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The effect of collision energy on the magnetically tuned 6Li–6Li Feshbach resonance (FR) is investigated theoretically
by using the coupled-channel (CC) method for the collision energy ranging from 1 µK · kB to 100 µK · kB. At the collision
energy of 1 µK · kB, the resonance positions calculated are 543.152 Gs (s wave, the unit 1 Gs = 10−4 T), 185.109 Gs (p
wave |ml | = 0), and 185.113 Gs (p wave |ml | = 1), respectively. The p-wave FR near 185 Gs exibits a doublet structure
of 4 mGs, associated with dipole–dipole interaction. With the increase of the collision energy, it is found that the splitting
width remains the same (4 mGs), and that the resonance positions of s and p waves are shifted to higher magnetic fields
with the increase of collision energy. The variations of the other quantities including the resonance width and the amplitude
of the total scattering section are also discussed in detail. The thermally averaged elastic rate coefficients at T = 10, 15, 20,
25 K are calculated and compared.
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1. Introduction

Cold and ultracold atomic quantum gases play impor-
tant roles and have broad application prospects in mod-
ern physics. Researches related to cold atomic systems in-
clude Bose–Einstein condensate,[1–4] superfluid,[5–7] atomic
clocks,[8–10] topology,[11] etc. Compared to cold and ultra-
cold atoms, molecules have some unique and superior prop-
erties. For the additional internal degrees of freedom of
molecules, the interactions of molecules with external fields
are more complicated. For instance, the interaction between
molecules and extern electric fields can be induced by elec-
tric dipole moment.[12] Due to these properties, cold and ultra-
cold molecules have many profound applications in different
aspects,[13] including molecular dynamics control,[14,15] high
resolution spectroscopy and quantum control,[16,17] tests of
fundamental physical laws,[18] quantum simulations and quan-
tum simulators,[19] chemical reactions.[20,21] Cold and ultra-
cold molecules also play important roles in a great variety of
fundamental researches, such as chemistry physics, precision
measurements, few-body and many-body physics.[22–25] Thus,
the investigations of the cold and ultracold molecules attract
many researchers’ attention.

In order to produce cold and ultracold molecules, re-
searchers have developed different kinds of experimental ap-
proaches which can be generally divided into two categories.
One is the direct cooling method, including external field
decelerations by electric, magnetic and optical fields,[26,27]

buffer-gas cooling,[28] and collisional cooling,[29] etc. It is
hard to produce ultracold molecules through the direct cool-
ing method.[30] The other is the indirect cooling method. This
method assembles two constituent ultracold atoms to form an
ultracold molecule.[31] It can only be used in the situation that
constituent atoms can be trapped and cooled to ultralow colli-
sion energies by using laser cooling.

Feshbach resonance (FR), as an important phenomenon
in the scattering processes of ultracold atoms and molecules,
is widely applied to the molecular indirect cooling.[32] A Fes-
hbach resonance occurs when the closed channel and the
open channel degenerate energetically.[33] This results in a
resonance enhancement in the cross section. Through ramp-
ing magnetic fields across Feshbach resonances, colliding
atoms can be coupled to form molecules in specific weakly
bound states.[34] The molecules formed in this way is Fes-
hbach molecules. Deeply bound molecules can be obtained
by state transfer techniques, such as microwave radiation
and magnetic field ramping.[35] It is worth noticing that the
present FR is a special case of rovibrational resonance in
magnetic field. There are FRs in photo interaction,[36–38]

electron scattering,[39] heavy particle scattering,[40] nuclear
physics,[38] photonics,[41] nanoscale structures,[42] etc.

One way to achieve Feshbach resonance is to adjust the
energy difference between the open and the closed channels
by tuning the magnetically field.[33] This corresponds to the
magnetically tuned Feshbach resonance. The experimental ap-
proaches to detect magnetic Feshbach resonance including de-
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tection using inelastic collisional trap loss, elastic collisions
and optical radiation.[43–45] The other way to achieve resonant
coupling is optical Feshbach resonance.[46] Magneticlly tuned
Feshbach resonance usually takes place in collisions of alkali-
metal atomic systems, while the optical Feshbach resonance
occurs in alkali-earth-metal atomic systems.[47,48] In magnet-
ically tuned Feshbach resonance, interaction between atoms
which is described by the scattering length, can be controlled
by magnetic field. In optical Feshbach resonance, the reso-
nance width can also be controlled. Based on Feshbach reso-
nance, one can control the interaction strength between atoms
and study the scattering characteristics.

6Li is the lightest isotope among all alkali metals. Numer-
ous works have been carried out on the Feshbach resonance re-
lated to 6Li. Ye et al. attained a degenerate Fermi gas of 6Li in
contact with a Bose–Einstein condensate of 84Sr.[49] Barten-
stein et al. observed three wide s-wave Feshbach resonances
at 834.1, 690.4, and 811.2 Gs in 6Li–6Li system by utilizing
radio-frequency spectroscopy.[50] The resonance widths of the
three resonance positions are −300, −122.3, and −222.3 Gs,
respectively. Strecker et al. verified a narrow resonance at
543.8 Gs in 6Li–6Li collision complex and utilized it to con-
vert the ultracold 6Li atoms gas into ultracold molecules.[51]

They chose this narrow resonance position for two reasons.
First, it is convenient to sweep over a narrow magnetic field
in experiment. Second, compared with broad resonances, the
production of hot atomic pairs can be decreased in narrow
resonances.[52,53] Schunck et al. reported three p-wave res-
onances of 159.14, 185.09, and 214.94 Gs of 6Li–6Li com-
plex via a joint experimental and theoretical study.[54] The
scattering channels of these three resonances are aa, ab, and
bb, respectively.[33] Another two s-wave resonances were also
determined. One is 543.28 Gs, the other is within 822 Gs–
834 Gs.

Due to the properties of 6Li Feshbach resonances, 6Li
has been applied in many researches. Weakly bound 6Li2
molecules were produced through three-body recombination
near the 550 Gs Feshbach resonance with the number of the
sample up to 3×105.[55] 6Li atoms were evaporatively cooled
below 600 nK near a Feshbach resonance and a BEC of up
to 9 × 105 molecules was observed.[56] Lompe et al. inves-
tigated the inelastic decay of the 6Li atom–dimer collisions
and observed that the resonant enhancement is correlated with
the crossing between Efimov trimer states and the atom-dimer
continuum.[57] Feshbach resonance was also used to make the
mixture of the clouds of 6Li and 7Li atoms to reach the super-
fluid regime.[58]

Among the above mentioned Feshbach resonance posi-
tions of 6Li–6Li, we are interested in the s-wave resonance
near 543 Gs and the p-wave resonance near 185 Gs. Recently,
Li et al. investigated the three-atom recombination process

around the narrow s-wave magnetic Feshbach resonance at
543.3 Gs, and it was found that the three-atom recombination
follows a universal behavior determined by the long-range van
der Waals potential and can be described by a set of rate equa-
tions in which three-body recombination proceeds via succes-
sive pairwise interactions.[59] For the p-wave resonance near
185 Gs, there exists a doublet structure of 4 mGs, which is
ascribed to the dipole–dipole interaction.[60] As reported in
other cold atom systems, e.g., 85Rb–87Rb, the scattering char-
acters are strongly dependent on the collision energy.[61] Thus,
we are motivated to take these two specific resonances near
185 Gs (p wave) and 543 Gs (s wave) as examples, to study
the influence of the collision energy on the 6Li–6Li system.

In order to study two-body scattering interaction, we
need to solve a set of radial coupled-channel equations.
There are several ways to solve such equations, including
the multichannel quantum-defect theory (MQDT), the asymp-
totic bound state model (ABM), and the coupled-channel
method (CC).[32,62] Among these theoretical treatments, the
CC method has taken into account all the relevant channels
and the interactions among them in the entire internuclear sep-
aration range. Thus, in this work, we use CC method to cal-
culate the cross sections of the resonance positions at different
collision energies from 1 µK · kB to 100 µK · kB. The influ-
ence of collision energy on the resonance positions, resonance
widths, the amplitudes of the total cross sections, as well as
the splitting width of the p-wave resonance are investigated.

The paper is organized as follows. In Section 2, we briefly
introduce the theory. In Section 3, we discuss the effect of col-
lision energy on the s- and p-wave Feshbach resonances for
the 6Li–6Li collision. In Section 4, the conclusions are sum-
marized.

2. Theoretical method
The Hamiltonian of two colliding 6Li atoms in the pres-

ence of external magnetic field 𝐵 is given by

Ĥ = Ĥ0 +V̂Z(R)+V̂hf(R)+V̂d(R), (1)

where

Ĥ0 = − 1
2µR

∂ 2

∂R2 R+
l̂2

2µR2 +V̂ (R). (2)

Ĥ0 contains the relative motion, the centrifugal barrier and the
interaction potential of the two colliding atoms in the absence
of external fields. R is the interatomic separation, µ is the re-
duced mass of 6Li2, and l̂ is the orbital angular momentum
operator.

V̂Z(R) is the Zeeman interaction potential which is given
as

V̂Z(R) = 𝐵[γe(ŝ1 + ŝ2)− γLi(î1 + î2)], (3)
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where 𝐵 is the magnetic field which is along z axis of the
space-fixed coordinate frame. γe and γLi are the electronic and
nuclear gyromagnetic ratios of the 6Li atom respectively. ŝ and
î are the electronic and nuclear spin angular momenta, respec-
tively, and the subscripts 1 and 2 denote the indexes of the two
atoms.

V̂ (R) is the interaction potential between two 6Li atoms
and can be expanded in molecular basis |SMSIMI⟩

V̂ (R) = ∑
SMSIMI

|SMSIMI⟩VS(R)⟨SMSIMI |, (4)

where VS(R) is the adiabatic interaction potential of the colli-

sion complex in the total spin state. S = s1 + s2 (I = i1 + i2)

is the total electronic (nuclear) spin of the 6Li2 molecule and

MS (MI) is its projection on z axis (the direction of the mag-

netic field). In the 6Li2 system, s1 = s2 = 1/2 and S = 0, 1,

corresponding to the singlet and triplet electronic states, re-

spectively.

The matrix elements of operator V̂ (R) expressed in fully

uncoupled basis is shown as

⟨ms1ms2mi1mi2 lml |V̂ (R)|m′
s1

m′
s2

m′
i1m′

i2 l′m′
l⟩ = δmi1 m′

i1
δmi2 m′

i2
δll′δmlm′

l ∑
S

VS(R)(−1)2s1−2s2+ms1+ms2+m′
s1
+m′

s2 (2S+1)

×
(

s1 s2 S
ms1 ms2 −ms1 −ms2

)(
s1 s2 S

m′
s1

m′
s2

−m′
s1
−m′

s2

)
. (5)

V̂hf(R) is the hyperfine interaction potential of two 6Li
atoms, which can be expressed as

V̂hf(R) =
aLi

hf

h̄2 î1ŝ1 +
aLi

hf

h̄2 î2ŝ2, (6)

where aLi
hf is the atomic hyperfine interaction constants of 6Li.

V̂d(R) is the spin–spin interaction[63] and for the ground
state, 6Li–6Li collision is expressed as

V̂d(R) =
2
3

λ
(
3Ŝ2

𝒵 − Ŝ2) , (7)

where Ŝ and Ŝ𝒵 are the total molecular spin and its projection
on the molecular fixed axis 𝒵 , respectively. λ is a function of

R which is expressed as

λ (R) = −3
4

α
2
{

1
R3 +ASO exp [−BSO(R−RSO)]

}
. (8)

The first term of λ (R) results in the magnetic dipole–dipole
interaction and the second term is the second order spin–orbit
contribution, which is much smaller than the first term and
well ignored in the present study. For a given partial wave l,
the magnetic dipole–dipole interaction can split the resonance
position according to different | ml |.

The matrix element of spin–spin interaction can be ex-
panded in the fully uncoupled basis

⟨ms1ms2mi1mi2 lml |V̂d(R)|m′
s1

m′
s2

m′
i1m′

i2 l′m′
l⟩

= δmi1 m′
i1

δmi2 m′
i2

λ (R)(−1)s1+s2−ms1−ms2−ml [s1(s1 +1)(2s1 +1)s2(2s2 +1)(2l +1)(2l′+1)]1/2

×
(

L 2 L′

0 0 0

)
∑

q1q2

(
L 2 L′

−ML −q1 −q2 M′
L

)(
1 1 2
q1 q2 −q1 −q2

)(
s1 1 s2

−ms1 q1 m′
s1

)(
s2 1 s2

−ms2 q2 m′
s2

)
. (9)

The coupled-channel equations can be obtained by substi-
tuting Eq. (1) into the time-independent Schrödinger equation.
The coupled-channel equations can be solved through using
the log-derivative method.[32] The scattering channel (α, l),
with α denoting the atomic basis | f1m f1 , f2m f2⟩, is related
to the channel basis which can be obtained by diagonalizing
the hyperfine and Zeeman Hamiltonian. The open channel
threshold energy is set to be 0. Thus the total energy of the
collision complex equals to collision energy h̄2k2/2µ . The
log-derivative matrix 𝑌 (R) is propagated from the minimum
(Rmin) to the maximum (Rmax) of R. The 𝐾 matrix is obtained
from 𝑌 (Rmax)

𝐾 = −
[
𝑌 (Rmax)𝑁(Rmax)−𝑁 ′(Rmax)

]−1

×
[
𝑌 (Rmax)𝐽(Rmax)−𝐽 ′(Rmax)

]
, (10)

where 𝐽(R) and 𝑁(R) are diagonal asymptotic functions.
𝐾 matrix can be written in the matrix form as

𝐾 =

(
𝐾oo 𝐾oc
𝐾co 𝐾cc

)
, (11)

where 𝐾oo, 𝐾oc, 𝐾co, and 𝐾cc represent the open–open,
open–close, close–open, and close–close sub-blocks of 𝐾 ma-
trix respectively. The 𝑆 matrix can be written as

𝑆 = (𝐼+ i𝐾oo)
−1 (𝐼− i𝐾oo) . (12)

The scattering cross section calculated in this paper is elastic
scattering cross section. The elastic scattering cross section of
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a specific scattering channel energy Eα is expressed as

σel(E) =
π h̄2

2µ(E −Eα)
|1−𝑆|2. (13)

Then, the thermally averaged elastic rate coefficient can be ex-
pressed as[61]

⟨νσ⟩=

√
8

πµ(kBT )3

∫
∞

0
σ(E)Ee−E/kBT dE. (14)

3. Results and discussion
6Li–6Li is a homonuclear Fermion system, so we need to

consider the exchange antisymmetry. The electronic and nu-
clear spins of 6Li are 1/2 and 1, respectively. High partial
waves are neglected because of their extremely tiny contribu-
tions compared to s and p waves. And there is no coupling
between s- and p-wave resonances because the external field
used is only magnetic field. We consider the dipole–dipole
interaction because it has an effect on p-wave resonance split-
ting. The Zeeman state energies of the 6Li–6Li complex for
the s and p waves are presented in Figs. 1(a) and 1(b), respec-
tively.
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Fig. 1. Zeeman state energies of (a) s wave and (b) p wave for the 6Li–6Li
complex.

The adiabatic singlet and triplet interaction potentials are
obtained from Ref. [64] and are shown in Fig. 2. We first cal-
culated the scattering length and resonance positions of 6Li2
at the collision energy of 1 µK · kB. For s wave, the FR posi-
tion we calculated is 543.152 Gs and the resonance width is
0.085 Gs. For p wave, the resonance positions are 185.109 Gs
(|ml |= 0) and 185.113 Gs (|ml |= 1), respectively. These the-
oretical calculations are in good agreement with the previous
experimental observations, as shown in Table 1.

Table 1. The FR positions B0 of CC calculations and experiments.

l |ml | B0 (CC) (Gs) B0 (experiment) (Gs)

s 0 543.152 543.3a

p 0 185.109 185.091b

p 1 185.113 185.095c

aRef. [59], bRef. [60], cRef. [60].
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Fig. 2. The singlet and triplet adiabatic interaction potentials for the 6Li–6Li
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Fig. 3. The singlet potential including the centrifugal potentials of (a) s and
p waves, (b) s and d waves. Inset: Partial enlarged details of the potential
barrier.

The effective singlet potential including the centrifugal
potentials l̂2/2µR2 of the s and p waves are shown in Fig. 3(a).
The inset shows the potential barrier of p wave. For com-
parison, the effective singlet potentials for s and d waves are
shown in Fig. 3(b) with the inset plot shows the potential bar-
rier of d wave. The potential barriers of p and d waves are
7970.799 µK ·kB and 41226.177 µK ·kB, respectively. On one
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hand, the potential barrier of the d wave is much higher than
that of the p wave. Thus, the influence of d wave on the FR is
less significant than that of p wave. On the other hand, the po-
tential barrier height of d wave is much larger than the upper
limit of the collision energy we concerned, i.e., 100 µK · kB.
Thus, d wave has almost no contribution to the total scattering
section. Figure 4 is the sum of the scattering sections of differ-
ent partial waves at 100 µK · kB. The solid black curve is the
sum of the scattering sections of s and p waves. The dashed
red curve is the sum of the scattering sections of s, p, and d
waves. We observe that these two curves are almost on top of
each other. This further indicates that the effect of d wave on
the total scattering section can be ignored. Consequently, we
focus on the scattering characters of s and p waves.
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Fig. 4. The sum of cross sections of different partial waves at 100 µK · kB.
The solid black curve is the sum of the cross sections of s and p waves. The
dashed red curve is the sum of the cross sections of s, p, and d waves.

The cross sections near 543 Gs of s wave and 185 Gs of
p wave (ml = 0, +1, −1) at three different collision energies
E = 1, 50, and 100 µK · kB are plotted in Fig. 5. Firstly, with
the increase of the collision energy, the peak locations of the
above four FRs shift towards the higher magnetic field. It is
because at the higher collision energy, higher magnetic field is
required to increase the energy difference between the scatter-
ing and closed channels. Additionally, the shifting amplitudes
for the FRs of s wave and p wave are different. For the colli-
sion energy increasing from E = 1 µK · kB to 100 µK · kB, the
former varies from 543.152 Gs to 543.895 Gs with an increase
of ∼ 0.75 Gs; while the latter, taking the FR of p wave (ml = 0)
for example, shifts from 185.109 Gs to 185.953 Gs, which is
a relatively larger shift of ∼ 0.85 Gs. This indicates that with
the variation of collision energy, the change of energy differ-
ence between the scattering and closed channels related to the
s-wave FR of 543 Gs is more sensitive to the variation of the
magnetic field than that of p-wave FR of 185 Gs.

Secondly, with the increase of the collision energy, the
peak magnitude varies. For FR of s wave near 543 Gs, the peak
magnitude decreases dramatically. As seen in Fig. 5(a), the
maximum cross section at E = 100 µK ·kB is smaller than that
at E = 1 µK ·kB by over 2 orders. On the contrary, for FRs of p

wave (ml = 0, +1, −1), the peak magnitude at T = 100 µK ·kB

is much higher than that at T = 1 µK · kB. Moreover, the vari-
ation tend of the peak magnitude with the three collision ener-
gies is different among the three FRs of p wave (ml = 0, +1,
−1). On one hand, the maximal cross section for FR of p wave
(ml = 0) first decreases and then increases when E increases
from 1 µK · kB to 100 µK · kB, as shown in Fig. 5(b). On the
other hand, the peak magnitude for FRs of p wave (ml = +1,
−1), first increases and then decreases, as shown in Figs. 5(c)
and 5(d). This indicates that the variation of collision energy
may also affect the coupling strength between the open and
closed channels.

We further investigated the variation of the scattering
cross sections for the four FRs by varying the collision en-
ergy from E = 1 µK · kB to 100 µK · kB with the interval of
1 µK · kB, and for each given collision energy, the magnetic
field B is scanned with the interval of 0.001 Gs. As shown
in Fig. 6(a), the resonance width of s-wave FR near 543 Gs,
which we follow the same definition as Ref. [33], is 0.085 Gs.
It does not change with the collision energy. Consistent with
the above findings in Fig. 5, with the increase of the collision
energy, the cross section of the s-wave FR gradually vanishes
at relatively higher magnetic field, indicating that the coupling
strength between the open channel and the closed channel of
this s-wave resonance declines. For the FRs of p wave, al-
though there is no proper definition of the resonance width of p
wave, it can be seen from the cross sections in Figs. 6(b)–6(d),
that the peak magnitude and width for each resonance both in-
crease with the collision energy. Thus, we can conclude that
the increasing collision energy enhances the coupling between
the open and closed channels for the FRs of the p wave. Such
different behaviors between the s- and p-wave FRs are because
that there is a centrifugal potential barrier for the p-wave col-
lision, while there is no barrier for the s-wave collision. The
p-wave FR is more sensitive to the increase of the collision en-
ergy than the s-wave FR, since to achieve the p-wave FR, the
open-channel wavefunction requires more collision energy to
overcome (or tunneling through) the barrier before it resonates
with the close channels.

Although the location, the magnitude and the width of
the peak of the cross section varies with the collision energy,
the doublet structure for the p-wave FR remains the same. In
Fig. 7, we present the cross sections of p-wave FR at 1 µK ·kB

and 100 µK · kB, respectively. There is always a 4-mGs split-
ting between the |ml | = 0 and 1 resonance positions. The
splitting is caused by the dipole–dipole interaction, which is
denoted in Eq. (7). When magnetic field increases, the shift
amplitude of the resonance peak of |ml | = 0 equals to that of
|ml | = 1. And this causes the constant splitting width of p-
wave resonance.
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In experiment, the empirical resonance positions are not
measured at a fixed collision energy but rather at a certain tem-
perature, and hence the measured resonance positions repre-
sent some sort of average over the different resonant positions
at different collision energies. Based on the above cross sec-
tion in the collision energy range [1,100] µK · kB, we can ob-
tain the integral of Eq. (14), i.e., the thermally averaged elas-
tic rate coefficient ⟨νσ⟩, for a relatively smaller temperature
range from 10 µK to 25 µK. The variation behavior of ⟨νσ⟩
with B in the vicinities of 543 Gs and 185 Gs are shown in
Figs. 8(a) and 8(b), respectively, for four specific temperatures
of 10, 15, 20, and 25 µK. There are complicated substructures
for each curve in Fig. 8, and we also note that although the
tiny 4 mGs doublet structure is distinguishable in the cross
section, it does not present in the thermally averaged elastic
rate coefficient ⟨νσ⟩. This is because the interval for the sam-
pled collision energy (δE = 1 µK ·kB) is relatively large com-
pared to either the narrower width of the cross section or the
tiny doublet structure. Thus, to obtain an accurate integral of
Eq. (14), i.e., to keep the high resolution or finesse for such a
small doublet structure in the thermally averaged elastic rate
coefficient, one has to use even denser grids not only for the
magnetic field but also for the collision energy, which is quite
computationally consuming. Since the doublet structure has
already been represented and discussed in the cross section,
we now qualitatively discuss the variation of the rate coeffi-
cient with temperature. It can be expected that with increase
of the grid densities of the magnetic field and the collision
energy, those substructures and peaks in the ⟨νσ⟩ curve may
merge and show a primary distribution.[61] Thus, to focus on
the whole variation trend of the rate coefficient, we plot an ad-
ditional envelope for each ⟨νσ⟩ curve by artificially connect-
ing the major peaks with the dashed curve. Generally, with
increase of the temperature, the amplitude of the envelope of
⟨νσ⟩ gradually decreases, however its peak position does not
vary obviously. This is because that with the increase of the
temperature, the contribution from the high collision energy
component increases.

4. Conclusion
We have investigated theoretically the effect of collision

energy on magnetically tuned Feshbach resonance (FR) for
the ultracold 6Li–6Li system. Based on the coupled-channel
(CC) method, we obtain the s- and p-wave cross sections for
the collision energy ranging from 1 µK · kB to 100 µK · kB.
The FR positions at 1 µK · kB are 543.152 Gs for s wave and
185.109 Gs, 185.113 Gs for p wave (|ml |= 0, 1), respectively.
The resonance width of s wave is 0.085 Gs and it does not
change with collision energy. There exists a 4 mGs dipolar
splitting between the |ml |= 0 and 1 resonances of p wave.
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With the increase of collision energy, the resonance po-
sitions near 543 Gs (s wave) and 185 Gs (p wave) are shifted
to higher magnetic fields. The feature of s-wave FR gradually
vanishes, while the feature of p-wave FR become obvious as
the collision energy increases. The dipolar splitting of p wave
does not change with the variation of collision energy, indicat-
ing that the shift amplitude of the |ml |= 0 resonance equals to
that of |ml |= 1.
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