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We investigate the topological phase transition and the enhanced topological effect in a cavity optomechanical system
with periodical modulation. By calculating the steady-state equations of the system, the steady-state conditions of cavity
fields and the restricted conditions of effective optomechanical couplings are demonstrated. It is found that the cavity
optomechanical system can be modulated to different topological Su–Schrieffer–Heeger (SSH) phases via designing the
optomechanical couplings legitimately. Meanwhile, combining the effective optomechanical couplings and the probability
distributions of gap states, we reveal the topological phase transition between trivial SSH phase and nontrivial SSH phase
via adjusting the decay rates of cavity fields. Moreover, we find that the enhanced topological effect of gap states can be
achieved by enlarging the size of system and adjusting the decay rates of cavity fields.
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1. Introduction
Topological insulators and superconductors have been the

theoretical and experimental subjects of recent interests in
condensed matter physics.[1–5] Among them, topological in-
sulators are known for holding robust edge states and well-
defined inner products, which endows them potential for ap-
plications in quantum computing.[6] Moreover, their various
extensions establish the testing ground for exploring the in-
terplay between topological phases and non-Hermiticity.[7–11]

Numerous insights into the physical meaning of topological
invariant can be validated by the bulk-boundary correspon-
dence relationship in Hermitian systems. Although flaws may
exist in this correspondence relationship for non-Hermitian
systems, this dilemma is handled commendably with the in-
troduction of generalized Brillouin zone (GBZ) theory.[12–17]

The great advance of topological insulator paves the way to
combine the topology and other disciplines.[18–20]

Parallel to the promotion of topological phases in the-
ory, the experimental research on topological insulator has
also made delightful achievements and embodied ample
discoveries.[21–26] A series of investigations related to quan-
tum matter in macro and micro scales[27–34] broaden the re-
search fields of topological insulator. Henceforth, the re-
search on topological systems is well coalesced with sorts
of experimental platforms, such as solid state,[35,36] cold
atoms,[37–39] photonics,[40–42] optical lattices,[43–48] and even
acoustics.[49,50] Among these physical systems, the cavity op-
tomechanical system, which is composed of optical cavity

fields and micro-mechanical resonators, stands out by its fa-
cility of manipulation and accuracy of results. Moreover,
the multiple-cavity optomechanical system provides an ex-
cellent approach to map the topological tight-binding model
and to investigate topological phase transition. For exam-
ple, a feasible regime has been provided to explore Ander-
son localization effect in disordered cavity optomechanical ar-
rays in Ref. [51]. The Z2 topological insulator is simulated
based on one-dimensional cavity optomechanical cells’ arrays
in Ref. [52]. A new approach based on the optomechan-
ical array is investigated to map the topological non-trivial
Su–Schrieffer–Heeger (SSH) model in Ref. [53]. Especially,
based on the cavity fields driven by the time-dependent exter-
nal driving laser, dissipation-induced topological phase tran-
sition and periodical-driving-induced state transfer have been
illustrated in Ref. [54]. It is worth noting that periodic mod-
ulation of cavity fields and external driving laser are two im-
portant ways to realize the steady state of the cavity fields.
These studies did not, however, delve into the approach of the
periodical modulation of cavity fields. Inspired by the stud-
ies mentioned above, a question arises naturally: Is it possible
to realize topological phase transition based on the periodical
modulation of cavity fields rather than time-dependent exter-
nal driving laser?

In this paper, we explore the topological phase transition
and the enhanced topological effect under steady-state regime
in a cavity optomechanical system with periodical modulation
of cavity fields. Through investigating the steady-state dynam-
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ics of system, we obtain the steady-state solutions and the re-
stricted conditions of effective optomechanical couplings. It
is found that the cavity fields are left in periodical oscillating
stable state after a long period of evolution. Under the steady-
state regime and the restricted conditions, we realize the mod-
ulation of the system to different topological SSH phases via
designing the optomechanical couplings legitimately. Mean-
while, in virtue of the effective optomechanical couplings and
the energy spectrum as well as probability distributions for gap
states, we investigate the phase transition between topological
trivial SSH phase and nontrivial SSH phase via adjusting the
decay rates of cavity fields. Moreover, in order to make up the
unapparent topological effect of gap states under topological
nontrivial SSH phase, two feasible approaches are provided to
realize the enhanced topological effect of gap states.

2. Model and Hamiltonian
The cavity optomechanical system under consideration is

shown in Fig. 1, which includes two resonators and two cavity
fields with periodical modulation. The total Hamiltonian of
the system is written as

H = ∑
n=1,2

{[ωa,n +Λn(t)]a†
nan +ωb,nb†

nbn

+Ωna†
n e−iωd,nt +Ω

*
n an e iωd,nt}

−g1(a
†
1a1 −a†

2a2)(b
†
1 +b1)−g2a†

2a2(b
†
2 +b2), (1)

where a†
n (an) and b†

n (bn) are the creation (annihilation) oper-
ators of the cavity fields and resonators, respectively. The first
two terms represent the energy of cavity fields and resonators,
in which ωa,n and ωb,n are the frequencies of the cavity fields
and resonators, Λn(t) is the modulation frequency of cavity
field and the specific form is given in next section. The third
and fourth terms are the energy of driving laser with amplitude
Ωn and frequency ωd,n. The last two terms denote the inter-
action Hamiltonian between cavity fields and resonators with
optomechanical couplings g1 and g2. After applying a rotat-
ing transformation with respect to the driving frequency, the
Hamiltonian is given by

H1 = ∑
n=1,2

[
σa,na†

nan +ωb,nb†
nbn +Ωna†

n +Ω
*
n an
]

−g1(a
†
1a1 −a†

2a2)(b
†
1 +b1)−g2a†

2a2(b
†
2 +b2), (2)

where σa,n = ∆a,n +Λn(t) (∆a,n = ωa,n −ωd,n) represents the
detuning between the cavity fields and the driving lasers. A
standard linearization process is performed to determine the
steady-state dynamics of the system. We rewrite the creation
and annihilation operators as an = ⟨an⟩+δan = αn +δan and
bn = ⟨bn⟩+δbn = βn+δbn. After dropping the notation δ for
all the fluctuation operators δan (δbn), the Hamiltonian can be

obtained as

H2 = ∑
n=1,2

[
σ
′
a,na†

nan +ωb,nb†
nbn
]

−g1(α
*
1 a1 +α1a†

1 −α
*
2 a2 −α2a†

2)(b
†
1 +b1)

−g2(α
*
2 a2 +α2a†

2)(b
†
2 +b2), (3)

in which σ ′
a,1 = σa,1 −g1(β

*
1 +β1) and σ ′

a,2 = σa,2 +g1(β
*
1 +

β1)−g2(β
*
2 +β2) are the effective cavity field detuning. Un-

der the red-detuning regime, the counter rotating wave terms
can be dropped safely and the final effective Hamiltonian can
be written as

Heff =
[
−G1a†

1b1 +G2a†
2b1 −G3a†

2b2

]
+H.c., (4)

where G1 = g1α1, G2 = g1α2, and G3 = g2α2 are effective op-
tomechanical couplings. We find that there are only the nearest
neighbor interactions between cavity fields and resonators in
Eq. (4), which hold the same form with the topological tight-
binding Hamiltonian. This means that an equivalence rela-
tion can be set up between the cavity optomechanical system
and the topological system via legitimately designing the op-
tomechanical couplings. According to the Floquet theory, the
cavity field amplitude αn and resonator amplitude βn will ob-
tain the same oscillating period with time-dependent modula-
tion of cavity fields after a long time gradual evolution. We
stress that the periodical modulation of cavity fields leaves the
steady-state dynamics of the system to be time-dependent and
the details are discussed in the following.

3. Steady-state conditions of cavity fields and the
restricted conditions of effective optomechan-
ical couplings
Here, we consider the periodically time-dependent mod-

ulations of cavity fields with Λ1(t) = λ1ν1 cos2πν1t and
Λ2(t) = λ2ν2 cos2πν2t. The approachable technique to realize
the frequency modulations of the cavity fields has been pro-
posed in Ref. [55] via a laser irradiated onto the cavity field
and discussed in Refs. [56,57]. Significantly, this is differ-
ent in nature between our work and Ref. [54], in which the
time-dependent external driving laser is considered to realize
topological phase transition rather than time-dependent mod-
ulations of cavity fields. In this way, the dynamics of cavity
fields are determined by the following steady-state equations
(see the appendix for details) with

α̇1 = −i[σa,1 −g1(β
*
1 +β1)]α1 − iΩ1 −

κ1

2
α1,

α̇2 = −i[σa,2 +g1(β
*
1 +β1)−g2(β

*
2 +β2)]α2 − iΩ2 −

κ2

2
α2,

β̇1 = −i[ωb,1β1 −g1(|α1|2 −|α2|2)]−
γ1

2
β1,

β̇2 = −i(ωb,2β2 −g2 |α2|2)−
γ2

2
β2, (5)
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where κ j and γ j (with j = 1,2) are the decay rates of the cav-
ity fields and the damping rates of the resonators, respectively.
The steady-state equations indicate that the cavity fields α1

and α2 leave to be time-dependent stable state due to the exis-
tence of the periodically modulation of Λ1(t) and Λ2(t), when
the system undergoes a long period of evolution. To explore
the topological properties, we principally concentrate on how
the final periodically time-dependent steady-state cavity fields
affect the effective optomechanical couplings and the topol-
ogy of the system model. As mentioned above, the final stable
states are influenced by the periodical modulation of the cavity
fields, which further determines the effective optomechanical
couplings. Therefore, a decisive procedure of simulating topo-
logical structure and investigating topological properties is to
leave the system in the stable state.

To illustrate this further, we give a visual interpretation of
how the cavity optomechanical system is modulated into dif-
ferent topological phases under steady-state conditions. The
key parameters in the present system are determined as g1 =

g2, λ1 = λ2, ν1 = ν2, and κ1 = κ2. The dynamics of cav-
ity fields are given in Figs. 2(a) and 2(b), in which the cavity
fields’ amplitudes α1 and α2 are both left in a periodic oscil-
lating stable state due to the periodically time-dependent mod-
ulation of cavity fields. Moreover, we find that the steady-
state cavity fields amplitudes satisfy |α1| < |α2|, indicating
the effective optomechanical couplings |−g1α1| < |g1α2| >
|−g2α2| (|−G1|< |G2|> |−G3|). This result can also be veri-
fied in Fig. 2(c), in which the ratio of steady-state cavity fields’
amplitudes |α1|/ |α2| is less than 1. This phenomenon origi-
nates in the structure of our model shown in Fig. 1, in which
the cavity a1 only couples one resonator b1 in comparison to

cavity a2 coupled two resonators b1 and b2 simultaneously.
Interestingly, in virtue of the above phenomenon, we find that
the effective optomechanical couplings in Eq. (4) can be ar-
tificially controlled by suitably altering optomechanical cou-
plings gn and steady-state cavity fields αn, which indicates that
we can modulate the cavity optomechanical system to differ-
ent topological phases if we regard the cavity and resonator as
a diatomic cell (i.e., a1 (a2) and b1 (b2) as a cell). Significantly,
in order to realize a perfect correspondence, we have to guar-
antee a criterion of |−G1| ≈ |−G3| (|−g1α1| ≈ |−g2α2|). The
reason why this approximate equivalence holds is that adding
disorder without breaking the symmetry will not influence the
topology of system. To be convincing, we give two examples
to detailedly show that the proposed system can not only be
modulated to topological trivial and nontrivial SSH phases but
also undergo a topological phase transition via adjusting the
system parameter in the next section.

a2a1 b1 b2

ωd↪ ωd↪

Λ↼t↽ Λ↼t↽

Fig. 1. Schematic diagram of the considered cavity optomechanical sys-
tem. The resonators b1 and b2 are connected with cavity fields a1 and
a2, which are periodically modulated by Λ1(t) and Λ2(t), respectively.
The cavity field α1 (α2) is driven by an external laser with driving am-
plitude Ω1 (Ω2) and driving frequency ωd,1 (ωd,2). The damping rate
of resonator b1 (b2) and the decay rate of cavity field a1 (a2) are γ1 (γ2)
and κ1 (κ2), respectively.
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Fig. 2. The steady-state cavity fields versus time t. (a) The dynamics evolution of cavity fields α1 and α2. (b) The steady-state dynamics of
cavity fields α1 and α2. (c) The ratio between the steady-state cavity field amplitudes α1 and α2. The red line denotes |α1|/|α2|= 1. In (a)–(c),
the parameters are taken as ωb,1 = ωb,2 = ωb (set ωb as the energy unit), ν1 = ν2 = 1× 10ωb, ∆a,1 = ∆a,2 = ωb, g1 = g2 = 1.5× 10−6ωb,
Ω1 = Ω2 = 1×105ωb, κ1 = κ2 = 0.1ωb, λ1 = λ2 = 1×10−2ωb and γ1 = γ2 = 1×10−5ωb.

4. Topological phase transition induced by cav-
ity field parameters

Firstly, we take g1 < g2 into consideration. To explore the
steady-state dynamic of system, we demonstrate the steady-
state cavity fields in Fig. 3(a) with g1 = 1.0 × 10−6ωb and
g2 = 5.0× 10−6ωb, in which the cavity fields α1 and α2 are
both left in periodical oscillating stable state after a long time

evolution and this phenomenon is contributed to the periodical
modulation of cavity fields. We also find that the final cavity
filed amplitude |α1| is larger than |α2| when both the cavity
fields reach stable state. In addition, the cavity field α2 has
oscillation width smaller than cavity field α1, whose reason is
that the decay rate of cavity field α2 is much larger than that
of cavity field α1. Combining the above results, we find that
the steady-state cavity fields and the optomechanical couplings
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satisfy |α1|> |α2| and |g1|< |g2|, which further indicates that
|−g1α1|> |g1α2|< |−g2α2| (|−G1|> |G2|< |−G3|). Signifi-
cantly, another required restriction is that the first effective op-
tomechanical coupling must be equal to the third one. To en-
sure this restriction, we plot the ratio between the first and the
third effective optomechanical coupling, as shown in Fig. 3(b),
in which |G1|/ |G3| ≈ 1 when the cavity fields reach stable
state. The above results reveal that the effective optomechan-
ical couplings satisfy |−G1|(|−G3|) > |G2| and |G1| ≈ |G3|,
which signifies that the intra-cell coupling is larger than the
inter-cell one and the system is left in topological trivial SSH
phase.

Then, with a similar process, we analyze the case of
g1 > g2. Analogously, when the optomechanical couplings
g1 = 1.61 × 10−6ωb and g2 = 1.51 × 10−6ωb, we show the

steady-state dynamics of cavity fields in Fig. 3(c), in which the
two cavity fields α1 and α2 are both left in periodical oscillat-
ing stable state and the final steady-state amplitude of cavity
filed |α1| is smaller than |α2| in the illustration. Here, differ-
ent from the previous case, we find that the steady-state cavity
fields and the optomechanical couplings guarantee |α1|< |α2|
and |g1| > |g2|, which also manifests |−g1α1| < |g1α2| >
|−g2α2| (|−G1| < |G2| > |−G3|). Of course, we should also
ensure that the first effective optomechanical coupling equals
the third one and the result is shown in Fig. 3(d), in which
|G1|/ |G3| ≈ 1 when the system reaches in stable state. By
analyzing effective optomechanical couplings, it is found that
the intra-cell coupling strength is smaller than the inter-cell
one and the present cavity optomechanical system is left in
topological nontrivial SSH phase.
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Fig. 3. The steady-state dynamics of system. (a) The steady-state dynamics and (b) the ratio of effective optomechanical coupling for final
steady-state of cavity fields with topological trivial SSH phase versus time t, in which g1 = 1.0×10−6ωb, g2 = 5.0×10−6ωb, and κ1 = 0.1ωb,
κ2 = 8.63ωb. (c) The steady-state dynamics and (d) the ratio of effective optomechanical couplings for final steady-state cavity fields with
topological nontrivial SSH phase versus time t, in which g1 = 1.61×10−6ωb, g2 = 1.51×10−6ωb, κ1 = 0.1ωb, and κ2 = 0.9ωb.

For the sake of further insight, in Fig. 4 we show the en-
ergy spectrum and the probability distributions of gap states
corresponding to the cases in Fig. 3. With the same param-
eters as given in Figs. 3(a)–3(b), we demonstrate the energy
spectra in Fig. 4(a), in which the blue and red lines repre-
sent gap states, the green lines denote bulk states. We find
that the gap states tightly stick to bulk states, meaning that the
gap states merge into bulk states and no localized edge states
appear. Moreover, the probability distribution for one of the
gap states is shown in Fig. 4(b), in which they have almost
the same probability distribution at each lattice site (around
0.25), which indicates that all the states are extended and they
possess the same probability at each site. Combining the en-

ergy spectra and probability distributions of gap states, we find
that the system is left in topological trivial SSH phase un-
der this parameter regime. Moreover, the numerical results
in Figs. 4(a)–4(b) are identified with the analysis of effective
optomechanical couplings in Fig. 3(a), which further indicates
that the proposed system is modulated to topological trivial
SSH phase.

Furthermore, we also depict the energy spectra in
Fig. 4(c) with the same parameters as in Figs. 3(c)–3(d), in
which the two gap states are isolated from the bulk states. In
addition, the probability distribution for one of the gap states
is shown in Fig. 4(d), in which the probability distribution
reaches around 0.34 for edge sites and 0.16 for the second
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and third sites, indicating that the localized edge states appear
and they have the maximal distributions at the end of lattice.
Through analyzing the energy spectra and probability distri-
butions of gap states, we find that the system is left in topolog-
ical nontrivial SSH phase under this parameter regime. One
can clearly see that the numerical results in Figs. 4(c)–4(d)
are in accord with the analysis of the effective optomechanical
couplings in Fig. 3(c), which indicates that the system is mod-

ulated to topological nontrivial SSH phase. However, there

is a little regret, the localized effect of gap states is not very

obvious for nontrivial SSH phase. The reason lies in that the

difference between |G1| and |G2| is small, though the effective

optomechanical couplings satisfy |G1| ≈ |G3| > |G2|, which

induces the unapparent localized effect of edge states and this

small flaw will be dealt with in the next section.
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Fig. 4. The energy spectrum and probability distributions (i.e., the square of module of eigenstates at a given time) of gap states of the system.
(a) The energy spectrum and (b) probability distributions of gap states with trivial SSH phase versus time t, in which the parameters are the
same as those in Figs. 3(a) and 3(b). (c) The energy spectrum and (d) probability distributions for gap states with nontrivial SSH phase versus
time t, in which the parameters are the same as those in Figs. 3(c) and 3(d).

Combining the above analysis, we can draw a conclusion
that we can realize the topological phase transition from topo-
logical trivial SSH phase to nontrivial SSH phase by designing
the optomechanical coupling g1 (g2) and adjusting the decay
rates of cavity fields κ1 (κ2) appropriately. Meanwhile, the
analysis of the effective optomechanical couplings is closely
related to the results of the probability distributions of gap
states. Compared with Ref. [54], our work realizes the topo-
logical phase transition based on periodical modulation of cav-
ity fields instead of time-dependent external driving laser and
provides a new approach to explore the topological phase of
matters.

5. Enhanced topological effect
From the previous discussion, we find that the gap states

under topological nontrivial SSH phase shows unapparent lo-
calized effect. In addition to the theoretical analysis, we
also provide the corresponding solutions to handle the defi-
ciency. In order to realize the enhanced topological effect of
gap states, it needs to ensure that there is a huge difference

between the intra-cell and inter-cell coupling strengths, which
means that the effective optomechanical coupling should guar-
antee |−G1| ≈ |−G3| ≪ |G2|. This relationship requires that
the first cavity field has less import or greater decay rate than
the second cavity field. Based on the above analysis, we pro-
vide a feasible regime to realize the enhanced topological ef-
fect of gap states, as shown in Fig. 5, where the decay rate
of the first cavity field is much larger than the second one.
In Fig. 5(a), we plot the dynamics of two steady-state cav-
ity fields with κ1 = 2.95ωb and κ2 = 0.1ωb, in which we find
that the final steady-state cavity fields satisfy |α2|≫ |α1| com-
pared with the result in Fig. 3(c). Additionally, the cavity field
α1 has smaller oscillation width than cavity field α2, whose
reason lies in that the decay rate κ1 is much larger than κ2.
Here, g1 = 2.0× 10−6ωb and g2 = 1.0× 10−6ωb, indicating
that |−g1α1| < |g1α2| > |−g2α2|. Significantly, to ensure the
restricted conditions, the relationship of effective optomechan-
ical coupling |G1|/ |G3| ≈ 1 should also be guaranteed and the
result is shown in Fig. 5(b). Moreover, we depict the spec-
trum and probability distribution for gap state in Figs. 5(c)
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and 5(d), respectively. In Fig. 5(c), we find that the two gap
states are isolated from bulk, meaning that the edge states ap-
pear and localize at the boundary of the lattice system. This
result can be obviously observed in Fig. 5(d), in which the
localized effect of gap state is greatly enhanced and the distri-
butions of edge states reach around 0.43 at edge sites, which
is larger than the corresponding results 0.34 in Fig. 4(d). This
phenomenon reveals that magnifying the decay rates of cavity
fields is approachable to realize the enhanced localized effect
of gap states.

Then, we show that enlarging the size of system can also
enhance the localized effect. The original reason derives from
that the edge state is exponentially localized for the topological
nontrivial SSH model with large enough size of system.[13,58]

While the size of the system is small, the exponentially lo-
calized effect is not obvious. Therefore, enlarging the size of
system is an approachable way to realize the enhanced local-
ized effect of gap states. However, large size of system puts
new requirements for the proposed system. For example, for
a cavity optomechanical system with N cells, there are 2N −1

effective optomechanical couplings. To ensure the restricted
conditions, we must guarantee that the even effective optome-
chanical couplings are equal, and the same conditions for odd
ones, i.e., G1 =G3 = · · ·=G2N−1 and G2 =G4 = · · ·=G2N−2.
Moreover, the effective optomechanical coupling should sat-
isfy Gi < G j, with i and j denoting odd number and even
number, respectively. Correspondingly, the steady-state cavity
fields and the optomechanical couplings need to satisfy |αN |>
|αN−1| > |αN−2| > · · · > |α1| and g1 > g2 > g3 > · · · > gN .
Furthermore, the decay rates of cavity fields are required to
satisfy κ1 > κ2 > κ3 > · · · > κN for the topological nontriv-
ial case. Similar to the previous case, modulating topological
trivial SSH phase with N cells is also feasible, the difference
is that the effective optomechanical coupling should satisfy
Gi > G j. This requires |α1| > |α2| > |α3| > · · · > |αN | and
gN > gN−1 > gN−2 > · · ·> g1. By this means, the present sys-
tem can be extended to larger size for topological trivial and
nontrivial SSH phases, which also indicates that enlarging the
size of system is a feasible approach to reduce the size effect
and to enhance the localized effect of gap states.
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Fig. 5. The steady-state dynamics of system when κ1 ≫ κ2. (a) The stead-state cavity fields α1 and α2 versus time t, respectively. (b) The
ratio between the effective optomechanical couplings G1 and G3. (c) The energy spectrum of system with topological nontrivial SSH phase.
(d) The probability distribution of gap states in (c), in which the gap states exhibit larger distribution at the ends of the system. The parameters
are chosen as g1 = 2.0×10−6ωb, g2 = 1.0×10−6ωb, κ1 = 2.95ωb, and κ2 = 0.1ωb. The other parameters are the same as those in Figs. 3(c)
and 3(d).

6. Conclusions

In summary, we have investigated the phase transition be-
tween topological trivial SSH phase and nontrivial SSH phase
in a cavity optomechanical system with periodical modulation.
Through calculating the steady-state dynamics, we obtain the
steady-state solutions of system and provide the restricted con-
ditions of the effective optomechanical couplings. It is found

that the final cavity fields are left in periodical oscillating sta-
ble state after a long period of evolution. Under the steady-
state regime and the restricted conditions, the proposed sys-
tem can be modulated to topological trivial SSH phase and
nontrivial SSH phase. Meanwhile, combining the effective
optomechanical couplings and the probability distributions of
gap states, we investigate the phase transition between trivial
SSH phase and nontrivial SSH phase via adjusting the decay
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rates of cavity fields and designing the optomechanical cou-
plings legitimately. Moreover, in order to make up the unap-
parent localized effect of gap states under topological nontriv-
ial SSH phase, we propose to realize the enhanced topological
effect of gap states by enlarging the size of system and adjust-
ing the decay rates of cavity fields.

Appendix A: The solutions of the steady-state
equations

In this Appendix, we give the solutions of steady-state
equations to determine the dynamics of cavity fields. The
Hamiltonian after rotating transformation with respect to the
driving frequency is expressed as

H1 = ∑
n=1,2

[
σa,na†

nan +ωb,nb†
nbn +Ωna†

n +Ω
*
n an
]

− g1(a
†
1a1 −a†

2a2)(b
†
1 +b1)−g2a†

2a2(b
†
2 +b2), (A1)

where σa,n = ωa,n +Λn(t)−ωd,n. One can actually determine
the steady-state dynamics of system with the following form:

Ċ =
i
h̄
[ℋ,C]− 𝒦

2
, (A2)

in which ℋ and 𝒦 represent the Hamiltonian of system and
the decay rates of the cavity fields (the damping rates of the
resonators), respectively. In virtue of Eq. (A2), one can obtain
the steady-state equations for cavity fields and resonators in
the present system as follows:

ȧ1 =− i
h̄

[
σa,1a1 −g1a1(b

†
1 +b1)

]
− iΩ1 −

κ1

2
a1,

ȧ2 =− i
h̄

[
σa,2a2 +g1a2(b

†
1 +b1)−g2a2(b

†
2 +b2)

]
− iΩ2 −

κ2

2
a2,

ḃ1 =− i
h̄

[
wb,1b1 −g1

(
a†

1a1 −a†
2a2

)]
− γ1

2
b1,

ḃ2 =− i
h̄

[
wb,2b2 −g2a†

2a2

]
− γ2

2
b2. (A3)

Generally, the above nonlinear equations are difficult to
be solved directly. For simplicity, we define a linearization
process as a j =

〈
a j
〉
+δa j = α j +δa j and b j =

〈
b j
〉
+δb j =

β j+δb j ( j = 1,2), in which
〈
a j
〉

(
〈
b j
〉
) and δa j (δb j) denotes

the mean value and fluctuation for cavity fields (resonators).
Substituting the linear terms into Eq. (A3), the standard lin-
earization techniques can be applied to the nonlinear equa-
tions. Then, we can obtain (here h̄ = 1)

ȧ1 =−i[σa,1α1 −g1α1(β
*
1 +β1)]− iΩ1 −

κ1

2
α1

− i[σa,1δa1 −g1α1(δb1 +δb†
1)−g1δa1(β

*
1 +β1)

−g1δa1(δb1 +δb†
1)]−

κ1

2
δa1,

ȧ2 =−i[σa,2α2 +g1α2(β
*
1 +β1)−g2α2(β

*
2 +β2)]− iΩ2

− i[σa,2δa2 +g1α2(δb1 +δb†
1)+g1δa2(δb1 +δb†

1)

+g1δa2(β
*
1 +β1)−g2α2(δb2 +δb†

2)−
κ2

2
δa2

−g2δa2(δb2 +δb†
2)−g2δa2(β

*
2 +β2)]−

κ2

2
α2,

ḃ1 =−i[ωb,1β1 −g1(|α1|2 −|α2|2)]−
γ1

2
β1

− i[ωb,1δb1 −g1(α
*
1 δa1 +α1δa†

1 +δa†
1δa1

−α
*
2 δa2 −α2δa†

2 −δa†
2δa2)]−

γ1

2
δb1,

ḃ2 =−i(ωb,2β2 −g2 |α2|2)−
γ2

2
β2

− i(ωb,2δb2 −g2α
*
2 δa2 −g2α2δa†

2)−
γ2

2
δb2. (A4)

After dropping the non-linearization terms, we can obtain the
set of solutions for mean value operators as

α̇1 =−i[σa,1α1 −g1α1(β
*
1 +β1)]− iΩ1 −

κ1

2
α1,

α̇2 =−i[σa,2α2 +g1α2(β
*
1 +β1)−g2α2(β

*
2 +β2)]

− iΩ2 −
κ2

2
α2,

β̇1 =−i[ωb,1β1 −g1(|α1|2 −|α2|2)]−
γ1

2
β1,

β̇2 =−i[ωb,2β2 −g2 |α2|2]−
γ2

2
β2. (A5)

The set of solutions for quantum fluctuation operators are

δ ȧ1 =−i[σa,1δa1 −g1α1(δb1 +δb†
1)]−

κ1

2
δa1,

δ ȧ2 =−i[σa,2δa2 +g1α2(δb1 +δb†
1)−g2α2(δb2 +δb†

2)]

− κ2

2
δa2,

δ ḃ1 =−i[ωb,1δb1 −g1(α
*
1 δa1 +α1δa†

1 −α
*
2 δa2 −α2δa†

2)]

− γ1

2
δb1,

δ ḃ2 =−i[ωb,2δb2 −g2α
*
2 δa2 −g2α2δa†

2]−
γ2

2
δb2. (A6)

Here, Eq. (A5) is the set of linear steady-state equations for
cavity fields and resonators.
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