑎(x j
u, t

j
u
)
−𝑎 j

u
∣∣2 + (|𝑏(x j

u, t
j
u
)
−𝑏 j

u
∣∣2) . (5)

Here {(x j
f , t

j
f )}

Nf
j=1 represents the training collocation points

which can be sampled using the classical latin hypercube
sampling (LHS) technique[49] in the space–time domain.
{(x j

u, t
j
u)}Nu

j=1 denotes the sampled points on the initial and
boundary domains. Nf, Nu are the numbers of correspond-
ing sample points respectively. Lossf makes the output value
produced by deep neural network meet nonlinear coupled sys-
tem. Lossi forces the predicted solution to satisfy the initial
and boundary conditions of coupled NLS equation. With the
help of reverse mode differentiation, we can get the partial
derivative of the target function with respect to time variable
and spatial variable.[29] To obtain the optimal parameters of
the training model, we minimize the total loss function to up-
date the parameters with the optimizer.[48] For more informa-
tion of PINNs, please refer to the work.[28]

In the multi-stage physics informed neural network (MS-
PINN) algorithm, as shown in Fig. 1, we do not sample
data points in the boundary region and the initial region
respectively according to the traditional classical sampling
method, but choose the adaptive spatio-temporal boundary
points in manner of surrounding sampling on time and space
together. Take the elliptic domain as an example, as displayed
in Fig. 1(a), we first treat the boundary points of the ellip-
tic domain in the direction of time and space as the spatio-
temporal boundary points (yellow point) and then decompose
the whole domain into N parts which are kept apart from the
spatio-temporal boundary points, forming one-to-one corre-
spondence stages. Each stage we collect some collocation

060201-2
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points (blue points) in advance. Suppose the total colloca-
tion points are Xf =

{
(x j

f , t
j
f )
}Nf

j=1, the spatio-temporal bound-

ary points are Xi =
{
(x j

0, t
j
0)
}N0

j=1. So it matters that how to
select collocation points of each stage. We first designate the
distance of the j-th collocation point from the spatio-temporal
boundary points, as defined below:

dis j = min
i=1,··· ,N0

||(x j
f , t

j
f )− (xi

0, t
i
0)||22, j = 1, . . . ,Nf. (6)

That is to say, we compare every collocation points with all
spatio-temporal boundary points Xi, then select the minimum
value as the distance of the collocation point from Xi. Fol-
lowed by putting the distance in order from the smallest value
to the largest value, thus the sets of these collocation points
corresponding to N stages are selected{

Xk
f =

{
(x j

f , t
j
f )
}(k/N)Nf

j=1

∣∣∣∣k = 1, . . . ,N
}
, Xk

f ⊂ Xk+1
f .

To obtain more accurate prediction, we choose Nk points
which correspond to the minimum values of Lossf computed

by Eq. (4) in sequence as pre-fixed points (good points)

Xk
p =

{
(x j

p, t
j
p)
}Nk

j=1
which actually could be considered as a

kind of history information produced by each stage to further
get the smaller loss function. Then we transmit the pre-fixed
points (red points) produced by last stage to train in the next
stage.

-2
0

2
x

-2
0

2
x

-2
0

2
x

-0.75 0 0.75
t

-0.75 0 0.75
t

-0.75 0 0.75
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-2.0 0 2.0
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-2.0 0 2.0
t

Pre-fixed pointsCollocation pointsST boundary points

-4
0

4
x

-4
0

4
x

-4
0

4
x

(a)

(b)

First stage Second stage Final stage

Fig. 1. Adaptive sampling collocation points in space-time. (a) and (b) The
pre-fixed points from the one stage next stage the in elliptic domain and X
shape domain, respectively.

X1  ∪X
i
  

f PINN algorithm
Loss < ϵ  or 
iter > M 

Select X1 as
P

pre-fixed points

PINN algorithm
Loss < ϵ  or 
iter > M 

Select X1 as

pre-fixed points
P

q(x,t)
Loss < ϵ  or 

iter > M 
PINN algorithm

First stage

Second stage

Final stage

X2  ∪X
i
 ∪X1  

f P

XN  ∪X
i
 ∪XN-1  

f P

Fig. 2. The MS-PINNs architecture. The first stage: the input X1
f ∪Xi. By PINN algorithm the pre-fixed points X1

P are obtained. The second stage: the input
are X2

f ∪Xi ∪X1
P . By PINN algorithm, we obtain pre-fixed points X2

P . The last stage: the input is XN
f ∪Xi ∪XN−1

P . By PINN algorithm, the output is 𝑞(x, t).

To more clearly represent the algorithm flowing-chart, we

give the model architecture, as shown in Fig. 2. In the 1-

st stage the inputs are the collocation points X1
f and spatio-

temporal boundary points Xi, then we train the parameters

by using PINN algorithm. When the loss function less than

the given threshold value or the training iteration reaches our

set M, we manually select the X1
P pre-fixed points which con-

tribute to the smallest loss value of Lossf. Similarly, in the 2-

nd stage the inputs are X2
f , Xi, and X1

P , we still train the model

using PINN algorithm and when the loss function less than
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the given threshold value or the training reaches the maximum
iteration, we manually select the X2

P pre-fixed points which
contribute to the smallest loss value and so on. At every stage
of training, we can get the approximate value 𝑞(𝑥,𝑡) and use

it to predict
{
𝑎 j

f ,𝑏
j
f

}Nk

j=1
at pre-fixed points

{
(x j

f , t
j
f )
}Nk

j=1
as

another constraint term of the loss function.

Losss =
1

Nk

Nk

∑
j=1

(∣∣∣𝑎(x j
f , t

j
f

)
−𝑎 j

f

∣∣∣2 + ∣∣∣𝑏(x j
f , t

j
f

)
−𝑏 j

f

∣∣∣2) .

(7)
Thus the total loss function could be defined below:

Loss = λ1Loss1 +λ2Loss2 +Lossf,

where Loss1 = Lossi,Loss2 = Losss are the loss functions
produced by the spatio-temporal boundary conditions and the
pre-fixed points, respectively. Lossf denotes n-NLS equation
residual loss. λ1 and λ2 denote the adaptive penalty of loss
functions in each stage, which are updated in an exponential
moving average way where it could smooth the balancing and
avoid drastic changes of the the loss space between optimiza-
tion steps[45,47]

λi = (1−α)λi +αλ̂i,

λ̂i =
maxθ{|∇θ Lossf|}

|∇θ Lossi|
, i = 1,2, (8)

where |∇θ Loss| denotes the mean of |∇θ Loss| with respect
to parameters θ . α is the hyper-parameter which is recom-
mended values with 0.9.

3. Data-driven 𝒫𝒯 symmetric rogue waves of n-
NLS equation
RWs, as a special type of nonlinear waves, have attracted

more and more attentions in optical systems and other scien-
tific disciplines. Recently, many studies on 𝒫𝒯 -symmetric
vector RW solutions in any n-component NLS models have
also been proposed. However, due to modulation instability
mechanism and the difficulty of observational conditions for
RWs, we do not have a complete understanding of RW phe-
nomena. Thus in this section, we would like to precisely sim-
ulate the 𝒫𝒯 symmetric vector RW solutions of 2-NLS and
3-NLS systems with the non-zero spatio-temporal boundary
conditions by MS-PINN algorithm.

3.1. The 𝒫𝒯 symmetric fundamental vector RW solution
of 2-NLS system

Specifically, the fundamental vector RW solutions

𝑞(x, t) = (q1(x, t), . . . ,qn(x, t))

of the n-NLS equations have been derived by Ref. [18], and
the formula is

q j = qbg
j [1+R j(x+α0 +

1
2ζ

, t)]exp(−2iω j) (9)

for j = 1, . . . ,n, where

qbg
j = a j exp(iθ j), θ j = b jx−

(
1
2

b2
j −||𝑎||22

)
t,

R j(x, t) =
1
a2

j

2i(b jx−ζ 2t)−1
x2 +ζ 2t2 +ζ 2/4

,

a j = ζ cscω j,b j = ζ cotω j, a j, b j, α0, ζ , ω j ∈ R are the pa-
rameters which nontrivially contribute to the profile of the
vector RWs. The 𝒫𝒯 -symmetric structure of a vector RW
is 𝑞 j(x, t) = 𝒫𝒯 𝑞 j(x, t) = 𝒫𝑞*j (x,−t). 𝒯 is the conventional
bosonic the time-reversal operator: t →−t, i →−i, where *
denotes the complex conjugation.

For a 2-NLS system, we can obtain explicitly the vec-
tor RW solution 𝑞(x, t) = (q1(x, t),q2(x, t)) with the parame-
ters ω1 = π/3, ω2 = 2π/3, ζ = 1, α0 = −1/2, t ∈ [−1,1],
x∈ [−4,4] by Eq. (9). We simulate the data-driven vector RWs
by deep neural network with 3 hidden layers and 50 neurons
per hidden layer. The activation function is the hyperbolic tan-
gent (tanh) function. By dividing the whole domain into 4
parts and following 4 stages, we set the numbers of total col-
location points Nf = 2×104, spatio-temporal boundary points
N0 = 200 and pre-fixed points Nk = (0.6k/4)Nf = 3× 103k,
(k = 1, . . . ,4) which means 60% of collocation points are se-
lected as pre-fixed points. In each stage the number of itera-
tions of is 5000 and the learning rate ε is 1e− 4 for training
with optimizer L-BFGS.

We know RWs usually admit one peak and two valleys,
one valley and two peaks and two peaks and two valleys. For
the RW of scalar NLS equation, RW usually has one peak and
two valleys and the maximum amplitude is twice height of
the background field. For the RWs of multi-component NLS
equation, there exist the bright, dark and four-petal type RWs,
which are the generalization of classic RWs. For more in-
formation about the classification of fundamental RW types,
please refer to these articles.[18,50,51] Each component q j of the
2-NLS system is a kind of the fundamental RW and the types
of the structures are controlled by ω j. As shown in Fig. 3, q1

and q2 are eye-shaped RWs with one hump and two valleys in
top panel. Then we take relative L2 (RL2) error as evaluation
metrics in order to validate the method with simulated data. At
the same time, considering the effect of noise in real-world ob-
servations, we add 5% white noise data and 10% white noise
data to the spatio-temporal boundary condition. As shown in
Fig. 4, the absolute error |q1|+ |q2| of the MS-PINN method
is nearly 30 times less than that of the PINN method. The ab-
solute errors of the MS-PINN method with 5% and 10% white
noise data still nearly 20 times and 6 times less than PINN
algorithm.
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Fig. 4. The absolute error |q1|+ |q2| of PINN method, MS-PINN algorithm with clean data, MS-PINN algorithm with 5% white noise data and with 10%
white noise data.
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In order to explain the applicability of the algorithm in complex geometry domain for 2-NLS equation, we replace the oval
region with the X-shape domain, as shown in Fig. 5. By the comparison between the predicted solutions and exact solutions of
2-NLS equation, we find the MS-PINN algorithm also well approximate the exact solution. Figure 6 shows the absolute error of
the PINN method is about much 100 times, 30 times, and 10 times larger than those of the MS-PINN method with clean training
data, 5% white noise data and 10% white noise data, respectively. It can be seen that the data-driven solutions of nonlinear
coupled system can be still kept relatively stable against the small perturbation.
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Fig. 6. The absolute error |q1|+ |q2| of PINN method, MS-PINN algorithm with clean data, MS-PINN algorithm with 5% white noise data and with 10%
white noise data.

Table 1. The comparison of the PINN method and MS-PINN method base
on 5 independent repeated experiments for 2-NLSE in elliptic-and X-shape
regions.

Method RL2 error Time

PINN-E 28.86 ± 0.35% 1820.64 ± 214.51
MS-PINN-E 0.63 ± 0.18% 896.64 ± 58.08

MS-PINN-E (5% noise data) 1.24 ± 0.18% 995.26 ± 52.07
MS-PINN-E (10% noise data) 3.29 ± 0.46% 1037.88 ± 42.45

PINN-X 24.79 ± 1.79% 1753.97 ± 82.26
MS-PINN-X 0.23 ± 0.01% 1289.24 ± 88.91

MS-PINN-X (5% noise data) 1.04 ± 0.08% 1484.01 ± 41.71
MS-PINN-X (10% noise data) 2.60 ± 0.09% 1508.53 ± 41.08

Because the neural network may get different solutions
from different initial data, we train the neural network from
random initialization for 5 times. More detailed informa-
tion about RL2 error and time cost with PINN method and
MS-PINN algorithm in elliptic- and X-shape domains are dis-

played in Table 1. “-E, -X” denote the abbreviations of ellipse
and X shape. PINN-E and MS-PINN-X represent the uses of
the PINN and MS-PINN algorithm in ellipse and X-shape re-
gion, respectively.

3.2. The 𝒫𝒯 symmetric vector two-RW solutions of 3-NLS
system

In the above subsection, we have simulated the 𝒫𝒯 sym-
metric fundamental vector RW solutions of the relative 2-
NLS equations and analyzed the RL2 error of MS-PINN al-
gorithm with 5% white noise data and 10% white noise data.
To our knowledge, simulating asymptotic behaviors of the
𝒫𝒯 symmetric vector RW solutions of 3-NLS system with
deep learning has not been evaluated at present. For 3-
NLS equation, we choose an exact vector two-RW solutions
𝑞(x, t) = (q1(x, t),q2(x, t),q3(x, t)) given by setting the special
parameters[18]

q1(x, t) =
B1 + iB2

A
e(i/2)(9t+2x+59), q2(x, t) =

C
A

e5it , q3(x, t) = q*1(x,−t), (10)

where

B1 = 2
√

2
[

2x3 +(1−2t)x2 +(2t2 +2t −120)x−2t3 −3t2 −120t − 119
2

]
,

B2 =−2
√

2
[
x4 +(2t2 −121)x2 +(4t2 +2t)x+ t4 +120t2 −2t +3600

]
,

A = 2x4 +(4t2 −238)x2 +(−8t2 +2)x+2t4 +244t2 +7201,

C = 8
[
− t4

4
+ it3 +

(
−1

2
x2 + x−29

)
t2 + i(x2 +59)t − x4

4
+

121
4

x2 +
3x
4
− 6959

8

]
.

We simulate the data-driven 𝒫𝒯 -symmetric vector RW solutions by deep neural networks with 3 hidden layers neural
network and 200 neurons per hidden layer. By dividing the whole domain into 4 parts, we have naturally 4 stages. The data-
driven vector RW solutions of system resulted from the MS-PINN algorithm with the randomly chosen spatio-temporal boundary
points N0 = 400, total number of collocation points Nf = 4×104 and the number of pre-fixed points Nk = (0.6k/4)Nf = 6×103k,
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(k = 1,2,3,4). In other words, we consider 60% of collocation points as pre-fixed points in trained domain for each stage. In
each stage the maximum iteration M is 2×104 and the learning rate threshold ε is 10−3 with optimizer L-BFGS.

Figure 7 shows the intensity plots of 3-NLS equation on x∈ [−20,20], t ∈ [−0.5,0.5]. Top panel shows the density evolutions
of 3-NLS system. Bottom panel shows the intensity of three components at t = −0.25 and t = 0.25 corresponding to the
two temporal snapshots depicted by the white horizontal lines in the top panel. Based on the classification of fundamental
RW types,[18] the density plots of q1 and q3 for the 3-NLS system are both four-petaled RWs since ω1,ω3 ∈ (π/6,π/3)∪
(2π/3,5π/6), while the intensity plot of q2 is the bright RW due to ω2 ∈ [π/3,2π/3]. The simulation shows that the data-driven
predicted solutions are very close to the exact solutions given before, which further demonstrates the observability of RWs in the
physical experiments.
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The absolute error |q1|+ |q2|+ |q3| of the PINN method and that of the MS-PINN method (with clean data, 5% white
noise data and 10% white noise data) are displayed in Fig. 8. Obviously, the MS-PINN method obtains much 50 times better
experimental effect than that of the PINN algorithm on 3-NLS equation. Though we add some white noise data to spatio-temporal
boundary condition, the absolute errors are still much less than that of the PINN algorithm. For 3-NLS system, more specific
RL2 errors and time costs with PINN method and MS-PINN algorithm with white noise data are shown in Table 2.
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Table 2. The comparison of the PINN method and MS-PINN method base
on 5 independent repeated experiments for 3-NLSE.

Method RL2 error (%) Time

PINN 49.70 ± 9.26 12835.22 ± 1256.40
MS-PINN (clean data) 1.78 ± 0.46 6911.70 ± 443.23

MS-PINN (5% noise data) 10.34 ± 3.69 9863.74 ± 354.53
MS-PINN (10% noise data) 30.68 ± 10.75 10370.80 ± 337.53

4. Conclusion

In this work, we utilize a multi-stage deep learning train-
ing algorithm to simulate data-driven 𝒫𝒯 -symmetric vector
RW solutions of 2-NLS systems and two-vector RWs of 3-
NLS systems with spatio-temporal boundary condition (non-
zero boundary condition). In fact, the spatio-temporal condi-
tions do not conform to the traditional numerical methods of
solving the equation in manner of time evolution, but comply
with physics dynamics in the way of simultaneous evolution
of time and space. Numerical simulations show that the MS-
PINN algorithm can well recover different dynamical behav-
iors of RW solutions in the 2-NLS and 3-NLS equations. In
the future, we would like to explore whether the MS-PINN
algorithm is applied to the discovery problems of other in-
tegrable NLS and non-integrable nonlinear wave system by
adding more prior knowledge about the geometry and physi-
cal properties of system.
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